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Summary. We first prove a theorem concerning higher order logarithmic par-
tial derivatives for meromorphic functions of several complex variables. Then
we show the best nature of the second main theorem in Nevanlinna theory
under two different assumptions of non-degeneracy of meromorphic mappings
f: € — P™ for arbitrary positive integers » and m. Moreover, we derive a
upper bound of the error term in the second main theorem for meromorphic
mappings of finite order. Finally, we demonstrate the sharpness of all upper
bounds in our main theorems.

1 Introduction

The most striking result in Nevanlinna theory is the second main theorem,
which is an inequality relating two leading quantities, one is the characteristic
function that measures the rate of growth of a function or map, the other is
the counting function that tells the size of the preimages of points or sets,
by means of an error term. Among all classical applications of the second
main theorem, only the growth order of the error term was taken into account.
However, motivated by P. Vojta’s dictionary [17] between Nevanlinna theory
and Diophantine Approximations in number theory, people, see [10] and [19]
for instance, have started to find a precise form of the second main theorem
because of the analog between the Siegel-Roth-Schmidt Theorem in number
theory and the second main theorem in Nevanlinna theory. There are many
different versions of the second main theorem in Nevanlinna theory, but the
closest analog to number theory is the second main theorem for holomorphic
curves, or more generally for maps such that the dimension of the domain is
less than the dimension of the target. Historically speaking, this case was first
studied by Ahlfors using higher order osculating curves, and by H. Cartan using
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logarithmic derivative lemmas when the dimension of the domain is one. Then
Ahilfors’ method was extended by many authors to the case when the dimension
of the domain is greater than one and less than the dimension of the image
space. Cartan’s method was extended by A. Vitter [16], B. Shiffman [13], and
S. Lang [8] in different contexts. Another approach towards the second main
theorem is the negative curvature method, which started from J. Carlson and
P. Griffiths [2] and was extended by many authors. However, no one had
attempted to find a precise form of the second main theorem until Lang raised
the question of a best possible error term in [9]. Other questions on this matter
have been investigated by the author and others, e.g. see [15] and [21].

In 1990, Lang [11] found the best nature of the upper bound of the second
main theorem by improving Pit-Mann Wong’s method [18] in the equidimen-
sional case. Later, W. Cherry [3] extended Lang’s results to the case when the
dimension of the domain is not less than the dimension of the image space un-
der the assumption that the image of the map contains a non-empty open set in
the image space, i.e. the map is non-degenerate. In this case, this definition of
non-degenerate is quite natural. Thus the study of maps which decrease dimen-
sion can be reduced to that of equidimensional map. However, this definition
of non-degenerate does not make any sense if the dimension of the domain
is less than the dimension of the image space. This observation leads people
to introduce a weaker non-degeneracy assumption: the image of the map is
not contained in any hyperplane. We call a map with this property a linearly
non-degenerate map. Under this weaker assumption, the proof of the second
main theorem is much more difficult since people have to cope with the asso-
ciated maps and higher order derivatives. Lately, Wong and W. Stoll [19] have
obtained an estimate on the second main theorem for linearly non-degenerate
meromorphic maps in the non-equidimensional case.

Let ¥ and ¢ be increasing functions in R* with

< dr % dr
Ity =00 ey =~ (b

However, for simplicity, we always regard ¢(r) < r in the sequal.

In order to avoid nonessential complications, we have restricted ourselves
to discuss a meromorphic map f : € — IP” and hyperplanes (As a matter of
fact, Lang, Cherry, and Wong and Stoll have more general settings in spaces
and divisors). Suppose H,,H,,..., H, are arbitrary hyperplanes in IP" in general
position. We denote the error term of f in the second main theorem by

q
S(.f’{HI'};{:]’r) = (‘I_ m— l)Tf(r) - §_j|N/(H}7r)+N(R/ar)a (12)
j=

where R; is a ramification divisor of f to be defined in Sect. 6 and 7 respec-
tively. It is possible that S(f,{H,-}‘;:,,r) is negative. Thus the classical second
main theorem (e.g. see [14]) states that there is a constant C > 1 such that

SULAHYIZr) = Clog(rTy(r)) (1.3)
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for all large r outside a set of finite Lebesgue measure. If f is of finite order,
then, for all large r,

S(fA{HY_.r) £ Clogr. (1.4)

In 1992, under the assumption of f being non-degenerate and n = m,
Cherry [3] extended Lang’s result [10] and showed

SCALAHYI_ r) £ m(log Ty (r) + log y(T7(r))

+log Y(CrT7(r(T7(r)))) + O(1) (1.5)

for all large » outside a set of finite Lebesgue measure, where  is defined as
in (1.1).

Recently, under the assumption of f being linearly non-degenerate, and any
n and m, Wong and Stoll [19] showed (1.3) can be improved to be, for any
e >0,

1
SN 2 ™D log 7, (0)

+ (2 +e)loglog T, (r)) + O(logr) (1.6)

for all large » outside a set of finite Lebesgue measure.

The main purpose of this paper is to derive a precise form of the second
main theorem of meromorphic maps under the above setting. In fact, we show
the inequality (1.5), hence (1.3), can be sharpened to be

SCOAHY_ 1) = mQlog Ty (r) + log (T (r))) + O(1) (1.7)

for all large r outside a set of finite Lebesgue measure, where i is defined as
in (1.1); and the inequality (1.6), and hence (1.3), can be improved to

SUAH Y < D

(log Ty (r) + log (T, (r))) + O(1)  (1.8)
for all large » outside a set of finite Lebesgue measure, where  is defined as
in (1.1). Recall that there are many y’s such that y(r) < log?™(r) for any
¢ > 0 and both (1.7) and (1.8) sharpen (1.3) in different cases. To accomplish
these, we need Lemma 6 which concerns the higher order logarithmic partial
derivative by means of reducing it to the one variable by fiber integration,
instead of the negative curvature methods used by Vitter in [16]. This lemma
has a different format than the usual logarithmic derivative lemma. The second
technical ingredient is Lemma 8, which gives sharp estimates on the order of
partial derivatives which come from the ramification divisor in the second main
theorem. With these in hand, we are able to show inequalities (1.7) and (1.8).

Furthermore, the method in this paper brings out another interesting estimate
on the error term of meromorphic mappings of finite order, which cannot be
obtained from either Lang and Cherry’s method or Wong and Stoll’s. This
is the first investigation of the error term of meromorphic mappings of finite
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order as far as the author knows. In order to match up (1.4), we have that if
£ 18 of finite order p, then, for any ¢ > 0,

S(f,{Hj}’f:,,r) Sm(p—1+e¢)logr (1.9)
for all large r, where we assume that f* is non-degenerate. When f is linearly
non-degenerate and is of finite order p, then, for any ¢ > 0,

SU AN < M D 1 ey tog (110)

for any large r. It follows that S(f, {Hi}7:1”’) is always negative if the order
of f is less than 1.

