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1 Introduction and main results
1.1 The symplectic packing problem

Consider all possible symplectic embeddings of k disjoint standard balls of equal
radii into a given symplectic manifold M of the same dimension. Denote by 6(M, k)
the supremum of volumes which can be filled by such embeddings. If the volume of
M is finite, set

v(M, k) = 6(M, k)/Volume (M) .

A basic aspect of the symplectic packing problem is to distinguish between the
following two cases:

e v(M, k) =1, that is there exists a full filling,

® v(M,k) < 1, that is there is a packing obstruction.
The history of this problem goes back to Fefferman and Phong [F-PJ, who raised
a somewhat similar question in connection with the uncertainty principle in
quantum mechanics. Qur formulation is basically due to Gromov (see [G1] and
also the discussion below).

Assume for a moment that M is the standard ball B2", n = 2. Then the packing
problem also makes sense if one replaces symplectic embeddings by volume-
preserving or isometric ones. The symplectic version is somehow intermediate, and
it is not clear apriori what answer one should expect: existence of full fillings as in
the volume-preserving case, or packing obstructions as in the isometric case. Quite
amazingly, the answer depends on the dimension and the number of balls. It was
shown by Gromov [G1] that v(B?", k) < % when k > 1, thatis for 1 < k < 2" balls
there are packing obstructions. In the present paper we prove that o(B*", p") = 1
for all positive integers p. Thus, for infinite number of values of k full fillings do exist.
We present below (see 2.2.A and 3.1.A) two different approaches leading to
existence of full fillings. Both of them are based on constructions of algebraic-
geometric nature, namely symplectic blowing-up and symplectic branched cover-
ing. These constructions were invented by Gromov [G2] and described in more
detail by Guillemin and Sternberg in [G-S]. A deep connection between the
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symplectic packing problem and blowing-up was established by the first author in
[McD1, McD3].

Another way in which algebraic geometry comes into play is Gromov’s theory
of pseudo-holomorphic curves in symplectic manifolds [G1]. Note that Gromov’s
packing obstructions appeared as an application of this theory. Combining recent
results of the first author on pseudo-holomorphic curves in 4-manifolds [McD2]
with the theory of symplectic blowing-up one can obtain a detailed picture of
interrelations between the symplectic packing problem and algebraic geometry of
rational surfaces. It turns out that every rational exceptional curve on the blow-up
of CP? at k points gives an obstruction for symplectic packing of B* by k balls with
suitable ratio of radii (see 1.3.C below). Moreover this correspondence is one-
to-one if k < 9 (see 1.3.E below). Using the classification of exceptional curves on
del-Pezzo surfaces (see e.g. [D]) we give an exact solution of the symplectic packing
problem by k < 8 balls in dimension 4. In particular, we compute the values of
v(B*, k) for k £ 9 (see 1.4 and the table below).

k 2 3 4 5 6 7 8 9

WBK 3 1 1 B # 8 W1

Note that the estimates v(B*,2) < 1/2, v(B? 3) < 3/4, v(B*,5) £ 20/25 and
v(B*, 6) < 4% are due to Gromov [G1].

The problem of computation of v(B*, k) for k = 10 seems to be very difficult. As
we shall see in 1.4 the question of whether there are packing obstructions in this
case is related to an old conjecture by Nagata [N] which was raised in connection
with the 14-th Hilbert problem.

1.2 Basic notions

1.2.A. Preliminary definitions and notations. A symplectic structure on an even-
dimensional manifold M 2" is a closed differential 2-form, say Q, whose top power
Q" is a volume form. Given a symplectic manifold (M, Q) there always exists an
almost-complex structure J on M such that Q(& JE&) >0 for every non-zero
&e TM. In this situation we shall say that Q tames J. If in addition J is integrable,
and the form Q(¢, Jn) is symmetric then @ is called Kahler with respect to J.

Let €* be the linear complex space with coordinates z, = x;, + iy,
k=1,...,n Theformw =3 ,_,dx, A dy, is called the standard symplectic form
on €". Obviously w is Kdhler with respect to the complex structure on €". Set
B**(J) = {ze"||z| £ A}. We shall refer to (B?"(1), ) as to the standard ball of
radius J. We denote by J[* =1B%"(4,) the disjoint union of k balls, and by
Q= L[q 1 9Pq: H" B?*"(4, )—» M a map whose restriction to the g-th ball coincides
with ¢ : B*"(1,) > M If ¢ is an embedding and ¢} @ = w for all g then ¢ is called
a symplectic embedding, or a symplectic packing.

Finally, we denote by ¢, the unige U(n + 1)-invariant Kdhler form on CP"
whose integral over CP' is equal to 7. It is not hard to show that the complement
to a hyperplane endowed with such a form is symplectomorphic to the standard
open unit ball in €" (see [McD3] or Appendix below). In particular, the volume of
€ P" with respect to the corresponding volume form (6,)"/n! is n"/n!. This, of course,
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follows from de Rham theory, as well as by direct calculation. A geometric proof is
given in 3.1.C below.

We refer the reader to [A-G] for the elements of symplectic geometry.

1.2.B. Symplectic blowing up and down. Basic to many of our constructions is the
idea of symplectic blowing up and down. The process of blowing up and down in
the complex category is well-known. Blowing up replaces a point x in ¥ by the set
¥ of all lines through this point. This set of lines is biholomorphic €P"~! and is
called an exceptional divisor. Conversely, blowing down replaces the exceptional
divisor by a point.

In the symplectic category one must consider what happens to the symplectic
form, and it turns out that the role of a point is played by a symplectically
embedded standard ball. In fact, blowing up amounts to removing the interior of
a symplectic ball and collapsing the bounding sphere to the exceptional divisor by
the Hopf map. Similarly, to blow down one removes the exceptional sphere and
glues in a ball. The radius 4 of the ball corresponds to the cohomology class of the
restriction of the blown-up form to the exceptional divisor X. Thus a large ball
corresponds to a large exceptional divisor, and a small ball to a small divisor. Note
also that, since balls are contractible, the symplectic blow up is diffeomorphic to the
usual complex blow-up.

More details may be found in 2.1 below.

1.3 Symplectic packings of B* and exceptional curves on rational surfaces

By definition, a rational exceptional curve on a complex surface is a holomorphi-
cally embedded 2-sphere with self-intersection index equal to —1.

Denote by ¥, a complex surface which is obtained from CP? by complex
blowing-up at k distinct points. We think of ¥} as a fixed manifold equipped with
one of a family of possible complex structures, corresponding to different choices of
the blown-up points. Denote by A, E,,. . ., E, the standard basis in H,(V};Z)
where A =[CP!'] and E,,...,E, are classes of exceptional divisors. Let
a,e,,...,e, be the Poincaré-dual basis in H,(Vy;Z). (Thus a(4)=1,
eE;) = —¢;;.) Define Z . (resp. Z o) as the set of all positive (resp. non-negative}
integers.

Definition 1.3.A. A vector {d,m,, ..., m)eZ. szgg is called exceptional if for
some ¥, the class d4 — Z’;: (m,E, is represented by a rational exceptional curve.

Definition 1.3.B. A vector (a, sy, . . ., ) Z%' ! is called Kahler if for some V, the
class aa — Z:= ( Uqeq is represented by a Kéhler form.

The next two results establish relations between these notions and symplectic
packings.

Theorem 1.3.C. Suppose that B*(1) admits a symplectic packing by k standard balls
of radii 1y, . . ., A. Then for every exceptional vector (d,m,, . . ., m) the following
inequality holds: .

Y mil<d.

q=1
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This theorem is proved below in 2.3. The idea behind the proof is very simple. The
process of symplectic blowing-up constructs from each packing of B*(1) by balls of
radii Ay, . . ., 4 a symplectic form on ¥, in the class n(a — Y-, 4;€,). Gromov’s
theory of pseudo-holomorphic curves implies that every exceptional vector may be
represented by an embedded 2-sphere C in ¥, which is symplectic with respect to
this form, and the given inequality just expresses the fact that the integral of the
symplectic form over C is positive. Thus the packing obstruction comes from the
existence of this 2-sphere C. Since C will be realised as a pseudo-holomorphic curve
(this just means that it is holomorphic with respect to some almost complex
structure on V), we often use the language of complex geometry and call it a curve.

