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Abstract. This paper deals with the numerical investigations of the locations of the five equilibrium
points by taking into consideration the effect of oblateness of the more massive primary for some
systems of astronomical interest. This note is further concerned with the periodic solutions of the
linearized equations of motion around the five equilibrium points. Interesting differences in the trends
of the angular frequencies of these motions have been noticed.

1. Introduction

The restricted three-body problem possesses five stationary solutions called Lagrangian
points, three of which, called collinear equlibria, lie on the line joining the primaries,
and the other two, called equilateral equilibria, make equilateral triangles with the
primaries. In general the collinear equilibria are unstable while the equilateral points
are stable in the Lyapunov sense only in a certain region for the mass parameter.
However under certain initial conditions periodic solutions to the first variational
equations that represent the infinitesimal (linearized) periodic orbits around the
collinear equilibria can be established.

In the present note the authors propose to study the above problem treating the
more massive primary as an oblate spheroid with its equatorial plane coincident with
the plane of motion. Locations of the equilibrium points as well as the characteristic
exponents and eccentricities of the infinitesimal periodic orbits around them have been
presented for some systems of astronomical interest. We shall be taking into con-
sideration only the secular effects (McCuskey, 1963) of the oblateness on the motion
of the primaries and shall adopt the notation and terminology of Szebehely (1967).
Accordingly the distance between the primaries experiences no variation and is taken
equal to unity; the sum of masses of the primaries is unity. The unit of time is chosen so
as to make the unperturbed mean motion n, and the gravitational constant unity.
The perturbed mean motion n however is constant and is greater than n,.

In an earlier report the authors (1975) studied the problem for the case of collinear
equilibria when both the primaries are oblate spheroids, neglecting the effect of
oblateness on the motion of the primaries themselves. It might be pointed out that
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recently Vidyakin (1974) too studied the problem in a general way considering also
the higher order terms in the potential function. Results arrived at herein concerning
stability are in agreement with those of Vidyakin.

2. Equations of Motion

The equations of motion in the dimensionless synodic coordinate system (x, y) are

% — 2np = oQ/ox,

i} . (1)
V + 2nx = 0Q/0y,

where
Q = @)IA — wri + pr3l + (1 — w/ry + plry + (1 — A/2r7, ()
ri=C&—-@*+y, rn=&+1-p"+), 3)
n, the perturbed mean motion of the primaries is given by
n* =1+ 34,/2, (4)
A, = (AE?* — AP?)/5R?, (5)

AE, AP being the dimensional equatorial and polar radii of the larger primary and
R is the distance between the primaries. The presence of # in (1) and (2) is due to the
modification of the force between the primaries.

The Jacobi integral, as usual, takes the form

x2 + 32 =20 — C.
The libration points will now be determined from 0Q/ox=0=0Q/0y, i.e.

(1 +34,/2)x — (x — )1 — wfr} — plx + 1 — wfr3 —
— 34;(x — w1 — W/2r; = 0, (6)

yI(1 + 34,/2) — (1 — w)[ri — ufr3 — 34,/2r7] = 0. (7)

3. Equilibrium Points Location

When y=0, Equation (6) determines the location of the collinear points L,(x,, 0),
L,(x,,0) and Li(x;, 0), where

x1=.u—1_£19
xZ=ﬂ_1+éz, (8)
X3 = pu+ ¢z,
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&, &, &5 satisfying

(2 + 348 + 2 + 34)(5 — w& + 2 + 34)(10 — 4p)é; +

4 [2 + 34)(10 — 6p) — 2]+ + [(2 + 34)(5 — 4u) —

— 41 + )& — 12ué3 — 8ué; — 2u = 0, ®)
(2 4+ 34)&] — 2+ 34)(5 — )& + 2 + 3410 — 4w&3 —

— [2 + 3410 — 6u) — (2 — 4w1&5 + [2 + 3405 — 4p) —

— 4 + 12085 — 12ué5 + 8ué, — 2u = 0, (10)
2 + 34)E + (2 + 34)2 + )& + 2 + 341 + 2u)E +

+ [2 + 34,)p — 2]&5 — 4(1 — &3 — (2 + 34)(1 — wé3 —

— 6(1 — A4,& — 3(1 — w4, = 0. (11)
For y # 0, Equations (6) and (7) readily give
r1=1, r%=2/(2+3A1)< 1. (12)

Equations (12) locate the other two points L, and Ls. As they form only near equi-
lateral triangles with the primaries, we call them triangular points.