More interesting, there is a big difference between coefficients in (1.7) and
(1.8) when m > 1; one is m, the other is m(m + 1)/2. In the beginning, the
author was skeptical about the sharpness of the coefficient m(m+ 1)/2 in (1.6),
which was proved by Wong and Stoll in [19], although their results are very
good considering their weaker assumption. Later, Wong convinced the author
the coefficient m(m + 1)/2 could be sharp and encouraged the author to prove
the sharpness. Therefore, another important part of this paper is to verify the
leading coeflicients m in (1.7) and (1.9), and m(m + 1)/2 in (1.8) and (1.10)
are sharp. Thus one can claim that the leading coefficient in the error term
for a lincarly non-degenerate mapping should be m(m 4 1)/2. Since the maps
constructed by the author are not linear degenerate and algebraically degenerate,
it is an interesting problem to determine the best possible coefficient in the error
term for an algebraically non-degenerate map. The author thanks the referee
for suggesting to post this interesting question here.

There is no overlap between inequalities (1.7) and (1.8), also (1.9) and
(1.10), when m > 1 since we trade off the upper bound with the non-
degeneracy. Moreover, the method used in this paper is straightforward com-
pared with the method used by Vitter [16], Lang [10] and Cherry [3], Wong
and Stoll [19]. All their proofs are based on the complex differential geometry
method. Additionally, Wong and Stoll’s proof contains some very difficult es-
timates on the associated maps. However, our proofs are based on the Cartan’s
method by means of a new logarithmic partial derivative lemma. Furthermore,
our results are better than theirs as we have discussed above.

2 Notations and preliminaries
For z = (z),...,2,) € €, we define, for any r € R*,

llz|| = (|le2 44 |z"|2)l/2 and B,(r)={z e C"|z| < r},

S.(ry={ze |zl =r} and Bur]={ze€C" |z = r}.
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Let d = 0+ 0 and d° = (0 — 0)/Ani; we write,

w,(z) = ddlog|lz||* and 6,(z) = d°log|lz|]* A 0" '(z), for z € T"\{0};

va(z) = dd||z|> and pu(z) = v'(z), forze C".

Thus a,(z) defines a positive measure on S,(r) with total measure one and
p. is Lebesgue measure on €7 normalized such that B,(#) has measure r?".

Moreover, when we restrict v, to S,(r), we obtain that

va(z) = r*wa(z) and [ wh=1.
Bu(r)

Let N and M be connected, complex manifolds of dimensions n and m
respectively. Let U be a non-empty open subset of N such that N\U is an
analytic set. Let /' : N — M be a holomorphic map on U. Set I' = {(x, F(x));
x € U}. The map F is said to be meromorphic on N if

(1) The closure of I' in N x M is an analytic subvariety of N x M.

(ii) The projection p : I’ — N is proper, i.e. I'N(K x M) is compact for
any compact subset K in N.

We call I; = {x € N; #p~'(x) > 1} the set of indeterminacy. It is clear
that /; is an analytic subvariety of N of codimension at least 2. Therefore the U
can be chosen so that /; = N\U. Furthermore if F : € — P" is meromorphic,
then F can be represented by a holomorphic mapping f : € — C™*! such
that f = (f\O’./-la- . ~afm), and

Ij={ze€C" foz)=fi(z)=--=fiu(z)=0}, and F=mnof onU

where n : €"'\{0} — IP" is n(w) = [w] = complex line through 0 and w. We
call / a reduced representative of F (the only factors common to fy,..., fu
are units). F will often be identified with its reduced representative f.

Let / = (a),03,...,%,) be a multi-index with o; € Z* U {0} with 1 < j
< n. We denote the length of / by |I| = 37| «,, and define

’Vf ( (’)mf[ al”fm )
of = ‘ . oM

e
GZT' ezt (321l -0z

and fi = 0*f/oz} = (0%f /0zF, ..., 0% w/0z]), for any holomorphic map
7

f=Uftes ) €= €7

Let N be a complex manifold of complex dimension n. We denote by
2P4(N) the space of compactly supported complex valued C™(p, g)-forms
on N. This is endowed with the structure of a linear space and the usual
topology. The currents of bidegree (p, ¢) are the linear functionals T on the
space ZP9(N), i.e. the elements of the dual space of ¥"~7"~9(N). The set
of these currents will be denoted by &, ,(N). This space is provided with
the topology of weak convergence: a sequence T, — T if T\(g) — T(g) for
every g € ¥#4(N). Similarly, we define the set of currents of degree k & (N)
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to be the set of the elements of the dual space of ¥?"~*(N). The currents of
degree 2n, which are defined on the space 2°(N ), coincide with the generalized
functions. One can interpret in a similar way the currents of degree 0 defined
on the forms of maximal degree.

The concept of a current includes in particular both the concept of a form
and the concept of an analytic set. Let o be a form of bidegree (n — p,n —¢q)
with locally integrable coeflicients. Then o determines a current [«] of the same
bidegree which acts on ¥79(N) by the rule

[al(g) = [ang, for ge PPIN).
N

In exactly the same way, a k-dimensional analytic set 4 C N defines a current
[4] of dimension (k, k) by

[Ag)= [ g for g€ @*N),

Areg

where A4, is the set of regular points of A. Clearly, the current [4]
€ " F"-K(N) and d[4] = 0.

Let f be a meromorphic function in N, the divisor of f is the current of
bidegree (1,1) defined by

Dy = Za,—[A/] ~ 2081,
j J

where f has zeroes of multiplicity ¢, on 4, and poles of multiplicity b, on B,
and 4, and B; are irreducible components of complex analytic hypersurfaces
in N. One of our basic tools is the Poincaré-Lelong formula

D, = dd‘[log|f[']. (2.1)

For all 0 < s < r, the growth of a meromorphic mapping f:C" — P is
measured by its characteristic function

A . . ro ¢ : e
Tyrs)= [ == [ f(wo) AV, Ydt = | —— [ dd‘log| f 2 Avi=tde,
5 t Balt] ¥ t Byl]

where g is the Fubini-Study metric on P”. Sometimes, for simplicity, we
write T,(») instead of T,(+,s) if no confusion occurs.
We say that a meromorphic map f : € — IP" is of finite order p if

log T
]imsup—og /(r) =p < o00.
r—co  logr
For 4 € €™, a hyperplane in P is defined as H; = {[w] € P"; (w,4)
= 0}. In the sequel we always write H = H, with ||4]| = 1. If the image of f
is not contained in H, their intersection is measured by the counting function
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N,(H,r) defined as follows:
odt o
Vit = [ gt J
s Hylt]
for Hy = f~'"(H) and H,[t] = H; 1 B,[t] and the integral over H,[¢] under-
stood to mean ‘“‘counting multiplicity”. More generally, we define

Definition Let @ € & (€7) such that d® = 0, and & is representuble by
integration. The order function N(®,r) for the divisor @ is given by

" odr
N, ry= | D, V" h

§

=1

It is easily verified that N/(H,r) = N(D; . 4y.#) and N(f*(wp),r) = T;(r).
Moreover, Lemma (3.3) in [16] asserts that if u is pluripotential on € then
[
N(dd[ul,r)= = [ wua,+O(1). (2.2)

