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The purpose of this paper is to study the geometry of the moduli space of rank two
vector bundles of fixed Chern classes over a smooth algebraic surface X. Of the two
topics which we will concentrate on, one is to determine the dimension and the
singularity of the moduli space and the other is to calculate the Kodaira dimension
of this moduli space.

For X a smooth algebraic surface over C and H, I two line bundles on X, where
H is ample, let Miy(d, I) be the moduli space of rank two H-semistable sheaves
E over X with det E = I and ¢,(E) = d. In late 70’s, Gieseker showed that My(d, I)
is projective and later, Maruyama, Gieseker and Taubes showed that My (d, I) is
non-empty when d is large. In the mean time, a lot of work has been done in
understanding the geometry of WMy (d, I) for special surfaces. However, not much is
known about the geometry of My (d, I') for general X. One basic result along this
direction is the Donaldson’s generic smoothness theorem. Namely, Donaldson [4]
(later generalized by Friedman [6] and Zuo [26]) showed that when d is suffi-
ciently large, the (open) subset ¥ 5(d, I) € My(d, I') of locally free H-stable sheaves
has the expected dimension and further,

codim (Sing ¥ y(d, 1), ¥x(d, 1)) = 4d, d>»0.

It is this generic smoothness result that allows Donaldson to show that his
polynomial invariants of the underlining smooth four manifold X is non-trivial. In
this paper, we will demonstrate that a stronger result holds for the whole moduli
space My(d, I). More precisely, we prove

Theorem 0.1 For any polarized smooth algebraic surface (X, H) and any fixed line
bundle I on X, there is a constant C depending on (X, H, I) such that whenever d = C,
then

(1) My(d, I) has pure dimension 4d — I* — 33(0y) as expected by R.R.;
(2) My(d, 1) is normal and further, for any closed s € My(d, I) that corresponds to
a stable sheaf over X, My(d, I) is a local complete intersection at s.
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One should view this theorem in contrast to the fact that the moduli space My (d, I)
is not in general smooth. As to the proof, it is based on Donaldson’s generic
smoothness theorem (of ¥(d, I'}) and the deformation theory. Loosely speaking,
the deformation theory [14] shows that the complete local ring R of any closed
point z € My(d, I) associated to a stable sheaf E is determined by a morphism
of complete local algebras o:T*— T!, where T'=C[[t;,...,t,]] and
m; = dim Ext'(E, E)°. (Here and later, we always use the superscript 0 to denote the
traceless part of the corresponding groups or sheaves). More precisely,
R=T! ®7,C. On the other hand, a generalization of Donaldson’s generic
smoothness result implies that R has dimension m; — m, when d is sufficiently
large. Thus R must be of the form C[[t,...,t.,11/(f1,. .. .fm,) and conse-
quently, My(d, I) is a lci. at z

Next we turn our attention to the study of Kodaira dimension of the moduli
space My (d, I). When X = P2, work of Barth, Hulek, Ellingsrud, Stremme and
Maruyama shows that the moduli space My (d, I) is rational when either degI or
d is odd. In case both deg! and d are even, they also gave quite a description of
My(d, I). In short, My(d, I') always has Kodaira dimension ¥k = — co. For some
ruled surfaces, Qin also showed that My (d, I') has Kodaira dimension — oo [24].
As to K3 surfaces, a consequence of Mukai’s work [18] shows that Mi,(d, I) has
Kodaira dimension x = 0. Recently, O’Grady has proved that when X is a surface
of general type (satisfying some extra conditions), then My(d, I') has Kodaira
dimension x = 0 [22]. All these indicate strongly that the Kodaira dimension of
M y(d, I) is very closely related to the Kodaira dimension of X. To this end, one
ponders what should be the Kodaira dimension of My (d, I) when X is a surface of
general type. In this paper, we will prove

Theorem 0.2 Let (X, H) be any minimal polarized smooth algebraic surface of
general type and let I be any line bundle over X so that ¢,(I)*Z is even for any
( — 2)-exceptional curve of Z = X. Suppose y(Ox) + I1-1 is even and that there is
a reduced canonical divisor D € |Ky], then there is a constant C depending on
(X, H, I) such that whenever d = C, then Wiy (d, I) is of general type.

The proof of this theorem is inspired by Donaldson’s work on polynomial invari-
ants of smooth four manifolds [4]. There are two main ingredients in the establish-
ment of this result. The first is to express the dualizing sheaf @ of My (d, I) in
terms of some line bundles of which we know how to construct global sections.
This can best be explained by looking at the fiber w ® k(s), where s € My(d, I)
is a smooth point associated to a locally free sheaf E. Since the Zariski tangent
space T, My(d, I) is Ext'(E, E)°, w ® k(s) can canonically be identified to
-1

top

</\ Ext!(E, E)°> . For simplicity, we assume that there is a § € H°(Ky) with

D = 6~ 1(0) smooth. Then there is an exact sequence

0— H}(&nd°(E;p) ® Kx) - Exti(E, E)®
9
ZLExt(E, E® Kx)° > Hh(#nd*(Ejp) ® Ky) - 0
induced by the exact sequence

0 E2LE@ Ky~ (E®Ky)p—0.
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By using Serre duality, we get

1 top (—1) top top -1
® </\H;‘,(é"nd°(E.D) ® KX)> </\ Ext'(E, E) ) (/\ ExtY(E,E® Kx)°>
i=0

- <'/< Ext!(E, E)0>®2.

Now if we let 9, (2, I') be the moduli space of rank two vector bundles on D with
¢y = Iy, then when E; is stable,

1 top {(—1)y\—1
( ® (/\ Hp(6nd®(Epp) ® Kx)) >
i=0

is the fiber of an ample line bundle on My (2, I') over the closed point associated to
the vector bundle E|p. More precisely, there is an ample line bundle £, on
Mp(2, I) so that under the rational map

V:My(d, [)——— Mp(2,I), P(E)= E,p when it is semistable,

P*(&L,) = ©®2 Therefore, the pullback sections of HO(MM (2, I), Z$") give rise to
a group of meromorphic pluricanonical sections of My(d, I). In fact, all of them
turn out to be regular. In this way, we obtain a lot of pluricanonical sections of
My (d, I). In this paper, we will use the fact that X is of general type in an essentially
similar way to show that

dim HY(My(d, I), 0®") = B+n"® 4 O(n°®D~1), B>0,d>0

when [ satisfy the condition of the theorem, where ¢(d) = dim My (d, I).

In order to determine the Kodaira dimension of My (d, I), we need to look at
the dualizing sheaf of a desingularization My(d, I) of My(d, I). Let Ty, ..., T, be
the exceptional divisors of n:‘.ﬁl,,(d, I)— My(d, I). Then there are integers
o; such that the dualizing sheaf @ of ‘.ﬁl,{(d, I) satisfies

m
W = n*(u(Z o T,»>.
i=1

(For simplicity, we assume  is Iocally free.) Note that when some of the o’s are
negative, which is possible in general, the question when a section
fn€ HO(My(d, I),w®") can be lifted to a section in HO(My(d, I), &>®") is quite
delicate. In our situation, this has been made easier by the existence of a 2-
canonical section 5, (of My(d, I)), constructed by O’Grady [23], that vanishes
along the exceptional divisor of w:My(d, I)—> My(d,1). Namely,
1, € HO(My(d, I), ©®2( — Y™ T:)). Therefore, 1f we let « be a positive integer so
that « + «; = 0, then for any n,e HY(My(d, I), ®®"), n*n, @ n$™ is a regular
section of the line bundle

n*w®n®&)®24n(__nazTi)=03®(1+2a)n( Z(a+ O()T)G ~®(1+2a)n
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Thus we will have

dim HO(EfRH(d, D), @®4t29m > dim HO(My(d, 1), ©®") = f+nD + O(n¥™1),
>0

which is what we need to establish the theorem.

The paper is organized as follows: Theorem 0.1 is proved in §1 and §2. Also in
§2, we shall explicitly construct the desingularization My(d, I) and discuss the
existence of local universal family on My (d, I). §3 is devoted to construct symplec-
tic forms of My(d, I') and its associated two-canonical forms. We shall finish the
proof of Theorem 0.2 in §4.

Notations

Throughout this paper, X will be a smooth algebraic surface over C, H will be
a fixed ample divisor and I will be a fixed line bundle on X. We recall the definition
of stability of torsion free sheaves. A rank r sheaf E on X is said to be stable (resp.
semistable) provided that E is coherent, torsion free and that for any proper
subsheaf L < E,

xe(n)  (resp. <)

1
1u(m) < rank (E)

1
rank (L)
holds for n sufficiently large. Here yg(n) = x(E ® H®") is the Hilbert polynomial
of E. E is said to be p-semistable if whenever L < E is a proper subsheaf with
rank (L) < rank(E), then

1
rank (L)

where deg(E) = ¢,(E)* H.

From now on, all schemes considered in this paper are over C. Suppose S is
a quasi-projective scheme and that E is a family of sheaves on X x S flat over S,
then for any closed s € S, we use E; to denote the restriction of E to the fiber X x {s}
of X xS over se S. We also use py and ps to denote the projection of X xS to
X and § respectively. Occasionally, we will use p; and p, instead. For any sheaf
E and line bundle L on X, we denote by Ext!(E, E® L)° the traceless part of

Ext'(E, E® L). That is, the kernel of Ext/(E, E ® L)— H'(L).

deg(L) =

1
= rank (E) deg(£)

1 Singularity of Grothendieck’s Quot-scheme

In this section, we will study the singularity of the Grothendieck’s Quot-scheme,
First of all, let us recall the definition of Quot-scheme introduced in [9]. For any
integer d and any component I < Pic(X), let £(d, Z) be the set of rank two
coherent sheaves E over X with det E € X and ¢,(E) = d. For technical reason, we
will work with the set £(d, X, n) = {E(m)| E € &(d, )}, where E(n)= E®@ H®".
Clearly, tensoring H®" gives a canonical identification between &(d, Z) and
&(d, Z, n). Let & be the category of all separable schemes of finite type over €. We
fix a (coherent) locally free sheaf W. For any S € &, we let Quot,(d, Z)(S) be the set
of all quotient sheaves pf W — E on X x S flat over S such that E;e £(d, X, n) for



Kodaira dimension of moduli space S

any closed s € S, where E; is the restriction of E to the fiber X x {s} over se S.
Clearly, Quot, (d, X) is a contravariant functor on the category <.

Theorem 1.1 (Grothendieck [9]) Quot,(d, Z) is represented by a projective scheme
2,(d, X). Namely, there is a quotient sheaf p¥W — F on X x 2,(d, Z) flat over
2,(d, X) such that for any S€ & and any flat quotient sheaf pfW > F on X x § in
Quot,(d, 2)(S), there is a unique morphism @ :S — 2,(d, 2) such that the quotient
sheaf pf W — F is isomorphic to the pullback quotient sheaf pf W — (1y x @)* F.

For the purpose of studying the moduli of semistable sheaves, we are interested in
the subset &(d, Z) = &(d, ) of H-semistable sheaves. We also need to choose
a special W. For any pair (4, X}, let n be a large integer so that for any E € £(d, 2",
H(E(n)) = 0 for i > 0 and H%(E(n)) = C®" generates E[7]. We then choose W of
Theorem 1.1 to be @~ ¢ and form the corresponding functor Quot,(d, 2) and the
Quot-scheme 2,(d, ). We further let 2,(d, Z)* < 2,(d, 2) be the (open) subset of
H-semistable quotient sheaves. The goal of this section is to prove

Theorem 1.2 There is a constant C depending on (X, H, X} such that whenever
d = C, then

(1) 2,(d, Z)° has pure dimension

n(d, 2, n) = 4d — I* — 3y(04) + N*> — 1 + h'(0y); (L.1)
(2) 2.(d, Z)® is normal and is a L.c.i. everywhere.
As explained in the introduction, the proof of the theorem consists of two parts.
The first is to show that under the assumption, 2,(d, Z)* has the expected

dimension #(d, Z, n). The second is to apply the general deformation theory to the
functor Quot,(d, ) to show that 2,(d, Z)* is indeed a l.c.i. everywhere.

We first show that there is a constant C depending on (X, H, Z) so that
dim 2,(d, Z)* < y(d, =, n), Vd=C. (1.2)

First of all, for any closed point z € 2,(d, Z)* which corresponds to the quotient
sheaf W — E, the Zariski tangent space of 2,(d, 2)* at z is

T.2,(d, )* = Hom(F, E),

where F is the kernel of W— E [9]. By using R.R., Maruyama [16, p. 596]
calculated that

dim T, 2,(d, ZY* = y(d, Z, n) + dim Ext*(E, E)°. (1.3)

Further, he showed that 2,(d, Z)* is in fact smooth at the quotient sheaf E when
the connecting homomorphism Ext!(F, E)— Ext?(E, E) is trivial. On the other
hand, Mukai tells us that the image of this homomorphism is always contained in
Ext?(E, E)° [18]. Thus 2,(d, X)* is smooth at z whenever Ext?(E, E)° is trivial.
Now let
¥:.2,(d, 2> &, 2

be the obvious map sending quotient sheal W— E to E{(— n). If we further
divide the set &(d,X)* into two subsets ofq(d,2) and =7;(d, ¥), where
2#o(d, 2) < E(D, X)* consists of stable sheaves E with vanishing Ext?(E, E)° and
#1(d, Z) = &(d, Z,n)"\.oAo(d, L), then the previous argument shows that
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2,(d, Z¥* is smooth along ¥ ~ (o4 ,(d, 2)). In particular, we will have

dim ¥ YA o(d, Z)) = n(d, 2, n) (1.4)
when it is non-empty. Next, we will show that when d is large,
dim ¥ Y(o,(d, 2)) S y(d, Z,n) — 2. (1.5)

Clearly, (14) and (1.5) together imply (1.2). Since h°(E)=N, for any
Eecé&(d, Z,n), dim¥ Y(E)< N?—1. Thus (1.5) follows from the following
lemma.

