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Introduction

It is now well known that if f is a holomorphic elliptic modular newform then
one can associate to f a compatible system of A-adic representations. These
occur naturally in the l-adic cohomology of certain sheaves on modular curves.
In the case of weight 2, trivial character and g-expansion with rational coeffi-
cients there is an elliptic curve 4/@Q such that the /-adic representations associated
to f are the dual of the Tate modules of A. For the most part these results
have been generalised to the case of holomorphic Hilbert modular newforms
(except that one does not know how to construct the elliptic curve A in all
cases where it should exist).

It has been suggested for some time that similar results hold for certain
modular forms over an imaginary quadratic field K. One way to think of these
is as classes in the first homology of certain compactifications of I'\ %, where
Z is hyperbolic three space and I is a congruence subgroup of SL,{((¢). These
can be effectively computed and there is a lot of numerical evidence for such
conjectures (see for instance [EGM] and [Cr]). The first difficulty in attacking
this problem is that there is no obvious link to algebraic geometry and hence
to arithmetic. The locally symmetric spaces are three manifolds and hence not
varieties.

It is with this difficulty that this paper is concerned. We shall think of modu-
lar forms over K as cuspidal automorphic representations of GL,(A). If the
central character of = factors through the norm map Ag — A™ then Langlands’
philosophy implies that there should be two near equivalence classes of
automorphic representations of GSp,(A) derived from 7. On the Galois side
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one induces to @ and notes that this four dimensional representation can be
polarised in two distinct ways. The two classes correspond to the two grossen-
characters of A™/Q™ through which the central character of = factors. A closer
analysis shows that one of the near equivalence classes should contain holo-
morphic elements, i.e. elements that contribute to H® of certain automorphic
coherent sheaves on Siegel threefolds or equivalently to classical holomorphic
Siegel modular forms.

The main aim of this paper is to construct such holomorphic automorphic
representations of GSp,(A). Combining these results with an analysis of the
l-adic cohomology of Siegel threefolds (see [Ta2]), certain congruence arguments
using pseudo-representations (see [Tal] and [Ta2]) can be used to associate
A-adic representations to many modular forms over K (see [ Ta 3]). Precise state-
ments are given in Sect. 5 of this paper. In specific cases where a suitable elliptic
curve A/K can be found by some means one can use our results and the Faltings-
Serre method to prove that 4 corresponds to a given modular form over K
(see Sect. 5 for an example). As an example of the sort of results so obtained
we give the following rather concrete special case.

Theorem A Assume that K has class number 1. Let n be an ideal of Oy, let
Iy (n) denote those elements of GL,(Ox) which reduce to an upper triangular matrix
modulo n and let X* = I,(n)\(Z P (K)). Also let 0 be a system of eigenvalues
of the Hecke operators T,(vin) on H (X}, ©) (see [Cr] for the definition). Then
the field F,=QO(T)|{vAn)) is a number field. Let c(0) be the largest ideal of
Oy for which the same system 0 of eigenvalues occurs on H(X ¥, €) and suppose
moreover that for some prime v of K we have v(c(0))= 1. Then there is an extension
E/Fy of degree at most four and for every prime A of E there is a continuous
irreducible representation

p: Gal(K/K)— GL,(E,)

such that if v is an unramified prime of K which does not divide nl (where
1 is the residue characteristic of ) then p is unramified at v and either p(Frob,)
has characteristic polynomial

X2—0(T)X+Nv

or 8(T.,)=0 and p(Frob,) has characteristic polynomial X*>+ N v. The first possi-
bility occurs outside a set of Dirichlet density zero. This completely determines

p.

The main method of this paper is the theory of theta series. GL,/K is closely
related to a four variable orthogonal similitude group GO/@. There is a theta
lifting from cuspidal automorphic representations of GO(A) to automorphic
representations of GSp,(A). However it was not clear that this lifting could
produce holomorphic automorphic representations of GSp,(4), because such
representations are not generic. The results of [KRS] convinced us that it must
be possible to get non-generic theta lifts and our main discovery is that this
is the case. It is closely related to the disconnectedness of GO. In fact our
results are very suggestive that the ways of extending a cuspidal automorphic
representation from GO° to GO exactly reflect the structure of certain L-packets
on GSp,.
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In the first section we explain the relation between GL,/K and GO/Q and
the structure of cuspidal automorphic representations of GO(A). In the second
we discuss some generalities on similitude theta liftings. The literature on these
seems somewhat incomplete as most authors work with symmetry groups, how-
ever the same methods usually work. In the third section we calculate explicitly
the local unramified theta liftings from GO to GSp,. It results from this that
the unramified lifting is unique in the similitude case. Is this a general phenome-
non? In this section we also make the crucial calculation of the local theta
lift at infinity.

In the fourth section we consider the global theta lift from GO to GSp,.
In particular we obtain a non-vanishing condition by evaluating a Fourier coeffi-
cient. We also discuss when this non-vanishing condition can be fulfilled. In
section five we discuss the case of interest for attaching A-adic representations
to regular algebraic = (whose central character factors through the norm) and
state the main theorems from [Ta3] for which this paper is on¢ of the crucial
ingredients. In section six we discuss the relationship of our results to Langlands’
philosophy.

1 Lifting from GL,(K) to GO(3, 1)

Before starting on the subject of this section it is convenient to fix once and
for all some additive characters. For a rational prime p let y,: Q,/Z,—>C"
be the standard character. Also let ¢ : R/Z < € be the standard continuous
character (x—e2™*). If F is a number field and v a place of F above a rational
place w let ¥,: F—»C™ denote y,otrp q,. Let ¥z Ag/F—>C* denote Hl//v

We write y for yq. The choice of ¥ probably makes no real dlfference but
it is important that = otr.

Fix an imaginary quadratic field K. Let ¢ denote the non-trivial element
of Gal{K/Q) and let &, denote its non-trivial character. Let G denote the restric-
tion of scalars of GL, from K to @. Let W, denote the space of hermitian
{x="°"x) matrices in M,(K). Then —det: W, > @ is a quadratic form. Let GO
denote the group of orthogonal similitudes of W, and let v: GO — G,, denote
the multiplier character. Also let det: GO — @,, denote the determinant of the
action on W, and set sg=detv 2: GO—{+1}. Then sg is surjective and its
kernel is the identity component of GO, which we shall denote GO°. We shall
also let ¢ denote the element of GO with action xi—‘x. Then GO =G0°>{1, t}.

We have a commutative diagram:

s GO° 0

0—— A

T
‘ . C

0 — A

Y G, —0

Wwhere C is the restriction of scalars from K to @ of @,,, N is the norm map
and A its kernel. Moreover the vertical maps are the natural inclusions of the
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centres and the map o arises from the action of G on W, via g: xr—gxg.
If F is a field of characteristic zero then H'(Gal(F/F), GL,(F ®¢K)) and
H'(Gal(F/F), (F ®¢K)*) vanish so we have a commutative diagram:

0 A(F) G(F) —~—GO°(F)———HYGal(F/F), A(F)) ——0
0 >»A(F) (FRqK)*—Y— F* ——HYGal(F/F), A(F)——0.

We see that GO°(F)=F " (6 G(F)). o
For any place v of @, we have H'(Gal(®,/Q,), A(®,))=(0) or C, depending
on whether v splits in K or not. We also have an exact sequence:

0- H' (Gal(@Q/Q), 4(Q,) ~> DH' (Gal@,/Q.), A(Q,)—~C,~0

where the last map is the product map. All the groups considered come with
structures over Z defined by taking the lattices 0% in K? and M, (G )W,
in W. If p does not ramify in K then H'(Gal(Q,/Q,). A(Z,)=(0} and so
G(Z,)— GO°(Z,). Thus we see that:

o GO°(A)=A" (s G(A)),
®

0

|

0 AQ G(Q—— GO°(Q-— Q*/NK* ——0

]

00— A(B)—— G(B)—2— GO°(B) NS

0

Gal(K/Q)

e and 0 - GO°(MQ)(0 G{A)) — GO°(A) — Gal(K/Q) - 0.

Proposition 1 There is a bijection between cuspidal automorphic representations
7 of GO°(&) and pairs (=, ) of a cuspidal automorphic representation w of G (&)
and a grossencharacter §: Q*\A* —» C* such that 7oN is the central character

of .

Proof. This follows easily from the above remarks. The bijection sends # to
({foal|fef}, 1a), where x, denotes the central character of & In the other direc-
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tion it sends the pair (n, 7) to the set of functions from GO°(@Q\GO°(A) to
C such that:

® feoem,
® f(zg)=j4(2) f(g) for all ze A™ and all ge GO°(A).

Note that the second set in the proposition maps 2-1 to the set of cuspidal
automorphic representations of G(&A) whose central character factors through
the norm map. Also note that the proposition implies that GO°(A) satisfies
strong multiplicity one:

Corollary 1 If 7, and ®, are two cuspidal automorphic representations of GO°(A)
and if ,,=7,, for all but finitely many places v then #, =7,.

The same considerations apply locally because GO°(Q,)=Q, (¢ G(@Q,)). We see
that:

Lemma 1 There is a bijection between irreducible admissible representations 7,
of GO°(@Q,) and pairs (rn,, ¥,) of an irreducible admissible representation m, of
G(®Q,) and a character j,: Q) > C” such that §,oN is the central character
of m,. This correspondence is compatible with the global correspondence.

We now compare GO° and GO. Let ¢ denote the automorphism of GO° induced
by conjugation by ¢. It extends the action of ceGal(K/@Q) on ¢G, and so no
confusion should arise. Let 7, be an irreducible admissible representation of
GO°(Q,). Then either:

GO@,)

1. 75 &7, in this case Indggeg,)(7,) is irreducible and we shali denote it 7.

2. fT,=7,: in this case Indggi%z)(ﬁv)zﬁj @7, is the sum of two irreducible

representations. 75 may be realised as #, with the action extended to GO(®,)
by letting ¢ act by 0%, where 0% are the two linear maps from 7, to itself
satisfying (0%)?=1d and f-g="‘g-0 for all ge GO°(Q,). &, corresponds to some
pair (n,, ,) and =, has a unique Whittaker model ¥/, , i.e. a unique realisation
in the space of functions f: G(®,) — C such that:

(o 9)g)-rware

for all aeK, and all geG(@,). Then the action of 8 on W, 18 by fist foc.
Let 8* be chosen so as to correspond to f+— foc.

Note that if 7, is unramified then so is 2,7 but not #, . Any irreducible admissible
representation of GO((@,) arises in this way.

