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The classical braid group ~ .  has presentation 

~.=(o-l ,o-2 ..... o,-1: o'io'j=ojo'i ( [ i - j l > 2 ) ,  

o'lo'i+ l o-i= o-i+ 1 o-io-i+ 1 (1 < i < n - 2 ) >  

see ([B, H] for general background and references). This presentation is also 
a particular case of the type of presentation used to define what have come to 
be called Artin groups although they seem first to have been explicitly 
considered in [T]. Such presentations are described in the following way. 

Let {Xl,X2,. . . ,x,} be an alphabet and let M be a symmetric n • n matrix 
of non-negative integers whose diagonal entries are all 0. For each pair (i, j) let 
uij be the word of length mis which begins with xi and whose successive letters 
are alternatively x~ and xj. The associated Artin group is the group G given by 
the presentation 

G = ( x l , x 2  ..... x,:uij=uji, l < i , j < n ) .  

According to Pride (see [P]) Tits has conjectured that in an Artin group G the 
subgroup (x~, 1 < i < n)  generated by the squares of the given generators of 
G has no relations other than those which are consequences of the relations 
xixs=xjx~ corresponding to those m~j=mi~=2. This conjecture has been 
verified under a variety of general hypotheses by Pride in [P], and for the 
braid groups M., for n > 5 by Droms et al, in I-D-L-S]. The purpose of this note 
is to establish the Tits conjecture for arbitrary braid groups. 

Let ~ .  be the pure braid group, that is the normal closure of the squares 
o'{ of the generators of ~ . .  The group Jg. has a well-understood presenta- 
tion-details and verification can be found in Appendix 1 by L. Gaede in 
[ H ] - i n  terms of the generators 

2 - 1  o'f)1, l<_i<j<=n. a i j = o - j - 1  . . .  o ' i+ lo ' i  o ' i+ l " '"  
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Let z 2 2 ~ .  = (~rl,  a2, �9 �9 a,_ 1)=(a12, a23 . . . . .  al,_ 1 ) , ) -  our  aim is to obta in  de- 
fining relations for A~ Fur ther  let d .  be the subgroup generated by 
xl  . . . .  , x ._  1 where xi = ai.. It well-known that  d .  is free on the given gener- 
ators. 

There is a s tandard  action of ~ , _  1, and hence o~f._ 1 on the free group of 
rank  n -  1 and  so one may form the semidirect product  d .  >~ ~,'f'._ 1. This is, in 
fact, i somorphic  to J r . - s e e  Appendix 1 by L. Gaede  in [H].  Hence 
~f, = ( d . ,  ~ , _  1 ) = ~cr >~ Lr 1. The relations giving the action of L,e. _ 1 on  
d .  are obta ined from those giving the action of ~ , _  1 and, writing y~ = a,t, + 1), 
1 _< r < n - 2, are as follows: 

(1) y ; l x i y , = x  i i<r or l < r < i - l < n - 2  

(2) yi-lxi+ly~=x~xi+lxi -1 l< i<_n-2  

(3) yilxiyi=xixi+aXlXi+~x~l l < i < n - 2 .  

In the presence of (2), (3) is equivalent  to 

(3') yixi+ly71=x71xi+lxi  l<_ i<n-2 .  

It should be noted tha t  the final type of relat ion on [H, p. 170] does not  
cont r ibute  since the inequali ty condi t ions on the subscripts are not  consistent  
with the generators  we consider. 

The above  shows that  we obta in  a presentat ion for the group o,~ff, in terms 
of the generators  xl . . . .  , x ._ 1, Yl , . . . ,Y. -2  by writing down relations among  
Yl , . . . , y . -2 ,  which are assumed to be known inductively, together with the 
relations (1), (2) and  (3'). Sometimes we express (1), (2) and  (3') as 

(1) [y , , x i ]= l  where l < i < r < n - 2 o r  l < r < i - l < n - 2  

(2) [x i+l ,y ix i]=l  l<_i<_n-2 

(3') [x~,x~+ly~]=l l< i<_n-2 .  

We shall show tha t  the full subpresenta t ion  determined by the generators  
x ._  1, Yl , - - . ,Y.-2  defines 5r The idea of our  a rgument  is tha t  instead of 
th inking of the generators  of ~r as lying "undernea th"  S a  _ 1 waiting to be 
acted on so as to construct  ,,~f',, one can " turn  the process upside down"  and  
star t  with Sf ._  ~ as a base group to which the free generators  of ~r can be 
added one at  a t ime as stable letters in a chain of H N N  extensions. 

We shall also use the following nota t ion  and  terminology. If J/g1, J / 2  are 
group presentat ions such tha t  

(i) The generators  of J/r consist  of the generators  of ~t ' t  and  an addi t ional  
generator,  say, x; 
(ii) the relations of , / t2 are jus t  those of J / 1  together with a set of relations 
(equivalent to) x - lu~x  = va, 2~A where uz, va are words of ~ ' 1 ;  
(iii) the subgroups JI/'" = (uz,  2 c A )  and Jl r'~ = (va, 2 c A  ) of dr 1 are isomor- 
phic via a map  sending u~ ~-* vx; 



Squares of braid group generators 527 

then we say J/r < ~/r is an HNN-extension (with stable letter x). We refer to 
x 

~'~ and Jr as the edge groups. As is well-known the group (defined by) ~ is 
embedded in the group (defined by) ~ 2 .  Finally let ~ , j  denote the full 
subpresentation of (the presentation obtained for) ~ff, on the generators 
Yl, . - . ,Y . ->  x~, . . . ,x j, where i<j .  