Lemma 1.3 There is a constant Cy, depending on (X, H, X)) such that the number of
moduli of o4 ,(d, X) is no more than 3d + Co(/d — I*/4 + 1).

Proof. We first recall the Donaldson’s generic smoothness theorem. Let #(d, Z') be
the set of all rank two locally free u-semistable sheaves E with det E€ X and
¢,(E) = d that have non-vanishing extension groups Ext*(E, E)°. By [4, 6, 26],
there is a constant C, depending on (X, H, 2) such that the number of moduli
(abbreviated # ,.4)

# moa B(d, £) £ 3d + Co(/d — 1*/4 + 1). (1.6)
Note that by Bogomolov inequality, #(d, X) is empty when d < I?/4.
As to the proof of the lemma, we use the double dual operation to relate the set
,(d 2) to #(d, X). More precisely, the operatlon that sends E to its double dual
EYY, E" is always locally free because X is a smooth surface, defines a map
)~ \J 8, D
d'<d
We claim that for any Ve #(d’, 2),
#maaF (V) S3(d ~d). (1.7
Suppose we have already established (1.7), then

Fmoa (4 2)S  SUp  {# e B(d', Z) + sup{# woaF (V)| VEB(d, 2)})}

1245d’Sd

sup  {3d' + Co(Jd' = IP/4+ )+ 3(d — d'}}

12j4<d’ 5d

<3d + Col/d — 174 + 1)

Thus Lemma 1.3 will be established if we have (1.7). Indeed, for any Ee F~ (1),
where Ve #(d’, 2), E is a subsheaf of V whose quotient V/E is a sheaf (has length
/(V/E)=d — d’) supported on discrete point set. Thus the question is to deter-
mine the number of moduli of the set of all quotient sheaves V' — Q with
£(Q)=d —d'. In [15], it is shown that this set has dimension exactly 3(d — d').
Thus # 4 F (V) £ 3(d — d'). This proves Lemma 1.3 and thus (1.2). O

A

As to the local structure of 2,(d, X )*, we will use the obstruction theory to show
that 2,(d, Z)* is a L.c.i. scheme. This is accomplished by first showing that locally,
2,d, Zy* is defined by an ideal J < C[t,y,...,t] generated by at most
k —n(d, Z, n) elements. Because we have already proved that dim 2,(d, 2)* <
n(d, 2, n), J is generated by exactly k — 5(d, 2, n) elements and consequently,
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2,(d, Zy*1salci. at z. To do this, we need to study the completion of local rings of
points on 2,(d, 2)*. First, let us fix some notations. Let z € 2,(d, 2')* be a closed
point corresponding to the quotient sheaf W — E. Let R be the local ring of z on
2,(d, LY and let R be the completion of R. Let m; = dim Hom(F, E), where F is
the kernel of W — E, and let m, = Ext*(E, E)°. Then because Hom(F, E) is the
Zariski tangent space of 2,(d, 2)* at z,

R=C[[ts, .ty 1, TS (tr,e - tw,)"

Clearly, if Theorem 1.2 is true, then Jis generated by exactly m, elements. Here, we
first prove

Lemma 1.4 With the notation as before, then the ideal J can be generated by at most
m, elements.

In order to prove Lemma 1.4, it is natural to look at a subfunctor of Quot,(d, )
which dictates the local moduli of the quotient sheaf E. Let @ be the category of all
Artin local C-algebras. For any 4 € €, we define Quot;(4) = Quot,(d, Z) (Spec A)
to be the subset of all quotient sheaves E, on X x Spec 4 such that E, ® k(z5) = E
as quotient sheaves of W, where z, is the only closed point of Spec A. Clearly,
LQuoty is a covariant functor of the category €. We say Quoty is pro-represented by
a complete local Noetherian C-algebra S if

Qll[)tE(A) = Homlocal C-algebra (S’ A)a VA € (g

Because Quot,(d, 2) is represented by the scheme 2,(d, Z)* and R is the local ring
of 2,(d, 2)* at z, Quot, is pro-represented by the complete local ring R.

Now we recall the obstruction theory of Quoty that is needed in relating the
structure of the R to the dimension of cohomology groups of E. We recall the
following definition:

Definition 1.5 The functor Quoty is said to have an obstruction theory with coeffi-
cients in V, where V is a finite dimensional C-linear space, if the following holds:
For any triple (A4, 1, E4;;), where A € % is an Artin ring, | € A is an ideal annihi-
lated by the maximal ideal m = 4 and E4; is a quotient sheaf of W ®¢ A/ on
X xSpec A/I in Quotg(A4/I), there is a function ob(4, I, E) e V ®c I has the
following properties:

(1) ob(A, 1, E, ;) = 0 if and only if there is a quotient sheaf E, of W ®c A4 on
X xSpec 4 flat over A that induces the quotient sheaf E,; when restricted to
X x Spec A/1.

(2) Suppose there is another triple (A’,I', E);;-) as before has the property that
f1A"— Ais a surjective morphism satisfying f(I'Yc Llet f,: V®I'—» V® I and
J*:Spec A/I - Spec A'/1’ be the induced maps. Then

Sy (ob{A", I', Ely/p)) = ob(A, L(id x f*)*E}. ).

The power of the existence of an obstruction theory for Qut, is best illustrated by
the following proposition. The proof of which can be found in [6, 1V]. (See also
[17,811)

Proposition 1.6 Assume Quoty is prorepresented by the complete local ring
Cl[ty.-- ., ,,,l]]/J where my = dim Tz 2,(d, Z)* and J < (tg,. .., tm, ). Suppose
Quot, has an obstruction theory with coefficients in V, then J can be generated by at
most dim V elements.
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Back to the proof of Lemma 1.4, we see that what need to be checked is that there is
an obstruction theory for the functor Quoty with coefficients in Ext*(E, E)°.

Lemma 1.7 There is an obstruction theory for the Artin functor Quoty whose
coefficients lie in Ext?(E, E)°.

Proof. The proposition is a variant of Mukai-Artamkin theorem about the defor-
mation of arbitrary coherent sheaves on X. In the following, we give the necessary
modification needed for our situation. The argument we proceed follows closely to
that of [6,IV]. (See also [2, 17].) Let 4 be a local Artin ring, I < A be an ideal
annihilated by the maximal ideal m. Suppose W ®,A/I = E 4 is a quotient sheaf
in Quotg(A4/I). In [2]. [6] and [18], they defined an obstruction function
ob(4, I, E 4;) € Ext*(E, E) ® I whose vanishing is equivalent to the existence of
a sheaf E, on X xSpec A flat over Spec A which induces the sheaf E,; when
restricted to X x Spec A/I. Therefore, to show that ob(A4, I, E 4) is the obstruction
function for the functor Quot;, we only need to show that the quotient sheaf
W ®¢ A/l - Eqp on X xSpec A/I extends to a quotient sheaf W®c A — E,4 on
X x Spec A flat over Spec A if and only if E ,;; extends to a sheaf on X x Spec A flat
over Spec 4. One direction is obvious. The other direction is also true because of
the following reason: Since W ®¢ A is locally free,

0-»I1—>A-> A/I->0
induces the following exact sequence
Hom (W ®¢ A4, E;)— Hom(W ®¢ A/, Eqy) > H (#H om(W, E)®c ).

By assumption, H'(E) = 0. Thus the quotient homomorphism W ®¢ A/l — E 4;
lifts to a homomorphism ¢ 4: W ®: A — E . Because ¢, ® k(0): W E is a quo-
tient homomorphism and E, is flat over 4, ¢, must be surjective. Thus
{@s: W® A— E,} € Quotg(A) is the desired extension. This completes the proof
of the Lemma 1.7. O

To derive a similar result for the local ring R, we need a lemma that relates the
structure of a local ring to its completion. First, we fix some terminology. Let
P =C[t,,...,t,] beapolynomial ring, m = ({y,. .., t,) be the maximal ideal and
letJ = (ty,....t,) beanideal of P. If we view J and R = P/J as P-modules, we can
form the m-adic completion J, P and R of modules J, P and R respectively. By
['1, §107, J is the same as the completion of J with respect to J n m. We also denote
by Jm, Pm and R, the localization of J, P and R at m respectively. We have

Lemma 1.8 Suppose R has the form
é = C[[t17~ . 1ln]]/(f1a- . vtm)s fla- .. afme(t17~ .. stm)’

then the local ring J,, can also be generated by m elements.

Proof. Since we have an exact sequence of P-modules

0->J->P—>R-0,
by [1, 10.12], their m-adic completions also fits into the exact sequence

0> J- P> R-0. (19)
By assumption, R = ﬁ/(fl,. .+ sJmw). Thus J=fis. oS
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Now we consider the mnatural homomorphism J,— J.  Because
I/ Jm s m = J/J <1, where m is the m-adic completion of the module m, we can

find fl,_. .. ,fm_e Jum such that p(f}) —fi € J - fir, where piJm— J. We claim that

Jw=(f1,...,fn) Indeed, for any fe J,, there is an f" € (f1,. .., f,) such that
p(fYy— p(f')edJ 1. Thus f— f" € J,*m. Therefore, we have

o S (F1s- o sfm) + Je 1L

Because (fi,. .. ,f:,,) < J.,, by Nakayama’s lemma, J,,, = (ﬁ,. .. ,f_,,,). This com-
pletes the proof of Lemma 1.8. 0

Now we are ready to prove Theorem 1.2.

Proof of theorem 1.2 Let ze 2,(d,Z}* be any closed point corresponding
to the quotient sheaf E. Let F be the kernel of W— E. We know
that T,2,(d,2)* = Hom(F, E). Assume m;=dimHom(F,E) and m,=
dim Ext?(E, E)°. By R.R.,, m, — m, = 5(d, X, n). Thus by our previous arguement,
there is a constant C depending on (X, H, X) such that when d = C, then
dim 2,(d, 2)* < my — m,.

Next, because 2,(d, X)* is quasi-projective, we can assume that locally near z,
2,(d, Z)* is defined by an ideal J = C[ty,. .., t,] with z defined by the maximal
ideal m = (t4,...,t,). Then lemma 1.4 and lemma 1.7 imply that the m-adic
completion J of J is generated by at most k — (my — my) = k — n(d, Z, n) elements.
Thus, by applying Lemma 1.8, we conclude that the localization of J at m, J, is
generated by at most k—n(d, Z,n) elements. But since we know that
dim 2,(d, 2y < y#(d, X, n), we must then have

dim (2,(d, Z)* at z) = n(d, Z, n)

and that 2,(d, 2)* is defined by exactly k — n(d, Z, n) polynomials in C[t,, . . ., t;]
near z. Thus, 2,(d, 2)* is a lL.ci. at z.

It remains to prove that 2,(d, Z)* is normal everywhere. But this is obvious
because when d is large, 2,(d, Z)* is smooth at codimension one points thanks to
(1.2). Thus the theorem has been established. O

2 The moduli schemes of semistable sheaves

In this section, we shall first apply Theorem 1.2 to study the singularities of the
moduli scheme MM y(4, I} of rank two semistable sheaves E on X with det E = T and
¢,{E)=d. We will then study resolutions of My(d, I} and study the question
whether there exist local (in the classical or étale topology) universal families on the
resolutions. The bulk of this section is devoted to answer this question at closed
points correspond to strictly semistable sheaves. We remark that when all sheaves
in My (d, I) are stable, that is the case when d is odd, then the second half of this
section is not needed for further study in §3 and §4.

In light of Theorem 1.2, we will first work on the moduli space My(d, £) of
H-semistable sheaves E with det E € 2 and ¢,(E) = d. We will show that when d is
large, My (d, Z) is normal and is a local complete intersection at the closed points
that correspond to stable sheaves. As to the proof, we will realize My(d, X)
as geometric invariant theory quotient of 2,(d,2)* by reductive group
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G = PGL(N, C) [7] and then deduce the properties of My(d, Z) from that of
2,(d, Xy

To work out the detail of this argument, a quick review of the construction of
the moduli shceme My (d, X) is in order. For any (d, X), let n be large as in Theorem
1.2 so that for any E € £(d, X, n), we have h(E) = 0,i = 1, and H°(E) generates E.
Thus for any semistable sheaf E € £(d, Z, n), an identification CY = H°(E) corres-
ponds to a unique closed point in 2,(d, 2)* and E itself corresponds to a unique
G orbit in 2,(d, Z)*. Certainly, 2,(d, Z)* is a G-scheme. In [7], Giescker showed
that when n is sufficiently large, a good quotient of 2,(d, £)* by G exists which is
exactly the moduli space $;(d, ). To characterize all closed points of M {4, Z),
we recall the concept of S-equivalence class of semistable sheaves: For any semist-
able sheaf E, there is a filtration

O=FycF,c - cF=E

so that F;/F,.,; are stable and s _, are proportional to xz. Set
gr(E)= @®!-F;/F;-,. Two sheaves E, and E, are said to be S-equivalent if
gr(E,) = gr(E,). By abuse of notation, we call a closed point z € My(d, 2) (or
z € 2,(d, 2)*) a stable point if the corresponding sheaf E is stable. Otherwise, we
call if strictly semistable. In the following, we will use My(d, X (resp. 2,(d, X)) to
denote the subset of stable points. We put the relevant results concerning the
quotient morphism 7:.2,(d, 2)* - My(d, Z) into the following proposition. The
proof of which can be found in [7, 16].

Proposition 2.1 There is a k:Z* — Z* depending on (X, H, X) such that for any
d and n = k(d), there is a good quotient of 2,(d, 2)* by G that is isomorphic to
My(d, 2). My(d, X) is projective. Further, any closed point of My(d, Z) corresponds
to a unique S-equivalent class of semistable sheaves in &(d, X). Finally, when
restricted to subset of stable points,

n:2,(d, 2 - My(d, 2)°
is a principle G-bundle.