Equations (8) to (11) are solved for some systems of astronomical interest viz.,
Earth-Moon, Jupiter its moon, Saturn its moon systems, and are presented in
Table II. The necessary data have been borrowed from Duncombe et al. (1973) and
Morrison and Gruikshank (1974). However, the mass parameter x4 and the oblateness
coefficient A, of the systems under study are presented in Table I. As can be seen
from Table II, points L, and L; get shifted away from the more massive primary

TABLE 1

Systems and their parameters

S. No. System u Ay
1 Earth-Moon 0.012 150 299 4 0.000 000 368 6
2 Jupiter-Io 0.000 041 528 3 0.000670142 1
3 Jupiter—Europa 0.000 025 079 4 0.000 264 638 2
4 Jupiter-Ganymede 0.000 080 783 5 0.000 104 040 1
5 Jupiter—Callisto 0.000 047 967 7 0.000 033 701 7
6 Saturn—Mimas 0.000 000 065 9 0.004 234 999 6
7 Saturn-Enceladus  0.000 000 148 O 0.002 586 576 7
8 Saturn-Tethys 0.000 001 0950 0.001 683 5857
9 Saturn-Dione 0.000 002 0390 0.001 030 852 6
10 Saturn-Rhea 0.000 003 2000 0.000 527 543 2
11 Saturn-Titan 0.000 246 129 4 0.000 098 115 3
12 Saturn-Hyperion 0.000 000 200 0 0.000 066 798 9
13 Saturn—Iapetus 0.000 003 940 0 0.000 011 560 6
14 Saturn-Phoebe 0.000 000 052 0 0.000 000 876 4
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while L, moves towards it with the inclusion of the oblateness effect. It is noted that
the shifts in L, and L, due to oblateness are of the same order while in the case of L;
‘they are negligible. It 1s further noted that the shifts get reduced with x4 and A4,.
Though the numerical details have not been mentioned herein, it is observed that at
L, s shifts are comparatively more than those at collinear points.

4. Variational Equations and Characteristic Exponents

For studying the motion near any of the equilibrium points L(a, b), the introduction
of £=x—a, n=y—>b brings the equations of motion in linear analysis, to the form

E — 2mi = Q,(a, b)¢ + Q,,(a, by,

. : 13
i+ 208 = ©,(a, BE + Dup(a, b, (43
the characteristic equation of which is
A4+ [4n* — 2,(a, b) — Q,(a, b)]A® +
+ [2:ala, D)2,,(a, b) — (Quy(a, B))?] = 0. (14)
At collinear points, we have
Qe =1° + 21 — pfr3 + 2p/r3 + 6(1 — wA,/r; > 0,
Q,, =0,
Q= — (1 — Wfr} — pfri — 31 — wd,/2r§ < 0. (15)
Consequently
'Qxx‘Qy}’ - (‘gzxy)2 < 0.
It is easy to note that the roots 4; (i=1, 2, 3, 4) of (14) are
b2 = £[=By + (B + BV = 12,
Jas = t1—Pi — (B + VA2 = tis, S e
where
ﬂl = 2n* — (‘Qxx + ‘Qy.v)/za
pi: = —Q,.Q, > 0.
The general solution of Equations (13) takes the form
4 4
E= 2 welt, n= 3 y e,
i=1 i=1
and (17)

(}';2 - Qxx)oci = (2/’2]4 + Qxy))"i-
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It may be noted that 4, , are real while 15 , are pure imaginary. Hence the collinear
equilibria are unstable in general. However, it is possible to choose the initial condi-
tions (&5, #o) such that o; , = 0 and then Equations (17) represent an ellipse whose

eccentricity and semimajor axis are V'1— 52 and V(822 +#2) respectively, where
ﬁ3 = (Sz + Qxx)/zns°

The characteristic exponents A and s at L; (i=1, 2, 3) appearing in (16) for all the 14
systems reported in Table I have been presented in Tables III and IV. It may be noted
that A and s increase at all the points L;, except that at L; s decreases with the inclusion
of oblateness effect. The eccentricities of the resulting conditional infinitesimal
(linearized) periodic orbits at L; are presented in Table V. It is noted that the oblate-
ness effect increases the eccentricity at all the points L; (i=1, 2, 3).