Proposition. The following are chains o f  HNN-extens ions  with the indicated 
stable letters: 

x, x ,~ l  x,+ 2 xj  

x s x l  i x s _ ~ x, 

Having established the proposition, the result is essentially immediate. Since 
the group defined by ,/~._ t. ~-t  is embedded in ,;IF.= J/gL .-~ it follows that 
the required presentation of the subgroup ~ .  is just dr' ._ L . -  ~; thus (induc- 
tively) 

~.~, = <Y> Y 2 ,  . . . ,  Y ( n -  2},  X , -  1 I 

[ y , , y , ] = l  (Ir-sl_->2),  [ x , - ~ , y ~ ] = l  ( n - l - - s > 2 ) > .  

In terms of the original notation this gives: 

Corollary. The subgroup <a~, a2 2 . . . . .  a~_ 1 ) o f  the braid group 

~ = < a l ,  o'2 . . . . .  tr._l: a i a j = a f i i  ( l i - j l=>2 ,  

r  ( l _ < i _ < n - 2 ) )  

has presentation 

<a~,a~ ..... a~- , I  [ a ~ , a ] ] = l  ( ] r - - s l > 2 ) .  

It remains only to give the proof of the proposition. 

Proof. We proceed by induction on j -  i, proving both statements at once. If 
j = i then we have ~t'i, i with base group ~ . _  1 and the identity map between 
the coinciding edge groups so the result is immediate. 

Now consider ~r j_ 1 < ~ i ,  ~ where i <j .  The argument requires a slight 

variation in the case when~)= n - 1  and so for the moment we shall assume 
that j 4 n -  1. The map ~pi, i between the edge groups is given by 

Y,~~Yr, ( r = l  . . . . .  j - 2 , j + l  . . . . .  n - 2 ) ,  

y j -  ~ x j -  l ~--~ y j -  i x j -  ~ , x j -  t ~+ y j -  l x j -  l yf-l l  . 

In fact the edge groups coincide and we have to check that the map induces 
a well-defined automorphism of this common edge group 

A/'I,i=<Yl . . . . .  Yj -a ,Y i+I  . . . . .  y , -2 ,  Y j - I , X j - 1 ) .  
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In terms of the generators just  displayed ~0i. j is given by 

yr~-+yr, ( r = l  . . . . .  j - - 2 , j +  1 . . . . .  n - - 2 ) ,  

- 1  - 1  
Y j - 1  ~"'+Yj-1Xj-1 Yj -xx) - ,Y) - I ,  x)- i  ~-'+yj- 1 X j - l Y j - l l  

and we shall show tha t  q~i,j preserves all relations among  these displayed 
generators.  To do so we shall ob ta in  a presentat ion of ./V~, j. By induction,  

~ n - 1  "( ~ [ j - - l , j - 1  ~ r  1 ~ " '"  ~ ,/[/[i,j-1 
x:_ l x~ 2 xl 3 x 

is a chain of HNN-extensions.  Thus 

JV'~,i<-_~lj 1,j l = ( . + w . - 1 , x j - l t [ x j - l , Y , ]  =1 ,  ( r = l  . . . . .  j - 3 , j  . . . . .  n - 2 ) )  

= ( y , , l < r < n - 2 ,  x j _ l l [ y r ,  y ~ ] = l  ( I r - s [ > 2 )  

[x j  1 , y r ] = l ,  ( r = l  . . . . .  j - 3 , j  . . . . .  n - 2 ) ) .  

F rom the relations which involve y~ it is immediate  that  jIr~, j_ 1 < J / / j -  1, j -  1 

is an  HNN-extens ion  with the identity map  between the edge' groups. It 
follows therefore tha t  JV~. j has defining relations 

[ y , , y ~ ] = l  ( I r - s l > 2 ,  r , s # j ) ,  [ X j _ > y r ] = l  ( r # j - - 2 , j - - l , j ) .  

To check tha t  q~. j preserves these relations, the only non-tr ivial  cases to be 
considered are those which involve y j_  t and x j_ 1. However  inspection shows 
that  in each of the two cases, the defining relations concerned specify that  the 
generator  in quest ion commutes  with 

Yl . . . . .  Yj-3, Yj+ 1 . . . .  , Y n - 2  

Since the images of y j_ 1 and x j_ 1 under  ~&, j only involve y j_ 1 and  x~ ~ the 
desired conclusion is immediate.  

The above shows tha t  ~Pi, j induces an endomorph i sm of JVi, j. Similarly 
the map  ~Ol,j given by 

y , w - , y , ,  ( r = l  . . . . .  j - 2 , j +  1 . . . . .  n - 2 ) ,  

Y j -  1 ~ x f - t1Y j -  1 x j_  1, x j_  1 ~-~ x7-11 y~-l, x j  _ 1Yj - 1 x j _ ,  

induces a well-defined endomorph i sm of Jff~. j which is easily seen to be inverse 
to ~ , j .  

We now turn  to the extremal case, i.e.j = n - 1. The difference between this 
and the previous case is tha t  there is no  generator  yi and so the edge group 
~ ,  j coincides with the group ~ ' j _  ~. j_ ~ = ~r162 2. , -  2. But  again the defining 
relations of ~ .  ~ which involve y j_ 1 and  x j_ 1 say that  these commute  with 
exactly the same set of generators  and the a rgument  proceeds as before. (It 
should be noted  tha t  when j = n - 2 ,  the general a rgument  applies, even 
a l though there are no  generators  y,, r > j  + 1; the same goes for the case j = 2 
when there are no generators  y,, r < j - 2 .  
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We also have  to establ ish tha t  .A/i+ 1, i < "/#i. J is an H N N - e x t e n s i o n .  The  
�9 x ,  

argument required is the dual of that given above�9 []  
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