We now prove the results parallel to the Theorem 0.1 regarding the moduli
WMyd, Z).

Theorem 2.2 There is a universal constant C depending on (X, H, Z) such that
whenever d = C, then the moduli scheme My (d, Z) is normal and My (d, 2V is a local
complete intersection.

Proof. By Theorem 1.2, when d = A4 and n = k(d), 2,(d, £)* is normal and a l.c..
Thus by universal mapping property, M y(d, £) is normal [19, p. 5]. Further, since
7:2,(d, Z) = My(d, 2y is a principle G-bundle and since 2,(d, 2) is a lcdi,
My (d, Z) is a Lc.. also. This establishes Theorem 2.2. O

So far, we have dealt solely with the moduli space of sheaves whose determi-
nants lie in X, As to the moduli space My(d, I') of sheaves with det = I, it can be
realized either as a closed subscheme of Wy (d, Z), where I € Z, or as a quotient of
My (d, ) by Pic(X)°. To view My(d, I) as a subscheme of M;;(d, X), we proceed as
follows: Let

dety:2,(d, 2y — 2 < Pic(X)



Kodaira dimension of moduli space 1

be the morphism induced by the invertible sheaf det # on X x 2,(d, X)*, where
& is the universal family of 2,(d, 2')*. Clearly, det, is G-equivalent, where G acts
on X trivially. Thus det, descends to a morphism det:My(d, X) =
2,(d, 2y )/G— X. We define M, (d, 1) = det ™ 1(I). We leave it to the readers to
check that Mig(d, I) = det™ (1) is the coarse moduli space of rank two H-semi-
stable sheaves E with det E = I and ¢,(E) = d. To compare the local structure of
My (d, I) with that of My (d, X), it is easier to use the quotient morphism

¢ My(d, ) — My(d, I)

constructed as follows: Let P be the identity component of Pic(X). P is a smooth
group scheme. There is a canonical action

D:PxMy(d, 2)> My(d, 2)

that sends any line bundle Lg on X x S (in P) and any family of semistable sheaves
Es on X xS (in My(d, X)) to the family Ly ® Egs. Let A < P be the discrete
subgroup of all order two elements and let P = P/A be the quotient group scheme.
It is easy to see that the action @ descends to a P-action

&P xMy(d, 2) > Myld, 2).

We claim that & is free and the quotient My (d, )/ P is isomorphic to My(d, I).
Indeed, let @,: P x £ — X be the P-action that sends [L] € P and L’ € X to the
line bundle L®* ® L'. @, is well-defined. Clearly, there is a commutative diagram

N id, d A
PxMy(d,2) 2 pux

{o | e,
My(d, Z)  —> .

Since X is a principal bundle over /f = point, My(d, X) is a principal bundle over
My(d, 2)/P. Therefore, My (d, X)/P is isomorphic to the section det ™ (I). This
completes the proof of claim.

Finally, for large d, because 0y (d, Z) is normal and P is smooth, My(d, I) is
normal also. Similarly, My(d, I)® is a lci. because My(d, £y is a lc.i. Thus
Theorem 2.2 and (2) of the Theorem 0.2 have been established. The (1) of the
Theorem 0.2 follows from (1) of Theorem 1.2 and that dim P = h*(0y). [

In the following, we shall discuss the existence of universal families (sheaves) on
X xMy(d, I). A sheaf E on X xMy(d, I) is said to be a universal family if for any
closed point se My (d, I), the restriction of E to the fiber of X x My(d, I) over
seMy(d, 1), say E, belongs to the S-equivalent class represented by s. It is known
that in some cases, especially when there are strictly semistable sheaves present, the
universal family does not exist even locally. For our purpose, we will introduce the
following concept: For any scheme 3 and f: I8 —» M, (d, I), if there is a classical (or
étale) open covering {U;} of 2B, a collection of sheaves E; on X x U, such that for
any closed se U;, E;, belongs to the S-equivalent class of semistable sheaves
represented by f(s) € My(d, I) and further, over each U; n U; there is an isomor-
phism

Ejxxw.nvp—Ejix xw. v,
E J
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then we say {E;} is a local universal family of ¥3. In the rest of this section, we will
construct a desingularization Miy(d, I) of My(d, I) and study the existence of local
universal families on My(d, I). As we will see, there basically are two types of
singularities of M (d, I). One type comes from the singularities of the Quot-scheme
2,(d, I*. Such singularities can be taken care of easily by using Hironaka’s
desingularization result. Another type comes from the presence of strictly semist-
able sheaves. It turns out that in general, we can not find local universal families
even on a resolution of these singularities. It is to circumvent this technical
difficulty that we will use the partial desingularization of Miy(d, I) introduced by
Kirwan [12].

Following Gieseker, any flat family of rank two torsion free quotient sheaves of
09N over X x S, say ¢: 0 s - Eg with det Eg = p¥1(2n) ® p¥ L, where L is a line
bundle on S, associates to a canonical section

Ao e HO(S, Homg( A2 OPY, H(X, 1(2n)) ® p¥L))
which induces a morphism
[ A2¢]:S - P(Hom( A22CN, H°(1(2n)))).

Here we adopt the notation that P(C') is the space of lines in C'. We denote
M = H®(I(2n)). Now, if we apply the previous construction to the Quot-scheme
2.(d, I'*® and its universal quotient family &, we obtain a morphism

w:2,(d, I — P ACY)" @ M). 2.1)

Proposition 2.4 (Maruyama [16]) There isax:Z" — Z* such that when n 2 k(d),
the morphism p of (2.1) is a locally closed immersion.

Certainly, under the dual action of G on P(({ A2C¥)¥ ® M), u is G-equivariant. Now
if we denote by P((A2C¥)” ® M) (resp. P((A2C")¥ ® M)*) the set of Mumford
stable (resp. semistable) points, then there is a x(-):Z* - Z* so that when
n 2 k{d), we have

uHPUACY)Y @ M) = 2,d, Iy
and
" HPUACN)Y @ M)®) = 2,(d, )™

(For definition of Mumford stability, see [19]). Let Z = P((A2C")* ® M). B
Mumford [19], the geometric invariant theory quotient Z*//G does exist. Z*//G is
projective and further, u induces a closed immersion

B My(d, 1)~ Z//G.

In [12], Kirwan described how to blow up Z along a sequence of non-singular
G-invariant subvarieties to obtain new projective variety Z acted on by G with
G-equivariant morphism ¢: :Z — Z such that all semistable points of Z are auto-
matically stable. Let Z* be the set of semistable points of Z. Then
$:2%//G— Z*[[G is a partial desingularization of Z*//G in the sense that all
singularities of Z* //G are finite quotient singularities.

The scheme Z* is obtained as follows: (The proof of the statements below can
be found in [12]). Since Z° # @, Z*\Z® 4+ @ if and only if there are semistable
points z € Z* such that the stabilizers stab(z) = G (of z) contain non-trivial connec-
ted reductive subgroups. Let r = max {dim stab(z){z € Z*} and let #(r) be a set of
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representatives of conjugacy classes of all connected reductive subgroups R € G
with dim R = r such that

W = {ze Z%|R fixes z} 2.2
is non-empty. Then
B, = ) GW (2.3)
Redk(r)

is a disjoint union of non-singular closed subvarieties of Z*. Since it is G-invariant,
the action G on Z* lifts to an action on the blowing-up Z, of Z* along B, and the
G-linearization of @,(1) can canonically be lifted to a G-linearization of z} 0, (k)
( — W), where W is the exceptional divisor of Z, — Z*, k is any integer and O,(1) is
the ample line bundle on Z of which the stability of points in Z was defined. When
k is sufficiently large, the set Z}° of G-semistable points of Z,, semistable with
respect to the G-linearization of n* @,(k) ( — W), is independent of k. In [12,§1],
Kirwan proved:

Lemma 2.5 (Kirwan) (1) The complement of Z?® is the proper transform of the subset
p~H(p(B,)) < Z* where p:Z* — Z*//G is the quotient morphism.

(2) No points of Z}® are fixed by a reductive subgroup of G of dimension at least r, and
a point in W% = Z n W is fixed by a reductive subgroup R = G of dimension less
than r if and only if it belongs to the proper transform of the subvariety Wg < Z*°.

To obtain Z%, we first blow up Z* along B, to get Z,. Let Z;° be the set of
semistable points of Z, (semistable with respect to the G-linearization of n} (k)
(— W), k » 0). We then blow up Z° along B, -, = Z°to get Z,_;, where B,_, is
the set of points in Z* that are fixed by some reductive subgroups R < G of
dimension r — 1. Then we blow up Z:°.| again along B,_, < Z}* |, and so on until
we obtain Z; that has the property that no connected (non-trivial) reductive
subgroup of G fix any semistable closed point in Z,. Then by [12], all closed points
of Z% are stable. Now, we assume d is large so that My(d, I') is normal. Consider
the normal subscheme 2,(d, I¥* < Z=. Let 2,(d, I)T = Z¥ be the proper transform
of 2,(d, I® < Z*. Note that because Z3 = ZT, all G-orbits of 2,(d, I){* are closed.

Next, we seek to desingularize 2, (d, I)5. According to Hironaka, a resolution of
2,(d, I)T can be derived by performing successive blowing ups along smooth
centers contained in the singular locus of 2,(d, ) < ZY and its blowing ups.
Because our goal is to find local universal families on the resolution, we need to
keep track the inclusion 2,(d, I)T = ZF as we do blowing ups. Thus, each time we
blow-up 2,(d, ), we will take a smooth G invariant subvariety Y contained in the
singular locus of 2,(d, I)7 and blow up 2,(d, I){ and Z{ along Y simultaneously to
get '2,(d, )T < 'Z7. Note that since ZT is smooth and has stable points only, the
closed points of the blowing-up '2,(d, I)¥ = 'Z} are all stable under G. Let
2,(d, )y < Z¥ be the pair of smooth schemes that is the result of this series of
blowing-ups. By our previous argument, stab{z)< G is discrete for any
ze€ 2,(d, I)§. Thus 2,(d, I)§/G is a partial resolution of Miy(d, I) in the sense that
all singularities of 2,(d, I} /G are finite quotient singularities.

In order to get a smooth resolution of My(d, I), we need to blow up 2,(d, [)§
further. First, we need a list of all possible stab(z) for z € 2,(d, I)§. We have the
following lemma the proof of which will be postponed until the end of this section.
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Lemma 2.6 For any closed z € 2,(d, I)§, stab(z) can possibly be {e}, Z, and
Z,XZ,.

We first blow up 2,(d, I)§ along the subset B, € 2,(d, I}§ of points whose
stabilizers are Z, x Z,(IB, is smooth and has codimension bigger than one). Let
M, be the set of points in the blowing-up whose stabilizer is Z, (the only remaining
possible case). We then perform one more blowing up along components of 2,
whose codimension are bigger than one. Let the resulting scheme be 2,(d, I
Note that the set 28 = {y € 2,(d, [)*|stab(y) + {e}} is a smooth divisor and all
points in I8 have stabilizer Z,. Therefore, Wﬁ(d Iy = 3,4, 1Y/G is smooth. In
particular, we obtain a desingularization Wy(d, ) of My(d, 1)< Z=([G. Let
Do My(d, I) > Myp(d, 1), let @o:2,(d, [)*> 2,(d, Iy and let 7:2,(d I
- My(d, I).

Proposition 2.7 Let & € My(d, I) be any closed point, let { e 7 1) < 9,(d, Iy
and let I' = stab(&). Then

(1) I'={e} of Z,,

(2) there is a I'-invariant smooth locally closed set V < ,@,,(d Iy* with E e Vsuch that
A ‘.UEH(d I) is T-invariant and further, V/I' is an etale neighborhood of
EeMy(d, ).

Proof. (1) has already been established in_the previous argument. As of (2), since
2,(d, I)* is smooth and since 2,(d, I)** — My(d, I} is a good quotient, we can apply
the étale slice theorem of Luna [19, p. 152] directly to our situation to obtain the
desired I-invariant subset V < ,@,,(d, 1), [

The remainder of this section is devoted to the proof of Lemma 2.6. To
accomplish this, we need to find a more manageable account of each blowing-up
;. 23— Z¥, . We first state the following fact:

Lemma 2.8 Let & € 2,(d, I)® be any closed point with closed orbit G - £. Then stab(¢)
can only be {e}, C* or PGL(2, C). More precisely, if we denote by E; the quotient
sheaf associated to &, then: (1) stab(&) = {e} if E, is stable; (2) stab(&) = C* if
E,=F, @F, with F; % F, and (3) stab({) = PGL(2,C) if E;= F@®F.

Proof. [5,16]. a

For any &€ 9,(4, I, we know that dimstab(£) < 3. Thus no blowing-up
Z# will affect 2,(d, I¥® < Z® unless possibly i < 3. Let ¢3:Z5 > Z% be the
blowing-up of Z¥ along

8= |) Gmy

Re®(3)

and let W be the exceptional divisor. We first suppose that there are semistable
quotient sheaves E e ,@ (d I)® so that E=F@F. Let £€ 2,(d, I} be such
a closed point. Since — Z= is an isomorphism along 2,(d, I)**, by abuse of
notation we will view & e 2,(d, I)* as a closed point of Z%.