2 Su‘( r)

It follows when H = H, and u = log|(f,A4)| that Jensen’s theorem states

Ny(Hr)y= [ log|(/, 4o, + O(1). (2.3)
Sn(r)

Let H = H; with ||4|| = | be a hyperplane. The “closeness” of the image of

J to H is measured by the proximity function

: [Fal
H> - | N noe
mi(Hry = ) Vg e

where |(f,A)|/|| /] is the norm of the holomorphic section of hyperplane bun-
dle defining 4 pulled back to € via f. Applying u = log(]| f||*/I(f.4)]) to
(2.1), we obtain the first main theorem

Ti(ry=Ny(Hr)y+my(Hr)+ O(1). (2.4)
Furthermore,
Ti(ry= [ log|flle.+O(1). (2.5)
Su(r)

Let n and m be any positive integers. A meromorphic map [ : €' — [P”
is called linearly non-degenerate if the image of f is not contained in a hy-
perplane. If n = m, we also use the usual definition of non-degenerate: a
meromorphic map f : € — P is called non-degencrate if the image of f
contains an open set in [P".

3 Results

Theorem 1 (Logarithmic Derivative Lemma) Let y and ¢ be defined as
in (1.1) and assume f is a non-constant meromorphic function in €" and
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n

I =(o,00,...,0,) is a multi-index of length | = Z/:] o;. Then

o

+ T (T (1))

] -+
/ log b(r)

Sulr)

o, < llog +0(1),

Jor all large r outside a set E with _fE drigp(r) < oc.

Since the logarithmic derivative lemma plays an important role in
Nevanlinna theory, it has been studied by many people for many years. Theo-
rem 1 here, when ¢(r) = 1 and y(r) = (logr)'** (for any ¢ > 0) and / = 1,
is stronger than the logarithmic derivative lemma obtained by Vitter [16], or
Biancofiore and Stoll [1] since we use precise estimates of Gol’dberg and
Grinshtein [4], and Kolokolnikov [7]. Moreover, a logarithmic derivative lemma
recently showed by Miles [12], and Hinkkanen [6] is a special case of our The-
orem | when n = | and / = 1. Furthermore, the proof of Theorem 1 is derived
from our Lemma 6 which is another setting of a logarithmic derivative lemma.

Theorem 2 (Second Main Theorem) Let  and ¢ be defined as in (1.1),n
and m any positive integers and assume [ : C" — P™ is a meromorphic map

which is non-rational and linearly non-degenerate. Suppose Hi, Hy,...,H, be
arbitrary hyperplanes in P™ in general position. Then
1 T T
U/ Ak 5 MO0 LD oy

Jor all large r outside a set E with [E dr/d(r) < oo;
In addition, if [ is of finite order p, then, for any ¢ > 0,

m(m+ 1)

2 (p+e— Dlogr+ O(1) (3.2)

S(f.AHLr) S
for all large r, where S(f,{H;}]_\,r) is defined as in (1.2).

Wong and Stoll in [18] and [19] introduced the concept of secondary defect
for any hyperplanes {H;} in general position. They showed

C SO {H L) o m(m+ 1)
=1 f — =
OZ(f’{H/}) 1}2& lOg T,(r) = 2 4
where S(f, {H,}?:,,r) is defined as in (1.2). However, Theorem 2 gives

Corollary Under the assumptions of Theorem 2, we have
AL {H ) S m(im+1)/2, if f is of infinite order,

m(m+ 1)
2

A

(1 - %) , if fis of finite order p;

= —o0, If [ is of order zero. -
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Proof of Corollary. Taking y(r) = log*>?r and ¢(r) = I in (3.1), we have the
first inequality since 7(r) goes to infinity as r — oo.
When [ is of finite order p, then we have from (3.2) that, for any ¢ > 0,

L SUAH L) omim £ 1) .. logr
liminf == < :— Dliminf —2—
e,y = 2 e Dt

1 1

:M(Hﬁ,l)_‘

2 P

By arbitrariness of ¢, the corollary is proved completely. [

Wong and Stoll in [18] and [19] also brought up the concept of third defect
for any hyperplanes {H;} in general position since they did not get the best
second term in the left side of (1.6). Now we know from Theorem 2 that
the third defect is always zero. We no longer see any usefuiness for the third
defect.

Theorem 3 (Second Main Theorem) Let n and m be positive integers with
n =2 m and suppose [ . C" — P™ is a non-rational and non-degenerate
meromorphic map. Suppose Hy,Hs, ..., H, are arbitrary hyperplanes in P™ in
general position. Then
Ti(rW(Ti(r
NVRLAN - mlog’(—)(p'/J(()L(J
-

for all large r outside a set E with [, dr/dp(r) < oo;
In addition, if f is of finite order p, then, for any ¢ > 0,

+0(1) (3.3)

S(fv{Hl}?r) g m(PJf“;_ l)logr (34)

Sfor all large r; where S(f, {H/}(;:p’”) is defined as in (1.2).

Corollary Under the assumptions of Theorem 3, we have

O(f {H}) £ m, if f is of infinite order,

lIA

m(1 —1/p), if f is of finite order p;
= —oo, if [ is of order zero.

When m = 1, Theorem 2 coincides with Theorem 3. However, Theorem 3
is not better than Theorem 2 even if we assume n = m in Theorem 2 since
linear non-degeneracy is much weaker than non-degeneracy. When n = m
= |, our theorem 3 is still better than Hinkkanen’s result [6] because [6] had
log* in the left side of (3.1) instead of log. So (3.2) cannot be obtained by
using Hinkkanen’s result. Moreover, if f has a regular growth, e.g. Ty(r)
= CrP, then (3.2) and (3.4) can be improved to be

m(m + 1)

1
5 (1—;) log T/(r)+ O(1)

S/ AH L) =
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and

SUH{H L)y = m (1 - —;;) log Ty (r) + O(1),

respectively. Obviously, these inequalities are much better than (3.1) and (3.3).
Generally speaking, (3.1) and (3.3) can be always improved if we only consider
a subclass of meromorphic mappings.

Theorem 4 There are a meromorphic map | : C" — P" (for some n and

m) and hyperplanes H\,H,,...,H, for some q in general position in P" such

that

m(m+ 1)
2

Sor all large r, where S(f,{H,}I_,,r) is defined as in (1.2).
J

=1

S(f{H, Y. r)= ( +0(l)> log T/(r)

Theorem 5 There are a meromorphic map f: C" — P (for some n and m)
and hyperplanes H\,H,,...,H,; (for some q) in general position in P™ such
that f is of finite order p (for some p) and

S(fAH}r) = ﬂ%ﬂ(l) —1+o(1))logr

Sor all large r, where S(f,{H,}'_,,r) is defined as in (12).

j:]s

If we take Y(r) = log' " r for any ¢ > 0 and ¢(r) = 1, then clearly (3.1)
can be written as,

s A = M Do () (1 + e)loglog 74 + (1)
= (MY o) o Ty

for all large » outside a set of finite Lebesgue measure. It follows that Theorems
4 and 5 show the sharpness of Theorem 2 in a certain sense. Moreover, the
mappings in Theorems 4 and 5 are algebraically degenerate and not linearly
degenerate. This observation leads an interesting question to determine what
the best possible coefficient is if the map is algebraically non-degenerate.