We now consider the global problem. If # is a cuspidal automorphic represen-
tation of GO(A) we shall denote by #° the space of functions f|ggea With
fem,. 1t is contained in the space of cuspidal automorphic forms on GO°(A)
(of the same central character) and so is a direct sum of cuspidal automorphic
representations of GO°(A). We have:

Lemma 2 If # is a cuspidal automorphic representation of GO(A) then either
=7 with f=7° irreducible or #°=7@ 7° with & irreducible. Thus we obtain
amap from cuspidal automorphic representations of GO() to cuspidal automorph-
ic representations of GO°(&) modulo the action of {1, c}.
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Proof. First note that #°=£° because:

fCe)=fltgn=/(gn=(/1)()

for fef and ge GO°(A). Also all constituents of £° have the same central charac-
ter. So what we must show is that if 7, and 7, are two irreducible constituents
of #° and if #, and #, give rise to representations #, and 7, of G(A) then
either n; ==, or n,=n5%. For any place v #,, and #,, are irreducible GO°(@,)
submodules of #,, and so #,,=7,, or #,,=75,. Thus (x, ®7n}),=(r, B %),
and so by [{JS, I, Theorem 4.2] we see that n, =n, or =, =75 as desired.

We now describe the fibres of the above map. Let # be a cuspidal automorph-
ic representatlon of GO°(A). Let T denote the set of places for which 7, =7
Let # now denote the sum of the cuspidal automorphic representations of GO(A)
lying above 7. Fix a finite set S of places containing at least oo, the primes
which ramify in K and the primes for which 7, is ramified. Set:

e US=[]GO°(Z,),
véS
® Gs=[[G0°(Q,).
veS
Us=]]GoZ,),
vgS
=[]Go@,)
veS
We shall describe 2°%. Note that Inds#%" >~ (P  [[#2® where 5(v)= +
&SN T—{x£1} veS
ifveS—T Let (Indgs#V")* denote (D  [][#2® where the sum is restricted
&S T—{+t1} veS
to those & such that [ [d(v)= +. We shall prove:

vesS

Lemma 3 1. Ifﬁ:# ¢ then #9° ~Ind&s 77,
2. if #=7 then #°° = (Indgs #%)*.

Proof. For any set R of places let t,e GO(A) be defined by (tg),=1 if v¢R
and =t if veR. If p is a representation of Gy we shall identify Indgsp with
piv)(S) by

® (fRreslg=(frltrgtr)r s if g€Gs,
® (fRreslte=(frai)res-

In the case that 7 =7° we check that (Indgg #U%)* corresponds to those elements
satisfying fs_g=/fgoc. We introduce #° as above, so that #°=# if #=#° and
=7 PA otherw1se We define (IndGS ‘°US)+ to be those (fz)r . s which satisfy
fs- R= =froc. This coincides with our prev1ous definition if #=7¢. In the case
#+ 7 we have Inds #V° = (Ind§s #°U%)* via the map (fr)r s> ([ +fs-r°Ores:
Thus in either case what we must prove is:

0% ~(Indds #°V°)* .
Now we have maps between #U° and (IndGs £°U%)* given by:

® fis(gsfgta)ress
® (fRlros—(f: gtr—fras(g)) for geGO°(A).
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These maps are mutually inverse because elements of #7° are right invariant
by tg for RS =0. The second is well defined because:

Segtr=f(gtr)=Ffsnr-(8) =S5 r(Q=fs~r(g)=f(gtr)

for ge GO°(A). These maps are easily checked to be G equivariant.
On taking a direct limit over S we deduce:

Proposition 2 There is a bijection between cuspidal automorphic representations
# of GO(A) and triples (r, §, 6) modulo the action of {1, c}. Here:

® 7 is a cuspidal automorphic representation of G(A),

® 7 is a grossencharacter of Q*\A™ such that joN is the central character
of m,

® 0 is a map from the places of © to {+1} which is 1 at all but finitely many
places, 1 at v if n,%x and in the case n=n° satisfies [ | d(v)=1.

Also ¢ maps (n, §, ) to (7%, ¥, ).

We remark that all lifts of (z, 7) are twists of each other by characters ¢osg
where ¢: C,\@ C, - {1}, If # is one such lift so is # @ (eosg) for any ¢ of

the above form. We also remark that GO{A) has the weak multiplicity one
property:

Corollary 2 If #, and #, are two cuspidal automorphic representations of GO(A)
with #, =%, then #, =1%,.

However the strong multiplicity one theorem will fail for GO(A).

We now look at the local behaviour. For the rest of this section induction
will mean unitary induction. Let B denote the Borel subgroup of upper triangu-
lar matrices in G. Two characters y;, x, of (K®®,)™ give rise to a character
(X1> XZ) Of BG(QU) by

*

(xs» 22) (dol d2)=X1(d1) x2(d).

We let T;; denote the torus of diagonal matrices. Consider the flag:

S R

Let B;, denote the Borel subgroup of GO consisting of elements preserving
this flag. Let Ty, denote the Levi component consisting of elements preserving

the decomposition:
x O 0 = 0 0
w=(o o)els dJolo )

We identify Tg, with C x G,, by letting (x, ¥) act by diag(r, x, ¥~ ! N x). Then

0Bz B2y, 0 To= TS, and o (‘:)1 ;):(dl ‘d,, N d,). Note that Tyo=TSp><{1, t}
2,

where t2=1 and t(x, r)t =(x, r).



384 M. Harris et al.

Let (r=, j, 0) be a triple as above corresponding to #. Suppose that =, is
principal series corresponding to a character (xq, x;) of Bg(@Q,). Then y;yx,
=F,oN. If m, 37 (e {xy, x2} +{x%, z5}) then #, is the representation induced
from the character of By, which is trivial on the unipotent radical and which
sends (x, r)—=(x1/F.)(1) 12(°x). Suppose on the other hand that n,~=x¢. Consider
first the case that v=00 and y;=yf for i=1,2. Then using the isomorphism
Ind§ % (x1, x2)= W, described in Proposition 3.2 of Chap. 1 of [JL] we see

that ¢ acts on Ind§% (x;, x2) by f—=6()foc. Thus #, is induced from the
character of Bgp which is trivial on the unipotent radical and which sends
(x, Y= (x1/T) (") x2(°x) and t+—6(v). If v is split or if v is inert and (xq, x,) is
unramified this will be the case.

Suppose now that v=co and that y,=y5. To describe #,, we shall describe
the K-types occurring in it. Let W, {R)=W @ Wi where W consists of

. . 0
z ) and W consists of matrices of the form (g y)'

X

matrices of the form (

Using this decomposition we identify the maximal compact subgroup of GO(R)
with O3 x 0. Let s (resp. s,) denote —1€0; (resp. €0,). Then O; x 0, =S50,
x {83y %X {8y ). We shall denote the irreducible representations of O;x 0, by
triples (n, &+, ), where (n, €5, ¢,) is the irreducible 2n+ 1 dimensional represen-
tation, a,, of SO; on which s; acts by ¢; and s, acts by ¢&;. Suppose that
n, has Langlands parameter:

L IzfzY 0
z 0 ]Z|chN

o«©
with NeZ.,. Then n,l50,= Y 0, and s0 i lp,x0,= Y. (1, &5, &) and we

—~10/
The map from #7_ to itself given by Wi—a(w)(We=c) is SO; equivariant and
so acts as r,= + 1 on o, #,_. With this notation the O; x O,-types occurring
in &, are (n, 6(c0)r,, Fo{—1) 6(c0)r,) for nZN.
It remains to calculate r,. We use the notation of paragraphs 1 and 6 of
Chap. 1 of [JL]. #,_ is spanned by functions W, where

n=N n=N
have &9 & =%, (—1) for all n. We also have that t = (w)s, where w-——( 0 1)

Wolg)=p,(g) Idetg| | (r(g) D), ™ H(uy/u)(0)d ™ t,
o

@ runs over certain SU(2) finite functions in & (@€?), r is the representation
of GL,(C) on & (C?) described in Propositions 1.3 and 1.6 of [JL], and g, (t)
=|t]*t¥ and u,(t)=|t*t". For such a & set

&(a,b)= [ D(a, y) Y, (by)dydy
C

so by Proposition 1.6 of [JL] we have (r(g) ®)(x)=P(xg). Using this we see
that r(‘g) @=(r(g) Poc)oc. Also if i(x, ¥)=(y, x) we see from Proposition 1.3
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of [JL] that for geSL,(C) we have r(g)(P-i)=(r(g)P)oi. Thus letting

, _(detg™' 0
g —( 0 1) g, we have

Wo(°g) =, (detg) ldetglc,fx (r(g) @oc)(t, t™ Ny /ua)(6)d ™
= iy (det g) | det glc[ (r(g) Poo)(detg)t, t™ ) (uy/ma) (O™ t
= p(det g) ldetglc[ (r(g) Poc)(s™", sdet g)(u/po)(s detg)d ™ s
=i (det g) Idetgicfx (r(g) Pocei)(sdetg, s~ ") (ur/pa)s)d™ s

= Wop.c.i(®)-

We deduce that Wy(gw)=Wy..;...;:(g)= Wy ..(g). (Here ' is as on p. 3 of [JL],

ie. @'(a,b)= [ D(x,y) Y (ax+by)dxdidydy) We see easily that &'oc
CoT

=(Poc). Thus if we can find e ¥ (C?) with:

® f,+0 (see p. 233 of [JL], this implies that Wye#,_—{0}),
® <1~5~transf0rrr3s under pSU(2) by 0, and
® (Doc) =+,

then we see that r, = 1 respectively. For instance take:

(ﬁ(x’ y):e—21(|x|2+|y|2)cy2N.

This satisfies the first two conditions for n=N (pp. 233, 234 of [JL]) and (Pocy
=(—1)" ®. Thus #,, has lowest 05 x O -type:

(N, (= 1) 6(00), (— 1Y 6(00) oo (— 1)).

2 Generalities on similitude theta liftings

In this section we shall describe some generalities about theta liftings from
general orthogonal groups to general symplectic groups. The analogous results
for orthogonal and symplectic groups are well known. In some cases where
the proofs are identical but the similitude case does not seem to be implied
by the symmetry case, we refer the reader to the symmetry case rather than
repeating arguments that need a lot of notation. To treat similitude groups
we have followed the approach of Harris and Kudla [HK] rather than that
of introducing an extra variable.