At triangular points L, and L5, we have

Q= —-—wWf+x+1-wyg>0,
Quy =Jlx —wf + (x+1— wpgl,

Q,, =y(f+9) >0, (18)
where

f=0—w3+ 154,/2) > 0,

jg = g/z/rgﬂl(O. ) (19)
The characteristic Equation (14) now takes the form

A* + (4n* — f— gri)d + y*fg = 0, (20)

where we have replaced A% by A.
When the discriminant D of the Equation (20) is positive it can be noted that the
roots A, , satisfy

—%<A1<09 _%>A2>_19
1.e.

M,» = Ti(—=A)? = tis,,

23,4 = ti(—A4)"? = +iss,

21)

showing that the triangular points are linearly stable.

However this belongs to the category of special cases of Lyapunov in which stability
problem cannot be solved by considering the first approximation alone as it depends
upon the terms of higher powers appearing in the expansions on the right side of (13).

The solution of Equations (13) in this case can be easily seen as consisting of short-
and long-period terms with angular frequencies ss and s, respectively. With proper
selection of initial conditions the long- or short-period terms can be eliminated from
the solution, as in Szebehely (1967). In both the cases the motion is along a retrograde
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TABLE VI

Characteristic exponents at Ly, s

S. No. With oblateness Without oblateness Angular fre-
of the quency in the
system  sq4 Ss S S z-direction
(with oblate-
ness)
Sz
1 0.298 204 690 8 0.954 501 6621 0.298204 3290 0.954 5020577 1.000 000 822 5
2 0.016 7773940 0.999 3564876 0.016 7446359 0.999 859 798 8 1.001 506 643 0
3 0.0130219720 09997167053 0.0130119243 0.999 9153413 1.000 595 248 8
4 0.023 3639336 0.999 6489843 0.0233568408 0.999 7271918 1.000 234 050 1
5 0.0179981952 09998127411 0.0179964255 0.999 8380512 1.000 0758236
6 0.000 6752199 0.996 818461 6 0.000 6669521 0.999999 7776 1.009 483 777 8
7 0.001 0070571 0.998 0576747 0.000999 5002 0.999 999 500 5 1.005 802 959 7
8 0.002 732061 5 0.998 7327785 0.002 718 6924 0.999 996 3043  1.003 780917 5
9 0.003 721 0677 0.9992196361 0.0037099034 09999931183 1.0023167316
10 0.004 654769 8 0.999 5934290 0.004 647 6153 0.999 9891998 1.001 186266 1
11 0.040 800 5747 0.999 0936956 0.0407888781 0.999 1677875 1.000 220 698 9
12 0.001 1621219 0.999949 2243 0.001 1618956 0.999999 3250 1.000 150 286 2
13 0.005 1572562 0.999978 0308 0.0051570823 0.9999867022 1.000 026 0109
14 0.000 5924541 0.999999 1672 0.000 5924526 0.999999 824 5 1.000 001 971 8
TABLE VII

Eccentricities of long- and short-period orbits around L, s

Without oblateness

Short-period

Long-period

e

Short-period

S. No. With oblateness
of the :
system Long-period
1 0.980 843 294 3
2 0.999 937 600 9
3 0.999 962 354 4
4 0.999 878 761 O
5 0.999 928 030 7
6 0.999 999 900 2
7 0.999 999 776 7
8 0.999 998 351 0
9 0.999 996 934 1
10 0.999 995 194 0
11 0.999 630 401 9
12 0.999 999 700 0
13 0.999 994 089 8
14 0.999 999 922 0