The map f in the proofs of Theorems 4 and 5 is from €2 to IP?, i.e. n < m
(it is not difficult to find a map from € to P? which makes Theorems 4 and
5 be true by using the method in the proofs of Theorems 4 and 5). Clearly,
the map f can be regarded as a map from C” to P> for any n = 2. Thus we
see from a little changes in the proofs of Theorems 4 and 5 that Theorem 2
is sharp whenever n = m (compare with Theorem 3) and n < m.

Naturally, the following theorems show the sharpness of Theorem 3. In fact,
the sharpness of (3.3) was shown by the author in [20] in a general setting and
the best example can be found in [23] in one complex variable case. However,
examples here are different from examples in [20]. Moreover, Theorems 6 and
7 can be proved by utilizing the maps in the proofs of Theorems 4 and 5
without much effort.
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Theorem 6 There are a meromorphic map f . C" — IP" (for some n and m
with n =z m) and hyperplanes Hy, Ha,...,H, (for some ) in P" in general
position such that

SCLAH L) = (m+o(1)) log T (1)

Sor all large r, where S(f,{H,}'_,,r) is defined as in (1.2).

=1
Theorem 7 There are « meromorphic map f: €' — P (for some n and m)
and hyperplanes Hy,H,,...,H, (for some q) in P" in general position such
that f is of finite order p (for some p) and

S(fAH;},ry=m(p—1+o(1))logr

Sor all large r, where S(f,{H,}1_,,r) is defined as in (1.2).

=1

4 Lemmas

Lemma 1 Let [ be a non-constant meromorphic function in C. For arbitrary
a with 0 < o < 1, there exists u constant C such that for arbitrary v and R
with r < R, we have

T iy |2 C R %z
f/'((:‘:’”)) di = cos om/2 {(r(R - r)) [y (R.0) % m; (R, 00)F

2n

2

1
+r-x[n/(R,0)+l’l/(R,OO)]1}

Proof. Without loss of generality, we assume that f(0) = 1, otherwise we
consider z* f(z) for some integer k. Hence, we have from [4],

x

21 i re™y [ 2R
— [ di < dod— [ Re'P)||———d
22 | Toreny| = 3] { ”(’g”( Mgt "’}
| 2 316, | 5 |
+ — : d()+— s di
2714 |<~AX\iRR2_ 2m o T<RZ — Ck
=h+5L+5,

where z = re?, 87 = 1, and

I

R A
{,,(RTT)(M/(R,OH—m,(R,OO))} ’

_ oan
L £ 2° %sec —

1 Ve
7 {E(n,(R,O)Jrn/(R,oo))} .
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By [7], we obtain

1 kS
13 é 22##360% {;(Il/(R,O)—FVZ/(R,OO))} .

It follows that the lemma is proved. U

Lemma 2 Let r € RY and h be a function on S,(r) such that ha, is integrable

over S,(r), then, for p(w) = /r? —|w|?,

f h”n = T2 f ( j h(W,C)O](é)) Pn—I(W)'
Splr) PR, iy \Sitew)

Lemma 3 Let f be a non-constant meromorphic function in €', and ¢ € P!
then, if r > 0,

1
;ﬁg f n/[..,](P(W)sC')PnAI(W) é I’l/(l",c) 5
n—=1{s}
where fw(z) = f(w,z) for w € € and z € C; and p(w) = \/r* — |w|?,
for w € B,_(r).

Complete proofs of the two lemmas above can be found in [1]. Lemma 4 is
from [22]. Here, for the sake of completeness, we give the proof of Lemma 4.

In the sequel, C is always thought as to be an absolute positive constant,
although the value may vary in each appearance and we write

ny(£,0,00) =n,(,0)+n;(t,00) and m;(£,0,00) = m;(£,0) + m;(2,00) .

Lemma 4 Let f be u meromorphic function in €. Then for any 0 < o < 1/2,
there is a constant C > 1 such that for any v < R, and any j € {1,2,...,n},

we have -
x R 2{(2n—2) R b3
< — _ R).
“”—C(r> (r(R~r)> T1®)

Proof. Without loss of generality, we take j = n and set s = (R+r)/2. Applying

Lemma 2 and Lemma | with p(w) = /r? — [w]? and P(w) = \/s* — [w|?, we

obtain

J

SH(r)

Iz,
f

J

Su(r)

Zii
f

2—2n

Oy =7 a(2)pn—1(w)

Sm(2)

E’,,;l(r)SI(P(W))

r2_2" f C {( P(W) )9(
l}”_l(',)COS 0575/2 p(W)(P(W) - p(W))

( (W)a O,OO)} pn-l(W) .
(4.1)

A

xm/[ ](P(w)() 00) + ——— a( ) ,[“
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Clearly, for any w € Ba_1(r), since p(w) £ P(w)r/s,

P(w) <5

= . 42
P(w)— p(w) — s—r (4.2)
Moreover, forany 0 < < 1, set C= [5 ——-—-—(I_le 777 Pa1(1), then,
[ L Pat(w)y=r""% | ! Pn_1(7) cr? (43)
o B n—1 = ) S g -\t = .
B, 1, P'OY) PR U r
For any ¢ € IP', applying Lemma 2 gives
Sy (s,0) = 5777 [ log" [1/(f(2) = €)lou(z)
Su(s)
= / ( j 10g+ |1/(f[w} - C)|O'] Pn—1{w)
g,,_l(.\) S1(P{w))
= [ mf["-](P(W)aC)pnfl(W)
én~l(5)
z [ omy (PW)C)pa—i(w) . (4.4)
By ()

Therefore, using (4.2), the Holder inequality, and (4.3) for f = /(1 — &) and
(4.4), we get that

P P(w) -
- 5 j(r) <P(w)(P(w) - P(W))> iy (P02, 0, 000001 09)

A

A 9 2-2n : 1 x
< )r- wo ) e (P09 0,00)p01 ()

S —r 5
§ Bn—~l(’4)

1A\

( s )r2—2" ] [ m i, (P(w),0,00)pp—1(w)

y — ¥
S B, _1(r)

x | [ p7 0 (w)pasi(w)
B_ll‘l(r)

C( S )(E)“z”_”mﬂ,(s,o,oo). (4.5)

(s —r) r

IIA
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Similarly, using the Hdlder inequality, (4.3) and Lemma 3, we have

X 1
r2~2n — (P(W’), 0,0o)pnf (W)
5,,;/1“') PA(w) un |

fA
-

e / n/l")(P(W),0,00),[)”,‘(W)
B-ufl(")

| P00 )
B,_(r)

Cr2n—2 I—=
2-2n; 2n-2 . 5) V¥
<r (s n/(S,O,OC)) <,-x/(l—~ﬂ>
C N\t (20 —2)
s= ()7 w000, “o
14 r

Noting s = (R + r)/2, we have

my(s,00) £ T;(R)+ O(1) and m;(s,0) £ T/(R)+ O(1),
5 2R
< .
rMs—r) = r(R—r)

[IA
~ |

and

~N |«

R R 2R
ny(s,00) = p=—=Np(5,00) £ T/ (R) = 7 T/(R);

-
2R
ny(s,0) = R—(T/(R)+ o(1)) .