Theorem 1.3.D. (see [McDl1], and 2.1.D below) For each Kahler vector
(o @1, . . ., i) there exists a symplectic packing of B*(1) by k standard balls of radii

BN

This follows immediately from symplectic blowing down. The following result
shows that Theorem 1.3.C has a converse provided that k < 9.

Theorem 1.3.E. Let k < 9 and let be Ay, . .., 4 be positive real numbers such that
k
Y mil<d (al)
q=1
for every exceptional vector (d,my, ..., m;) and
k
Y mgdg < 1. (a2)
q=1

Then B*(1) admits a packing by k balls of radii Ay, . . ., A.

Proof. By Nakai’s criterion (see e.g. [F-M1]), a cohomology class p on a complex
surface V is represented by a Kihler form iff p?2 >0 and {p,[C])> >0 for all
complex curves C < V. For general V, it is very difficult to understand which
homology classes are represented by complex curves. However, if ¥V = V, is the
blow-up of CP? at k generic points for some k < 9, then V} is a good and generic
surface in the sense of Friedman and Morgan [F-M1], and, as they show [F-M, 3.4],
it suffices to check that p(C) > 0 on the exceptional divisors and on the anti-
canonical divisor. More precisely, one has to verify the following inequalities:

e {(p,[C]> > 0 for every rational exceptional curve C on V,;

® p-p>0;

® p-cy >0, where ¢; = 3a — 22:1 e, is the first Chern class of V.
Observe that, if p = a — Z:=1 ,12 e,, the two first inequalities are just reformula-
tions of (al) and (a2). In order to check the last one notice that

k 2
(zzj) <k<9
g=1

due to (a2). Thus any class p which satisfies the given inequalities is represented by
a Kéhler form, and so the needed packing exists by 1.3.D. [

Remark 1.3.F. The assumption (a2) has a straightforward geometric meaning. It
states that the common volume filled by the images of the balls B*(1,),. . ., B*(A4)
is less than the volume of B*(1).
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1t turns out that when k < 8 the exceptional vectors form a finite set which can
be exactly computed (see [D, p. 35]). Summing up the results of 1.3.C and 1.3.E, we
obtain the following

Corollary 1.3.G. There exists a symplectic packing of B*(1) by 2 £ k < 8 standard
balls of radii Ay 2 A, = - -+ 2 A if and only if the following inequalities hold:

v) 22:1/1;' < 1 (volume inequality);

(c) Af+3<1,ifk=2

(€ A4 - + A2 <2,ifk=5

(c3) 242 + ZZ:ZAZ <3ifk=7

(c4) 23 + 25+ 25+ 25+ - - +A5<4d, ifk=8

(c5) 22,1 1/12+/17+A <S5,ifk=8

(c6) 34T +2) 0,47 <6, if k=

1.4 Packings by equal balls in dimension 4 and Nagata’s conjecture

The results in the case of k < 8 equal balls are presented in the following table:

Volume The best curves- Inequality giving
k estimate assisted estimate the best estimate
2 i< ;‘/’% A< 12 (cl)
3 i< % A< 142 (c1)
4 A< 1,2 IRRING V) + (c1)
5 A< 1/%/5 A< /275 (c2)
6 A< 1/3/6 A< /25 (c2)
7 A< 1737 1< /38 (c3)
8 A< 1//8 A< J6/17 (c6)

It turns out that the exceptional curves technique of 1.3.C does not generate
packing obstructions for k = 9 equal balls (or when k = 4; this will be discussed
below in 1.4.C). More precisely we claim that for every exceptional vector
d,my,...,m) the inequality

k
Y mA*<d
g=1
is worse than the obvious volume inequality kA* < 1 provided k 2 9. Indeed, we
have to show that p q

Z';:lmq \/E
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Recall that the first Chern class of V evaluated on a rational exceptional curve is
equal to 1 (see [D]). In other words

k
3d - Z myg=1.
q=1
Therefore

d 1
sF— > 2=,
Zq=lmq 3_\/12

and our claim follows.

As we shall see in 2.3.B, one cannot get new packing obstructions for equal balls
when k = 9 by considering other curves in ¥}, because none of the other curves
which exist generically (in the sense of Fredholm theory) are in classes which
generate new packing obstructions. Because it is not known whether the complex
curves which exist for generic complex structures on ¥, must in fact be generic in
the sense of Fredholm theory, the symplectic packing problem is open for k equal
balls, k = 9, except in the special case when k = p? for some integer p. In this last
case, a full filling does exist (see 1.4.C below). Interestingly enough, the existence of
a full filling for k = 10 would follow from an old conjecture of Nagata, which was
formulated in connection with his construction of a counterexample to the 14-th
problem of Hilbert (see [N]). In a slightly modified and weakened form, this
conjecture states the following.

Conjecture {N] For every k = 9 there exist k points on CP? such that for every
irreducible curve C on the corresponding blow-up ¥; the following inequality

holds: .
Zq=l my

N

dz

k
where [C] =dA — Y myE,.
q=1

Remark 1.4.4. Nagata’s conjecture can be easily proved for the case k = p* where
p is an integer (see [N] for a more precise result). Indeed, one just has to take the
k points to lie on an irreducible smooth curve X of degree p. Then, if X denotes the
lift {or proper transform) of X in V}, the desired inequality is equivalent to the
requirement that C- X 2 0. For k = 2,3, 5, 6, 7, 8 the assertion of the conjecture is
wrong (see [N]).

Theorem 1.4.B. Assume that Nagata's conjecture is true for some k. Then there exists
a full symplectic packing of B* by k equal standard balls.

Proof. Let V; be the blow-up of CP? described in Nagata’s conjecture. Take

positive inteEers u, a such that l/ﬂ > p/oand p/ois arbitrarily close to 1 /\/l—c. Set
p=oa—y _ ue,€H*(V;;Z). We claim that the class p is represented by
a Kibhler form. Indeed, due to a version of Nakai’s criteria (see [F-M, 3.4]) it is
sufficient to check that p-p > 0and {p,[C]) > O for every irreducible curve C on V.

The first inequality is obvious. Let us verify the second one. Let C be an
irreducible curve with [C] = d4 — ZZ= ,mge,. Then

<p,[C]>=ad—uqu=ud<%—%%)-
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Notice that o/u > \/I; by definition and (}.m,)/d < ﬁ according to Nagata’s
conjecture. Therefore {p, [C]> > 0 and our claim follows.
Now the assertion of the theorem follows from 1.3.D. [J

Remark 1.4.C. Combining 1.4.A with {.4.B we obtain that, for any p = 1, B* admits
a full filling by p* equal symplectic balls.

1.5 Existence of full symplectic fillings by equals balls

It turns out that the phenomenon described in 1.4.C is a particular case of the
following general fact. Set V= CP™ x - - - x CP™. Endow V with a symplectic

structure Q, = 116, ® - - - @ Hy0,,, Where uy, . . ., yy are positive numbers and
g, is the standard symplectic form on CP%

Theorem 1.5.A. Let ky,...,k, be positive integers such that [ky:...: k;] =
[w1:. . .2 ug). Then for every closed complex submanifold I' < V there exists a full
Silling of (V —1T, Q,) by

(my+ -+ my)
myle. . omy!

m m,
KLk

standard symplectic balls of equal radius.

There are two ways of proving this theorem, via fibrations as in 2.2 and via
branched covers as in §3.

Corollary 1.5.B. For every complex submanifold I < CP™ the manifold
(CP™ —T, 6) admits a full filling by one standard symplectic ball.

Corollary 1.5.C (cf. 3.1.B) For every positive integer k the standard ball B>™ admits
a full filling by k™ standard equal symplectic balls.