Let F be a field. Let V,=X,® X} be 2n-dimensional symplectic space, i.e.
AUx, x*), (y, y¥)> = y*(x) — x*(y). Let J,: V, - V;* denote the corresponding skew-
Symmetric linear map J,(x, x*)=(x*, —x). We denote by €., ..., g, the standard
basis of X,. Let W be an m-dimensional orthogonal space over F. We shall
assume throughout that m is even. Let Sy W— W* be the corresponding sym-
Mmetric linear map and let W, denote the m+2r dimensional orthogonal space
n the same Witt class as W. Then W,=Y,® W@® Y,* with Y, an r dimensional
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space over F. Let f}, ..., f, denote the standard basis of Y,. We shall let GSp,,
(resp. GOy,) denote the group of similitudes of V, (resp. W,). Let u (resp. v)
denote their multiplier characters and let Sp,, (resp. Oy,) denote their kernels.
Let R denote the subgroup of GSp,,x GOy, which is the kernel of uv. We
have an isomorphism V, ® W, >V, . ,,, given explicitly by:

B IA® Sw,)
—_—

I/n®VVr;(Xn®W‘)®(X:®VVr) (Xn®VVr)®(Xn®VVr)*; nim+2r) -
Thus we have a map i: R = Spy,m+2n-

Now suppose that F is the reals or a finite extension of the p-adic numbers.
HZ2, (S py{F), Q/Z) has a unique element of order two. Thus for any even integer
N we get a non-trivial central extension of Sp,,(F) by the N roots of unity.

For N =2 denote this §p\;(F ). For computational purposes it will be convenient
also to introduce the notation Mp,,(F) for the case N=8. Thus

SP2u(F)> Mpy(F) (uniquely as a map over Sp,,) and M p,,(F)=(5py.(F)
x pig)/{ +1}. We can give an explicit co-cycle giving the multiplication in M p,,.
Choose a maximal isotropic subspace H of V,, then c¢g(g;y,g5)
=y(q(H, g7 ' H, g, H)) will do. Here q is the Leray invariant and y is the Weil
invariant (see [Pe] or [RR], note that y depends on ¥,). We remark that the
cohomology class of ¢y is independent of H as it should be. Explicitly

ar(gng)=culk gk kT g, ky=a(g, g;) alg,) ™" a(gy) ™" culgy, g2)

where a(g)=cyk™ !, gk) cylg, K)=copyk™ Y, (kgk™ YWk) cylkgk™' k). If F is
non-archimedean with residue characteristic greater than two there are unique
liftings S p2n((9F)L>§p\2n/(F) and Mp,,(F). In fact if F has residue characteristic
greater than 2 and if H is a maximal isotropic subspace conjugate to X, by
an element of Sp,,(0y) then cy is trivial on Sp,, (0> Let w, denote the Weil
representation of M p,, (again it depends on the choice of ¥,). We will also
write w, ,, where v is the prime of F. We consider w, as an admissible representa-
tion, so in the case F=1R it is really a (sp,,, K) module, where K is a maximal
compact subgroup of Mp,, (R). w, consists of the K finite smooth vectors in
a unitary representation w/ and we will let @® denote the representation on
the smooth vectors of wf. If F is non-archimedean, unramified and of residue
characteristic greater than two, then w, has a unique line invariant by Sp,,(OF).
If H is a maximal isotropic subspace of ¥, and V,=H @ H* is a decomposition
of V,, then @5 can be realised on the space of Schwartz functions on H*. Let
B, denote the parabolic subgroup stabilising H, let Uy~ Hom™ (H*, H) denote
its unipotent radical {the + indicates symmetric homomorphisms} and let
L=GL, denote the Levi component preserving the decomposition V,=H @ H*.
If we write Mp,, as pairs in Sp,, x ug with respect to ¢y then we have the
following explicit formulae

® if ue Uy(F) then ((u, 1) p)(x) = (Cux, x>/2) ¢(x);
@ if geLy(F) then (g, 1) §)(x)=|detg|"/* P(g* x);
® if ey then (1, &) )(x)=e P (x).

There are two liftings i R(F) = M p,u+ 2y, of i and they differ by the quadratic
character of GOy, . We fix one which is given with respect to cx 5w, by:

(8, )= (i(g, 1), dw(g)),
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where d,, is given as follows. Let ¢, ..., e, be a basis of X,; let e}, ..., ef be
the dual basis of X}; for Sc{l, ..., n} let wg denote the element of Sp, given
by wge;=e¢; if i¢S and =ef if ieS and wge¥=ef if i¢S and = —e¢; if i€S;
let (,) denote the norm-residue for F; and let Dy, denote the discriminant of
W; then

! b o b im
dy <<01 a*l‘l) Ws(o2 #a;_l))zy(W)#S(detalaz’(__l)d wizp ).

1

We shall say that admissible representations IT and n of GSp,(F) and
GOy (F) respectively are associated if there is a non-trivial map of R(F)-modules
@pm+2n = I @ 7. Note that if = and [T are associated then their central charac-
ters are related by yp=7y.".

Assume now that F is a finite extension of @, for some p. Let Q denote
the parabolic subgroup of GOy, preserving the flag
foelfifoe...elfi,....f,> and let Rz=Rn(GSp,,x Q). Let N, denote
the unipotent radical of Q (and Ry). Let N, denote the subgroup Hom ™ (¥,*, ¥))
of Ny, where — denotes the antisymmetric homomorphisms. Let P, be the para-
bolic subgroup of GSp,, which is the stabiliser of the flag
erp=ler, epp=...={ey, ..., €. Let Rp o=Rn(FxQ) and let N; , denote
its unipotent radical. Then Rp ,/Np =G, x R; x G}, where R, is defined in
the same way as R, but with reference to GSp,,—; and GO,. We denote a
typical element of this quotient (a4, ..., o;, (g, h), B4, ..., B,). The following lemma
follows from the method of [K].

Lemma 4 The Jacquet module ® 42,8, has a filtration with steps Wuima2n).;
for i=0,...,r. Let y=y,...x be a continuous character of (F*Y and let
Ouim+ 201y denote the maxtmal quotient of the Jacquet module w1 25,18, O1
which (F*)' < Q(F) acts by y. ((F*Y < Q(F) so that the j factor acts on f; by
multiplication and acts trivially on the other basis elements.) Then Wyim+ 24).:1,,=(0)
unless y;=| | for j=1, ..., r—i. If these conditions are met then Wy 2y.: . iS
the unnormalised induction from Rp o of the representation of Rp, o/Np, o given
by

(@, ooy 0, (8, 1), By oo B ()27 m TR [ T2 G, (— 14 WI2 Dy ) | B

Hyr I+] ﬁr z+1ﬂ(g))w(n l)mol(g9h)

where a=oy ...0;, B=P, ... Bo—i» Dy is the discriminant of W and (,) is the
Hilbert symbol.

Now suppose that F=IR. Let JeS§p,,(R) satisfy J>= —1,, and {J v, v> >0 for

,.01 B") Then V, becomes an n dimen-

sional complex vector space isomorphic to H® T (hy+)/ = 1hyr=hy +J hy).
Let # denote the space of polynomial functions on the complex vector space

all non-zero veV,. For instance take J =(

H*® C. Write # (—B,fd where #; denotes those of degree d. Let U denote
d=0

the centraliser of J, it is a maximal compact subgroup of Sp,,(IR) isomorphic
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to U(n). We can also think of UcGLyge Let U denote the preimage of

U in sz,, Then U={(U, 2)eU xC*|detu=42}. w, can be realised on Z so
that U acts by ((u, 4) f)(2)= 1 f(u* z). If we choose a ba51s hy, ..., h, of H which
is orthonormal with respect to the form {J,) then we can associate feF
with a polynomial in n variables z,, ..., z,. We can also consider elements of
the Schwartz space & (H*) as functions of n real variables x,, ..., x,. There

is a map & — &% (H*) given by
i) ') e—(n/Z);x;‘"'

(See for instance [P1, 1.4.20]. The difference in powers of two from this reference
is due to the difference between W, (x) and e*™**, We use exactly the same
action on & as in [P1]) This identifies the admissible (spz,,, (Ux,ug)/{+1}
module % with the (T x Ug)/{ 1} ﬁmte vectors of & (H*) in the smooth repre-
sentation described above. The space & is called the Fock model for w,.

Let Oy, =0(p, q) (so p+q is even). Then R has maximal compact subgroup
Un)x O(p)x O(q). Let fy, ..., f», &1, .-, &, be an orthogonal basis of W for which
each f; has length 1 and each g; has length —1. Then the following vectors
form a standard symplectic basis of V, @ W:¢,;Q f;, e,® g, ef @ f;and —ef @ g;.

Thus we get
f{a b _[a®@®f) bR®@D—p)
’(<_b a)’(“””)‘(bcaw@ﬁ) a@(a@ﬁ))'

1= ~([en (-

Thus as a map UmxO0(p)x0(q)—»Um(p+q) we see that i(u, o ff)
=u®)®(u"'®pP). Now consider i: Un)x0(p)x0{q) —’m
x pg)/{ +1}. We see that there is only one possibility for 7: U(n)—»(/U(Tp%—q/)

x pg)/{ £ 1}, namely i(u, 1,, 1,)=(u®? ® (‘u™*)®9, (detu)?~?2), 1). Take H to be
the space spanned by the ¢,;®f; and e¢;®g;. Then we see that i1, &, B) acts

on the functions 2x.e "> by ((deta detf), (—1)" 9% (a@® f®". Thus

o=@ 1), 1) if (detadetpy=1 and =(@®H°" —|/—1)
(—1,(—1)®"9%))/ —1) if (det a det f)"= — 1. Thus U (n) x O(p) x O(q) acts on %
via

(u, o, B)—((det o det B, (— 1)) detw)?~9/2) Symm(u @ « ® ‘u™ ! ® p).

Now let F be a number field. There are unique central extensions S p,, (Ar)
and M p,,(F) of Sp,,(Ay) of degrees two and eight respectively which are surjec-

tive images of the restricted products over all places v of @:(Fu) and Mp,,(F).
The restriction is with respect to the subgroups Sp,,(Cr ). It is a theorem of

Weil that there is a unique homomorphism S p,,(F) - §E,,/(AF) lifting the diago-
nal embedding into Sp,,(A;). We let o, also denote the Weil representation
of Mp,, (&), ie. the restricted tensor product of the w, ,. Again we have a
corresponding unitary representation w! and smooth representation wf. We
will give a description of w below. Moreover there is a continuous linear form
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6 on f such that for geSp,,(F) we have 0-w5(g)=0(g). If ¢pew, define 6,
to be the function on Mp,,(A;) which sends g to #{w3(g)¢). This gives an
automorphic form on M p,,(Ap).