—r

Combining these estimations with (4.1), (4.5) and (4.6), we obtain the
Lemma. [

Lemma 5 Let f : €' — P" be a non-constant meromorphic mapping such
that fo £ 0 und set
G=(f1/fo,folfos--s fm/fo) and

[I,Gz,] = [la(fl/Afbﬂ)z,s(f2/f0)z/»-~~’(fm/f())z,] .

Then, for any j € {1,2,...,n} and for any r < R,

R

2n-2
T[L(;zll(l’) é 2T,(r)+mlog+{<7> ——“‘—r(R_r)

T,(R)} +0(1).

Proof. Set Gy = fi/fo, then (Gi):, = (f4)z,/fo — (fo)e, f4/fG. Then the
reduced representative of the meromorphic map [1, G, ] is of the form BTS2
f(z)Gz,) where f is a holomorphic function on €". Thus we have from (2.5)
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and Jensen’s theorem (2.3) with ey = (1,0,...,0) € €t/

Tig)(r)

fl

L, »
5 | TogBI2 /ol * (1 + 11G- 17 Daw + O1)
Su(r)

!
2

IA

[ log(l + |G-, )00 + 2N (Heyor) = N(Dg,r) + O(1) . (4.7)
Sn{r)

Since

log(1 + |G, ) = log" |G|I* +log" (|G, |I/]|G]|* + log 2

G, G.

/ /

< log(1 + |GIPY + 32 log" [(Gh ), /Gi|* + O(1),
k=1

we have from (4.7) and Lemma 4 that

1 .
e () = 5 J log(1 + |G[[*)oy + 2N (Heyr)

Sulr)
LN (Gi), "

+ 3 f —logt |—=| @, +0O(1)
h=1 Sn(r) o GI‘

1
2

ftA

[ log(1 + |G|[*)a, + 2N, (Hyy. 1)
Slr(")

m " R {(2n—2) R
i {C ) &) TGA<R>}+0<1>. (43)

Applying the first main theorem (2.4) to f and H,, and noting || f}|/(f,eo)
= (1+ ||G|*)"?, we have

I, .
T/(r)= 3 [ log(1 + ||G||*)o + Ny (Hepor) + O(1) . (4.9)
Su(r)
Consequently,
Ny(Hepor) £ To(ry+O(1). (4.10)

Furthermore, we have from the definition of 7 that for all %,

T(;A(I‘) = T[f(hfl\](r) é T,(r) . (4]])

It follows from (4.8)—(4.11) that the Lemma is proved. [

Lemma 6 Let [ be a non-constant meromorphic function in € and [

= (v, v2,...,v,) a multi-index of length | = 27:[ v,. For any o with 0

< lo < 1/2, there is a constant C > 1 such that for any v < p < R, we
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have
o£

aof

{x
. {2 (2n—2) )
f G, < C(ﬁ) ( f > TI*(R) .
Sa(r) r }"(p - l")
Proof. We prove the lemma by utilizing induction on the number of non-zero
elements in /. First we assume that there is only one non-zero element in /,

say, [ = (1,0,...,0). Then

. fz{ N /z{ ~/z:7| le
J 1= o= T |7 : || o
Su(r) f Su(r) f:{‘] ‘fZ{_z /
£ I i / I 1
. « . z
é j . l Op e J ‘—I Ty
Sulr) -fzfil Sulr) f

IIA

p\/*(2n—2) P la .
C(;) (r(p~r)> 7}:{7](,0)
"'m(P)Tf(P)- (4.12)

Applying Lemma 5 to the meromorphic function f when m = 1, we have that,
for any j € {1,2,...,n} and for any » < R,

R R

Using (4.13) for f 1, fi-1,..., fz, consecutively, we obtain a constant C such
‘] i
that, for any k with | £ k£ < /-1 and any p < R,

Ty, (p) = CT/(R). (4.14)

It follows from (4.12) and (4.14) that the lemma is proved in this case.

Now suppose the lemma is true when the number of non-zero elements in
I is n — 1. The lemma will be proved if we can show that the lemma holds if
aj > 0 forany 1 £ j < n. Set

ln—l = (V[,...,Vn_l,()) 5

then

(31 ’ (0’"“']‘)2\'/1 alu—l :
%:: al,,vrf" ff and /=, + |l
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Therefore, applying the Holder inequality and the induction hypothesis, we
2x 172

have
2 1/2
O il On
Su(r)

C (p)(‘,”+|1”7|“x(z,,,z) p (\'n+|lufll)1
r r(p—r)

[,,,”1

o

A

aln~l f

S

“n

(‘}Inflf'

(=1 f )
[ 7 Tm

Sn‘( r)

On

Sn{r)

Il

X T ()T,

fn—1¢

(p)- (4.15)
Again making use of (4.13), we get a constant C > 1 such that for any p < R,
To, 1, (p) S CT/(R) .

It turns out from (4.15) that

x 0 [%(2n—2) P % Yy Iln—li“
oz c(t) ) Trer .

af
/

Thus Lemma 6 is proved completely. [J

J

Sa(r)

Lemma 7 Let  and ¢ be defined as in (1.1) and T a nondecreasing function
in R, then there is a constant C > 1 such that

(r)
d (” W(r))> = )

Sor all large r outside a set E with [, dr/¢p(r) < oc.

This is a sort of standard growth lemma. The interesting readers can find
a proof of the lemma from [6] or [5].

Lemma 8 Let F : € — P™ be a linearly non-degenerate meromorphic map

and f::(fo,f],,fm)

a reduced representative of the meromorphic map F, then there are the
multi-indices f\,...,Bm such that |B;| < j for any 1 < j £ m and f,
P f,..., 0P f are linearly independent over C.

Proof. Since F is linearly non-degenerate, fo, f1,..., fn are linearly indepen-
dent functions in €”. For any positive integer k, set

Fr={0f|al =k} and Fo={f}.

We first claim that there is at least one element in %, say f;, which is
independent with f. In fact, if the claim is not so, then for any f, € ¥, f,
and f are linearly dependent; i.e. for any j with 0 < j < m, there is a ¢;
such that

f@) = f(). (4.16)
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Taking partial derivatives of (4.16), we obtain that for any h € U, %, h
and f are linearly dependent over €. Moreover, / has a global expansion at
any point. Hence,

1@ = fz) + ilfz,(z() )z — (z0),) + -

= Fa0)+ [ Ee(z = (o)) + ()5~ ) = G
= Ji

= f(z0)p(2)

where z = (z1,....24), 20 = ((Zo)1,..-,(z0)x) and p(z) is an entire function in
€". Consequently,

Jiz) = fizo)p(z), for j=0, 1,....m.