Let m= N/2 and let ¢@,:C™— H°(F) be an isomorphism. ¢, induces an
isomorphism ¢ = (¢, ¢;): C¥ - H%(E). Let {e,, . . . , €2} be the obvious basis of
C?™ and let {v;}}-, be a basis of M = H°(I(2n)). Then £ € P({(A2C")" ® M) can
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be described up to scalar by

1
¥ N
f—;( . 0)®ve(AC) ®M, 24
where T; are m x m symmetric matrices defined by

Tiin = (@(e) A @lenin), v7).
We have

Lemma 2.9 Let R, = stab (&) = G. Then under the given choice of the basis of H°(E)
and M, MR, = Z* has the expression W, = P(Vo) n Z% where

! 0 Tl'
Vo = { Z ( 7 0 ) @ v;| T; are symmetric m xm matrixes}.

i=1

Proof. Clearly Ry = PGL(2, C) acts on P((A2CM)Y ® M) via

(D[R Beu]-[2( D B oo e

where A;, B;, C; and D; are m X m matrixes with A;, D; antisymmetric, B} = — C;
and a,...,d are mxm scalar matrixes. Here B' is the transpose of B. Suppose
w € W%, has the expression Y (& 5) ® v; and that for some iy, 4;, # 0. Then one
checks directly that w is invariant under PGL(2, C) only if B;,C;, D; = 0 for all i.
But then w can not be semistable. So A; has to be zero for all i. Similarly, D; = 0 for
alli. One further checks that w is invariant under PGL(2, C) implies that B; = — C;
for all i. Thus the lemma is true. [

Let N:B = T,Z*/T,;B be the normal vector space of B = Z* at £ and let
N Wy, be the normal vector space of W, = Z* at & Note that both B and
W = Z* are smooth at & [12, Corollary 5.10]. Then ¢3! (£) = W is isomorphic
to P(N.8). Since N.B < N, I%,,

¢35 ' (&) = P(N:B) < P(NIBR,). (2.6)

Further, since I, is fixed by Ro, Ry acts on P(N:23%,) and the inclusion (2.6) is
Ry-equivalent. Because for any { e ¢3 1(¢), stab({) < R(, Thus to classify those
{e @31 (&) withstab({) =+ {e}, it suffices to classify { € P(N,I%,) whose stabilizers
stabg,({) & R, are non-trivial.

Set V be the space of N x N antisymmetric matrixes and set

V, = {(TO T2>l To, Ty and T, are antisymmetric m x m matrixes}.
r, T,

Then V = V@ V, and further, V, is fixed by SL(2, C) and V, is invariant under

SL(2, C). Note that WE, = P(Vo ® M) (Lemma 2.9) and that the normal vector

space N B, of W, < Z* is isomorphic to V; @ M. Thus we only need to classify

points of P(V; ® M) with non-trivial stabilizers in Rg.

Lemma 2.10 Let P(V; ® M) be the projective space acted on by PGL(2,C) as
described. Assume { € P(V, ® M)* is a semistable point (under PGL(2, C)) such
that stab({) is non-trivial, then either stab({) = Z, or stab{{) = C*ve<Z,. In the
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later case, the fixed point set is PGL(2, C)-P(V; ® M) < P(V, ® M) where

V= 07
7, 0
Proof. Assume that

_fs(To T2
C_[Z<T‘l Tﬁ>®vi:|EP(V1®M)

i=1

T, antisymmetric } .

is a semistable point with stab({) = SL(2, C}/{1, — 1} non-trivial. Since { is
semistable under SL(2, C), then possibly after a change of the basis {»;} of M, we

1 1
can assume rank([? "2,) 2 2. Further, we can find a g, € SL(2, C) and integers
2 1

1 1
1 £ i<j s msuch that if we write go* (3 %)+ gb = (1;)), then
2 1

t . Lo
< wio tms >= (0 a), o+ 0. @7)
bnvij Im+iom+j o 0
Now let g e stab({). Then § = goggs ! satisfies
. T¢ T} N TS T3
g°go'<T21 T! *96°9' = 2go" T ‘go, AeC* (2.8)

One checks directly by using (2.7) that g must belongs to the subgroup

el Lo e e

One further checks that the fixed point set of R; in P(V, ® M)is P(V; ® M). Thus
if { € go ' P(V3® M), stab({) = gg ' * Ry *go = C*o<Z,.

Now assume {¢g ¢ ' *P(V3; ® M). Let go({) = Z(:‘; zf) ® v;. Then we can find

S . . TEOTs
kand 1 £¥' <j < m so that if we write (-, 1) = (s;;), then
2 1

(o )=o) 210
St am i Sitmi+m b ¢

. - i
with a % 0 or ¢ + 0. We first assume that § = ( 0 t"’)’ then
0

(5(T o \oroas( T T2 )

and (2.10) implies that A =1 and t3 = 1. Namely, § = id and then g = id (in
PGL(2, C)). Now suppose § = ( _ ?6’ 6"), using (2.10) again, we get A = — 1 and
a = — téc. Thus when (¢ PGL(2, C) - P(V;® M), stab({) = Z,. O

Corollary 2.11 With the notation as before, suppose { € Z5 over & € 2,(d, I)™ with
stab(¢) = PGL(2, C) and stab({) % {e}, then stab({) = Z, or C*e<Z,.
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Proof. This is clear because n:P(N,B)gP(N %)) is R, equivariant, where
R, = stab(¢). Since stab({) < stab(&) = Ry, { € P(N,B) is fixed by ge R, if and
only if #({) is fixed by g. Therefore, the corollary follows from Lemma 2.10. [J

Note that the stabilizer of points of the proper transform 2,(d, I < Z% has
dimension at most one. Thus 2,(d, )5 = Z5 is isomorphic to 2,(d, I)5. Let
B, = Z3 be the set of points whose stabilizers contain C* and let Z, be the
blowing-up of Z% along M, .

Lemma 2.12 Let £ € 2,(d, I)*® © Z* be any closed point with stab(£) = C¥*, then for
any { € W lying over &, where W, is the exceptional divisor of 2,(d, )Y — 2,(d, )%,
stab({) = Z,.

Proof. The proposition can be proved similar to that of Corollary 2.10. We leave
the proof to the readers. |

Lemma 2.13 With the notation as above and suppose { € W is any closed point lying
over £E€ Wy 2,(d, )5, where W, is the exceptional divisor of Z5 — Z%. Then
stab({) can possibly be {€}, Z, or Z, X Z,.

Proof. Since { € W,, dimstab(£) = 1. By Corollary 2.11, stab(¢) = C*<Z,. Let
R =C* ¢ R, = stab(&), let MR be the fixed point set of R in Z5 and let
B, = {z e Z7|dimstab(z) = 1}. Since every F ® F € 2,(d, I)* can be deformed to
sheaves of the form F, ® F; (in 2,(d, I**) with F, + F, for general t(at least when
d is large), by (2) of Lemma 2.4, the projection

qs:%lﬁWngis‘-)%}ngs

has the property that ¢(B, N W,) = B, and that T.B and T; W, span T, Z5. Thus
O Te(By N W,)— TyBs is surjective. (Here, all sets involved are smooth
thanks to [12].) Therefore the normal vector space N.B, of B, < Z5n 2,(d, I)$
at ¢ is contained in the tangent space T«{W, "¢ ' ¢(¢&)) and therefore N B, is
contained in the normal vector space of ¢ "1 p(E) "By = ¢~ ' ¢(&). By the proof of
Lemma 2.10, the normal vector space of ¢ ~ 1 ¢(&) A B, in ¢ ~ 1 ¢h(&) is contained in
the normal vector space of P(V; ® M) in P(V, ® M) at £ Clearly, the inclusion is
R equivariant. Similar to the argument of Corollary 2.11, to prove the lemma, we
only need to study the stabilizer stabg({) of all { e P(V’) where V' is the normal
vector space of P(V; ® M) in P(V; ® M). Here R acts on P(V’) via conjugation.
The normal vector space V' at ¢ is isomorphic to (V;/V3) ® M) where

0
Vi/Vs = {(§° TI)

To 0
0 7

t 0 0
(2 ) e

Then t* = 1. Thus stabg({) = {e} or Z,. However stab({) € C*><Z,. Therefore
since stabg({) n C* = Z, or {e}, the order of stab({) can only be 1, 2 or 4. We claim
that when the order of stab({) is four, stab({)=Z,xZ,. Indeed, all

Ty, Ty are antisymmetric}

For any we (V{/V3)® M,w:Z( >®v1,suppose
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g € C*<Z,\ C* satisfy g?> = 1. Thus there are at least two order two elements in
stab({). So stab({) = Z, x Z,. This completes the proof of Lemma 2.6. 0

3 Symplectic forms on i, (d, 1)

Let My(d, I) be the desingularization of My(d, I) introduced in §2 and let
Muld, o = My(d, 1) be the open subset of closed points lying over stable sheaves
in Wy (d, I). For d large, My (d, I)y is dense in My (d, ) thanks to the estimate (1.5).
In this section, we assume X is a smooth minimal surface of general type with
h%(Ky) = 1. We will explain how to construct (possibly degenerate) holomorphic
symplectic form

Og: TWy(d, I x TMy(d, I)o— C (3.1)

associated to an 0e H°(K ) originated in [22]. Then we will study when such

a section is non-degenerate at generic points of ﬂﬁ”(d, I)o. If this indeed is the case,
then

top - ®(-2)
det @, e </\ T By (d, 1)0> (3.2)

will provide us a two-canonical section of ‘JJNEH(d, I)o. One remarkable feature of
this section is that when d is large, it extends over ‘ITEH(d, I) and further, it vanishes
along the exceptional divisor of ‘ﬁiH(d, I)- My(d, 1).

First, let us give a brief account of Kodaira-Spencer map of a family of sheaves
on X which is needed in constructing the symplectic form ¢,. For any smooth
quasi-projective variety S and any family Eg of coherent sheaves on X x § flat over
S, we have the Kodaira-Spencer map associated to this family:

Kkg,: TS = Exty «5;s(Es, Es). (3.3)

Here &xt% «5/5(Es, Es) is the relative extension sheaf over S such that for any open
set U §, &xtixss(Es, Es)(U) is the Oy-module Extl « y{Esjx x v» Esjxx v)- K, is
defined as follows: We first consider a sheaf of graded algebra % on S, where
Y, = Us, 9, = Qg s the sheaf of differentials and %, = {0} for k = 2 and then form
the associated scheme Proj 4. We let n: Proj & — § be the morphism defined by the
homomorphism

51(95—-'@5@95, ';(f)=(ﬁ dsf).

The differential dg is defined as follows: Following [EGAIV, 0.20],
Os® Qs =0sRc05/F, where T = 03® Og is the ideal generated by
I1®f—-f®1, and dsf=1®f— f® 1. Clearly, pointwise, dsf ® k(s) = f— f(s)
(modulo m2) € 24 ® k(s) for closed point s € S. It is easy to see that the set of closed
points of Proj ¢ is isomorphic to S. Indeed, S embeds into Proj ¢ via the projection
0s ® % — 0. Since Ej is flat over S, (1y x #)* Eg is a sheaf on X x Proj ¢ flat over
Proj%. Thus

0> (Ixxn)*Es® F > (Ixyxy)*Eg—> (Ix xn)*Ejxxs— 0 (34

is exact, where _# is the ideal sheaf of X x S in X x Proj 4. (This is the sheaf of first
principal part of Eg given in [EGA 1V]) Clearly, ¢ = p¥Qg as O .s-modules.
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Now let
pr. € Exthcs(Es, Es ® p2Qs)

be the extension class defined by the exact sequence of Oy «s-modules (3.4).
Combined  with the canonical map Exty.s(Es, Es ® p¥Qg) ®c 05—
Extyxs;s(Es, Es ® p¥ ), pg, then defines a section

Os — Extyxs;s(Es, Es ® p§ Qs),
or equivalently, the Kodaira—Spencer map
kg T s Exty «ss(Es, Es). (3.5)

Here, 9 5= Q¢ is the tangent bundle of S. Finally, we remark that the
Kodaira~Spencer map «g_is canonical in the sence that if Fg is another family of
sheaves on X x S that is isomorphic to Eg via f: Fg— Eg, then

ke = L(f) ke R(f)7Y, (3.6)

where L(f):Ext(E,*)— Ext(F,*)and R(f):Ext(-, F)— Ext(-, E) are the induced
homomorphisms. Now we assume h°(Ky) = 1. Pick an 8 € H°(K x). We can define
a bilinear form @:J 5sx J s— U5 as the compositions of kg_with the Yoneda
product '

Extyxsis(Es, Eg)x Exty «s;s(Es, Eg) » Extyx s;s(Es, Es) (3.7

followed by tensoring 0

Ext} c5/s(Es, Es)—2> 813 c5,5(Es, Es ® pEKx) (3.8)
and then by taking the trace

éaXt)z(XS/S(ESa Es® piKy) > R?ps,(piKx) = Os.
The bilinear form @, was first introduced by Mukai [18] and Tyurin [25].

Lemma 3.1 The Mukai—-Tyurin bilinear form @g is skew-symmetric.
Proof. See [22]. O

There is a point-wise construction of the bilinear form ©,. For any rank two
torsion free sheaf E on X, there is an antisymmetric bilinear map

©o(E): Ext*(E, E)yx ExtY(E, E)—» C

associated to 8 € H%(Ky) defined as the compositions of the following maps:
8
Ext!(E, E) x Ext!(E, E) % Ext*(E, E)—— Ext*(E, E® Ky)—">H*(Ky).

Now let seS be any closed point. The Kodaira-Spencer map
ks: T, S — Ext!(E,, E) of the family Es at s € S then induces a bilinear form on
T SxT,S:

(s, Ks) E
¢9(Es): T,SxTS—— Eth(Es, ES)X EXtI(Es, E,) @olE,) C.
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Lemma 3.2 Under the canonical restriction homomorphisms
ts: Exty v s;s(Es, Es)— Ext'(E,, E;)

and ri: T g TS, we have ryo kg, = K ory and further, the following diagram is
commutative:

2]
g.s X g's —0~) (95
Lres L res (3.9)
PolEy)

TSxT,S —— C.