If A is a ring let GSp;,(A) denote the elements in GSp,,(4) such that u(g)
=vy(h) for some he GOy (A). If f is a cuspidal automorphic form on GOy, (Ay)
we define a function 8,(f) on GSp3 (F)\GSp3.(Af) by

04 (f)g)= ) 04(r(g, hho)) f (hho)d b,

Ow (FN\Ow (&F)

where h, is chosen with v(h,)=p(g) and the measure dh is as described after
formula 5.1.11 in [HK]. The definition is easily checked to be independent
of hy and to be left GSp7,(F) invariant. Extend 6,(f) to a function on
GSp, AF)\NGSp,,.(Ag) by insisting that it is left GSp,,(F) invariant and zero
outside GSp,,(F)GSp3,(Ag). It is an automorphic form on GSp,,(Ay). Now
let © be a cuspidal automorphic representation of GOy, (Ay). Define ©,(n) to
be the admissible GSp,,(Ar) module within the space of automorphic forms
generated by the 0,(f) for pew,m+ 2, and fen. Suppose that 11 is an irreducible
quotient of @,(r). Then we get a non-trivial intertwining operator of R{(Ay)
modules w, -~ IT® #. In particular for all places v of F we have that #, and
I, are associated.

We describe @S, Let H be a maximal isotropic subspace of ¥, and let V,
=H @ H* be a decomposition of V,. Write elements of Mp,,(Ay) as pairs
(g, €)€Sp,,(AF) X ug with multiplication defined by the cocycle ¢y (for all but
finitely many v, cgr,, vanishes on Sp,,(0r )* and so CHZHCH(F.,) makes sense).

The representation space of S is the space of Schwartz functions on H*(Ay).
Let B, denote the parabolic subgroup of Sp,, of elements which stabilise H,
let Uy denote its unipotent radical (it is isomorphic to the space of symmetric
homomorphisms H* — H) and let Ly denote the Levi component consisting
of elements which preserve a decomposition V,=H @ H*. Then the action of
the inverse image of By in M p,, is given by

® if ue Uy (Ay) then ((u, 1) §)(x) = (Cu x, x5/2) p(x);
® if ge Ly (Ay) then (g, 1) )(x)=lldet g|'"? ¢ (g* x);
® if ecpy then (1, €) d)(x)=e P (x).

The linear form 0 takes ¢ to ), ¢(x).
xe H*(F)
~ The following lemma is proved in exactly the same way as Theorem L.1.1
mn [Ra].
Lemma S Either ©,(n) is contained in the space of cusp forms or ©,_,(n)%(0).

If T is a symmetric nxn matrix over F and if f is an automorphic form on
GSp,,(Ag) we define the T™ Fourier coefficient fr of f by

re= 1 (g e dn

U(FNUAF) "

where U denotes the unipotent radical of the Siegel parabolic. Note that g(f)r
=2(fr). Now let = be a cuspidal automorphic representation of GOy, , let fen
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and @ €Wy +25- We calculate 0,(f)r. We shall assume that T'is non-degenerate.
Let geGSp5,(Ap) and let hye GOy, with v(hy)=p(g). Let ¢’ =r(g, ho) . Then

0,(N)r®)= | 0(r(ug, hho) @) f(hho)y ' ((tr Tu)/2)dhdu

UIFNU(RF) Ow (FN\Ow (AF)

= { fhho)( Y, (r(1, ) (x)

Ow . (FN\NOw (Ar) xe(XHRWH(F)
[ e )x, x)/2) ¢ ' (tr Tuy2)du)dh
U(F\U(AF)
= I fah) Y (L))
Ow (F\Ow . (&F) xeHom(X,,, WH{F)
[ y(tr(xQx—T)u/2)du)dh
U(FW\U(AF)
= [ flhhy > ¢'(hox)dh.
Ow (F\Ow (AF) xeHom (X n, W)(F)1

Here Q@ denotes a matrix representing the quadratic form on W, and
Hom(X,, W)(F); denotes those homomorphisms x such that {(§y, x(e;), x{e}})
=T, By Witt’s theorem this set is either empty, in which case 8,(f);=0, or
it forms a single orbit under Oy, (F). In the latter case W, =W, ® Wy for some
quadratic space Wy (we have written Wy for the n dimensional quadratic space
corresponding to T). The stabiliser of Wy is isomorphic to Oy,. Let xq:

X, —=— Wy such that (S, x,(e;), xo(e;)>=T,;. In this case we get

0(f)r(g) = § ¢’ (hoxo) ) F(W hho)dh dh.

Ow i (Ap\Ow (AF) Ow i (FNOw i {AF)
In particular 0,4(f)r=0 for all ¢E€w, 42, and fer if and only if for all fen

i f(hydh=0.

Ow i (FNOw 1 (AF)

We also deduce the following lemma.

Lemma 6 Suppose that W,= A @ B for non-degenerate quadratic spaces A and
B with dim A=n. Let n be a cuspidal automorphic representation of GOy, (Af).
If for some fen we have
{ fh)dh+0,
Os(FN\OB(AF)

then ©,(m)=+(0).

3 The local theta lift

In this section we specialise the discussion of the last section to the case of
the orthogonal similitude group GO of the first section and GSp,.

First we consider the non-archimedean case. Before considering the liftings
of interest to us we record two lemmas that will be helpful. The first is a standard
calculation. The second follows from Rodier’s classification [Ro].



l-adic representations associated to modular forms over imaginary quadratic fields 391

Lemma 7 The L-group of GSp, is GSp,(C). If IT is the unramified sub-quotient
of the representation of GSp,(@Q,) unitarily induced from the character of B(Q,)
which is trivial on the unipotent radical and sends:

diag(a, b, pa™*, ub™ Y=y, (a) x2(b) x3(w),

then IT has Langlands parameter (x3(v), 23 11(0), X3 £2(0), X3 11 22(£)€GS py (©).

We remark that we use y(v) as an abreviation for the value of y at a uniformiser
of @,, when y is unramified.

Lemma 8 Suppose II is an irreducible pre-unitary representation of GSp,(®Q,)
which is a subquotient of an unramified principal series representation with Lang-
lands parameter diag(x, B, v, 0)e GSp,(C), then either II is the full induced repre-
sentation or the absolute values of o, B, y, & are, up to the action of the Weyl
group, N v to the power (—1/2, —r,r, 1/2) with 0<r< /4, or (—1/2, —1/2,1/2,
1/2), or (—3/2, — 12, 1/2, 3/2).

Now let v be a prime of @ which is inert and unramified in K. Let W denote
the quadratic space such that W(Q,)= K, with quadratic form equal to minus
the norm form. Then GO =GOy, . We start by proving the following result.

Lemma 9 Let R denote the subgroup of Sp, associated to GSp, and GOy.
Then the Oy (@Q,) coinvariants of , i are the representation of GSp; (Q,) induced
(via unnormalised induction) from the character

b * _
(0 ab_‘)HeM(banat 2

of the Borel of upper triangular matrices.

Proof. w,°7 can be realised on the Schwartz space #(K,), so that Rp (@Q,) acts
by:

b n o 12 .
(lo by 1) LHI=Cb. = Dud 11 1A= oy 2211 0 0,

As Oy (@,) is compact and acts transitively on the elements of K, of given
norm, the co-invariants can be described as #(®@,", €) (where + denotes the
elements of even norm) with the action:

b h T 1/2 2
(o o)+ ) 0=6 =D B11v b v 0020 0 i,

One can see that under the upper triangular matrices the subspace of functions

. o . . . 1
that vanish at 0 is irreducible. Looking at the action of ( ) one sees that

-10
th? whole representation is irreducible (see for instance [B] for the action of
this element). Moreover the Jacquet module with respect to the upper triangular
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unipotent matrices has a one dimensional quotient (f+ f(0)) on which elements

of the form
b 0
(0 (bv(h)~ ‘)

acts as (b, —Dy) |b] |v{(#)|''*. The result follows.

Lemma 10 Suppose that v is a finite rational prime inert and unramified in K.
Suppose that n is an unramified irreducible pre-unitary principal series representa-
tion of GL,(K,) with Langlands parameters (o, ). Suppose that II is a pre-unitary
admissible representation of GSp,{Q,) which is associated to the representation
(7, %, +) of GO(@Q,). Then II is an unramified irreducible principal series represen-

tation of GSp,(®,) with Langlands parameter diag(}/oa™"', —/a™!, /7",
——|//3“‘)eGSp2((E), where 1/&]/[{=)Z(v). The same remains true if © and II are
pre-unitary only up to a twist.

Proof. 7 is unitarily induced from two characters of the form y;oN, y,o N where
each y; is a character of @, and y, x, =j%. Note that y, ex, ¥, &k is also a possible
pair. We consider the pair GSp, and GO=GOy,. Then Ly(@,)=T(Q,) acts
on (m, ¥, +)g so that ¢ acts trivially and T°(Q,) acts by:

{r, x)= (N x) INXI’I/Z(X1/X2)(V) {7

or the character obtained by swapping y, and y,. Note that y,/x,+| | and
so there must be a non-trivial intertwining operator to II ®(m, §, +)y from
the unnormalised induction from Rp o(@Q,) to R, of the representation which
is trivial on the unipotent radical and which sends (in the notation of the last
section):

(@, (g, ), D)= 11(8)1 ™2 s/ 220 (8)) lal (ex x2/21)(a) 02 (i(g, W),

or of the representation obtained by swapping y, and y,. Let B (Q,)
=P,(Q)N GSp; (@,). Using Lemma 9 we see that (T® (3 '| 1) wlas,; @0
must contain a non-trivial quotient of the unnormalised induction from B* (@Q,)
of the character which is trivial on the unipotent radical and sends

diag(a, b, u™" a, p7 b |l T (na/22) () @l ek X2/ X1) (@) 1 B] ex (D),

or of the character obtained by swapping y, and y,. Thus IT must be a quotient
of the unnormalised induction from B(®,) to GSp,(®,) of one of the characters:

diag(a, b, ™' a, p= ' b)— | ul 7 () 1al? (ex 22/21) (@) 1b] ek (b),
diag(a, b, p~"a, p~ 1 b)— || T ¥ (e (1) x1) (1) 1al? (ex x2/%1)(@) 1B ex (b),

or of the same with x, and y, swapped. By Lemma 7 all these four representa-
tions have unramified subquotients with Langlands parameters:

diag(x; (v), 12 ex (), X1 x (), X2 (V).

The result now follows from the fact that |y, (v)|<|N v|/? and Lemma 8.



l-adic representations associated to modular forms over imaginary quadratic fields 393

We remark that as GSp; (@Q,) is properly contained in GSp,(®Q) it seems
not to be obvious that the lift be unique. We wonder in what generality such
uniqueness statements hold.

Now suppose that v is a rational prime which splits in K. We fix an identifica-
tion K,=Q, ®®Q,. We have GO(Q,)= GO, (@Q,) and we can take

s 1=((1) g) f2=((0f’1) (160)>'

We shall use the basis f}, 15, fi*, f5F of (0),.