Proof. Recall that if ' < €P™is a hyperplane then (CP™ — T, o) is symplectomor-
phic to (Int B>", w). The needed assertion follows from 1.5.A. [

Corollary 1.5.D. (cf. 3.1.C) For every positive integer k the product of m standard
symplectic 2-spheres S x - x 8% admits a full filling by m'k™ standard equal
symplectic balls.

We will see in 2.1.E. below that Theorem 1.5.A continues to hold for certain
singular submanifolds I'. In particular, it holds when I' = €P™ x € P! is the union
of the submanifolds CP™ ' x CP' and CP™ x {pt.}. Since the rescaling ¢ > po of
the symplectic form on projective space corresponds to multiplying the radius of
the ball by \/_ , we find:

Proposition 1.5.E. For each positive integer k, the product B*™(1) x Bz(\/EA) may be
Sully filled by (m + 1)k standard equal symplectic balls.

Corollary 1.5.F. For each positive integer k, the product B> x - - - x B? of m copies of
the unit 2-disc admits a full filling by m'k™ standard equal symplectic balls.

Proof. This is proved by induction on m. Recall that the volume of the 2m-ball
B2™(1) is n™/m!. (A proof is given in 3.1.C)) Thus the radius of the m!k™ balls which
fill x7B? is almost 1 /\/E, and so the inductive step is accomplished by applying
L5.E with A1 - l/ﬁ. Further details are left to the reader. [
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Remark 1.5.G. Corollary 1.5.F implies that any compact symplectic manifold
M may be asymptotically fully filled by equal balls, in the sense that

lim v(M,k)=1.

k=
In fact, by using Darboux charts and the fact that the interior of B(1) is symplec-
tomorphic to the interior of a square, it is not hard to see that one can fill up as
much of the volume of M as one wants by a finite number of polydiscs of the form
B*(A)x - - - B¥(A). Thus it is enough to prove the statement for a polydisc of this
kind. But this follows easily from 1.5.F.

1.6 Discussion

1.6.4. Maximal packings. A set of k symplectically embedded open balls of equal
radii into (M, Q) is called a maximal packing if the balls are pairwise disjoint and the
volume filled by the balls is maximal, i.e. equal to (M, k).

Question. Does a maximal packing exist when M is compact?

Direct geometric constructions of maximal packings for M = CP" and
k < n +1 are given in the Appendix by Yael Karshon. Other explicit constructions
for full fillings of M = CP" by k = p" balls have recently been found by Lisa
Traynor and the authors (see [T]).

1.6.B. Symplectic packings in higher dimensions. Gromov’s proof of the estimate
v(B2", k) < k/2" is based on the study of pseudo-holomorphic curves of degree 1.
There is no obvious way to get better packing inequalities using curves of higher
degree. It is also hard to generalise our indirect methods for constructing packings,
since these rely on Nakai’s criterion which is valid only in complex dimension 2.
However, it is true that

o(B2, k) = k/2"

for 1 < k < 2" This holds because B*" can be fully filled by 2" balls, and so it is
enough to consider k of these balls.

1.6.C. Symplectic packings and symplectic capacities. Note that the symplectic
packing problem is quite important even in case of k = 1 ball. Indeed, the quantity

o(M) = (6(M >, 1)

is a symplectic capacity in the sense of Ekeland and Hofer [E-H]. In case
M = B?(;) x - - x B*(4,) the value of c(M) was computed in [G1] by pseudo-
holomorphic curves methods as well as in [E-H] by quite different variational
methods. It would be interesting to apply variational methods to symplectic
packings by more than one ball.

1.7 Organisation of the paper

The rest of the paper is organised as follows. In §2 we formulate our general results
concerning blowing up and down and prove 1.3.C, 1.3.D and 1.5.A. These results
are based on an explicit local conmstruction which is presented in §5. In §3
we describe how to produce symplectic packings using branched coverings. In
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particular we give another proof of 1.5.C and 1.5.D. In order to treat 1.5.E, we need
a version of the Moser stability theorem which is valid for symplectic subvarieties.
This problem is discussed in §4.

2 Blowing up and down and symplectic packings

In this section, we prove the results in §1 which involve blowing up and down,
modulo certain technicalities which are relegated to §5. Our first aim is to make
precise the relation between embedded balls and forms on the blow-up manifold.
We then show how to construct packings using fibrations, and show how excep-
tional curves on blow-ups of CP? lead to packing obstructions for the unit ball
B4(1).

As we explained in 1.2.B, in the symplectic version of blowing up the role of
a point is played by a symplectically embedded ball. Thus, given a symplectic
embedding ¢: B>"(1) - V, one constructs a symplectic manifold (V, w,), which is
diffeomorphic to the usual complex blow-up V, by cutting out the interior of the
ball Im ¢ and collapsing its bounding sphere to the exceptional divisor via the
Hopf map. In our present situation, we need to compare these manifolds (¥, w)
as ¢ varies. Although these manifolds are all diffeomorphic to the complex
blow-up, it is hard to choose a difftomorphism in a canonical way. Therefore, we
will proceed a little differently, by standardizing the construction of the blow-up
manifold and then isotoping the symplectic form to fit. The details of this construc-
tion are somewhat technical and so are postponed until §5. However, the main
results are easily described.

As always there is an interplay between the complex and symplectic points of
view. This reflects itself in the fact that we often consider families of symplectic
forms with varying cohomology class. (Such families are called deformations or
pseudo-isotopies.y Most often, these families arise by fixing the almost complex
structure J, and considering a family of closed 2-forms which tame J. It is easy to
check that the taming condition implies that these forms are non-degenerate, and
hence symplectic. This might be thought of as the complex point of view. In
contrast the symplectic point of view corresponds to families of forms 0,0 £ ¢t £ 1,
in a fixed cohomology class. By Moser’s theorem, such families are isotopies, that is,
there is a family of diffeomorphisms { f;} of the underlying manifold, with f, =1,
such that fFfw, = w, for all t.

In the situation considered here, we will consider families of forms of varying
cohomology class on blow-up manifolds. What will vary is the size of the forms on
the exceptional divisors. This corresponds to changing the radius of the embedded
balls. Thus the geometric point of view, in which the size of the balls is fixed,
corresponds to the symplectic point of view in which we consider isotopies of
forms, not general families.

2.1 Packings and deformations

Let (V,Q,J) be a symplectic manifold such that @ tames J. Suppose that J is
integrable near the points x,, . . . , x,, and let (V,J) be its complex blow-up at these
points. Thus there is a holomorphic map @ :(V, J)— (V, J) which is a bijection over
V—{x(,...,x} and maps the exceptional divisors to the points x,. As in 1.3,
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we write e,, . . . , ¢, for the cohomology classes on ¥ which are Poincaré dual to the
exceptional divisors.

Let us now consider what happens to the symplectic form. The symplectic form
@ on the blow-up is constructed so that it restricts to a multiple uc,_, of the
standard form on X =CP" *. The crucial fact is that the Hopf map
n:§%" 1 CP" ! pulls g,_, back to a form on the unit sphere which extends to
the standard form w on €". It follows that the exceptional divisor (Z, uo,_,) has
a deleted neighborhood N(Z) — X which is symplectomorphic to an annulus in C"

of the form
(ze@ |/ <lzl < Ju+d}.

Thus the correct way to blow down (Z, uo,_ 1) is to remove a neighborhood of

Z and replace it by an embedded ball of radius \/;: + ¢, for small &. Conversely, one
blows up a symplectic manifold by removing a symplectically embedded standard
ball of radius A + ¢ and replacing it by a neighborhood of an exceptional divisor
equipped with the form i%g, ;.