Proof. Tt is a local problem, so we can assume S is affine. The existence of r, follows
from [10, 111.9.3.1]. Here we have used the fact that &xt} x5;5(Es, Es) is defined as
hypercohomology of a complex of (finite locally free) sheaves #om( Fs, Fs), where
Fi— F¢— Eg is a locally free resolution of Eg[8,p. 705]. Then the identity
ryo kg, = Kkgory follows directly. For the proof of the second part, we use the
following commutative diagram

Extyxs;s(Es, Es) X Extyxs;s(Es, Es) — &xti«s;s(Es, Es®piKx) — R7psy(p3Kx)

Lrar) Ir, | res
Ext'(E,, E,) x Ext'(E,, E,) . Ext*(E, E @ Ky) > H*(Ky).

Here the two left row arrows are defined as the composition of (3.7) and (3.8). The
lemma will be established if we can show that R?ps,(pfKy)—— H*(Ky) is
surjective. But this is clear by using the base change theorem since R?pg, (pEKy) is
locally free.

Once we have the bilinear form @,, we can take the determinant of &, to obtain
a homomorphism (det 7 5)®? — 0. By abuse of notation, we denote the corres-
ponding section in H(S, w$?) by det @y. In the following, we show that this
construction yields a two-canonical section of My(d, I),.

Proposition 3.3 Associated to every 0 € H*(Ky), there is a Age H(Wu(d, ),
w®2), where w is the canonical bundle of My(d, I).

Proof. Let 7:2,(d, I)*— ifli,,(d, I) be the projection. By assumption, all closed
points of 77 '(My(d, I)o) have stabilizer {e}. Thus by applying (2) of Proposition
2.7, there is an open covering {U } of My(d, I'), by classical open sets such that over
each U, there is a lifting py: U = 2,(d, I)*° of U gMy(d, I)o. Let Ey (on X x U) be
the pull-back of the universal family of 2,(d, I*. Clearly, Ey is a local universal
family. Then by the previous construction, for any § € H?(K) and any U, there is
a two-canonical form det @, y € H°(U, @®2). (Since U’s can be taken as analytic
open subset of an étale neighborhood in Miy(d, I)o, the previous construction is
still valid). Now let U, ¥ < My(d, I), be two open subsets with UV =+ §.
Proposition 3.3 will be proved if we can show that

(det B, v)ju~v = (det Og v hyny- (3.10)

Since this is a local problem, we only need to check (3.10) near each points of
U v V. Since 2,(d, I\ - My(d, I is a principal bundle, so is 2(d, I)g — Myx(d, I ).
Thus there is an fyy: U n V' - G such that when restricted to U n V, fyy* pv = py.
Now let z € U n V be any closed point. At a neighborhood O of ze U n V, we can



Kodaira dimension of moduli space 21

lift fyy to fUV:O — GL(N, C). Thus on X x O, we have an isomorphism

fUV:EVIXxO_' EUIXXO'

Now let xy and iy be the corresponding Kodalra—Spencer maps of Ey and Ey

respectively, then by (3.6), ky = L(fyv) kv * R( fUV) when restricted to O. There-
fore near z,

Oy = tr(ky XKy @ 0)
= tr(Luv) kv RUpw) " % L) wu  RUpy) ' ®0)  (u11)
=tr(ky Aky @ 0) = O y.
Thus @y, piuvny = O, viunv and therefore (3.10) holds. O

To ensure that the two-canonical form det @, so constructed is non-trivial, we
need to check that the bilinear form @, is non-degenerate (or det &, is non-
vanishing) at the general points of $y(d, I'). We quote the following observation
made by O’Grady:

Lemma 3.4 Let zeMy(d, I) be a closed point corresponding to the sheaf E, then the
symplectic form @y is non-degenerate at z if and only if the map

Ext!(E, E)° 2% Ext!(E,E ® Ky)° (3.12)

is an isomorphism.

Now assume E is locally free at De|Ky|, where D = 0 ~'(0). Then the map (3.12)
fits into the following long exact sequence

—Ext(E, E® Kx)° — H}(6nd°(E; ) ® Kx) - Ext!(E, E)° -
2% Ext(E, E @ Ky)° — Hy(&nd®(E ) ® Kx) - Ext*(E, E)° -

By Donaldson’s generic smoothness result, if we assume d large and E generic, then
ExtO(E E®Ky)° = Ext2(E, E)° {0}. Further, since D is a canonical curve,
hO(&nd® (E|D)®Kx) hp{&nd°(E;p)® Kx). Thus (3.12) is an isomorphism
if and only if h}(&nd® (E|D)®Kx) = (. Thus, the question whether @, is non-
degenerate at general zeMy(d, I), has been reduced to the question whether
ho(é”ndO(E,D)® Ky) = 0 for general EeMy(d, I). To this end, we observe

Lemma 3.5 Suppose we can find a rank two locally free sheaf V on D with
det V' = I, such that h}(&nd®(V) ® Kx) < 1. Then there is a constant C depending
on (X, H,I) such that for d = C, we have h}(&nd®(Ep) ® Ky) <1 for general
EeMy(d, I).

Proof. By Donaldson’s generic smoothness result [4, 26], we can assume that there

is a constant C such that for d = C, Ext?(E, E(— D))° = {0} for general

EeMy(d, I). We can also assume that the general sheaves E in My (d, I) are locally

free (which follows from the estimate (1.7) and the Theorem 0.1). Thus, we will have
Ext}(E, E}° - Extp(Ep, E|p)°

is surjective for general E. We fix such a general E.
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Let V' be the given vector bundle on D with detV =1, and
h3(&End®(V) ® Ky) £ 1. We claim that there is a smooth affine curve S, sq, s;€8
and a locally free sheaf Fs on D x S of determinant pj1,, such that F, = V" and
F,, = E,p. Indeed, let L be a very ample line bundle on D so that both E,, ® L and
V' ® L are generated by global sections. Then ¥ (as well as E,| p) belongs to the exact
sequence

0-»L 'V L®ILp—0.

In particular, there are so, s, € Exty (L ® Ip, L™ ') whose corresponding exten-
sion sheaves are isomorphic to V and E|, respectively. Since Ext'(L ® Ijp, L™ ') is
affine, we can choose S to be a line in Ext'(L ® I, L~ ') containing s, and s,.
Thus the claim has been established.

Because hjh(&nd®(V)® Ky) <1, by upper-semicontinuity of cohomology
groups, for general se S, hh(&nd®(F,) @ Kx) < L. Therefore, the lemma will be
established if we can show that there is a deformation E,, te T'is a curve, of E such
that for general t€ 7, E, is isomorphic to general F,.

Let sem,, — m2 be uniformizing parameter of S. Let R; = Spec C[s]/(s*) < S.
We claim that for any k 2 2, there is a sheaf E;, on X x R, flat over R; that induces
E when restricted to the closed X < X x R, such that Ey|pxg, = Fspxg,. Indeed,
if we have already found E, -, then the obstruction to the existence of E, lies in
Ext?(E, E(— D)) which is zero by our assumption on E. Thus E, exists for all k.
Therefore, we can find an irreducible curve S’ in My(d, I) containing E such that
for general s'€ §’, E,| p is isomorphic to a general F,, s€ S. In other words, we have
hO(D, nd°(Esp) ® Ky) < I This completes the proof of Lemma 3.5. O

The existence problem of the desired vector bundles on D is largely solved by
the following proposition:

Proposition 3.6 Let X be a minimal surface of general type and let De|Ky| be
a reduced canonical divisor. Then for any line bundle I on X, there is at least one rank
two vector bundle V over D of det V = I|p, such that h°(D, &nd®(V)® Kx) < 1.

The case when D is smooth was first established by Beauville [3] and by [22].
Because the argument for the general case is quite independent from the the rest of
this paper, we will include the proof of this proposition in the Appendix.

Now we are ready to prove

Proposition 3.7 Assume X is a surface of general type admitting a reduced canonical
divisor D €|K x| and assume y(0x) + I-1 is even, then there is a constant C depending
on (X, H,I) such that for any d = C and for general E € My(d, I), we have

ho(D, £nd°(E,p) ® Kx) =0 .

Proof. Let C be the constant given by the Lemma 3.5 and Theorem 0.1. Then
by Lemma 3.5 and Proposition 3.6, for d = C and EeMy(d,I) general,
Ext*(E, E)° = {0} and h°(D, &nd°(E|p) ® Kx) < 1. On the other hand, the as-
sumption x(0@x) + I-I = even implies that My(d, I) is of even dimension. Thus
Lemma 3.1 implies that the kernel of Ext!(E, E)° — Ext!(E, E ® K)% is of even
dimension. Namety, #°(D, §nd®(E,;) ® Ky) is even. Thus it must be zero because
it is no more than 1. This completes the proof of the proposition. O

To this end, we know_that under the assumption of Proposition 3.7,
the symplectic form @, (on My(d, I),) is non-degenerate at general points. Thus
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the section
Ag = det @ye HO(My(d, 1o, ©®?)

is non-trivial at each irreducible component of My (d, I),. For our study, we will

show that when d is large, it extends over My(d,I) to section

Ape HO(Diy(d, I), ©®?). We will also show that the extended section A, vanishes

along the exceptional divisor W of ¥: WMu(d, )= My(d, ). We state it as a prop-
osition.

Proposition 3.8 Assume d > 0, then there is an extension Age H(My(d, I}, »®?) of
Ay having the property that A\ W =0, where W is the exceptional divisor of
¥ My (d, 1) — My(d, I).

Proof. Let & e iy, (d, I) be any closed point over a singular point ¥(&) of My (d, ).
First we assume that ¥(&) corresponds to a stable sheal. Let U < Wy (d, I) be
a classical neighborhood of & ety (d, I) so that a local universal family E,, exists
on X x U. By Lemma 3.2, we have following commutative diagram,

o
T:Ux T,U RIS

l (e, Ke) I
@

Ext!(E,, Eo) x Ext*'(E, E;) —— C.

Clearly, A,(¢) = 0 when det ©y(&) = 0 and when x,: T:U — Ext!(E,, E;) is not
injective. Since My(d, I) is normal, we have dim ¥ ~'¥(¢) = 1. Further, since
E: is stable, Ey restricted to X x ¥ 'W() is a constant family. Thus
k(T(¥ ~1P(£))) = 0. Therefore,

Ap(&) = detBy(¢) = 0 . (3.13)

Next we consider the case when ‘P(é)etﬂt”(d I) corresponds to a strictly semist-
able sheaf. By Proposition 2.7, there is a group I', I' = {e} or Z,, a I'-invariant
smooth (analytic) variety U and a (classical) neighborhood U of £ € Mty(d, I) such
that U/I' = U and such that there is a local universal family Eg on X x U with
a I'-linearization. Now consider the Mukai-Tyurin bilinear form @ ( U)on U asso-
ciated to the family Ey7. By (3.11), det @( U)is invariant under I and thus descends
to a meromorphic two-canonical form A, on U. We need to show that A, is indeed
regular.

We consider the case where I' = Z,. I' = {¢} can be settled | similarly. Since
U - U is a Galois quotient branched over a smooth divisor $ = U, A, is regular if
det @,;(U) has vanishing order at least two along S and A, vamshes at & if
det @4(U) has vanishing order at least four along S. Let (€S be a general closed
point. We again consider the following diagram

O UNE)

T.UxT.U -
l (K k) l
Ext!(E, E)xExt'(E, E) 2L €.

We claim that if

dimker {k;: T,U — Ext'(E;, E)} 2 4, (3.14)
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then det @;,(U)ew@’2 ®mc®4 where m; is the ideal sheaf of (e U. In fact, (3.14)
implies that the value of the antisymmetric bilinear form @4(U) at {, considered as
a kxk scalar matrix, has at least 4 zero eigenvalues. Thus by choosing an
appropriate local frame of TU, we can assume

O(T)(0) = (3 8) :

where A4 is a (k — 4) x (k — 4) antisymmetric matrix. In other words, we have

~ A4 0
ouor=(1 O)es.

where Bem®***_ Therefore, we must have det @g(U)ew om®t.

To this end, we only need to establish (3.14) by assuming d large. Let
YU < 2,(d, Iy — My(d, I) be the induced map. Then by (1) of Lemma 2.3, for
any ey “1(Y()), E; = gr(E,) is a direct sum of stable sheaves. Thus the subfam-
ily of Egy parameterized by the set  ~1(¥/({)) is also a constant family. Hence

T, (% " '((0)) € ker {x: T, U - Ext}(E,, E;)} . (3.15)

If we can show that for large d, we always have dimy ~'(¥({)) = 4, then
(3.14) holds and consequently, Ay is regular and A, |y = 0. Indeed, the set of closed
points in My(d, I') correspond to strictly semistable sheaves are parameterized by
sheaves F; @ F,, where ¢(F)-H = ¢,(F,)-H=3%H-1I and y(F,)= y(F,). Let
I, =¢(FYY/F). Then because d=1 + I+ ci(Fy)-¢c;(F;) and c;(F,)+
¢ (F,) = I, by Hodge index theorem,

I 2
L+1L<=d 7

Thus the number of moduli of the set of split semistable sheaves is at most
(hY(Ox) + 21) + (W Ox) + 21,) £ 2d + 2h"(Ox) — 3 1% < 4d — 1% — 3x(0O%),
ford>0.

Because S < U is of codimension one, for general (€S, dimy ~1(¥({)) = 4 when
d is large. Therefore, the proposition has been established. ]

4 Canonical sheaf of the moduli scheme

In the last section, we will first relate the dualizing sheaf of the resolution WMy(d, 1)
to a determinant line bundle on My (d, I). We will then show that the space of
sections of the k-th tensor product of this determinant line bundle has maximal
growth rate. Finally, by using the special sections constructed in §3, we will prove
that the moduli schemes My(d, I) are of general type under the constraint in
Theorem 0.2 provided that d is sufficiently large.