Lemma 11 Suppose that v is a finite rational prime which splits v=ww in K.
Suppose that t=n, @ n, is an unramified irreducible pre-unitary principal series
representation of GL,(K,)=GL,(®,)*> with Langlands parameters (a,, B,) and
(@3, B2). Suppose that I1 is a pre-unitary admissible representation of GSp,(®,)
which is associated to the representation (n, i, +). Then IT is an unramified irreduc-
ible principal series representation of GSp,(®, with Langlands parameter
diag(a,, %3, B, B2)€GSp,(C). The same remains true for n and I1 pre-unitary
only up to a twist.

Proof. # is induced from two pairs of characters (y,y, x21) and (xy2, x22) With

T=X11 X21=X12X22- Then T°(Q,)= Ly(Q,) acts on (n, ¥, +) by some of the char-
acters

diag(t,, t, 1317 Y 1315 =00 0/012) () 11 (/a2 0@ 115172 104 ()

or one of its conjugates under the group #  of order eight which is generated
by the elements ¢4, which switches x,, and y,;, and © which switches x;; and
252 for j=1,2. Because = is unitary and irreducible principal series we have
that y;# ;-1 |. Thus, for one of the characters § above, I1®# must be a
quotient of the induction from Rp, ,(®@,) to Ry{(®,) of the character which is
trivial on the unipotent radical and sends

(diag(a, b, pa™", pb™"), diag(ty, ta, (uty) ™", (utz) ™)
onto:

|H|_2 IabIZ Z(a_l tl Hs b‘ltZtua 1)

Thus I ® #(1, 1, ™ !) must be a quotient of the un-normalised induction from
B(Q,) to GSp,(@,) of a character which is trivial on unipotents and sends:

diag(a, b, pa™', ub™ = |2 bl @ i b7 i 1)

for one of the characters §. Thus IT is a quotient of the un-normalised induction
from P,(@Q,) of the character which sends

diag(a, b, pa™", ub™ Y= (1 2/x1 )@ (X21/21 2B) 111 (W)

or one of its conjugates by #. The un-normalised induction of all these characters
have unramified subquotients with Langlands parameters

diag(x ¢ (0), x12(V), %21 (V) 222 (V) GS p,(C).

The result now follows from Lemma 8 as in the inert case.
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Finally in this section we turn to the archimedean case. Consider the repre-
sentation £=(ny,, ¢| ', 8) of GO(R), where e=1 or sgn, =+ and my, has
Langlands parameter:

1zPFz¥ 0
[ d
0 'Z |s cZN

(NeZ. , and seC). We label the irreducible representations of U (2) (respectively
U(1)) by pairs of integers (x, y) with x=y (respectively by integers x). These
are the usual highest weights. We will identify the group of characters on the
diagonal maximal torus in GS p, with triples (a, b; c)eZ> with a+b=cmod 2 via

diag(x, y, zx~ ! zy_l)Hxﬂbe(c—a—b)/z.

Lemma 12 1. If e=sgn™*! or if = —1 then # is associated to no representation
of GSp,(R).

2. If e=sgn” and 5= —1 then # is associated to no representation of GSp,(R)
or GSp,(R).

3. If IT is a representation of GSp4(R) associated to # then

® [T contains the U(2) type indicated by the following table

(e(—=1), 9) U(2)-type
(=1 +) (N+1,1)
(=D, +) (N+1,0
(—1)N*, —) (N+1,2)

® yp=¢||™%
® I has infinitesimal character with Harish Chandra parameter (N, 0; —(N +5)).

Proof. We will use Howe’s theory of K-types, see [H] for an account of this

theory. Consider the Fock model # =@, for the lift from GO(R) to GSp,(R).
0

Then U (1) x 0(3) x O(1) acts on F; via the representation
(1)@ Symm* (D (1, —, +) (=)0, +, —))

d
=P P Qa+1-dD®@—2b,(—) (—).

a=0 0g2bsa

The Howe minimal K-types occurring are then (0)®(O0, +, —) and
(1+d®d, (—), +) for deZ,,. These have degrees 1 and d respectively. If
(1+d)®(d, (—)?, +) corresponds to II ® # then the only other O(3) x O(1)-types
occurring in # can be (e, (—)°, +) with e>d (and (0, +, —) if d=0). Thus we
must have d=N, §=1 and &(—1)=(— 1)". The first part follows.
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Now consider the Fock model & = 6—)% for the lift from GO(R) to GSp,(IR).
0

Then U (2) x O(3) x O(1) acts on &, via the representation
(1, H®Symm‘((1, (1, —, +) B0, —1H® (O, +, —))

= @1, @ Symm*(1, @ (1, —, +))® Symm’ (0, =) ® (0, +,(—)'79).
a=0

We have

Symma((l’0)®(1a T +))=(aa 0)®(a’(__)u’ +)@(a_1) 1)®(a_1’(_‘)a’ +)@

where the omitted terms only involve (e, (—)%, +) for e<a—1. We must omit
the last term for a=0 or 1. Thus

Fp2(d+1L D)W (), +)@d, 9®@d—1,(—), +)

where the omitted terms involve (e, (—)%, (—)* ™% for e <d—1. For d=0 we just
get the first term and for d=1 we just get the first and third terms. Thus the
Howe minimal O(3) x O(1) types are as follows.

® (¢,(—)°, +) for e=0 which has degree e and occurs in &, as (e+1, 1)® (e,
(=) +).

® (e,(—), —) for e=0 which has degree e+1 and occurs in #,., as
e+ 1, 0)®Ae, (—), —)

® (¢,(—)"!, +) for e=1 which has degree e+1 and occurs in %,,, as
(C+ 1’ 2)®(ea (_)e+1, +)

® (e, (—)**!, —) does not occur.

® (0, —, +) does not occur.

(If (0, —, +) did occur then the trivial representation of SO(3) would occur
in $°(X%) where a>0 is an odd integer and X, denotes the 2d+ 1 dimensional
representation of SO(3). Thus the trivial representation occurs in S?(X ;) ® S°(X )
for some non-negative integers b, ¢ with b+c¢>0 and odd. Thus it also occurs
in X,® X, for non-negative integers d, e of different parity. This is a contradic-
tion.)

Suppose that # is associated to some I1. Then the Howe minimal O(3) x O(1)
type of # must be (N, (— 1Y 3, (— 1)¥ &(— 1)) (all other O(3) x O(1) types occur-
ring in # have degree =N -+1). Thus §= —1, &(—1)=(—1)" does not occur.
In the other cases we see that IT must have Howe minimal U(2) type as listed
in the table.

. The calculation of the infinitesimal character of IT follows from the results
of [P2].

Corollary 3 Keep the notation of the lemma. Assume that N>1, that
e=sgn™*' and that I is unitary. If =1 then Il is a non-holomorphic limit
of discrete series representation. If 5= — 1 then II is a holomorphic limit of discrete
Series representation.
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Proof. Combine the lemma with the list of unitary representations for Sp,(IR)
in [P1].

Presumably this corollary remains true for N=1 but we have not checked
this.

4 The global theta lift

We now consider the global theta lifting from GO (A) to GSp,(R). Let & =(x, 7, 0)
denote a cuspidal automorphic representation of GO(A). Thus = is a cuspidal
automorphic representation of GL,{Ay) with central character y with y‘=y,
7 is a grossencharacter over @Q such that y=joN and é maps the set of rational
places to {41} and satisfies the conditions described in section one. Let ©(#)
denote the theta lift of # to GSp,(A). If wis a place of K at which = is unramified
let ©, have Langlands parameters {a,,, $,,}. Then we have the following result.

Proposition 3 1. Let S denote the set of rational primes which do not ramify
in K and above which 7 is unramified and 6 = + 1. Suppose that I1 is an irreducible
quotient of O(£) and v¢S. Then I, is an unramified irreducible principal series
representation with Langlands parameters

o diag(}/a, ', —|/a, L,/ B ' =)/ Bs NeGSp,y(T) where W;l/ﬂ;=i(v) if vis

inert in K;
® diag(a, ', o B, B NeGSp,(T) if v splits as ww in K.

2. Suppose that ©.,, has Langlands parameter

. zfFz¥ 0
0 |Z|chN

with NeZ.. , and seC. Also suppose that i ,(—1)=(—1)"*'. Then O(#) is con-
tained in the space of cusp forms. Moreover if II is an irreducible constituent
of ©(#) then Il has infinitesimal character with Harish Chandra parameter
(N,0; —(N +5)) and contains the U(2) type (N+1,1—0,). If N>1 and 6,=1
then Il is a non-holomorphic limit of discrete series representation; if N>1
and 8,,= — 1 then I1 _, is a holomorphic limit of discrete series representation.

3. If there is a grossencharacter ¢ of Ay /K™ whose restriction to B is ¥ and
such that

® for all places v of Q with n,~7n we have:
0+ 1+6(0) Zo(—~1) e(n, @Y, ', 1/2),

o L(n®y~',1/2)%0,
then @ (#)+(0).

Proof. Parts 1 and 2 follow from the compatibility of the local and global lifts,
the results of the last section and Lemma 5.
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Let W denote the two dimensional quadratic space associated to minus
the norm from K to Q, so that GO=GOy,. W;=W® H, where H denotes
the hyperbolic plane. By Lemma 6, @(#) is non-zero if for some fe# we have

[ fUdh+0.

O @\On(d)
For ¢ a character as in the proposition and for ye AZ define
—1 y O
Cr.o(M=00) {  flx|o o 1 dx.
Ou(@\Ow(B)

We must show that for some y, ¢ and f, C; ,(y)+0. We calculate C ,(v).
Let S be a finite set of places so that fe#’, y is a unit outside S, cve§ and

. e . 01
primes ramifying in K are in S. Let w’=( | 0). For a set R of places define

wreG(A) by wi,=1, if v¢R and =w if veR. Let (f,{),(cse(lndgg7%")+ corre-
spond to f as in section one. Then:

Cra)=2817 % § 0 T{xtao (wi () 1))

RS 03,(@\0y (A}

SRR S

RS 03(@\0y (A)

=27 BImL Y ¢(y)“f(X'1“((ng f;))wg‘)t")dx

R=S Q*\A> R

=271ty ¢(xy)*1j‘Roa((x(J)’R CSR>w}a)dx

RS Q*\A*
=271y ¢(xy)‘lfxoa(‘yx(xy/NyR O)W’;z)dx
RS Q*\A~ 0 1

=27ty ¢(xy/NyR)"fR°6((xy/NyR O)W'R)dx

RS Q*\AX 0 1

=2y g e () v

R=S Q*\AX 1

So we see that if ze A K™ then C; ,(zy)=C/ 4(y). Thus we have to show
that for some character A on K* A*\ A; we have:

0+ [ Craidy= | Cryii(0)dy,

K*A*\AZ K< Ax\A}

re. for some choice of ¢:

0% <¢>(x)“1f,<oa((z)C ?)W'R)dx.

