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The purpose of this paper is to supplement the cone theorem ([Kal]) and
prove the following (we refer to [KMM] for the notation):

Theorem 1 Let g: X —» Y be a projective morphism of algebraic varieties over
a field of characteristic zero, and A a Q-divisor on X such that the pair (X, A)
has only log-terminal singularities. Let E be an irreducible component of the degen-
erate locus Exc(g)={xeX; g is not an isomorphism at x}, and let n=dimE
—dim g(E). Assume that —(Kx+A4) is g-ample. Then E is covered by a family
of rational curves {L,},. . such that the g(L,) are points and that (—(Kyx+ A)-L,)
<2n(resp. £2n) if E+ X (resp. E=X).

Let f: X = S be a projective morphism of algebraic varieties such that the
pair (X, 4) is log-terminal for a @-divisor 4, and g: X — Y a contraction morph-
ism associated to an extremal ray R for f: X — S with respect to the log-canonical
divisor Ky + 4. Then g is an S-morphism which satisfies the conditions of Theo-
rem 1. If X is smooth, S is a point and if 4=0, then by Mori [M] and Ionescu
[1], E is covered by a family of rational curves {L,},., such that (—Ky-L;)
<dim X + 1—-2codimy E. The number (—Ky-L) is called the length of L. We
note that our theorem is new even in the case where X has only terminal
singularities and 4=0. As a corollary we obtain an alternative proof of the
discreteness of extremal rays:

Corollary ([Ko]). For f: X — S as above, let H be an f-ample Cartier divisor
and € a positive rational number. Then the number of extremal rays R such that
(Kxy+A4+¢H)-R)<0 is finite.

Proof. These extremal rays are generated by rational curves L such that (H-L)
<(—(Ky+A4)-L)/e=2/e-dimX. Q.E.D.

The key to the proof of Theorem 1 is the following lemma on the adjunction
which is proved similarly as [Ka2, Theorem A.1].

Lemma. Let f: X — Y be a projective birational morphism of normal algebraic
varieties, H an f-ample Cartier divisor on X, A an effective Q-divisor on X, E
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an irreducible component of the degenerate locus Exc(f) of f, n=dimE, and
v: E— E the normalization. Suppose that the pair (X, 4) has only log-terminal
singularities and f (E) is a point. Then

(H*™'-(Kx+4)-E)>((v*H)"" ' - Kp).

Proof. We may assume that Y is affine and H is very ample. We may also
assume that n=1. In fact, if n>1, then we replace X, E and E by a general
member X, of |H|, E;,=En X, and the normalization E, of E,, respectively.
Since we have Ky =(Kx+H)|y, and Ky =(Kz+v*H)|g,, the assertion for X
follows from that for X,.

Suppose that n=1 and (Ky+ 4)-E)<deg Kz Then there exists a Cartier
divisor Ay on E such that deg Ao =((Ky+4)-E)e®@ and H(E, Kz;—v* 4,)=+0.
By the trace map, we have HO(E, w,(—A,))+0. We can extend A4, to a Cartier
divisor A on X if we replace X by a small analytic neighborhood of E. Since
A— (KX+A) is f-nef, we have R'f, Ox(4)=0 by [KMM, 1.2.5] and [N, §3].
Hence H'(E, A;)=0, and H°(E, wg(— AO)) 0 by the Serre duality, a contradic-
tion. Q.E.D.

Proof of Theorem 1. Let Y, be an affine open subset of Y which intersects g(E)
and Y, a generic linear space section of Y, whose codimension is equal to
dim g(E). We set Xo=g" (¥,), g0=8lx,» do=4NX,, and E;=EnX,. Let H
be a g,-ample Cartier divisor on X, v: E,— E, the normalization, and C the
intersection curve of n—1 general elements of |[v*H|. We also let M = —v¥*(K
+ 4), which is an ample @-Cartier divisor on E,,.

First, we assume that E+X. Then by Lemma, we have degq(Kpglo)<
(—M-C)<0. In the case where n=1, since R' gy, 0y, =0 by [KMM, 1.2.5],
we have C=E,=E,~IP!, and (— (KX+A) C)<2. If n>1, then by replacing
H by its multiple if necessary, we may assume that C is not a rational curve.
By [MM], for an arbitrary point x on C, there exists a rational curve L on
E, passing through x such that (M- L)<2n(M-C)/(— Kz, - C)<2n.

In the case where E=X, if n=1, then X,~IP!, while if n>1, then there
exists a rational curve L through a general point of X, such that (M-L)<
2n(M-C)(—Ky, - C)<2n, since (44-C)20. Q.E.D.

‘We have another application of Lemma.

Theorem 2 Let f: X — Y be a projective surjective morphism, A an effective Q-
divisor on X, and E an irreducible component of {xeX;dim,f ™! f(x)>dimX
—dimY}. Suppose that the pair (X, A) has only log-terminal singularities and
that —(Kx + 4) is f-nef. Then E is covered by a family of rational curves.

Proof. We may assume that Y is affine and f(E) is a point. Let v: E—E be
the normalization, H a very ample divisor on X, X, the intersection of d general
members of |H| for d=dimX—dimY, 4,=4~X,, E,=EnX,, and E,
=v Y(E,). If d=0 and dim E=1, then E~IP" as before. Otherwise, by Lemma
E, is covered by a family of curves C such that (Kjz, -C)<((Ky,+4,)-v,C)
<d(v*H-C). Hence (Kz-C)<0 and E is covered by rational curves by
[MM]. Q.E.D.
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