It turns out that fo, fi,...,fn are linearly dependent functions. This is a con-
tradiction.
Now suppose that

feh gLt (1B )

are linearly independent and we claim that there exists f3, such that 0 f
eF I UF,U--UF, and

f" (’)/fl f" e, (’)/fm—l ./" Olimj'

are linearly independent. If the claim is false, then f, 0% f,...,0Pn—1 f consists
of a maximal linearly independent subset in Fo U # | U---U.#,. It turns out
from taking partial derivatives that f, 6 f,...,0 ! f consist of a maximal
linearly independent subset in Ug°# ;. Thus, the global expansion at point
zp € C" gives

£(2) = f(za)poz) + P f(zo)pr(z) + -+ 0= f(20) pm—i(2)

where p;(j = 0,...,m — 1) is an entire function in €" and f(z0), & f(z0),
..., 0Pn=1f(z0) are vectors in €. Therefore, for any j=0,1,...,m,

pol(z)
pi(z)
Fi2) = (zo) & fi(zo).... M= f(z0)) I~

Pm-.l (Z)

Consequently, fo, f1,...,/m are linearly dependent functions which contra-
dicts our assumption that f is linear non-degenerate. [}
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Lemma 9 Let [ be an entire function in @, then, for z = (zy,...,z,) and
n =2,

1 n(r2 _ tz)”72

[ o) =" 1f(te)d0dt |

Su(r) n

2
b an-—Z

b}l

Proof. First let r = 1, B,(1) = B, and S,(1) = S,, and set, for any 0 < s
< o0,
h(s) = [ flz)wp(z) .
sBy
Integration in polar coordinates gives A(s) = 2n ](; 2=l ./:3‘,, ftz))a,(z)dt. Con-

tly,
seauenty (1) =2n[f(z1)ou(z). (4.17)
Sn

On the other hand, noting Fubini’s theorem with an orthogonal projection of
C" to €, » may be written as

h(s) = c(n) [(s* = [w[Y'™ f(w)w(w),
By

where c(n) is a constant depending on the normalization of w;. Thus

K (1) =c(n) [2(n— 1)(1 — w2 f(w)w(w) . (4.18)
L

By comparing (4.17) to (4.18), we obtain
[1z0)ouz) = 2(n — De(n) [ (1 = W) 72 fw)an(w) . (4.19)

Sn B

Let f =1, then

1=2(n— De(n) f(1 = [w])'" 2 f(w)w(w)
B

1 2rn

=2(n— De(n) [ [(1 =Y tdd) = 2ne(n) ,
00

so that e(n) = 1/(2r). Substituting 1/(27) for ¢(n) in (4.19) gives the lemma
when r = 1. If r£1, set z = &, then

[ f@)ouz) = [ [(rE)on(rd)

Sn(r) S
n—1 ], 2
= [(1 =Y 72 [tf(rteydOdt
0 0
n—1

1

" S 2 n=2 27[S . it .
g (1 - (;) ) {ﬁj(se ydOds

b

which implies the lemma. O
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5 Proof of Theorem 1

Using the concavity of logarithmic function and Lemma 6, we obtain that, for
any small positive o,

ot

&

[ log* 7

Su(r)

IIA

On

1 X x
—log" [ | o, | +0(1)
& Sn("}

. py /2= P I« '
;log {C(r) (r(p—r)) Ty (R)}

+ O(1)

IIA

. 0 2n—-2 o
< llog {(;) r(pﬁr)T,(R)}JrO(l) (5.1)

for any r < p < R. Put

é(r)
(T (r))

_R+r o(r)
and p = > ~r+2¢(T,(r))' 5.2)

R=r+

Applying Lemma 7 to the increasing function Ty, we get

_)

T(RY=T
1(R) ’G+MEM)

)écnm (5.3)

for all large » outside a set £ with fg dr/p(r) < oo. In addition, for all
large r,

pir =2 and 1/(p—r) = 20(T;(r))/p(r) - (5.4)

Therefore substituting (5.2)—(5.4) into (5.1) shows that the theorem is
proved. O

6 Proof of Theorem 2

Let f : € — €™ also denote a reduced representative of the meromorphic
map. Set

f‘: (.fo’f.l’“-’.fm)'

f being linearly non-degenerate is equivalent to the fact fo, fi,...,fm are
linearly independent in €". By Lemma 8, there are muiti-indices f; with
IBil =1, < j for 0 < j < msuch that f, oP1f, af2f, .. 0P f are linearly
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independent. Set

JOYEIT S f)= AP A A f

f() fl e fm

3 . ~ . .
N (’V ! .fO (’I‘I ./l T 0/“//;1
ﬁ/fm f‘() (')/fm /'] - ('}/fm f'm

Y (=il oy by (@ g,

O<1gud )t Sm

I

where we always regard the index under the Y as i, +i; for all j+k.

Clearly, J(f) is a holomorphic function in €”. Define the ramification
divisor Ry = Dj.

Without loss of generality we may assume that the number of hyperplanes
g2 m+1and H; = {[w] € IP"; (w, 4,) =0} where the 4, are unit vectors
in €', Otherwise, we can add more hyperplanes such that the new set of
hyperplanes consists of m + | hyperplanes in general position. In addition,
S(f, {H,}{, ry is nondecreasing with respect to g since (1.2) can be written
as

q
SCULAH Y ry = Yomy(H,r) — (m+ DTy (r) + N(Ry,r) 4+ O(1)
=1

and my(H,,r) z 0. Set
gi2)=(f(2)4)) j=1,....q.
ThUS, for any y = (7"0"“’”/"1), where 7, s {1,...,6]}(] — 0,.“’m) and

v, +v if jEk, we get from general position of the hyperplanes that there
exists a non-singular matrix 5, such that

f.()(Z) ‘q’,‘()(z)

/ .m.(Z ) g)'m'( z)
ie. for each j € {0,...,m}, f,(z) = 2":0 Bu(7)g4(z). Set

G =Gy Gy oo er) s € — €™
then, for any large r > 0,

To.(r)y= [ log||G,lle, + O(1) = Ty(r) +O(1) < 2T(r), (6.1)
Sn(r)

where O(1) depends on y. Since there are only finitely many vy’s, we always
regard O(1) as an absolute constant in the sequel. Furthermore, there is a
non-zero constant ¢, such that

Jf)=eJ(GY=c,G, NG N NIPG, (62)
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For any « € R* and any {a,,} C IR™, there exists a constant C = C(a) > 1
such that

(Za,,) £ CYlaj;. (6.3)
ij L)

For r < p < R and sufficiently small o, set s = a(m+1) and ¢t = 1/(m+1), we
have from the concavity of logarithmic function, (6.3), the Hélder inequality
and Lemma 6, and noting T(,;,/(r) S CTg (r) and |B,| =1, < j for all j, that