RS K*\A}
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In the case n =7 let fr=fgooem In the case 7+ n° we have froo=fr+fy_goc
for some fren. In the latter case our integral becomes:

A, sl frecrian((g 1))
R R I R C D

=X e al(o freea (o o)) e
=2, (ool et ooy ) o

=32 [ o s(y §)wa)ax

R<=S K~ \A

Thus in either case if we let f correspond to a function Wy in the Whittaker
model we must show that:

5 g (S i) e

RS A

which makes sense for Res sufficiently large, is non-zero at s=1/2 (defined
by analytic continuation).

Write S=S,US, where for veS, n,=n and for veS, n,&n. Recall that
the only constraint on the choice of Wy is that Wy 4,,,= 605" Wy for veS,. Thus
we must show that for some W in the Whittaker model of = we have:

)3 j¢(x)"1H0,‘§"’)W<<g ?)W'R)[x'm—x/z»dx

RS, A) veR

does not vanish at s=1/2. We lose no generality in assuming that W=[[W,.

Then for Res sufficiently large the integral becomes: Y
[T § 607wy ) ixie2ax
véS) K 1

le—s[K,f bu(x)” ’( (x 0)+6()W<(0 (1)) '>)|x|<;'1/2>dx

=TT f o wfg )islem s

veS) K
IT | (d)u(x)_l (g 0)+5{v) ¢, (x)7* ((—Ox (I)) W))Ixiif_”z)dx
veSy KJ
=] [ ¢.x7" ( ?)Ix[ﬁf‘”z’dx
veS: K&

1§ (hew(G S)romai=necatm(g 9)w))meax

veS; K 1
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where Wz(*(l) é) Now let #’ denote n® ¢~ ' and let W’ denote W ¢ L. Let:

e W= [ 2 we((g ) e) et ax
Ky

We may choose W, so that {(1, 1, W, s)=L(x,, s). Note that n’ has central char-
acter ¢° ¢~ L. Then our integral is:

[TL(x, 9 TT(L(m;, 8)+0() b, (— 1) {w, (67 ™)1, W, 5)

véS, veS,

= [ L(m,. ) [ T(L(m,. ) +0(0) (1) &(m, 1 —5) L((m,), 5))

véS, veS)

=L@, s) [[(1+6(v) ¢, (—1) e(m;,, 1—5)

veS)

where we have used the local functional equation and the fact that L((n})", s)
= L(m,, s). So what we require is:

0L, 1/2) [T (1 +6(v) ¢.(—1) &(m, 1/2)).

veS)

Noting that ¢,(—1)=7,(— 1) we see that the final part of the proposition follows.

We will finish this section by making some remarks about the conditions
in part three of the lemma. Qur guess is that one can remove the condition
of the L-function not vanishing, it is probably an artifact of the particular Fourier
coefficient we have decided to evaluate. We also guess that the local conditions
are exactly the conditions for a local theta lift to exist (and hence are necessary
conditions).

Let = be a cuspidal automorphic representation of GL,(A7 with central
character y satisfying y°=1y. Let ¥ be a grossencharacter over @ with y=7-N.
Then we have the following observations.

Lemma 13 Suppose that n, has Langlands parameter

C* - GL,(T)
lzfz¥ 0
F»( 0 ‘ZVCZN)

with s, teC, NeZ,,. Let ¢, denote a character of €~ with ¢ lg~ =7 Then
we have.

LI N=0o0rif 7,(—=1)=(=1)" then a(n, ¢5", /=7 (—1).

2.If N>0 and 5 (—1)=(=1"*! then the set of such characters ¢, with
e(n, ¢, 1/2y= — 7. (—1) is non-empty but finite. In fact it consists of the char-
acters z+|z|N*5(z/|z|)™ for IM|EN and M=N —1 mod 2.
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Proof. Let #.,(—1)=(—1)f with =0 or 1. Then ¢ (z)=z M |z|NTM++1/2 for
some MeZ with M =p mod 2. Then we have

ey o', 1/2)=e(|z| V2N "M NN 1/2) (|| 7NN TMMIN 1)/7)

=]/“1]N+M|+|N—M|
_fi.(=1) if NS|M]|
IR(EA if N2|M|,

and the lemma follows.
Notice that this lemma is consistent with the guesses made above and the
calculations on the local lifting at infinity made in section three.

Lemma 14 Let v be a place such that n,~n’. Let ¢, be a character of K.
with ¢,lo; = ¥,- Then we have.

1. For all places v, e(n,® ¢, !, 1/2) does not depend on the choice of additive
character ¥, as long as y,= ;.

. E(nv®¢;1’ 1/2)= +1

. e(m, @, 1, 1/2)=7F,(—1) in the following cases.

L, unramified;

v split;

7, principal series corresponding to two characters ¥, y, with yi=1:;
¢, is sufficiently ramified.

o000 O N

The first and last assertions do not require that = ns.

4. Suppose that v is not split and that =, is the base change of a discrete series
representation o of GL,(Q,) with central character y, (note that this depends
only on n,). Let D, denote the non-split quaternion algebra with centre Q, so
that Ky <> D,. Let ¢” denote the representation of D> corresponding to ¢ by
the Jacquet-Langlands correspondence. If §,%y, and vf2 then e(n,® ¢, ', 1/2)
=¥,(—1). If ¥,= . then the set of ¢, as above with e(n, @ ¢; ', 1/2)= —F,(—1)
is equal to the set of characters of K, occurring in ¢”|x,. In particular it is
non-empty but finite.

Proof. (1) If ae@Q, we have

em,®d, ", 1/2, Y, a)=(1,°N) ¢, 2 (@) e(m, @ §; ', 1/2,4,)
=(¢5/9)(@) e(m, @ ¢, ', 1/2,¥,)
=&(m, @ ¢, ', 1/2, ).

For the subsequent parts of this lemma we assume that v is finite, the case
v infinite following from the last lemma.

@
em®¢, 1, 1/2 =e(m, @ ¢, *, 1/2) e(m, ® ¢, 1/2)
=&(m, @, ', 1/2) e(%, ® ¢, 1/2)
=N o, H(=1)
=1.
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(3) For the first assertion note that as =, is unramified so is ¥,oN and hence
7, (@s K, is non-ramified). Thus j(—1)=1. Now let f denote the conductor
of ¢,. Then we have
e(m, ® ¢y 1 1/2)=x,(f) ey 1, 1/2)?
=x0(f) e(ds ' 1/2) ety ' s 1/2)
=e(¢, ', 1/2) ey, 1/2)

=¢,(—1)
=% (=1
=1

For the second assertion let v =w*w. Then

ém®¢, 1/ =e(n, ¢, 1/ e(mn b 7, ' 1/2)
=e(n, d,, ", 1/2) e, ¢, 1/2)
=T ¢ (—1)
=7(=1).

For the third assertion

e(m,®@ ¢, ', 1/2)=e(ui s ' 1/2) e(t2 65 5 1/2)
=e(x1 0y ' 1/2) e(x2 055 1/2)
=e(x1 by 5 1/2) e(a (oo N) ' s 1/2)
=e(x1 ¢y L 1/ elxy ' ¢, 1/2)
=0t ¢ N1
=J(-1),
because x, =%;°N and N(—1)=1.
For the fourth assertion note that (for ¢, sufficiently ramified) there exists
yeK, such that
e(m, ® ¢, 1, 1/2)=1,() e(¢, ', 1/2)?
=% e(ds ' 1/2) e(ty * ¢s 1/2)
=e(¢, ', 1/2) e(¢,, 1/2)
=¢.(—1)
=7 (=1).
(4) In the case j,=y, this follows from the main theorem of [Tu] plus the
remarks on p. 1297 of that paper if v42 and from [Sa] if v{2. Thus we suppose
that 7,4 y,. We first consider the case o is special. Then o is a subquotient
of the induction to GL, of the character of the Borel of upper triangular matrices

defined by a pair (1] {~ V2, 1| |'/?) of characters of @Q,. Let ¢,=¢, (1o N), so
that ¢, |, is the quadratic character corresponding to K,/@,. Then

e(mody !, 1/2) =712 ¢, 1/2) e( |12 @1, 1/2) e,
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where a=1 if ¢, is ramified and = —¢/(w,)" "' if ¢, is unramified. If ¢, is
unramified then K, /Q, is unramified and so ¢, is the unramified quadratic
character and in any case a=1. Thus

e(mpody ', 1/2)=2(| |72 ¢, 1/2) e(| ['2(¢), 1/2)
=¢(| |72 ¢, 1/2) e 112 (¢0) ", 1/2)
=¢,(—1)
=Xo(=1).

Next suppose that =, is principal series corresponding to a pair of characters
(4, A) with A== A°. Set ¢, =4 ¢, ' so that ¢, |o, =1. Then

e(n,o ¢, ', 1/2)=e(dy, 1/2) e((A/4) ¢y, 1/2)
=k*((¢,)*(A/A)(4)
=k2i(—1),

where ‘4= — A and k are independent of ¢, (see Theorem 3.2 of [D]). Passing
to a very ramified ¢, we get the result.

Finally suppose that there is a quadratic extension L/Q, different from K,
and a character A of L such that =, is the automorphic induction from LK,
of 2o Ny g . and 7, is supercuspidal. Let M denote the third quadratic extension
of @, in LK,. Given ¢, set p, =(Ao Ny g )(¢, o Npg ) Then

to, lax =Olos b loz) o Nujg, = 0mo Ny, = 1,

where 0, is the quadratic character corresponding to M/@Q,. Thus we can find
k and 4 LK, which are independent of ¢, and with A= — A, where 7 is the
non-trivial automorphism of LK, fixing M, such that

e(m,® ¢, %, 1/2)=¢(uy,, 1/2)
=k 1y, (4)
=kO(—A)$; 1 (4)
=k0,(— 1), (4) 7u(~ 1)

where A4'=Np g x, 4€Q,. Thus &(n,® ¢, !, 1/2) is independent of ¢, and so
identically 1. This completes the proof of the lemma.

Having analysed the local conditions we turn to the global condition. Despite
the fact that we expect no global obstruction to the lifting our results are much
less complete. We shall say that a pair (r, 7) as above admits 6 if for all places
v such that 7,27 there exists a character ¢, of K, such that ¢,|q, =7, and
e, ® ¢, ', 1/2) §,(—1)=4,. If = n° we also insist that []d,=1.