It follows that, if
%

%
o= 11 ¢, 1] B, + 9,0, (V,2J)

q=1 q=1
is a symplectic and holomorphic embedding of k small balls into ¥ whose centers
are mapped to the points x,,. . ., Xk, one can construct a symplectic form Q on

V which is tamed by J and lies in the class
k

[0*(@)]— 3 ndle,.
q=1
The point is that ¢ maps into a region of ¥ on which J is integrable and Q is
Kihler. Thus one can take £ to be Kéhler near the exceptional divisors, and equal
to ®*(Q) away from them. This is the basic local construction, and it is described in
detail in 5.1-5.4. In this situation, we say that @ is constructed by symplectic blow-up
Sfrom a symplectic, holomorphic embedding.

We will see that this construction is reversible. In other words, when one blows
down the exceptional divisor in (¥, Q), one obtains a form on ¥ which tames J and
s0 is isotopic to Q. (In fact, the blow-down form equals Q outside a neighborhood
of the exceptional divisor.) Thus this construction works very nicely for embed-
dings ¢ which are symplectic and holomorphic. Of course, these exist only if Q is
Kabhler near the x, and if the associated metric is flat near the x,. In this situation,
we will say that Q is J-standard near the x,. Our first result shows that this
restriction is not important.

Proposition 2.1.A. If the symplectic form  on V tames an almost complex structure
J which is integrable near the points x4, . . . , x;, then Q is isotopic to a form Q' which
also tames J and is J-standard near the x,.

This is Proposition 5.5.A. Qur next result shows that one can construct a symplec-
tic form on the blow-up ¥ given any symplectic embedding of balis.

Proposition 2.1.B. Let
¢ = 1o (Bldg) o)~ (V,Q)

be a symplectic embedding of k balls into the symplectic manifold (V, ). Choose an
almost complex structure J on V which is tamed by Q and is integrable near k distinct



Symplectic packings 415

points xy,. .., Xy, and let (l7, J_) be the corresponding complex blow-up. Then there
exists a family Q, of symplectic forms on V such that Q, tames J and
k
[2)=[6*Q] - ¥ nije,.
g=1

To see this, consider the family of symplectic embeddings obtained by restricting
¢ to balls of radii t4,, for ¢ £t < 1. Blowing up this family, we obtain a de-
formation of symplectic forms on ¥ which satisfies the desired cohomological
condition. Moreover, it follows from Proposition 2.1.A that the initial form Qg,
which corresponds to the “smallest” packing, can be constructed by symplectic
blow-up from a symplectic, holomorphic embedding as described above. Therefore,
it may be chosen so that it tames J. Full details of the proof may be found in 5.5.

We now state the corresponding results about blowing down. As before, we
assume that J is an almost complex structure on (¥, Q) which is integrable near the
points xi,. . ., x; and that Q tames J everywhere. We write (¥, J) for the complex
blow-up at the x,.

Proposition 2.1.C. Suppose that there exists a family Q, of symplectic forms on V,
such that Q, tames J, the restrictions of all the forms §, to the exceptional divisors

tame J, and
k

[8]=[6*Q]~ ¥ nil(t)e, .

g=1
for suitable positive constants A,(t), 0 <t < 1. Then the manifold (V, Q) admits
a symplectic embedding of k disjoint standard symplectic balls of radii 4y,. .., %,

where A, = 4,(1), for all q.

The idea of the proof is as follows. In view of 2.1.A we can assume that Q is
J-standard near the points x, . . ., X;. Let Q be the symplectic form on V which is
constructed by the basic local constructlon described above. Since Qo and Q both
tame J, we may, by extending the family Q, by the linear family sQ, + (1 — )2,
suppose that Q, = Q. Then, the family of forms £, on ¥ blows down to a family of
forms €, on ¥ which, by the reversibility of blowing up and blowing down, starts at
Qo = Q. Further, for each ¢, the form @, admits a symplectically embedded set of
k disjoint standard balls of radii 4, (t), . . ., 4 (t). The assumption on the cohomol-
ogy class of the €, implies that all the forms Q, are cohomologous to the initial form
Qp = Q. Thus €, is isotopic to @, and the desired resuit follows easily. For more
details see 5.5.
As an immediate consequence of the previous result we obtain the following

Corollary 2.1.D. Suppose that there exists a symplectic form Q on V such that

Q tames J and
K

[Q]=[6%Q]~ ¥ nije,.
q=1
Then (V, Q) admits a symplectic embedding of k disjoint standard symplectic balls of
radii A, . .., A.

Remark 2.1.E. In the applications of this corollary, (V, Q,J) will be a Kahler
manifold, so that J is integrable everywhere. Then the blow-up (V,J) is also
a complex manifold, and the hypotheses will be satisfied by any Kahler form €.
Observe also that if in this situation I' is a closed complex submanifold of
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V — {x4,. .., X}, then the manifold (V — I, Q) admits a symplectic embedding of
k disjoint standard symplectic balls of radii 14, ..., 4,.

Indeed, we may assume that I” does not meet the small holomorphic balis used
to construct . Then, if & =12 + (1 —1)Q; the restriction of &, to the proper
transform I" of I' tames J|,. This implies that the restriction of the blow-down
forms Q, to I' tames J | for all r. Hence €, |, is symplectic for all ¢, with constant
cohomology class. Therefore the Moser stability theorem (see 4.1.B below), when
applied to the pair (V,T"), implies that (V -—-TI,Q,) is symplectomorphic to
(V —T, Q). Take now 4,(t) as in 2.1.C. Then our assumption on I" guarantees that
for all t the form @, admits a symplectic packing by k balls of radii A, (t), . . . , A(t)
and each of these balls does not meet I'. Hence our claim follows.

As an example, one can take the pair (V,I"') to be (€ P2, € P'), thereby proving
Theorem 1.3.D.

If I' is a singular complex subvariety of V, one cannot expect (V' — I, ;) to be
symplectomorphic to (V — I', Q). However, given any compact subset K of V — T,
one can hope to show that (K, Q,) is symplectomorphic to a subset of (V —I', Q),
which is all one needs in order to construct full fillings of (¥ — I, Q). In Proposition
41.C, we show that this is indeed the case when ¥V = CP"xCP' and
I'=(CP""'xCP')u CP"x {z0}. This proves Proposition 1.5.E.

2.2 Fillings via fibrations

In this section we apply the above results to prove Theorem 1.5.A on the existence
of full fillings of certain products of projective spaces. The first result describes the
general method. It will be convenient to write & for the subspace of H?(V, R) which
is general by the classes ey, . .., e.

Theorem 2.2.A. Let (V, J) be a closed n-dimensional complex manifold and let (V, J )
be its blow-up at k distinct points xy, . . ., x. Let Q be a symplectic form on V which
tames J. Suppose that there exists a holomorphic map f: V— € P~ %, which induces
a biholomorphism on each exceptional divisor, and is such that

[0*Q] — [f*5]eé .
Then, for every closed complex submanifold I' < V —{x,,...,x;}, the manifold
(V ~T, Q) admits a full filling by k equal symplectic balls.
Proof. Fix a real positive R, and set
Q(R) =(1 + R)"1(@*Q + Rf *0).

Obviously, 2(R) is symplectic form for each R which satisfies the assumptions of

21.D, 2.1.E with 47 =(1 + R)"*R. Note that i,— 1 when R— co. Therefore

(V —TI',Q) admits a packing by k equal standard balls of radius 4 for all A < L.
It remains to check that this packing is arbitrary full, that is

Volume (¥, Q) = k- Volume (B(1), w) = kn*/n! .

Geometrically, this assertion is quite clear since the volume which is not filled by
the balls is equal to the volume of ¥ with respect to €2(R). As one can easily verify,
the last quantity tends to O when R goes to infinity, because when R is very large the
form is essentially a pull-back from €P" .
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More formally, note that
n! Volume (V, Q) = ([QT, [V]) = ([O*Q1" [V .

On the other hand, because f is a biholomorphism on each exceptional divisor,
and because ¢ integrates to # on each projective line,

[f*0)] =[6*Q] — } ne,.
q=1
Therefore

k n
0=<[f*In[V]) = <([@*Q] DY eq> ; [17]>
g=1
=[O*QT, V1) + k{(—ne, ), [V]).
Since ¢, is Poincaré dual to an exceptional divisor,

{(—me, ), [V]) = —n"= —n! Volume (B(1), ).