[ oz IJ(CM»’---,.Cl;u,.)|an:1 I o (ZMU(G )| >a,,

Su(r) G = g?’ml S,,(/ '8 m'
(’)/f,(, G- (’)Iﬂ‘ g a/i,m g- *
< 1»1og )OINEDY b ) g, + O(1)
Spir) o YOO 05 i S0 g‘,‘() g]’] g}'m
1 '\/;‘U q 0/1] J (’)ﬁ,m - *
é - lOg / Z Z ' — oy | + 0( l)
o Sp(r) ¥ OZiptyotm=m | Y7o g G
5 t
1 Py,
s - l()g Z Z ’ — Oy
o 70y <ty et EM \S,(r) g]"o
. !
g, |
- O G o, +0(1)
Su(r) Tim
12
ly2(2n—2) 0 ! l
< - 10 c(%) 3R
infe )™ () e

I
pr In*(2n=2) 0 E
C (;) o) T o)

m(im+ 1) PN m 7
P 0gd (2) P (;Tog (R)) +0(1), (64)

[

where the indexes y’s are combinations of {l,...,q} taken m + | numbers at
a time, and the last inequality holds because /| + 1/, +--- + [, < m(m+ 1)/2.
It follows from (6.4) and (6.1) that, for any » < p < R,

[J(G,)| m(m+ 1) { p 2n-2 p }
log : o, S lo £ T,(R)
Sn‘(/") |q10£]ll .'.g?'ml 2 g (r> r(p—r) /

+0(1). (6.5)
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At any z € €" the g,’s may be ordered so that |¢y(2)] £ |ga(2)] £ -+ £
lg,(2)], then there is a constant C such that
) m o |m41 A
log || /(z)|| = log Z Zb/A()')t/A(Z)
=0 k=
Zloglg()+C, j=m+2,...,q, (6.6)

where y = (1,2,...,m+1) and C can be chosen independently of z (at different
points z one orders the ¢,’s differently and gets different constants but there
are only finitely many possibilities) and also, noting (6.2)
|(‘]l""1q)(z)| |‘](f‘0#"'7f.”7)(z)|
(Ymra - gy )2)| = — — - -
| * ! i |J(_/0,...,./,,,)(Z)| |(.‘]I.‘/2"'§]m+l)(z)'

_ |(Ul "’.‘Jq)(z)l |J(G7)(Z)} ‘(|
|J(./l()ﬂ e a_/‘m )(Z)| |(g)'l e g?'ux& 1 )(Z)| o

Therefore, there is an absolute constant ¢ > 1 such that
191+~ g (G
Im+2 4 é C — — (67)
! ! (il 'J(an---a./lm)‘ ZI/ ,,,;+||

noting the right side of this inequality is independent of the order of g,
On the other hand, we have from Jensen’s formula that

Ny(H;,r) = [ loglg,la, + O(1), (6.8)
Su(r)
and from the Poincaré-Lelong formula (2.1) and (2.2) that
(6.9)

= [ loglJ(o,+O(1).

N(R;,r) = N(dd“[logJ*( )], r)
Su(r)

It follows from (6.6)—(6.9) that

(q—m— DT (ry=(g—-m-1) [ logl|
Sulr)

fllon +0(1)

f 10g|9m+2 e gq|o_n + 0( l)

Salr)

- 9192 94

1 g7 7 0n
S,,(jl o8 I'j(f()a-uyjm)‘
Z—){ELO'”—FO(I)

+ [ lo
l g |ql| HHIl

Sp(r)

K

= Z N;(H,,r)— N(R;,r)
et
+ [ log§j———~—|J(G’)l o, +O(1). (6.10)

Sn(r) 7 l T Y |
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Therefore, combining (6.5) and (6.10) gives

. m(m+1) o2 p
S(fo{H) 1) S —2—log{<;> o T,(R)} +o(l). (6.11)

Again taking p and R as in (5.2) and using Lemma 7, we get (3.1).
If f is of finite order p, then, for any ¢ > 0, we have, for all large r,

Ti(r) £ rPt.

We take R = 2r and p = 3r/2. Hence (6.11) gives

2 r

A

S(f’ {H/}’ r)

m{m+ 1)
2

which is the second part of the theorem. [

IA

(p+e—1logr+0O(1).

7 Proof of Theorem 3

Let f:@" — €' also denote a reduced representative of the meromorphic
map. Set

f = (ﬂ)afls'-->fn1)~

Since the map f is non-degenerate and » = m, we can, without loss of
generality, choose coordinates on C” such that the determinant

jO fl ot f;n
(ﬁ)).ﬂ (fl )zl T (fm );,
(f 0 )Zm (f 1 )zm e (f m )Zm

is not identically equal to zero. It follows that f, f., f,,..., f;, are linearly
independent. Define the ramification divisor Ry = Dz, At - Thus the proof
of Theorem 2 can be carried over here sentence by sentence if we define

JOY=SASZ N A S
Therefore we have
. J(G
S 5 [ g P

=— g, + O(1)
Sn(r) g?'}yt+] |

A

*®£

(g"f() )21 (g;'l )22 . (g)’m )Zm \ P

n
g"f() g?'l Gom

J Log (Z >

Sulr) & 0 gy e S

+ O0(1)
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(2n—2)
< mlog {C (’l) £ T,(R)} o).

r p—r)

The remainder of the proof is similar to the proof of Theorem 2. [J

8 Proof of Theorem 4

Set a(r) = e“"g"’zlogr and let {r,} be the sequence defined by

a(r)=2"" =123, . (8.1)
This sequence {r,} is uniquely determined, strictly increasing and unbounded.
Let i
X z 7
9(2)1H<1+<*) ) , (82)
1 ’”/
where

nj =2 (8.3)
We prove that ¢ is entire and (8.23) and (8.24) hold. In these estimates N, (r,0)
and n,(r,0) will be replaced by N(r) and n(r).
Let » > 0, with » € [ry—1,#;). Then a(r) =2 —2 < a(r) — 2 and

n(r) = %oc(r/‘) -2 2= %(x(r) —2. (8.4)

The upper bound for n(r) and the definition of N(») yield that
N(r) < %e“%’”z 2logr+C, (r>ry). (8.5)
Choose a € (%, 1), and set
si=r,—d, Sj=r+d, (8.6)

E; =[s,S], E=UE,, (8.7)

and observe that u(£) < Z/ZI 2a’ = A, where A depends only on a.
If ¥ > S, we have from (8.6) and r; < j+ 1 that for all large £,

og " > 1 l+a" >a"> a*
08, =% ) S 2 T 204k

so that, by (8.3),
O\ (2a)
<H> = e (2(k+ 1)) ' 55
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If r < s, we see from (8.7) and r, < j+ 1 that for all large &

and so

F O\ (2a)
<;> < exp <~1 —|-k> . (8.9)

Note that if r € (rg, /) \E, then r > S, (j=1,...,k)and r < 5;(j =
k+1,...). If z = re'” for any such r then
IY/
()]
ki

k P\ 0 z y
=Ny + Y og () 1+ 2 log ‘1 + (—) ‘
j=1 r=h+1 vy

z i

z

A A\ 00
+Elog’<%)l+1‘+ > log
y=1 ‘

k
tog|g(z)] = >_n;log
=1 j=h+1

ry

=N+ L+ 1. (8.10)