Proposition 4 Let 7 =(m, §) be a cuspidal automorphic representation of GO°(A).
Suppose moreover that

@ there is a grossencharacter ¢ of A /Q* with ¢ =7,

® cither e(n® ¢~ 'oN)=1 or =, is special for some finite place v and n & 7.
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If n is a quadratic character of Ag/K™ and if v is a rational place with n, >~
set 8, ,=&(n, @n(P,oN)"1,1/2) (then (n®n, 7) admits 5). Then there is a set
H of quadratic characters of Ag /K™ with the following properties.

1. If R is a finite set of finite places of K disjoint from the primes where =,
n° or K are ramified and if for veR, 5, is an unramified character of K with
nZ=1, then there is a character ne # which localises to 1, for veR.

2. 0m®n, i, 0,)%(0).

Proof. By the previous proposition it is enough to prove the proposition with
the second condition replaced by L(z ®n(¢poN)~*, 1/2)%0. By Theorem 4 of
[W] it is enough to prove it with the third condition replaced by
e(m®@u(poN)"1, 1/2)=1. Now let # denote the set of quadratic characters 4
of AZ/K™ for which e(r ®@#n(¢p-N)" 1, 1/2)=1. We show that this set has the
first property of the proposition. For v above a prime of S define quadratic
characters of K, as follows. If e(mn®(¢p-N)~')=1 then set y,=1 for all such
v. If not choose one such place v, such that r,  is special. Set n,=1 if v¥Fwv,.
T, ® (9,0 N) ™! is associated to two characters 4| |*/? and A||™!/? with A>=1.
We have that &(m,, ® (¢, oN) ', 1/2)=A(—1) if 1 is non-trivial and ~1 if A
is trivial. If e(r,, ®(¢,,oN)~ ', 1/2)=1 take n, =4 If &(n,, ® (¢,,oN)~ ', 1/2)=
—1 take #5,, to be the product of A and the non-trivial unramified quadratic
character of K,;. Now choose a guadratic character # of Ag /K™ which localises

to n, for all veR or above an element of S. (If », corresponds to K,,(‘/xvv),
choose xeK sufficiently close to x, v-adically for all such v and let # correspond
to K(]/;).) Then it is easy to check that # will do.

We can do somewhat better if we assume the following result which has
been announced by Bump et al. [BFH], but not written.

Conjecture/Theorem 1 Let n be a unitary cuspidal automorphic representation
of GL,(Ag) such that g(n, 1/2)=1. Let S’ denote the set of primes of K which
are ramified or for which =, is ramified. Let R be a disjoint set of K and for
veR let i, be an unramified quadratic character of K. Then there is a quadratic
character n of g /K™ such that

® 7 restricts to j, on K,

® n,=1 for ve§’;

® L(r®n, 1/2)*0.

Granted this we have the following result.

Proposition 5 Let i={(n, §) be a cuspidal automorphic representation of GO°(A)
which admits 8. Suppose moreover that the above conjecture/theorem is true. Then
there is a set # of quadratic characters of Ay /K™ with the following properties.
1. If ne# and v is a place with K, © or n° ramified at v then n,=1.

2. If R is a finite set of finite places of K disjoint from the primes where n,
n° or K are ramified and if for veR, n, is an unramified quadratic character
of K, with 52 =1, then there is a character ne # which localises to n, for veR.

3 BE®n, §,0)F(0).

Proof. Suppose we are given R and 7, for ve R. We will construct # with the
desired properties. Note that by enlarging R if necessary we may ensure that
T®@nE(r®#). Also note that it is sufficient to find a quadratic character #,
and a grossencharacter ¢ such that

® 5,.,=1for veR or for =, n° or K ramified at v;
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® Plax=1;
e if n,=~7¢ then §,=7,(—1) e{n, ® ¢, ', 1/2);
®:(n®P 1 1/2)=1.
Let S denote the set of rational places for which n or K are ramified. For
ves§, v not split in K and n,x~nf choose ¢, a character of K, such that
e(n, @ ¢, ', 1/2)=0,7,(—1) and ¢, |o; = 7. For the other ve S choose ¢, a charac-
ter of K, such that ¢,|ox =%, and ¢, is sufficiently ramified that we must
have &(n,®¢, ', 1/2)7,(~1)=1. If n, %n°, choose ¢, so that
e, @¢.",1/2)=1.Let A=A*( [] 0, C*<Ag. Then there is a char-
veSUR—{w}
acter ¢ of A which restricts to 7 on A™, to ¢, on Q, Oy, if veS—{o0}, to
¢, on €* and to 1 on O, if veR. Choose an open subgroup Wof | ¢f,
véSUR
such that Wu @ ={1}. Extend ¢ to AW by making it trivial on W. Then
extend ¢ to a character on K*AW which is trivial on K*. This character
is continuous because A W is open. Finally extend it to a character ¢ on Ag/K ™.
Then ¢lp-=%; ¢, is unramified for veR; if veS and n,~=n then
e(n, ® ¢, 1, 1/2) 5(—1)=4,; and for all other v, £(zx, ® ¢, *, 1/2) (—1)=1. Thus
we have that e(z® ¢~ 1, 1/2)=]]J, (where the product is over those v with

m,xng). If [ [ 6,=1 then we are done.

Thus assume that []é,= —1. Now choose a rational prime w which splits

in K and such that w¢ S, w=2 and ¢,, is unramified. Choose a quadratic charac-
ter n; with n, ,=1 if veSUR, 5, unramified at one prime, w,, above w and
ramified at the other, w,. Now choose a grossencharacter 4 of AZ/K™ such
that

® lp-=1;

® i,=1forveSUR,;

e if v¢S U {w} and n, , is ramified then 4, is very ramified;

® /, , is unramified and A, (@)= —nq (- 1) ¢2, 7, Hw,,).

We have the following values for ¢(n, ® n, (¢, 4,) %, 1/2) F,(—1).

® §,if veS and n, = 7.

o 1 for all other veS with =, & =n¢.

o 1forv¢Su{w}.

@ — 1 for v=w, for in this case

E(nv®nl.u(¢v}'0)ma 1/2) Zv(— 1)=8(r]l,wzr 1/2)2(Zw ;22 }';22)(wwz)= -~ 1.
Thus e(n®7n,¢ ' A7, 1/2)=1 and again we are done.

5 An arithmetic application

In this section let @ be a cuspidal automorphic representation of GL,(Ag) with
central character y satisfying y°=y. We shall suppose that =3 n°. We shall also
suppose that 7, has Langlands parameter

We=C" - GL,(0)

PR
ZH( 0 czl—k)7
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where keZ ,. Let ¥ be the grossencharacter of A™/Q”™ such that y=joN and
Fo(—1=(—1). Let S denote the set of rational primes which ramify in K
or for which =, is ramified. For w a prime of K above no prime of S, let
{a,,, B,,} denote the Langlands parameters of =,,. Then we have the following
result.

Theorem 1 Keep the above notations and assumptions. Suppose moreover that
® kiseven;

® there is a grossencharacter ¢ of &A™ /Q* with ¢*=7;

® and either e(n® ¢~ ')=1 or m, is special for some finite place v.

Then there is a set # of quadratic characters of Ag/K™ with the following
properties.

1. If R is a finite set of finite places of K disjoint from the primes above S
and if for veR, n, is an unramified quadratic character of K with n2=1, then
there is a character e # which localises to y, for veR.

2. If nes# then there is a cuspidal automorphic representation II, of GSp,(Ag)
with the following properties.

® II, has central character ¥ | |°.

® 11, , has infinitesimal character (k—1,0;4—k) and contains the U(2)-type
(k, 2).

® If pé¢S is a rational prime lying over a split prime v of K with n, and n,,
unramified then II, , is unramified with Langlands’ parameter

diag(p™¥? o, n(v), p 32 o, n(v), p 7> B, n(v), p~% B, n(0)€GS p4 (D).

® If pé¢S is a rational prime lying over an inert prime v of K with n, and n,,
unramified then I1, , is unramified with Langlands’ parameter

diag()/p~> o, n), ~/p >0, (), }/p > Bon1(v), —)/p > B 1(0))€GS pa (D),

where the square roots are chosen so that |/ a, n(v)|/ B, n(v)= Fw)yp~ 3.

Proof. For ¢ as described in Proposition 4 we see that @(rn, 7, ) is non-trivial.
We can check using the calculation in the proof of Lemma 13 that é,,= —1.
Let IT be an irreducible constituent of || |32 § @(x, 7, ). Then this result follows
from Proposition 3.

We remark that it would follow from the result announced by Bump, Fried-
berg and Hoffstein (see Conjecture/Theorem 1) that we can remove the three
additional assumptions of this theorem (by using Proposition 5).

The crucial point in this theorem is that the lift 17 is holomorphic, i.e. it
corresponds to a classical holomorphic Siegel modular form. In the case k=2
the classical Siegel modular form is scalar valued of weight 2. To achieve this
holomorphicity it is essential that d,= —1, i.e. we are making essential use
of the disconnectedness of GO. Because I is holomorphic it can not have a
Whittaker model. Of course n does have a Whittaker mode! and it is a general
principle that theta lifts preserve the property of having a Whittaker model.
However again it is the disconnectedness of GO which accounts for this.
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Because IT is holomorphic one can start to apply methods of algebraic geom-
etry to it. In fact combining this result with the results of [Tal] and [Ta2]
it is shown in [Ta3] how to attach compatible systems of l-adic representations
to n. We have the following result (see [Ta3]).

Theorem 2 Let K be an imaginary quadratic field, let ¢ denote its non-trivial
automorphism and let © be a cuspidal automorphic representation of GL,(Ag)
such that n., has Langlands parameter

We=C" - GL,(©)

zI7k 0
ZH( 0 czl~k)’

where ke , (i.e.  is any regular algebraic cuspidal automorphic representation
up to twist, i.e. any cuspidal automorphic representation contributing to cohomology
of the standard local systems on the corresponding three-manifolds ). Let y denote
the central character of n, let S denote the set of places of K where K/Q is
ramified or n or n° is ramified, and for v¢S let {a,, B,} denote the Langlands
parameters of n,. Let F, denote the field generated by the o,+ B, and o, f, for
vé¢S, it is a number field.

Assume moreover
1. that ¥*=y,
2. that k is even,
3. that y=¢* for some grossencharacter ¢ with ¢*=¢ and that either
e(n®¢ 1, 1/2)=1 or =, is special for some finite place v.

Then there is an extension E/F, of degree at most four and for each prime
A of F, there is a continuous irreducible representation

p: Gal(K/K)— GL,(E,)

(A" a prime of E above 1) such that if v is a prime of K which is outside S,
and does not divide the residue characteristic 1 of 4, then p is unramified at v
and either p(Frob,) has characteristic polynomial

(X - av)(X - ﬁv)

or a,+p.,=0 and p(Frob,) has characteristic polynomial (X*+a,f,)=(X
~o, J(X — B,,). The first possibility occurs outside a set of Dirichlet density zero.