In the following, we assume d is sufficiently large so that 38y (d, I) is normal. Let
Wp(d, I) and 2,(d, I)* be the resolution of My(d, I) and 2,(d, I)* introduced in
§2, where EIRH(d I)=3,d, 1)*/G and G = PGL(N, C). Let & be the family of
sheaves on X x 3,(d, I)™ that is the pull-back of the universal quotient family on
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X x2,(d, 1)*. By usin% a finite length locally free resolution of & (which exists
because & is flat over 2,(d, I)*), one checks that the complex of sheaves

Extyxgio(&, €)° 4.1)

isa pgrfect complex on 2,(d, I)**. Here the subscript X x Q/0 is an abbreviation of
X x3,(d, 1)*/2,(d,1)*. Thus according to [13] (see [15] also), there is a deter-
minant line bundle

det (Exty xgio(&, €)°) “.2)
of the complex (4.1) on 2,(d, I)>.
Lemma 4.1 det(&xtxxgi0(8, &)°) is a G-line bundle on 2,(d, I)*.

Proof. In general & does not admit a G-linearization. However, if_ we think of
J(d, )* as a GL(N, ) scheme, where GL(N,C) acts on J,(d,I)* via
GL(N, €) - PGL(N, €), then there is a canonical GL(N, €)-linearization of &.
Thus det(&Ext i xgio(€, €)°) is a GL(N,C) line bundle. To show that the
GL(N, €)-action descends to a G-action it suffices to show that the group
C* < GL(N, €) acts trivially on det(&xtx x,0(&, €)°).

Indeed, for any sheaf E on X with g = c-id:E— E, ce C*, the induced
homomorphism on the similar complex (4.1), say

g% Ext{(E, E)° - Exti(E, E)°
is identity. Thus

2 top (— 1)t 2 top (=1
det(g,): ® </\ Ext(E, E)°> - ® (/\Ext&(E, E)°>
i=0 i=0
is also an identity homomorphism. Now by combining the base change property of
the determinant [13] and the smoothness of 2,(d, I)*, we conclude that the C*
action on the line bundle (4.2) is trivial. Therefore the GL(N, €) descends to
G-action on the line bundle (4.2). t
In the following, we denote the G-bundle det(&xt x « 9,0 (&, &)°) by Detyo(&, &).
Our next task is to study when the line bundle Det (&, &) descends to Wy (d, ).
We need the following descent lemma of Kempf:

Lemma 4.2 (Descent lemma) For any G-vector bundle V on 3,(d, 1Y, V descends to
My(d, I) if and only if for every closed point Eed,(d, 1)* with closed orbit G+ &, the
stabilizer stab(&) < G of & acts trivially on V.

Proof. See [5]. 4

Recall that for any closed Eed (d, D, G-&is always closed and further, if
stab( &) is non-trivial, then stab(¢) is Z,.

Lemma 4.3 For any closed 6e§n(d, )®, stab({) acts trivially on
Detx(8, &) @ k(&).

Proof. According to §2, if stab(&) is nontrivial, then the induced action on E by
stab(é) =Z, is generated either by (4 9):F,®F,~»F, @F, or by
(i, « 9):F®F - F®F. Here, é“’{— Fi,@® F, or F@® F. We will check the case
where gestab(¢) has the form (§ %). The other case can be proved similarly. First
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note that
Exti(éf:, éag)o = Ext{(F,, F,)® Ext(F,, F)®
(Ext{(Fy, F{)® Ext'(F,, F2))/H(0Ox))

and that Ext'(F,, F,)® Ext{(F,,F;) (resp. (Ext'(F, F\)@ Ext(F,, F;))/
H'(0y)) is the eigenspace of the homomorphism

gL Exti(&;, £:)° - Ext{(&,, &2)°

with eigenvalue —1 (resp. 1). Since y(Ext*(Fy, F,)} + x(Ext*(F,, F;)) is even,
det(g,) acts as identity on

2 top (—1)*
® (/\ Ext'(éag,é"é)o> .
i=0
Therefore by base change,
det(g,):det(Extyxgo(8, £)°) ® k(&) — det(Extxx gig(&€, £)°) @ k(&)
is the identity homomorphism. 0

Now we can apply the descent lemma to the G-bundle Det,y(&, &) to obtain
a descent line bundle on My(d, I). We denote the descended line bundle by
Det;3 (&, &). Our next proposition shows that Det,y (&, &) is very close to the
canonical line bundle of Wty (d, I).

Proposition 4.4 Let o be the canonical line bundle of My(d, I) and let W = My(d, I)
be the exceptional divisor of My(d, 1)~ My(d, I). Then the restriction of
Det;y (&, &) to the open set My (d, I\W is isomorphic to the canonical line bundle
w of WMy(d, ).

Proof.  Consider the complex (4.2) over 9,(d, 1)®. When restricted to
7Y My (d, INW) € 2,(d, )*, Extyxgio( &, &)° = {0} for i = 0,2 and

Exty gl €, 6)° 4.3)

is locally free. (We remark that since &xt (-, +) is defined as hypercohomology of
complex of locally free sheaves, the base change theorem still holds in this setting
[10, I11.12.11].) One checks that (4.3) is a G-bundle and thus descends to a vector
bundle over ‘JJI,,(d I)\W by descent lemma. We claim that the descent of
Extyxgilé, &)° is 1somorph1c to the tangent bundle T(Ry(d, )\ W). Indeed, let
# be the kernel of (9xe - &, then by [2,9,18], the tangent bundle of
7= YDy (d, DANW) < 3,(d, I)* is the kernel of the composition

e Homy g o(F, ) Extygio(8, 6)5 R po,(Ux o) -

Clearly, the image sheaf
”omXxQ/Q((O;‘{;insg) S Ker(u) (4.4)

is the relative tangent bundle of the fibration #:% Y(9,(d, IN\W)—
(My(d, I M\W. Thus the descent of the cokernel of (4.4) is 1som0rph1c to the tangent
bundle T(9My(d, I)\ W). By the vanishing of &xt <0/0(€. £)°, i = 0,2, the cokernel
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of (4.4) is isomorphic to (4.3). So the descent of &xt k. g,0(8, £)° is isomorphic to

(ﬂﬁH(d I\W). This implies that the descent of the determinant line bundle (4.2),
which is canonically isomorphic to the dual of the determinant of the descent of
(4.3), is isomorphic to the restriction of w to Wiy(d, I\ W. Thus the proposition is
established.

Corollary 4.5 Let W, =1, , | be irreducible components of W. Then there are
integers ay, . . ., dy such that w = Det,y (&, é”)(z a; W)).

Proof. This follows from the fact that both w and Det (&, &) are locally free and
that M, (d, 1) is smooth. 0

To show that Yi,(d, I} is of general type, we need to show that the space
HO(My(d, I}, ®™) has maximal growth rate. As explained in the introduction,
our first step is to show that the space HO(My(d, I), Detyy (&, €)®™) has maximal
growth rate. Because our argument is based on the assumption that X is a general
type surface, at some point, we need to relate the line bundle Det,, (&, &) directly to
canonical divisors of X. We have the following relation:

Propesition 4.6 For any divisor D€ |rKy|, let Det/Q(é” &\p) be the determinant line
bundle of the perfect complex €xtx « go(&, &\p)°, where &\ is the restriction of & to
Dx3,(d, ). Then

Det,o(&, &/p) = Deto(&£, )2~
as G-bundles.
We will prove Proposition 4.6 by first establishing the following lemmas:
Lemma 4.7 Let py: X x 3,(d, I)*® - X be the projection. Then the complex
Extyxgig(£.8 ® pEKy)° @.5)

is a perfect complex whose determinant line bundle Det;(€, £ @ piKx) a’escemfs to
a line bundle over Mty (d, I). If we denoted the descent by Det (&, & ® pxKy), then

Det)y(&, € ® PxKy) = (Det (&, &) o

Proof. The proof of the first part is a direct consequence of Lemma 4.2 and 4.3. To
establish the isomorphism, we apply the duality theorem to the (smooth) projective
morphism p, [11, p.210] to conclude that there is a complex of finite locally free
sheaves of finite length, say £, such that the complex (4.5) is quasi-isomorphic to
A while the complex (4.1} is quasi-isomorphic to the comples #om(#", 0). Thus
by [13],

Det, (&, & ® p¥Ky) = Dety(£, &) 7. (4.6)
Therefore their descents satisfy the same identity. O

Lemma 4.8 Assume A and B are two effective divisors such that Ky = O(A — B),
then

Det,(&, &,4) @ Dety(&, & 5) ' = Detjo(&, £)®? 4.7
as G-bundles.
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Proof. Since & is a family of torsion free sheaves on X x 3.(d, ) flat over

2,(d, I)®, by the local criteria of flatness, the sequence
0 &®px0x(— B)> EQpiKx— (6 @ pxKx)a— 0 (48)
is exact. (4.8) induces a long exact sequence
= Extlxgio(8, & ® pXOx(— B))® > Extxgio(6, & ® pXKx)® >

— Extlx«gi0(8: (€ ® pEKx)14)° = Exti(o0(8, & ® pxOx(— B))°
which gives rise to a triangle of complexes of sheaves

Extyxg(£, E @ pXUx(— B))° = Extixgio(é, 6 ® p3Ky)°

= Extixgio(€, (6 ®pEKi)4)°

Then by [13], the determinant line bundle of the respective complexes satisfy

Det/Q(éb, R P}Kx) = Det,Q(é”, (F® P}Kx)u) @ Det;y(8, €@ P;QX(— B)).
(4.9)

Similarly, by considering the long exact sequence induced by the short exact
sequence

0—EQpi0x(—B)—> & 8- 0,
we obtain another triangle of complexes.
Extixgi(€, & ® piOx(— B)® = Extixgio(8, )° > EXtixgi0(E, &15)°
and an identity of their determinant line bundles
Det,o(&, & @ pxOx(— B)) = Dety(&, &) @ Detyy(&8, &5) " .
Thus combined with (4.9) and Lemma 4.7, we have
Det (&, £)° 2 = Det,o(£, &) "' @ Det)p(€. € @ pxKx)
= Det,p(&, &13) ' @ Deto(8, (6 ® p¥xKx)|4) -
Thus the lemma follows from

Lemma 4.9 For any curve A < X, the G-bundle Deto{&, & 4 ® piL) is independent
of the choice of LePic(A).

Proof. We only need to show that for any effective Cartier divisor C < A,
Det,g(&, &14) = Detjg(8, £, ® pi04(C))

as G-bundles. Let #, —» &, — & be a length two locally free resolution of &. Then
the exact sequence

(I '@i[A e gilA ® P:(’)A(C)’* -@nc -0
induces a triangle of complexes

Extyxoo(R., Bya) > ExtiycoR, R4 ® pi04(C)) - Extyxgio(R., R.\c)
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and the identity
Det,o(Z., .14 ® pi04(C)) = Det;o(R., Z.,4) ® Detyo(R., R.\c) . (4.10)

Since the first and the second terms in (4.10) are the line bundles
Deto(&, 84 ® 0 4(C)) and Det (&, &) 4) respectively, the lemma will be estab-
lished if we can show that Det,y(Z., £.,c) = Oy. But this is obvious because

éaxt.A XQ/Q(‘%-’ '%~|C) = %Om(g,, ‘%~|C)
which of course has trivial determinant. Thus the lemma has been established.(J
We quote one more lemma whose proof appear in [15].

Lemma 4.10 Let Cy, C, and C, be smooth divisors of X so that C, is linearly
equivalent to Cy + C,. Then as G-bundles,

Detx(&, 8)c,) = Det (&, & c,) @ Det)p(&, &\c,) -

Remark. Though the lemma is stated and proved for smooth divisors of X in [15],
it is indeed true for any divisors Cy ~ C; + C,.

Proof of Proposition 4.6 First of all, by choosing smooth divisor 4 and B so that
Kx = Ox(A — B), we obtain the isomorphism (4.7). Then we can apply (4.9) and
(4.10) to deduce Proposition 4.6.

Now we demonstrate how to construct global sections of w®* by using the
Corollary 4.5 after Donaldson [4]. In the rest of this paper, we assume X is
a minimal surface of general type. For any smooth D e|rKy|, we consider the set

2,d,DH¥[D] = {se,@n(d, I)*|&, is stable and &), is semistable} .

Clearly, if we let Mp(2, 1) be the moduli space or rank two_semistable vector
bundles on D with determinant /,p, then the restriction to D x 2,(d, I)*[ D] of the
universal family & induces a morphism

¢p:3,(d, D¥[D] - Mp(2, 1) . 4.11)

We remark that ¢ is G-equivalent, where G acts on (2, I) trivially. We have the
following result of Donaldson,

Lemma 4.11 There is an ample line bundle ¥, on Mp(2, I) such that
@3(Lp) = Dety(8, 8)5) ' 2,(d, H™[D] . (4.12)
Further, this isomorphism is G-equivariant, where G acts on Zp trivially.

Proof. We first remark that since over 3,d, 1 y*[ D], &p is locally free, the restric-
tion to 2,(d, )*[ D] of the complex of sheaves

Extxxoil€, &)p)° 4.13)

is isomorphic to the complex of sheaves

R'PQ*(év"do(ﬁ"m)) .