Therefore
Volume (V, Q) = k- Volume (B(1), w) .

This completes the proof of the theorem. [
Proof of Theorem 1.5.4. Set m = Z:: ymy. Let x; = [X,0:. .. 1 X4m, ] be projective

coordinates on CP™. Let k{,...,k; be positive integers such that
[kt tkgd=Tpy:. . .ipg]. For every 1=<q=d take polynomials
Py1(xg), . . ., Pyu(x,) which are homogeneous of degree k,.
Consider amap F: V- CP" ! (x1,...,x4)= [Fy:...: F,], where
d
Fr(xlv- . ,xd)z H qu(xq)'
g=1

A simple argument shows that if the polynomials {P,,} are generic then the map
it Ml

myl s my! i
points, and moreover F can be lifted to a map f: V- CP™ !, where V is the
blow-up of V at these points. Note also that f induces a biholomorphism on each
exceptional divisor.

Without loss of genericity we may assume that pu, = k,fortheg=1,...,d. We
claim that in this case

F is well defined on the complement of exactly

k
[0*Q]=[f*0n-11+ } 7e,.
q=1
Indeed, set @, = {pt} x - - x{pt} x CP™ x {pt} x - - - x{pt}. Choosing Q, gen-
erically we can see that the restriction of F to Q, is a polynomial map of degree k,.
Therefore [(Flg,)* 6n-1] = k,0,,. Our claim follows immediately.
The result now follows from 2.2.A. O

2.3 Deformations and exceptional curves

In this section we investigate the correspondence between curves on the blow-up of
CP? and packing inequalities for the unit ball. As in the complex case we shall
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define a symplectic rational exceptional curve in a symplectic 4-manifold as a sym-
plectically embedded 2-sphere with self-intersection number equal to —1.

We start with the following result which is proved in [McD2, Lemma 3.1]. We
shall sketch the proof here in order to illustrate certain properties of exceptional
curves.

Proposition 2.3.A. Let (M*, Qo) be a closed symplectic manifold admitting a sym-
plectic rational exceptional curve in a class E =« Hy(M;Z). Suppose that Qq is
included into a family of symplectic forms Q,, t €[0; 1]. Then (M, 2,) admits a sym-
plectic rational exceptional curve in the class E. In particular, {[Q,], E) > 0.
Sketch of the proof (see [McD?2] for the details) Let 7 be the space of smooth
almost complex structures on M. Let # be the space of smooth paths

{J:[0;1] > Z|J, is tamed by Q,} .

Note that & is open in C*([0;1], ), & is non-empty, and for every almost
complex structure J on M which is tamed by Q, there exists a path {J,} e # with
Jo = J. Denote by C a Qq-symplectic exceptional sphere in the class E. Choose
J such that:

e J is tamed by Qo;

e J is generic;

e C is J-holomorphic (see [McD?2, p. 690]).
Now choose a generic path {J,} € # with J, = J. Because E+ E = — 1, there s, by
Positivity of intersections, at most one J-holomorphic E curve for each J. There-
fore, if there is no J,-holomorphic sphere in class E, Gromov’s compactness
theorem (see [G1]) implies that for some t* € [0; 1] there exists a J,,-holomorphic
cusp-curve in the class 4; + - - - + A; = E. Denote by ¢, the first Chern class of
M*. Since E is represented by an exceptional curve then ¢;(E) = 1. Since d = 2,
there exists £ such that ¢,(4,) < 0. Note that A4, is represented by a holomorphic
sphere which appears in a 1-parametric generic family. Thus a dimension counting
argument (see [McD2]) shows that

1+ 20 (A)+2) — 620, ie ¢ (4,)>0.

This contradiction impligs that there exists a J 1-holomorphic sphere in the class E.
Note finally that every J;-holomorphic sphere in the class E is embedded [McD?2,
(2.6)]. Thus it is a Q;-symplectic rational exceptional curve. This completes the
proof. O

Proof of Theorem 1.3.C. Assume that B(1), and therefore (CP2, o), admits a sym-
plectic packing by k standard balls of radii 14,..., 4. Let V be the blow-up of
C P? at k points, which are chosen so that the exceptional vector (d, my, . . . , my;) is
represented by a holomorphic rational exceptional curve C in V. According to
2.1.B there exists a family &,, t € [0; 17, of symplectic forms on ¥ such that Q, tames

the complex structure on V and
k

[Q,]=na— Y nile,.
q=1
Since 3, tames the complex structure on V,Cisa symplectic exceptional curve with
respect to ,. Applying 23 A we have that ([Q;],[C]) >0, that is
d—Y%_ mg} > 0. This completes the proof. O
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Remark 2.3.B. A similar argument works for curves C of higher genus. However,
one cannot get any new packing inequalities for k equal balls in B*(1) or CP? in
this way. To see this, note first that we may suppose that k > 9 since our previous
results show that exceptional curves detect all packing inequalities for k £ 9. We
must consider the moduli space of parametrized (J,j)-holomorphic curves
fi{Z4,j)— Vi, J) as j varies in Teichmiiller space and J varies in some suitable
space of almost complex structures on V. In order for a_curve C to have such
a parametrization for a generic almost complex structure J, the formal dimension
of the moduli space of all unparametrized J-curves must be non-negative. This
dimension is just the Fredholm index of a suitable operator, and has the
formula 2(c;(C)+ g —1). (See [McD2, §2] for more details) Thus, if
[Cl=dA -} mE, and N=Y"%_ m, one has:

e3d-N=1—g;

o (d> =Y mi)~(3d—N)z2(g -1
where the second inequality comes from the adjunction formula

g=1+1/2(C-C—c;(C)).
Using this, one easily finds that

Z

z|a

-

which, as we saw in 1.4, corresponds to a packing inequality which is worse than
the volume inequality when k > 9.

3 Branched coverings and symplectic packings
3.1 Symplectic packings via branched coverings

Recall that a covering o: X — Y which is branched over a subset Q < Y is called
regular if the action of the group of deck transformations associated with the
covering a: X — o~ '(Q)— Y —Q is free and discrete.

In this section, we construct full fillings using the following result.

Theorem 3.1.A. Let (X, Q,J) be a closed complex symplectic manifold of complex
dimension n such that Q tames J. Let o.: X — € P" be a regular holomorphic branched
covering of order k. Assume that [a*c] = [Q]. Then for every closed complex
submanifold I', the manifold (X —I', Q) admits a full symplectic filling by k equal
standard balls.

The basic idea of the proof is very simple. If Q < € P" is the branching locus of «,
one first shows that €P" — (Q u I') can be fully filled by one ball. Since

w:X—a YQ)>CP"—-Q

is a k-fold cover, this ball lifts to k disjoint balls in X. The only problem is that
o does not preserve the symplectic form, so that the lifted balls need not be
symplectically embedded. However, because o is holomorphic, it preserves the

symplectic forms up to isotopy, and so one can isotop the lifted balls to make them
symplectic.
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Full details of this argument are given in 3.2. The rest of this section is devoted
to examples.

Example 3.1.B (cf.1.5.C) Consider a holomorphic map
o:CP"— CP",

Obviously « is a regular branched covering of order k™. Hence CP™ — €P™ 1, and
therefore B*™(1), admits a full filling by k™ equal symplectic balls.

Example 3.1.C (cf.1.5.D) We shall identify €P™ with the projectivization of the
space of homogeneous polynomials of two variables z, w of degree m. Define a map

a: x7TCP - CP™,

(Ixto: %1 )s - Dot Xmi 1) H (X202 — Xa1W).
d=1
Obyviously a is a regular holomorphic branched covering of order m!. Therefore the
product of m copies of (CP?, ) admits a full filling by m! equal symplectic balls. It is
clear from the proof of 3.1.A that each of these balls gives a full filling of €CP™
Hence the volume of CP™ is 1/m! times the volume of the product, and so must
equal n™/m!.