The assumption that y =y is essential to the method. However the assumption
that k be even is of a technical nature and one might hope to remove it. The
third assumption is only needed to ensure the non-vanishing of the theta lift
of this paper. If we assume the result of Bump, Friedberg and Hoffstein (Conjec-
ture/Theorem 1) then this condition is not needed.

A weakness of this theorem is that one can only calculate the trace of Froben-
ius outside a set of Dirichlet density zero, though this set does have an explicit
description. This is enough to determine the /-adic representations completely.

The theorem covers most of the cases where explicit computations have
been made. These calculations compute cohomology classes on certain hyperbol-
ic three-manifolds which are known to correspond to the n considered here.
When the elliptic curve corresponding to a suitable n (at least k=2, y trivial
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and F,=@, but such a = might correspond to an abelian surface with quaternion-
ic multiplication) can be found by some method, one can use the Faltings-Serre
method to check that the dual of the Tate module is isomorphic to the [-adic
representations we attach to n. This allows one to check the Ramanujan conjec-
ture for = and to prove results about the L-function of the elliptic curve. In
[Ta3] we carry this out for a specific example. In fact we prove the following.

Theorem 3 Let K=®Q(}/ —3) and let n denote the prime ideal generated by (17

+]/ —3)/2. Let & denote hyperbolic three space, let Io(n) denote the matrices
in GL,(Og) which are congruent to an upper triangular matrix modulo n and
let X* denote Ij(m)\(Z WIPY(K)). Then H (X* @) is one dimensional. For v a
prime of K let 0(T,) denote the eigenvalue of the Hecke operator T, on H, (X}, ®))
(see [Cr] or [Ta3] for definitions). Let A denote the elliptic curve y*+ x y=x?>

+G+) =3 x*2+(1+)/ =3)x/2.

1. For all places v of K outside a set of Dirichlet density zero we have that
|0(T,)| <2/ N v. If this inequality fails ( for vk6n) then v is split and 6(T, )=0.
2. There is an L-function L(m, s)=]] L(n,, s) with analytic continuation to all of

@ such that for all v outside a set of Dirichlet density zero we have L(n,, s)=(1
—(1+Nv—#AE)Nv) *+(Nv)' %) (and for all v, L(n,, s) is the inverse
of a polynomial in (N v)~%). Moreover if we set A(s)=mn"*(73)" I'(s)* L(n, s) then
Als)=AQ2—3).

Such results have been conjectured and much numerical evidence obtained for
them by many authors. We mention [EGM] and [Cr] as examples. The example
above is based on computations of Cremona.

6 Philosophy

Finally it might be useful to try to explain in a more conceptual way some
of our results.

Let = be a cuspidal automorphic representation of GL,(&A). Then = should
correspond to a two dimensional representation of the Langlands group of
K. For simplicity assume that = is algebraic so that this representation of the
Langlands group should give rise to a system of l-adic representations of Gal(K/
K). Fix a prime 4 of the algebraic closure of @ in €. Let p be the A-adic
representation corresponding to m. Let y denote the central character of = and
assume that y°=y. Thus there are two grossencharacters over @, 7. such that
x=F.°N. Let 75 be the corresponding A-adic characters. Choose the notation
so that 75 (¢)= + 1. Note that 7,/7_ is the quadratic character ¢ corresponding
to K/@.

We can form the four dimensional representation R of Gal(K/®) induced
from p. Then A2R is the sum of a four dimensional representation, ¥¢ and
7%. The four dimensional representation will be irreducible unless p is in some
way degenerate. Thus one obtains (at least) two representations R, : Gal(K/®)
~ GSp, (@) such that poR, =7% and ioR, =R, where i denotes the natural
embedding of GSp, into GL,. Explicitly, if V, denotes the underlying space
of p and (, ), denotes its usual alternating form, then R is realised on V, @V,
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where R(c): (v, w)—(w,v) and if o¢eGal(K/K) then R(o): (v, w)—
(p(o)v, p(coc)w). R, are obtained by taking the alternating forms
(v, w), (', w)) =<{v, v, +<w, w'),. In terms of matrices, if p is given by:

Gal(K/K) - GL,(Q)
O'I——) aﬂ' bo’
¢, d,
then R, is given by:
Gal(K/K)— GSp,(@Q)
a, 0 b, O
o> 0 acac 0 bCﬂ'C
c, 0 d,
0 CCGL‘ 0 dCUC
0100
o 1 0 00
0 0 01
0 010
and R_ is given by:
Gal(K/K)— GSp,(@)
a, 0 b, O
PN 0 Aege 0 - bca‘c
¢, 0 d,
0 — Ceoe 0 dcrrc
0o -1 0 O
S 1.0 0 O
0 0 o0 |1
0 0 1 O

As homomorphisms into GSp,, R, are not related in any simple way. They
have the same degree four L-functions but different degree one L-functions.
They are not (in general) twists of each other by a character. If = corresponds
to an elliptic curve 4 (i.e. p is the dual of the l-adic Tate module of A) then
R_ corresponds to the dual of the Tate module of the abelian surface 4 ®<A4/Q
with its natural polarisation.

Suppose that = is a base change from Q. Then p is the restriction of two
dimensional [-adic representations, p, and p,, of Gal(K/@). In this case R.
is conjugate in GSp, to the representation:

m_,(méo) pz(za)) ’
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In particular it lands inside a Levi subgroup of a Siegel parabolic. One can
also see this by noting that the vectors of the form (v, p,(c)v) form an invariant
isotropic sub-plane. However R_ does not map to any parabolic subgroup.
(If it did it would have to have an invariant proper subspace. This would have
to be a plane as p is irreducible. Thus it would have to land in a Siegel parabolic
and have an invariant isotropic plane. This would consist of all vectors of the
form (v, av) for some aecEnd(V,) with deta=1, «*=1, and p(coc)a=0p(o)
for all ceGal(K/K). Then a=Ap,(c) for some scalar A with detA1,=—1 and
A2=1, a contradiction.) In fact R_ factors through the cuspidal subgroup
isomorphic to {(a, b)e GL3|deta=det b}, and is given explicitly as p, @ p,.

One would expect some sort of packets II* of automorphic representations
of GSp,(A) corresponding to R.. Then for any é we can form 7. @((x, ¥+, &)
The irreducible quotients of this representation will correspond to R, by the
calculations of section two. We would thus expect 7 @((n, 7_, 9)) to be always
cuspidal, which indeed we checked (in many cases) in section three. On the
other hand we would expect 7, O((r, 7., 0)) to be cuspidal except when = is
a base change from @. If = is a base change we would expect 7, @((rn, ¥+, J))
not to meet the space of cusp forms (because of the results of [PS] and [So]
on CAP representations).

If for some choices 6* neither ¥, @((r, 7., %)) nor ¥_ @((n, ¥_, 67)) vanish
then we get two automorphic representations in different near equivalence class-
es, but with the same degree four L-function, ie. the same lift to GL,. If =
is not a base change this lift will be cuspidal. If however = is a base change
then we would get an Eisenstein and a non-CAP cuspidal representation with
the same degree four L-function. We have not proved that for some choices
8% neither 7., @((n, ¥, 6") nor _ O((n, _, 7)) vanish.

Similar comments apply locally. Let v be a place of @ which does not split
in K. Let ¢ be a supercuspidal representation of GL,(@,) with central character

f. Let 7, be its base change to K. Suppose that v42. Then we have the following
result.

Lemma 15 Assume Conjecture/Theorem 1. Then there are admissible representa-
tions 0(n,, ¥,, +) and O(m,, 7,&,, +) of GSp,(Q,) which are associated to the
representations (n,, ¥,, +) and (%, 7, €., +) of GO(R).

Proof. There is a cuspidal automorphic representation ¢ of GL,(4A) whose local
component at v is ¢, and whose base change to K remains cuspidal (either
use [Cl11] or explicitly construct ¢ as an automorphic induction from a quadratic
extension). Let © be the base change of ¢ to K and let § be the central character
of 6. Define 6* by 6 =1ifv+wand 6t =+1.

By Proposition 5 and Lemma 14 we can find a quadratic character & of
AgZ/K* such that nf=1 and @(z®n*, 7, 6*)=+(0). Similarly we can find a
quadratic character ' with g,=1 and @(x ® 11, &, 6 )% (0). The lemma follows.

The restriction v42 is not needed for the existence of 6(x,, 7,, +) (see Lem-
ma 14). The existence of the (non-supercuspidal) representation 8(=n,, ¥,¢,, +)
probably follows from the methods of Kudla [K], even if v|2.

Keeping the notation of the theorem we would expect 0(zn,, 7,¢,, +) not
to be supercuspidal (this presumably follows from the work of Cognet [Co]).
On the other hand we would expect that 6(r,, %,, +) are both supercuspidal
and form the two elements of a non-stable local L-packet on GSp,(@Q,) (this
presumably follows from Kudla’s method, cf. Lemma 4). The centraliser of the
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image of this representation modulo €* has two elements, which is consistent
with Langlands conjectures. These representations appear to have been missed
by Vigneras [V] as have the corresponding representations Wy — GSp,(C).

Returning to the global situation one might expect that the map from cusp-
idal automorphic representations (rn, ¥) of GO°(A) to near equivalence classes
of automorphic representations of GSp, (&), (%, ¥)r—[7 @(n, 7, §)] is an injection,
and that as ¢ varies the near equivalence class is exactly exhausted. This would
appear to be suggested by the resuits of [KRS]. Indeed it was their theorem
that convinced us that we must be able to get non-generic representations of
GSp4(R) from this theta lift and led to this paper. Taking 6 =1 would presum-
ably give the unique globally generic element of this near equivalence class.
If (n,, ¥,) does not admit —1 then presumably {%,6(xn,, 7., +)} is a local L-
packet. If it does admit —1 then presumably {7, 6(x,, %,, =)} is a two element
local L-packet. If n is not a base change then [ @(m, ¥, 0)] is stable and one
expects no global obstruction to products of clements of the local L-packets
being stable. That this is the case is suggested by our results. If however n
is a base change from @ from a cusp form of central character j then
[# @ (=, 7, 6)] is not stable and one would expect a sign condition for products
of elements of the local L-packets to be automorphic. This plausibly corresponds
to the condition that []é,=1 which in this case we have for (, 7, ) to be
a cuspidal automorphic representation of GO(A). If n is a base change from
Q from a cusp form of central character other than ¥ then presumably ¥ ©(n, ¥, )
is not cuspidal. It would be interesting to check some of these assertions. Some
are probably not very difficult, others may be more subtle.
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