0.870 862 307 0
0.866 328 834 3
0.866 148 113 0
0.866 096 742 6
0.866 055 591 1
0.867 8457460
0.867 140 427 2
0.866 752 638 3
0.866 471 641 7
0.866 254 671 0
0.866 148 199 6
0.866 054 390 2
0.866 031 689 3
0.866 025 800 1

0.980 843 314 7
0.999 937 698 5
0.999 962 377 6
0.999 878 790 5
0.999 928 036 4
0.999 999 901 1
0.999 999 778 0
0.999 998 357 5
0.999 996 941 5
0.999 995 200 0
0.999 630 486 8
0.999 999 700 0
0.999 994 089 9
0.999 999 922 0

0.870 862 127 5
0.866 038 899 1
0.866 033 551 7
0.866 051 671 5
0.866 040 993 2
0.866 025 425 2
0.866 025 451 8
0.866 025 759 4
0.866 026 066 0
0.866 026 443 1
0.866 105 638 9
0.866 025 468 7
0.866 026 683 4
0.866 025 420 7
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ellipse whose eccentricity and the orientation of the major axis are independent of
the initial conditions. Angular frequencies s, and s5 with and without oblateness effect
for the fourteen systems are provided in Table VI. As can be seen s5 decreases while
s, increases with oblateness effect. Eccentricities of the long- and short-period orbits
are presented in Table VII. It is observed that the eccentricity of the short-period
orbits increases while that of the long-period orbits decreases with the inclusion of
oblateness effect.
However, when D <0 the roots of (10) are given by

/11,2 = __‘t[f+ gr% — 4n2 -+ i0']1/2/\/§. = i(al -+ ibl),

haa = £[f + gr3 — 4> — i0]"?[V2 = +(as + iby),
where

o= 4fg — @ —f—grd)’l?
we easily see that @, =a;>0 and b, = —b;>0 and it follows that the real parts of
two of the four roots are positive and equal and hence the triangular equilibria, in this
case, are unstable. However by suitable selection of the initial conditions infinitesimal
(linearized) periodic motion can be achieved which approaches the equilibrium point
asymptotically.

When D=0 two roots of (20) will be equal to the other two which give rise to

secular terms in the solution of the variational Equations (13). The equilibria in this
case are unstable.

Thus we note that the stability characteristics (linear) of the equilibria are not
changed with the inclusion of the oblateness considerations.

5. Three-Dimensional Case
Equations of motion in this case are

X — 2ny = 0Q2/ox,

j + 2nx = 6Q/oy, (22)
Z = 0Q2/0z,
where
Q = 22 + ¥ + (1 — wry + ulr, + (1 — 1)A4,/2r3
— 3(1 — w)A,z%/2r3, (23)
with |

r2=(x—ﬂ2+ 2_’_22,
; yoty (24)
r;s=x+4+1—-p?*+y> + z2

Jacobr’s integral is

X+ 92+ 22=20— C. (25)
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The singularities of the manifold of the state of motion are obtained from the equa-
tions

x=0=y=72, Q. =0=0,=20,.
It can be proved with some effort that here too the five points of libration are in the

xy-plane located at exactly the same places as in the planar case. As such at the
equilibria Q,,=0=Q,, and the variational equations in the linear analysis become

i + 2né = Q3¢ + Q% , (26)
¢ = Q%.¢,

where x=a+¢&, y=b+#n, z=c+{ and the superscript ‘©’ indicates that the second
derivatives are to be evaluated at the points L;(a, b, c¢). The motion, therefore, in the

xy-plane does not influence the motion in the z-direction at the five libration points.
At the collinear points, since we have

Q.+ 2, + Q,, =2n°,
the mean motion in the z-direction is

s; = (=2, )V = (Q + 2,, — 2n*)V2,
However, at the triangular points

s: = [n* + 34,(1 — W]'? > n,

the mean motion of the primaries.

The angular velocities s, at the three collinear points are listed for the 14 systems
in Table VIII while those at the triangular points are presented in the last column of
Table VI. At L; and L,, s, is less than the corresponding value of s even after the
inclusion of oblateness effect and in fact become much closer than in the unperturbed
case. s, increases at all the points L; (i=1, ..., 5) after the inclusion of oblateness effect.
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