Now let % %' be the functor that sends any separable finite type scheme S over C to
the set of all families of rank two semistable vector bundels Fg on D x S over S with
det Fg = p5(I,5) ® ps L, L Pic(S), where two Fs and Fj are considered identical
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if Fg = Fs® p¥ L' for some L’ ePic(S). %% ! is coarsely represented by the projec-
tive scheme M, (2, I). Next, for any scheme S and any family of semistable vector
bundles Fse %2 (S), we assign to it the line bundle

det (R'ps, &nd°(Fs)) e Pic(S) . @.14)

Clearly, if Fg = F5 ® p L for some L € Pic(S), then det(R " ps, £nd®(Fg)) is canoni-
cally isomorphic to det(R'ps,&nd®(F5)). Thus combined with the base change
property, (4.14) defines an element in Pic(% % ’)-the Picard group of the functor
4%+ [5). It is shown, for instance using Lemma 4.2, that the line bundle (4.14) is
indeed the pull-back of a line bundel on M, (2, ). We denote the inverse of this line
bundle by .#5. Then (4.12) follows from the universality of the line bundle #},.
Finally, the ampleness of the line bundle ., follows from [3]. 0

Up to this point, we are able to construct a lot of G-invariant sections of
Det,o(&, €5)®™ on 9,(d, 1)*[D] by appealmg this restriction technlque
Namely, for any positive integer m and any ve HO(Dp(2, 1), LE™), ¢3(v) is
a G-invariant section of Det, (&, é”“))@( ™ over 3,(d, 1)*[D]. Our next task is to
show that all of them extend canonically to 2,(d, I)*.

Lemma 4.12 Let De|rKy| be a general smooth divisor. Then any section @$(v),
ve HO(Mp(2, 1), ,Sf@”‘) extends uniquely to a section in H%(Z,(d, I)*,
Det (&, &) ™).

Proof. We first consider a special case. Suppose S is a smooth affine curve, pe S, F is
a rank two locally free sheaf on D xS with detF = pjl,, such that F, are
semistable for all closed s e S\p. We let det (R’ ps, £nd°(F)) be the determinant line
bundle on S. By the proof of Lemma 4.9, the morphism ¢ : S\p —» Mp(2, I') (induced
by the family F) has the property
0*(£p) = det(R ps, End°(F))js, -

Now let ve HYMy(2,I), £§™) be any section and let o*(v)e HO(S\p,
det(R'ps, &nd°(F))®= ™) be the pull-back section. We claim that ¢*(v) extends
to a regular section @*(v)** on S.

Indeed, since My (2, I) is complete after p0551b1y taking a base change n: S — S,
there is a locally free sheaf F on D xS such that the restriction of F to
D ><(S\7r '(p)) is isomorphic to T*(F|p(s\y), where #:D x S D xS, and such
that F, is semistable for all se S, Let ¢ = @on:S\zn ~!(p) > Mp(2, I) and let $*(v)
be the pull-back section (over S\z ~!(p)) based on the isomorphism

PH(Zp) = det(R psy End*(R* F)) 5 (p)
By base change property of the determinant line bundles,
n* det(R s, nd®(F))® ™ = det(Rps, £nd (7% F))® -

and ¢*(v) = n*@*(v). Thus ¢*(v) extends if and only if $5,(v) extends. Therefore,
without loss of generality, we can assume S = S. Clearly, F belongs to the exact
sequence

0F5FoA4-0, 4.15)

where A is a torsion sheaf supported on D X p. Dualizing the sequence (4.15), we get
0-F' = FY"54'-0. (4.16)
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By tensoring (4.16) by F and tensoring (4.15) by F¥, we get
0> F QF-F' @F->A®F-0; @.17)
0> F'QF->F' ' QF>F ®A—-0. (4.18)

Now we apply the functor det(R ps,(-)) to the exact sequence (4.17) and (4.18) to
get

det(R'psy(F¥ @ F)) = det(R'ps, (F¥ ® F)) ® det(R ps,(F¥ @ A))
= det(Rpsy(F¥ ® F))® det(Rps, (4’ ® F)) !
® det(Rps,(F¥ ® A)) .
Since det(R ps,(F¥ ® F)) = det(R ps, £nd°(F)), we have
det(R ps, &nd°(F)) = det (R ps,&nd®(F))(Ip).
where | = y(F¥ ® A) — x(A’ ® F). Thus
det(R ps, &nd®(F))®=™ = det(Rpg, &nd*(F))® " (— mip) . (4.19)

Clearly, the morphism ¢:S— Mp(2, 1) induced by the family F coincides
with ¢ when restricted to S\p and further, the pull-back section
d*(v)e HO(S, det(Rps, End °(F))®—™) coincides with @*(v) over S\p via the
isomorphism (4.19). Thus, ¢ *(v) extends if

l=(F'®4)— (A ®F)<0. (4.20)

We prove (4.20) by induction on the length #(A4,,,«s) where xoeD is a general
closed point. Since Fg is locally free, without loss of generality, we can assume
rank, A @ k(p) = 1. Thus rank, A’ ® k(p) = 1 also, Since F ® k(p) is semistable,
we must have deg, A ® k(p) < 3I-D. Therefore, y(F¥ ® A® k(p)) £ 2x(Op).
Similarly, y(A’ ® F ® k(p)) = 22(0p). Hence

HUFY ®A®K(p) — 1A' ® F®k(p) £0.
Next, let F’ be the kernel of F— A ® k(p). F’ belongs to the exact sequence
0> F5F 5 B-0
I NN
0>F-Fo A-0.

Clearly, A/B= A®k(p), s0 £(B|,xs) < £{Ajxs) By induction hypothesis,
WFY ®B)— x(B'® F) £0. So

1(FY®A)— (A’ Q@ F)=y(F¥ @ AQ k(p)) — (4’ ® F ® k(p))
+2(F'®B)— (B ®F)<0.
Therefore, ¢*(v) extends to a regular section over S.

Now we prove the extension lemma. We first let 3,(d, I)*[ Kx] be the open

subset_ of 3 A(d, 1)* consisting of K X—semlstable quotient sheaves and let
W= 3,(d, 1**\3,(d, )*[Kx]. By [23], I is a closed subset of F,(d, )™ of
codimension at least one when d > 0. Let 1B,, . . . , I, be irreducible components
of M that have codimension one. By choosing De[erl general, we can assume
&, p is locally free for general se¥B,, ..., W, Now we apply the Bogomolov’s
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result which says that if E is y-semistable with respect to Ky and r = 2d + 1, then
for smooth D e|rKx|, E|p, is semistable provided that E|; is locally free. Therefore,
if we assume d large, r = 2d + 1 and D general, the compliment of 2 (d nH*[D]in

2.(d, I)*[ K] has codlmensmn at least two. (We know that when d is large, the
general points of 3,(d, I)* corresponds to locally free sheaves.) Take a smooth
curve S, pe S, and a morphism u: S — 2,(d, I)* so that u(S\p) € 2,(d, [)*[ D] and
u{p)eW; is general. Let Fg be the pull-back of & via pu. By shrinking peS§ if
necessary, we can assume Fgp is locally free. Then

p#*Det,o(8, &) p) = det(R psy End°(Fsp)) .

Thus by the previous argument, the pull-back section u* ¢ §(v) extends to a regular
section over §. Since 2,(d, I)** is smooth, ¢}(v) is regular along IB;. Therefore,
@3(v) extends over 2,(d, I)*. O

Clearly, the extensions of ¢@}(v)®* are G-invariant. Thus they descend to
sections in

HO(My(d, I), Detj(&, &)™) .
Therefore, by Lemma 4.7 and 4.8, we proved
Proposition 4.13 For any m = 0 and general D €|rK x|, there is a homomorphism
om: HO(Mp(2, 1), £8™) = HO(My(d, I), Dety (&, £)22™)
that is induced by isomorphisms in Lemma 4.11 and 4.12.

Proposition 4.14 Suppose (X, H) is a minimal surface of general type and I € Pic(X)
is a line bundle has the property that c¢,(1)+ Z is even for any (—2)-exceptional curve
Z of X, then there is a constant C depending on(X, H, I)) such that foranyd =2 C and
any irreducible component M < My(d, I),

h (M, Det/M(é”, g)@m) = C‘mc(d) + O(mc(d)—l)
with ¢ > 0 and ¢(d) = dimMy(d, I).

Proof. Let Q < 2,(d, I)* be the irreducible components corresponding to M and
let @p:Q— Mp(2,I), De|rKx| general, be the rational map (4.11). Then by
Proposition 4.13.

h°(M, Det;p (8, £)22™) 2z cem? + O(m" "), ¢ >0,

where f = dim ¢, (Q).

We claim that dim ¢ p(Q) = dim My (d, I} when r is large. Indeed, let Y be the
canonical model of X and let Z = X be the exceptional divisor of f: X — Y. Then
for large d and general Ee M, Ext*(E, E(— Z))° = {0}. Thus by the assumption on

the degrees of E along components of Z, E|; = ~ 092 Now let E, F be two general
members of M, then (E¥ @ F); = 0Pt We claim that thc;—:nf*(Ev ® F) is locally
free. Indeed, for any integer k, assume (E¥ ® F)jiz = 0%*, then because

h'(Z,(E¥ @ F)z(— kZ)) = h°(Z,(F" ® E)z((k + 1)Z))
=h°(Z, O4((k + 1)Z)®*) =0
HO((k + )Z,(E” ® F)+1y2) > HY(KkZ,(E¥ @ F)jiz)
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is surjective. Therefore, (EY @ F);z = 0" for any k by induction on k. In
particular, f,(EY ® F) is locally free over Y by [10, 3.11]. Next, since Ky is ample
on Y, we can choose r large so that for any locally free E, FeIMy(d, I) with
f+(EY ® F) locally free, h'(Y,f(E¥Y ® F)(—rKy))=0. Now let E, FeMy(d, I)
be any two stable locally free sheaves. Assume E|p = F|p, D e{rKy| general. Since

H(Y.fu(E¥ ® F))»> H(f(D).f(E” ® F)) = H*(D, EY ® F) + {0}

is surjective, there is a non-trivial homomorphism g: E - F. Since E and F are
stable, E = F. Thus ¢:2,(d, [)*/G— M*>!(D) is generically one-to-one. So
dim ¢p{2,(d, ™) = dim My{d, I). ]

Now we prove the main theorem:

Theorem 4.15 Let (X, H) be any smooth minimal surface of general type and I a line
bundle on X such that ¢,(I)-Z is even for any (—2)-exceptional curve Z of X and
that y(Oy) + 12 is even. Suppose there is a reduced D€ |K x|, then there is a constant
C depending on (X, H, I) such that for any d = C, My(d, I) is of general type.

Proof. According to Corollary 4.5, the canonical line bundle w = Det;y (&, &)
(Y a;W,). On the other hand, under the assumption on X and I, the two-canonical
section A, constructed in §3 is non-trivial at each irreducible component
M < Mty (d, 1) and is indeed a section of w®2(—~W) when d is sufficiently large,
where W is the exceptional divisor of My(d, I)—> My(d,I). Now let
o = max {— a;}. Then there is an injective homomorphism

HO(M, Det/y (&, £)®™) —  HOM, ®! +2m)

) U

v — VR AY™
It is well-defined because ve HO(M, 0®™"(—mY a;W;)) while A§*"e H'(M,
®®2™(— amW)). Thus for m » 0,

dim HO(M, ®( +2m) > dim H°(M, Det, (£, £)®™)
=com L Om Y, ¢>0.

Thus, the theorem and the Theorem 0.2 has been established. O

The requirement that there is a reduced D €| K| is a technical condition. All we
need is a result similar to Proposition 3.6 for arbitrary canonical curves. The
condition that x(0x) + I# is even should not be necessary. One indication along
this line is that if we assume h°(Ky) = 3, then we can choose three general 0, 0,
and ;e H%(Ky) to form three symplectic forms @,,,. Then it is likely that

< Gy, Oy,

>: TWy(d, 1) x TWRy(d, 1) —» TRy (d, 1) x Ty, (d, I)
@93 @Gx

will be non-degenerate at general points of Wy(d, 1). Thus its determinant will
provide us the desired pluri-canonical section in proving Theorem 0.2 in the
general case. The author conjectures

Conjecture. For any smooth minimal algebraic surface (X, H) of general type and
any fixed line bundle I such that c,(I})+-Z are even for any (—2)-exceptional
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curve Z, then there is a constant C depending on (X, H, I) such that whenever d = C,
then My(d, I} is of general type.

The techniques developed in this paper can be employed to study the Kodaira
dimension of the moduli Wiy(d, I) for other surfaces. For example, when
k(X)= — o0 and — rKy, r > 0, is effective, then one easily sees that My(d, I) will
have Kodaira dimension — co. For X with Ky = Oy, «(My(d, 1)) = 0 because
Proposition 3.8 provides us a two-canonical form on a desingularization of
My(d, I). When x(X) =0 while K; & 0y, one checks that x(Dy(d, I)) <0 and
the equality holds if My(d, I) is smooth.

5 Appendix

In this appendix, we are going to prove the following proposition:

Proposition 5.1 Let X be a minimal surface of general type and let Ce|Ky| be
a reduced canonical divisor. Then for any line bundle I on C, there is at least one rank
two locally free sheaf E on C with det E = I such that

ho(C, énd®(EY® Ky) < 1. (5.1

The tactic used in attacking this problem follows closely with that of Mumford in
his study of Prym variety [21]. We outline the proof briefly here. For simplicity, we
assume C is irreducible. First of all, let E be a sheaf as in Proposition 5.1 and let
xeC be a general closed point. We consider an elementary transformation F of
E by the exact sequence

0-F->E->C,—0. (5.2)
By a careful study of H*(&nd®(F) ® Ky), we can show that for general homomor-
phism E- C,,
ho(End®(EYQ Kx) — 1, if h%(&nd®(E)® Ky) =
{, if h(End®(EY®Ky)=0 .
Thus if k°(&nd°(E) ® Kx) + 0, we can actually decrease it by replacing E with F.
One draw back of this maneuver is that since det F = I(— x), F is not what we

want. The solution to this is to perform elementary transformation one more time.
More precisely, we construct E’ by the following exact sequence

0-E~-F-C,-0.

hO(8nd°(F) ® K) = {

The same argument shows that in any case, we will either have
ho(&nd®(E'Y® Kx) < h°(&nd®(E)® Kx) oritis alre}dy < 1. Finally, let 4 be an
invertible sheaf on C such that A®? = @¢(x + y) Then the sheaf E’® A has
determinant I. Therefore, if we begin with a general sheaf E, E must satisfy (5.1).
From now on, we always assume C K| is reduced, I is an invertible sheaf on
C and except when mentioned is made to the contrary, all sheaves considered are
rank two locally free sheaves on C. Before we prove Proposition 5.1, we first state
the following results:

Lemma 5.2 Let E, be a family of locally free sheaves on C with detE, =1, teT.
Suppose the parameter space T is connected, then h°(C, &nd°(E,) ® K x) is constant
modulo 2.
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Proof. The case when C is smooth was established in [3, 22]. By a careful study of
their proofs, one sees that the only thing needs to be checked in order to generalize
their proofs to the reduced curve case is that one can define a residue map
wc(D)/we— €, where D is a reduced effective Cartier divisor of C, such that for any
geH%wc(D)), Y ..pRes(g) =0 and when Res.(g)=0 for any xeD, then
g€ H®(w¢). But this certainly can be achieved by the exact sequence

H®(wc) - H*(wc(D)) > HP(wc(D) o) == H'(w¢) = C.