3.2 Symplectic branched coverings (cf. [G2, G-S])

Given a branched covering, the pull-back of a symplectic form degenerates near the
branching locus. The next result shows that such a degeneration disappears after
a suitably chosen perturbation.

Proposition 3.2.A. Let (X, a7 ) be closed symplectic complex manifolds of the same
dimension such that Q,Q tame J and J respectively. Let a: X — Y be a holomorphic
covering which is branched over a subset Q < Y. Suppose that [a*Q] = [Q]. Then
for every neighborhood % of Q there exists a symplectic form T on X with the following
properties:

b tlx o ‘@) = “*le-a*'(m;
2) 1 tames J;

3) [11=[Q1.

Proof. Set ¥ = a~}(#). Let ¥’ be a neighborhood of a~*(Q) such that ¥/ = ¥".
Fix a Riemannian metric on X. Choose § > 0 such that

a*QUE TE) 2 8¢

for all £e T(X —¥7'). Let f be a bump function on X such that f=0on X —¥
and f =1 on ¥'. Note that Q — a*Q = dJ for some one-form 4 on X. Set

1= o*Q + xd(f1), where k >0.



Symplectic packings 421

We claim that t is the needed symplectic form provided « is sufficiently small. Let
us divide the proof in several steps.

1) Observe that 1 is closed and cohomologous to Q. Also it coincides with «*Q on
X -7
2) Outside ¥"' we have

(&, JE) 2 81€1F —welE)?

where ¢ depends only on f and 4. Therefore choosing x sufficiently small we get
that  tames J outside ¥"'. _ - .
3) Inside ¥, 1= o*Q + k(Q —a*Q) = (1 — k)a*Q + kQ. Therefore T tames J in-
side ¥ if x < 1.

Combining the results of (1-3), we obtain the assertion of the proposition. [

Proof of Theorem 3.1.A. Fix a hyperplane § < CP" and & > 0. There exists
a neighborhood #” of S such that CP" —# admits a symplectic embedding ¢ of
the ball B2"(1 — ¢).

Suppose that the covering «: X — € P" is branched over a set Q < CP". Since
a(l'yu Q + CP" there exists a complex automorphism, say F of €P” such that
F(S)=S and F{a(')w @) <= #. Set R=F(Q), f = Foa. Then f: X —» CP" is
a holomorphic regular covering branched over R. Let % be a neighborhood of
R such that # = #". Choose a symplectic form t on X associated with f and
% according to 3.2.A. Denote by G the group of deck transformations acting on
X — B~ Y(R). Obviously G acts by t-preserving diffeomorphisms on X — 8~ 1(#").
Let &: B(1 —¢g)— X — B~ 1(#") be the lift of . Then & is a symplectic embedding
with respect to 7. Moreover,

Image(®) N lmage(gop) =@ for every geG

because of the regularity of . Thus Ugeag o @ is a symplectic embedding of k = #(G)
balls of radii (1 — ¢) into (X — B~ '(#7), 7). Since I' = B~ '(#") by construction, we
have the desired embedding into (X — T, 7).

It remains to show that we may replace 7 here by Q. By construction, the forms
7 and Q are cohomologous and both tame J. Thus they may be joined by the
isotopy 2, = (1 —£)Q + tr, t €[0; 1]. Because I is complex, the restriction of each
form @, to I' is symplectic. Therefore the Moser stability theorem of 4.1.B implies
that (X, 1) and (X, Q) are symplectomorphic by a symplectomorphism which
preserves I'. Hence (X — I', Q) admits a symplectic filling by k symplectic balls of
equal radius (1 —¢).

Note that Volume (X, Q) = k Volume(CP", 6} = k Volume (B(1), ®). Therefore
our filling can be made arbitrarily full. This completes the proof. O

4 Symplectic isotopies of subvarieties

If we want to fill open manifolds such as products of balls, it is useful to generalise
results like 2.1.E and 3.1.A above to the case when I' is a complex subvariety rather
than a submanifold. The missing step is the analog of the symplectic neighborhood
theorem for such subvarieties. In this section we first discuss the usual theorem, and
then discuss an extension to subvarieties. Our main result is Proposition 4.1.C
below which is used for the proof of 1.5.E.
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Theorem 4.1.A (The symplectic neighborhood theorem) Suppose given two sym-
plectic embeddings ¢;: (I, w) > (V,, Q;), i = 0, 1 and an isomorphism & between the
pull-back symplectic vector bundles (¢pF(TV;), ¢*(2,)). Then, any diffeomorphism
from a neighborhood Ny of ¢o(I") in V, onto a neighborhood Ny of ¢, (I') in Vy which
induces the given bundle isomorphism @ is isotopic to a symplectomorphism, through
maps of pairs (No, ¢o(I')) = (V, ¢1(I")) which induce .

This is the well-known Darboux—Weinstein theorem. It may be proved by Moser’s
argument (which is called the homotopic method in [A-G1]): see [A-G, 2.1.5].

Corollary 4.1.B (Moser stability for pairs) Let Q,, 0=t <1, be an isotopy of
symplectic forms on a compact manifold V which are all non-degenerate on the
submanifold I. Then there is a family of diffeomorphisms F,: (V, I')— (V, T") such that
FO =1 and FTQl = Q().

Sketch of proof. When I' = §), this is the usual Moser stability theorem, and may be
proved by the homotopic method quoted above. Therefore, by applying it to the
restrictions Q, |7, we obtain an isotopy g, of I" such that g*(Q,) = Q, for all ¢. Let
g (V, Iy~ (V,IN,0 £t £ 1 be an extension of g,. It is not hard to see that we may
choose §, in the directions normal to I' so that, for each ¢, §, also induces an
isomorphism between the symplectic vector bundles (TV |, Qo) — (TV|,, 2,). We
are now essentially reduced to the situation considered in the symplectic neighbor-
hood theorem, and the proof may be completed by the homotopy argument of
[A-G]. O

We would like an analog of this corollary which holds when I" has singularities.
The part of the above proof which causes difficulties is the construction of
a suitable extension g,. We will consider the simplest case here, assuming that I' is
the union of two complex submanifolds A, B of V" which intersect transversally. In
this case, it is easy to see that 4.1.B cannot hold as stated. The problem occurs along
the intersection K = A n B. For example, consider the Q,-symplectic orthogonal
of TK in TA which we will denote by TK'*n TA, and the similar bundle
TK** n TB. If these are symplectically orthogonal when ¢ = 0, they must remain so
under any isotopy of the type (F, !)*Q,, while an arbitrary isotopy €2, need not
have this property.

However, for our purposes we do not need the full strength of 4.1.B. We are
given an isotopy 2, 0 <7 £ 1, of Kéhler forms where Q, is the given form and
there is a packing of (V¥ — I, Q;). In order to get a corresponding packing of
(V—T,Q), it would clearly suffice to find a family of diffeomorphisms F,,
0 <t £ 1, such that F¥(Q,) = @, outside a neighborhood of I which is so small
that it is disjoint from the balls in the packing.

A geometric approach to this problem is given in Lemma 3.11 of [McD4]. Here
we present a more explicit argument which works in the special case of interest to
us, and exploits the fact that B has a trivial normal bundle. (In fact, all we need is
that K have a trivial normal bundle in A.)

Proposition 4.1.C. Let V= CP"xS? A=CP" 'xS8% B=CP"x{z,} and
I = A U B, and suppose that Q,,0 < t < 1;is an isotopy of symplectic forms starting
at the standard form Q4 = 6, ® o,. If Q, is non-degenerate on A and B for all t,
then, for every neighborhood AU of K= A~ B there are diffeomorphisms
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F,:Vo>V-oV,0<1t <1 such that
e Fp=1;
o F(IN)=1T;
e FF(Q,) = Q, outside %.

Proof. We divide the proof into several steps. We will call a deformation F, which
satisfies the first two conditions above an allowable deformation.

1) Let p, g be Darboux coordinates in a neighborhood D of the point z, in 52,
and let ¢ denote the standard symplectic form on B. If f, g are functions on B which
vanish on K, consider the 2-form

o(f,g)=dprdq+o+dp Adf+dg A dgq,
on CP” x D. It is easy to check that this is symplectic with the correct orientation iff

1+{f9}>0,

where {, } denotes the Poisson bracket (see [A-G]) on B. We will say that pairs of
functions (f, g) which satisfy these conditions are “good”.

2) We next claim that there is an allowable deformation which takes the path
Q, into a path Q; which equals the normalized path w(f;, g,) near K. To see this,
first observe that by successive application of Corollary 4.1.B to K, A and B, we
may arrange that the restriction of the family Q, to 4 and to B is constant. Then,
there are closed 1-forms «, and f; on B such that

Q=dpndg+o+dpro+ B Adg

on TV|g. Because Q, is standard on A, the restrictions of o, and §, to K must
vanish, and hence these forms may be written as df;, dg, for suitable functions f;, g,
on B which vanish on K. Thus Q, = w(f;,g,) on T,V at all points xe K.

We claim that, for each ¢, there is an allowable isotopy G, s of V such that
GF1(Q,) = w(/f;,g,) near K. To see this, consider the path of symplectic forms

s =5 + (1 —=s)o(f,g), 0Ss=1.

The relative Poincare lemma* implies that there are 1-forms p, , which vanish on
A U B and are such that

a“:t s
= =dp, .
aS pt,s

The usual Moser argument now constructs the desired isotopy near K. Finally, one
extends this to an allowable ambient isotopy of V.

3) Let ¥, be an isotopy of symplectic forms which starts at Q, and such that all
2, are standard (that is coincide with (0, 0)) near K. Then Moser’s argument
implies that there exists an allowable deformation F, such that F}¥Q, = X,.

Assume for a moment that we have a deformation of the original path Q, to
X, which is supported in a neighborhood %. Then outside % each form F¥Q,
coincides with Q,, and hence the diffeomorphisms F, satisfy all the requirements of
the proposition.

As we shall see in the next step such a deformation exists.

* The proof of this is not so obvious: for details and further discussion see [McR]. In fact, all we
need here is that the deformation from @, to Q; has support near K, which will be achieved if
ps,=0on K.
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4) In view of step 2 we can assume without loss of generality that Q, coincides
with some w(f;,g,) near K. Hence in order to find the deformation of step 3 it
suffices to show that each good pair ( f, g) can be deformed through good pairs to
a good pair which vanishes near K. Moreover, we need this deformation to depend
smoothly on f, g and to have support in the given neighborhood # of K.

Let R be a smooth function on B which measures the square of the distance
from K. Thus R vanishes on K together with its first derivatives, and R > 0 outside
K. We may suppose that the set where R < 1 is contained in %. We shall look for
a deformation of the form (H,(R) f, H{(R)g), 0 £ s £ 1, where H, = (1 —s) + sH
for a suitable cut-off function H which vanishes near 0 and equals 1 for R = 1.

The main observation is that the function

E=g{f, R} +f{R,g}

vanishes on K together with its first derivatives. Therefore, for some ¢ > 0 and u,
0 < u < 1, there is an estimate

E(x) 2 —cR(x),

which holds when R(x) £ u. Choose ¢ between 0 and 1so that 1 + {f, g} > 6 when
R <1, and then choose H so that H = 1 for R = u, and

H' < 5/2R.

(This is possible since [ 1/R = o)
We claim that H is as needed, that is, it gives good pairs (H; f, H,g) for all 5. To
see this, observe that

1+ {H,f, Hyg} = 1 + (H,)*{f,9} + HH,E .
Since 0 £ H;£1,and H; = 0 when R > u,
1+ (H)*{f g} =9

HH.E= —cRsHH' 2 —cRH' 2 — /2,

and

by construction. Our claim follows. This completes the proof.

5 Blowing-up and down

This section proves the results stated in 2.1.

5.1 Local models

Let (C*, w,i) and (CP""!, g, j ) be linear and projective complex spaces respec-
tively endowed with the standard Kihler structures. We shall assume that
{[6],[CP*]>=n Let & <« C"xCTP""! be the incidence relation, that is
& = {(z,£)|ze¢}. Denote by pr; and pr, the natural projections of £ to €" and
CP" ! respectively. Note that pry induces a biholomorphism % — pry }(0) —
C" — {0}, and pr; is a complex line bundle whose zero section is identified with
pr; '(0). Thus & is the blow up of C" at the origin. We write B(/) for the ball
{zeC"||z| £ A}, and set £ () = pr; "(B(4)). For x, A > 0 define a Kihler form
p(x, A) on & as k’priw + A*prioc.
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Proposition 5.1.A. For every ¢ > 0, A > 0 there exists a Kahler form T = (g, 1) on
& such that the following holds:

e T=pri(l’w) on ¥ — £ + &)

o T = p(l, 1) on ZL(5) for some 6 > 0.
Moreover T and 6 can be chosen smooth with respect to ¢ and A.

Proposition 5.1.B. For every ¢ >0, 6 >0, A >0 there exists a Kahler form
T = (e, 8, A) on €" such that the following holds:

o pri(ty=pd, ) on ¥ — L(1 +¢);

e 7= 12w on B(1).
Moreover, T can be chosen smooth with respect to &, 6, A.

Before proving the propositions, let us introduce the following notion. An embed-
ding F:C"— {0} >€" is called monotone if in spherical coordinates
(u,r)eS*" 1 x(0; + o0) it can be written as (u, r) — (u, f(r)) where f is a strictly
increasing function. The following two observations are important for our pur-
poses.

e For every monotone embedding F the form F *w is Kahler (with respect to the
usual complex structure i).
To see this, observe that F*w is Kéhler at the point x iff the tangent space to

x = (u,r) has a basis vy, ivy, . . ., v,, iv, such that F *w vanishes on all pairs except
those of the form (v,, iv,). Such a basis may be found by taking v, to point in the
radial direction, and v,,...,v, to be a basis for the complex vector space

nsln*] A insZn*l‘

® There exists a smooth family of monotone embeddings h,:C"— {0} >
C" — B(A) such that prihio = p(1, A).
This remark is due to [G-S]. In polar coordinates, we may take h; to be the map
hy(u, r) = (u, (r? + A*)1?).

Proof of Proposition 5.1.A. Take é > 0 such that h;(B(0)) = B(1 + A¢/2). Using
a suitable smoothing procedure, one can find a monotone embedding F such that

F(zy=2z for |z|>1+¢ and
F(z)=hy(z) for |z] <.
Obviously the form 7 = pr¥(F *w) has the needed properties. []

Proof of Proposition 5.1.B. Note that p(3, 1) = 62p(1, v) for v = 1/8. Using a suit-
able smoothing procedure, one can find a monotone embedding G such that

G(z)=vz for|z|£1, and
G(zy=h, for|z|£1+e.

Obviously, the form © = 3°G*w has the needed properties. [J

5.2 Global setting

Let (V, J) be an almost complex manifold such that J is integrable near the
k points x,,...,xx, and let @ :(V,J)~ (V,J) be its blow-up at these points.
Throughout the following discussion, we will assume that J and the points x, are
fixed. Consider a holomorphic embedding ¢ = ]_[2: L@ [TB( + 2¢), i)y — (V, J)
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such that ¢,(0) = x, for | < g < k and ¢, > 0. (Note that J has to be integrable on
the image of ¢) Denote by @, the lifting of ¢, to a holomorphic map
ZL(1 + 2¢,)— V such that the following diagram is commutative:

L +2,) 2 ¥

lprl l@
B(l +28) —% V.

5.3 Symplectic blowing-up

Suppose that V is endowed with a symplectic form  such that ¢ Q = Azw for
some 4, > 0. Define a symplectic form £ on V as follows:

_ |@*Q on V- U P L (1 + &)
Q= g=1
(@F) '%(e,, 4) on @ (L(1+2¢,)) forallg=1,...,n,
where 7 is defined in 5.1.A. We shall say that Q is obtained from Q by the symplectic

blowing-up associated with ¢. Let us describe several properties of the symplectic
blow-up which immediately follow from 5.1.A.