We leave the detail of the proof to the readers. |

Lemma 5.3 Let w¢ be the dualizing sheaf of C, let D be any Cartier divisor on C and
let S < C be any irreducible component. Then if the restriction homomorphism
HY(C, wc(— D))= HO(S, we(— D)) is trivial, then for general closed point x€ S,

H°(C,0(D + x))—> O(D + x),,
is surjective.
Proof. Assume H®(C, O(D + x))—> O(D + x), is trivial, then H%(C, O(D + x)) =
H°(C,0(D)). By RR. and duality, we then have h%(C, wc(— D))= h°(C,
wc(—D — x)) + 1. But since we have assumed that H°(C, wc(— D)) — H(S,
wc(— D)) is trivial, we must have h°(C, wc(— D)) = h°(C, we(— D — x)), a contra-
diction. O

We also need the following technical lemma:

Lemma 5.4 Let C = Dy + D, be a splitting (D, may be empty) and let S < D be an
irreducible component. Suppose E is a rank two locally free sheaf on C and suppose
F is defined by the exact sequence

0-»F->E-2>C,->0, (5.3)

where x €S and @, are general closed point and homomorphism respectively. Then
h°(Dy, &nd°(F)(Dy)) £ h°(Dy, End®°(EXD,))
unless the restriction homomorphism
Ry s:H%(Dy, End®°(E)(Dy + D3))— HO(S, £nd®(E)(D, + D3)) (5.4)
is trivial. In this case, we have h°(Dy, &nd®(F}(Dy)) £ h°(Dy, End®(EYD )+ 1.

Proof. Let r = h°(D,, &nd°(E)(D,)) and let ry = h°(D,, Op,(D,)). Because the
dualizing sheaf wp, = Ky |p, (D) = Op,(2D; + D;), by R.R. and Serre duality,

Homy, (E, E(Dy + D;)) = x(Dy, E¥ ® E(Dy + Dy)) + Extp, (E, E(D; + D))
=2D,D,+r+rg.
We first assume that for general xe S and ¢,

Hom,, (E, E(D, + D,))— Hom(E, C,) = €®> (5.5)
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is surjective. Then dim Homp, (E, F(D; + D;))=2D;-D, +r +ro — 2. By RR.
and Serre duality, we have

dim Homyp, (F, E(Dy)) = x(Dy, F¥ ® E(D)) + Ext},(F, E(Dy))=r +ro .

Since Homy,(F, F(D,))— Homyp, (F, E(Dy)) is injective, we must have
ho(D,, End(F)Y(Dy)) £ r+r,. Or equivalently, h°D,,&nd®(F)(D,)) <
ho(Dy, End°(E)(D,)).

Next we consider the case where Rg g (cf. (5.4)) is non-trivial while the
homomorphism in (5.5) has image € for generic x and ¢,. Note that then

Im{H%D,, 0p,(Dy + D)) H°(S, Op,(D, + D))} = {0} . (5.6)

For similar reason as before, we have dimHomy, (E, F(D, + D,))=
2D,+Dy 4+ r+ry— 1 and by R.R. and duality, we have dim Hom,,(F, E(D,))=
r +ro + 1. Thus

dim Ho(D,, End®(FYD)) S r+1.

It remains to show that the equality does not occur when xS and ¢, are general.
Namely, we need to show that the homomorphism

o:Homy, (F, F(D,))— Hom,, (F, E(D,)) (5.7)

is not surjective. Here is our argument: We first consider the filtration
E(—x) < F ¢ E and the induced filtration

Homp, (F, F(D1))< Homp, (F, E(Dy)) 5 Homp, (E(=x), E(Dy)) . (5.8)

Under a fixed trivialization E, = 092 and the compatlble trivialization
E(D,), = 092, we assume ¢, has the form ¢, = (}): E, = 02 - C,, where te €.
Then we can find a local trivialization F, = 092 so that inclusion F.— E,is given

by
-t 1
(' o )eni-osi,

where £ is the uniformizing parameter of S at x. Thus the inclusion E(— x) — Fis of

the form
01 092 092
5 t . X P

where the trivialization E(—x), = 092 is compatible to E, = =02, Let
feHomp (E(— x), E(Dy)). Clearly, felm{B} (cf. (5.8)) if

—

1
(0 1>Alo<f“ f12>: E(fn—ffu) E 22 — tf12)
&t fa fa2 ful fia

is regular. Namely,

S x) = tfii(x) =0, f(x) = tfi2(x)=0. (5.9
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Because for general t, (5.9) imposes two conditions on f. Thus, dim coker {} = 2.
On the other hand,

dim Homy, (F, E(D,)) — dimHomp,(E,E(D;))=(r+ro+ 1) —(r+ro)=1.
Therefore,
dim Homyp, (E(— x), E(D,))/Homy, (E, E(D,))= 3.
In other words, there are non-trivial (ay,, a1, a5, az,)€ €* such that for any
feHomp, (E(—x), E(Dy)),
ayy f11(x) + ay3 f12(X) + @21 f21(X) + @22 f22(x) =0 .

Now assume h%(D;, &nd®(F)(D;)) = r + 1, then the homomorphism « (cf. (5.7))
must be surjective. That is, for fe Homp, (E(— x), E(D,)) with feIm{f}, we must

have
<0 1>710<.f11 flz) <‘t 1)71
¢t for S22 & 0
regular. Thus fautomatically satisfies one more constrain:
Ji1(x) + tf12(x) = 0.

Therefore, both
ayy Gyz A1 Az
-t 0 1 0
0 -t 0 1

1 t 0 0

dy1 Q12 Q21 4z
-t 0 1 0 and
0 -t 0 1

are of rank 3 for general t. An easy argument shows that this is possible only if
a2 =dz1 =0, a3 =4, .

Namely, for any fe Homp,(E(— x), E(Dy)), tr(f(x)) = 0. But this is impossible
because by Lemma 5.3, H(D,, O(D, + x)) - 0(D + x),, is surjective thanks to
(5.6). Therefore we have established the first part of the Lemma 5.4. The conclusion
that when Ry s is trivial, 1°(D,, &nd°(F)(D;)) £ h°(D,, &nd°(E)(D,)) + 1 can be
treated similarly. We leave it to the readers. O

We state and prove the following known fact.

Lemma 5.5 For any smooth points x,y of C in the same irreducible component
S < C, there is an invertiable sheaf A on C so that A®? =~ Oc(x + ).

Proof. 1t suffices to show that there is an invertible sheaf A on C so that
A®2 ~ @(x — y). First note that the set of line bundles on C is isomorphic to
H'(C, 0¥) which fits into the exact sequence

HY(C,0c)— H'(C,0%)-5>HYC,Z).

Clearly, ¢;(Oc(x —y))=0. Thus Oc(x—y) belongs to the image of
HY(C,0c)— HY(C,0c). On the other hand, H!(C,0;) is a linear space.
Thus there is an 4e H!(C, O¢) such that 24 corresponds to the line bundle
Oc{x - y). |
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Proof of Proposition 5.1 Let E be a rank two vector bundle with det E = I that
attains the minimum value h°(C, &nd°(E) ® Kx) among all vector bundles of the
same type. We first show that for any irreducible component S < C, the image of
the restriction homomorphism

Ry s:HO(C, &nd°(E) ® Kx)— HO(S, 6nd°(E)® Ky) (5.10)
has dimension at most one. Indeed, suppose dim Im{Rg 5} = 2. Welet x, x, €S be
two general closed points and let ¢;: E - C,, be general homomorphism. Then by
applying Lemma 5.4, with F = ker{ E 5 €, }, we have h%(C, #nd°(F)® K4) =

hO(C, &nd®°(E) ® Kx). On the other hand, thanks to Lemma 5.2, one checks easily
that

h°(C, &nd®(FY® Kx) — h°(C, End®(E)® Ky) = 1 mod(2) . (5.11)
Thus we must have
hO(C, End®(F)®@ Kx) < h%(C, énd°(E) ® Kx) — 1 . (5.12)

There are two possible situations: The first is when the strict inequality holds in
(5.12). In this case, we apply Lemma 5.4 to E' = ker { F 3 €, } < F to get

hO(C, &nd°(E') ® Kx) < h°(C, &nd°(F) ® Ky) + 1
< ho(C, nd®(E)®@ Kx) — 1 .

Now if we let 4 be the line bundle with 4®% = ¢(x + y), E' ® 4 has determinant
I. This certainly violates our assumption that h°(C, &nd®(E) ® Kx) is minimal.
The second case is when h%(C, &nd°(F)® Ky) = h°(C, nd°(E) @ Kx) — 1. By
our construction, the kernel of

Rp s:H®(C, 8nd°(F)® Ky)— H®(S, &nd®(F)® Ky)
is isomorphic to the kernel of

Ry s: H(C, nd*(E) ® K )~ HO(S, &nd®(E) ® Ky) .
Hence, dimIm{Ry s} = dimIm{Rg s} — | 2 L. Thus if we apply Lemma 5.4 to
the sheaf E' = ker {33 C,,}, we get

ho(C, End®(E® Ky) < h%(C, End®(E) @ Kx) — 2.

This again violates our assumption on E. Therefore, dimIm{R; s} < 1 for any
irreducible component S of C.

Now assume h°(C, &nd°(E)® Ky) = 2. By our previous argument, this is
possible only when all sections fe H(C, &nd®(E)® Ky) have the property
that f~'(0) contains at least ome irreducible component of C. Let
feH(C, nd°(E)® Kx) and let C = D, + D, be the splitting so that fj,, =0
while f is non trivial at general points of D,. Possibly by replacing f with other
sections and shrinking D, accordingly, we can assume that f can not be expressed
as the sum of f,, f, e H*(C, &nd°(E) ® Ky) such that supp(f;) and supp( f>) have
no common components. We fix such an f and the corresponding splitting
C = D + D,. Note that then h°(D,, &nd®°(E) ® Kx(— D;)) = 1.
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We now claim that there is at least one irreducible component S © D, such that

dimIm{R}ys: HO(Dy, nd°(E) ® Kx) > HO(S, 6nd*(E) @ Kx)} = 2 .
(5.13)

Indeed, because fe H(D,, &nd°(E) @ Kx(— D,)) and that Ky(— D;),p, = Kx/p,
flifts to an fe H°(D,, #nd°(E) @ Ky) which is non-trivial along any irreducible
component of D;. In general, it is possible that f=g, 4+ g,, where
g1, 9,€H%(Dy, &nd®(E) ® Ky) while supp(g,) and supp(g,) have no common
components. Let Dy = §; 4 ... 4+ S, be the maximal splitting so that there are
g:€H®(Dy, &nd°(E) ® Ky) such that f=g, + ... + g, and that supp(g;) = S..
By our assumption of f, this is possible only if D,-S; > 0 for all i. (Otherwise,
1 itself can be written as g, + g, with g,, g, € H*(D,, €nd°(E) ® Kx(— D;)) and
supp(g,) has no common components with supp(g,).) Note that when k=1,
D,-D, > 0since X is of general type. Therefore

h®(Dy, nd°(E) @ Kx) = 1(Dy, &nd°(E) ® Kx) + h°(Dy, 6nd°(E) ® Kx(— D5))
=3D,-D+1>k+1.

In particular, there is at least one e H%(D,, &nd®(E) ® Ky) that cannot be
expressed as linear combination of g4, . . . g,. Let S = Dy be the component such
that &, is non-trivial. Then S is the component satisfying (5.13).

Now let x;, x, €8 be two general closed points and let ¢;: E — €, be general
homomorphism. Let F = ker{ EZ3C,,}. Then by Lemma 5.4, (5.11) and the fact
that dimIm {(Rg s} = 1,

hO(C, End®(F)® Kx) = h°(C, End®(E)@ Kx) ~ 1 .

Clearly, then we must have h°(D;, &nd°(F) ® Kx(— D,)) = 0 because Im{R; s}
= {0}. Next, by R.R. and the Serre duality, h°(D, End°(E)® Ky) —
h°(D,, &nd°(F) ® Ky) = 1. Finally, because the kernels of

Ry s:H®(Dy, 6nd°(E)® Kx) -~ H(S, 6nd°(E) ® Ky)
ks HO(Dy, 6nd°(F)® Kx)— H(S, €nd°(F) ® Ky)
are isomorphic,
dimIm{R% s} = dimIm{R} s} — 12 1.

Therefore, we can apply Lemma 5.4 to the sheaf E' = ker { F 33 C,,} to obtain

ho(Dy, nd®(E')® Kx(— D)) £ h®(Dy, 6nd°(F)® Kx(—D,)) = 0.
Therefore,
hO(C, 6nd®(E")® Ky) < h°(C, End®°(EYR Ky) .

Combined with Lemma 5.5, this contradicts to our assumption on E and thus
completes the proof of Proposition 5.1. ]
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