5.3.4. If Q tames J (resp. @ is Kihler) then Q tames J (resp. Q is Kihler).
5.3.B. Recall that H2(V, R) = H3(V, R) @ &, where & is a real linear vector space

generated by the classes eq,. .., e, which are Poincaré dual to the classes of

exceptional divisors ® ~'(x;), ..., @ "(x,). With these notations
[Q1=[0*Q]— Y nije,.

5.3.C. For each g=1,...,k there exists 6, >0 such that @;‘Q= p(1,4,) on

Z(3,).

5.3.D. If Q and ¢ are included in smooth families Q, and ¢,, which satisfy the given
hypotheses for all ¢, then € can be included into a smooth family Q, of symplectic
forms on ¥V such that for every t properties 5.3.A-5.3.C hold.

5.4 Symplectic blowing-down

Suppose now that ¥ is endowed with a symplectic form, say Q such that
p(d,, 4,) for some 4, >0,6,>0(q=1...k).
Deﬁne a symplectic form £ on V as follows:

o ©@*)7'Q on V— i, 0,(BU +¢,));
(0*) 'tle,, 000 4) on @ (B(1 + 2¢,)) forall g=1,...,k,

where 1 is defined in 5.1.B. We shall say that € is obtained from Q by the symplectic
blowing down associated with the embedding ¢. Let us describe several properties
of the symplectic blow-down which immediately follow from 5.1.B.
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5.4.4. If Q tames J (resp. € is Kéhler) then Q tames J (resp. € is Kahler);
5.4.B. The cohomology class of Q satisfies the following relation:
[Q] - [0*Q]eé;

54.C. Foreachg=1,...,k ¢¥Q2 = 22w on B(1). In other words (¥, ) admits
a symplectic embedding of k disjoint standard symplectic balls of radii 4, ..., 4.

5.4.D. If Q and ¢ are included into smooth families Q, and ¢,, which satisfy the
given hypotheses for all ¢, then 2 can be included into a smooth family , of
symplectic forms on ¥ such that for every ¢ properties 5.4.A-5.4.C hold.

5.5 Normalization

In order to carry out the blowing-up construction described above we have to
choose an auxiliary almost complex structure J on V, and start with a symplectic
and holomorphic embedding of a ball into V. The next result shows how to
transform an arbitrary symplectic embedding into one with the required properties
by a suitable perturbation of the symplectic structure. It is a slightly sharper form
of Proposition 2.1.A.

Proposition 5.5.A. Let ¢ :(B(d), w) - (V, Q) be a symplectic embedding, and let J be
an almost complex structure on V which is tamed by Q and is integrable near the point
@(0). Then for every compact subset K < V — ¢(0) there exist a number &' €(0, ),
a symplectic form Q' on V which is isotopic to Q, and a symplectic embedding
@' (B(3), w) — (V, Q') with the following properties:

® ¢'|p) is holomorphic;

e Q' tames J and coincides with Q on K.
For the proof of the proposition we need the following

Lemma 5.5.B. Let Q be a symplectic form on B(1) which tames the standard complex
Structure i. Then there exists a new symplectic form, say Q' on B(1) with the following
properties:

o Q' coincides with Q near the boundary of the ball,

o Q' tames i;

e Q' is i-standard near 0, i.e. it is Kihler, and the associated metric is flat.

Proof. We divide the proof into two steps.

1) We claim that for every x > 1 and every 1 > ¢ > O there exists a Kéhler
form, say 7, on B(1) which is equal to k2w in B(g/2x) and coincides with ¢2w near
the boundary. Indeed, take a map h, which is monotone in the sense of 5.1.B, such
that h(z) = (x/e)z for ze B(g/2x) and h is equal to the identity map near the
boundary. Then the form 1, = h*(¢’w) is as needed.

2) Let p be a bump function on B(1) which is equal to 1 near the origin and
vanishes near the boundary. Choose £ >0 so that @ —¢’w tames i, and set
0k(2) = p(2(x/e)z). Finally, denote by B a primitive of @, that is Q@ = df, and
consider

Q=0+ 1,0 —d(pp).

We claim that Q' has the desired properties provided x is sufficiently large.
Indeed, Q' coincides with € near the boundary, and, near the origin, is equal to
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(x? —&%)w, and hence J-standard. Moreover, Q' tames i outside B(g/2x) due to our
assumption. It remains to check that this is true also inside B(¢/2k).
Note that inside B(e/2x)

Q =k —eHo+ (1 —p)Q —2(/e)dp A B.
Therefore for every non-zero vector ¢ we have
Q'(&,i&) > ((c* — &%) — c(x/e) |€)?

where ¢ is a positive constant which depends only on x and p. Thus Q' tames
i provided « is sufficiently large. This completes the proof. [

Proof of Proposition 5.5.A. In view of 5.5.B we can assume that Q is J-standard
near the point ¢(0) and therefore by composing ¢ with a suitable symplectomor-
phism of B(8) we can achieve that ¢, oi= Jog, at the origin {0}. Since J is
integrable near ¢(0), there exists a difftomorphism ¢ of ¥ such that (¢(0)) = ¢(0)
and .
‘//*°‘P*°i°¢;1 =Joy,

in a sufficiently small neighborhood of @(0). Take Q' = (Y*) ‘2, ¢ =y oo.
Obviously, ¢’ is symplectic on B(58) and holomorphic on B(d') for some &' €(0, §).
Moreover, i can be chosen to have support in ¥ — K and to be arbitrarily C-close
to the identity. This implies the last assertion of the proposition. [
Proof of Proposition 2.1.B. By the symplectic neighborhood theorem for hypersur-
faces (see 4.1.A), we can extend the original packing ¢ to a symplectic embedding of
balls of radii A, + &, for some small ¢ > 0. The normalization procedure described
in 5.5.A above allows us to assume without loss of generality that ¢, is holomor-
phic on B(J) for some § >0 and eachg=1,...,k.

Let S, ,: B(A, + &) — B(J, + ¢) be a family of diffeomorphisms with the follow-
ing properties:

® So =1:

e S, . is equal to the identity near dB(4, + ¢);

® SF,0 = p,(t)w on B(8), where p (1) = ,13(1 + 7262 for some y > 0.

Let F,: V' — V be the extension ofl_[’;=1 PgoSt,q° P, ! by the identity map, and

set Q= FQ. Set y,(z) = q)q(
phic and

1 j_y z): B(1 + y) - V. Obviously, y, is holomor-

2
Tyt

Taking the blow-up, say €, of the family £, associated to ¥ = 11¥, we obtain
a pseudo-isotopy which satisfies the required conditions. O

2 o .

Proof of Proposition 2.1.C. We will assume that € is constructed from a symplectic
and holomorphic embedding:

k
o= 1] ¢s: 1B +2¢,), o, i)> (V,Q,7)
q=1

as in 5.3. According to 5.3.C there exists & > 0 such that foreachg=1,...,k we
have

?¥Q =p(l,x,) on L(3).
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The symplectic neighborhood theorem implies that there exist 6’ > 0 and a family
of diffeomorphisms F,: V— V, te[0; 1] with the following properties:

e Fo=1;

e F, preserves the exceptional divisors for all t;

e Forall g and 1, ¥ F ¥ Q, = p(1, 4,(t)) on £ (). (Note that 1,(0) = x,.)

o .
Set R(z) = 1—+yz’ and set ¥, = @,oR:B(l +y)— V. Let Q, be the symplectic

blow-down of the family F* Q, associated with = U';: 1 V4. Note that each form
of this family is cohomologous to Q, in view of 5.4.B. According to 5.4, Q, tames
J and [Q,] = [Q]. Therefore Q and Q, are isotopic. Moreover, (V, 2,) admits
a symplectic embedding of ]__[’,;= 1 (B(4,), ) due to 5.4.C. Combining these facts we
obtain the needed assertion. [
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