Since 2a > 1, we see from (8.8) and (8.9) that if  is large enough, then

k F " o0 (2(1)/ _
I = Zjl (7) < ;eXP <_2(j+1)> +0(1)=0(1),
o P\ & (2a)’>
h| = —] = - +0(1)=0(1).
s 5 (5) = Sew (<) +om—om
Thus ¢ is entire; indeed
log [g(z)l = N(r) + O(1) (8.11)

for all large r ¢ E and z = re'’. It follows that
N(r) £ Ty(r) £ logMy (r) =N{Fr)+O(1), (r>r,r¢E) (8.12)
where My(r) = max,|—,|g(z)|. Therefore, we have from (8.5) and (8.12) that
T,ry=Nr)+0() 2 a(r), (r>r.ré¢kFE). (8.13)
Furthermore, if » € E, then there exists j such that » € £; and
log"| f(re”)| < logM,(r) < logM,(5;) £ (S,) = exp((log(r; +a'))*)
< exp ((1 + o(1))log (r; — a’))*) £ exp (1 + o(1))(logr)*) .
Consequently, for all large r,

log"|f(re)| < a(r) < elIToNoer” (8.14)
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As above, we assume that » € (ry,r 41 )\E, with & large. Thus

24'(z) _ V’: EA:

‘I(Z) - J==1

—n, X on,(z/r,)"
+ JVEE S AL f—
+(z/r)) ,; LGy

=nmr)y+J,+J>.
Since 2a > |, we see from (8.2), (8.8) and (8.9) that

A 0
2y <23 dlexp <~ (2“”.>+0<1>~0(1),

r/f )”’ = 2(1+)

> n{r/r,Y ) ( 2a)’ )
Sl £ L < 35 +O0(1)=0(1).
ol = e L= (/e = /fZl P (t+/) ) )

Consequently, if z = re'’, then

WE) 4+ 0. (> rrd E). (8.15)
g(z)
and
9"=)| _ (.q’(z))z_ n(r) + O(1)
g(z) g(z) ¥
> (1 +o(IN2r)FP (r>r,r¢E), (8.16)

It follows from (8.15) and (8.4) that

12n

[l

Ty

'd() = logn(r) —logr — o(1)
g(z

> (logr) + loglogr — logr —o(1)
= (14 o(1))(logr)? (8.17)
for all large » ¢ E and z = re'’. Similarly, (8.16) and (8.4) give

12n

3l 1o

q”(Z)

) d0 = 2(logr) + loglogr — 2logr — o(1)
gz

= (2 +o(1))(logr)’ (8.18)
for all large r ¢ E and z = re'’.
Now we show that inequalities (8.17) and (8.18) hold for all large r. In
fact, for r € [r4,S;], we have from (8.15) that

zg'(z) n(r) g

e ~1—W+O(1), (8.19)
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Moreover, since if ja| = | and a# — I, then Re{l/(1 +a)} < 1/2; so, for
r € {r,S] (8.19) gives

24'(z) zg'(z) n 3
y(z) = Re g(z) =nalr) =5+ 00) 2 2n(r)+0() . (8.20)

Thus we yield from (8.20) and (8.17) that

12 |y
E;]log C;((ZZ)) dl z logn(r) —logr — O(1)
0 [

v

(log #)* + loglogr — logr — O(1) (8.21)

for all large r € [ry,Sk].
If r € [si41,7041), then applying Jensen’s formula to ¢'/g, and noting the
fact
Ny(0,7) = Ny(0,5,1) and  Ny(0,7) 2 Ny(0,5041),

we get from (8.17) and (8.6) that
1 2n

Eb[log

/
[4
:]_(’,el() )
g

di = Ng//g(O,r) e Ny//q(oo, f") -+ O( 1 )
= Ny(0,r) — NJO,r)+ O(1)
Z Ny (0,5511) = Ny(0,5011) + O(1)

g }VA(//’/“(/(O’ Skt ) - A/.&I//{/(Ooa Sh+1 ) + ()( 1 )

1 _(], 1
ﬂflog ;(S/\+|€ ) d()+0(l)
0 !

I

2 (14 o(1))logsi1)* = (1 +o(1))(log (ry — a* )
= (1+o(1))logr), (r— ). (8.22)

Combining (8.17), (8.21) and (8.22), we see

d0 = (1 + o(1))logr) (8.23)

!
i(re'“)
g

1 2n

— |1

271‘()[ 8
for all large ». Similarly, we have, for all large r,

1 2n
— 1
2nof o8

%(M’)' df = (24 o(1))(logr)?* . (8.24)

We now are ready to prove Theorem 4. Let g be as in (8.1) and set
f:@C? — P’ be defined by

fzhz)=1[1:194(z1): g(z2) : g(z1)9(z2)] .
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Obviously, f(€") is not contained in a hyperplane and is contained in a hy-
persurface in IP*. We take the hyperplanes

H, = {[w] = [wy: ~'ZW3]€[P3;W,~|:0}, j=12734

and set the multi-indices

N1 =(1,0), L =(0,2) and /5 =¢(1,2).
Moreover, let

J = / /\ .f.Z/I /\ ./‘:[2 /\ Af:/3

boglz)  g(z)  glziy(z)
_ 0 .(/I(Zl ) 0 * R " 2
- O O _(/”(27_) % - (g (ZI )g (22 )) >
0 0 0 g ()" (z2)

and noting R, = D,, we have from the proof of Theorem 2 that

4
SCAAH ) =g —m— 1)Ti(r) - Z}Nz(H/J‘) +N(Ry,r)
J=

2 1 . ,
= / Op — I ]0g lg(zl )‘](22 )lan + l l()g l./'()',,
Siein 196G $4(r) $u(r)
PN g'(z1) ¢"(22)
Su(r) g(z1) g(z2)

It follows from (8.23), (8.24), and Lemma 9 for n = 2 that

S(f.{H,}r)
I27t r'.27.r1 (]” )
= 4[ f—tlog (te’”)t dode+ = [ | —tlog Z_(te' )‘ d0dt
ool Too? g

%(1 + o(l))jr’t(logt)zdt + %(2 + o(l))fz(logz)zdt
0 0

1%

6(1 +o(1))(logr)* . (8.25)

Now estimate 7,(r). Indeed, we have from (8.14) that, for all large r,

T,(ry= [ log|fle.+0(1) < C [ log*|g(z)le, + O(1)
Sn(r) Sn(")

12n

Cj f~t log |g(te')|d0dt + O(1)

il

r%fr’texp((l +0(1))(10gt)2)dt < Cexp((1 +0(]))(Iogr)2).
0
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Consequently,
log T/(r) < (1 4+ o(1))(logr)* + O(1) . (8.26)

It follows from (8.25) and (8.26) that Theorem 4 is proved. [J

9 Proof of Theorem 5

Let f: @* — IP? be defined by
Sz =11 rexp(z) exp(zy) s exp(z] +23)],
where p > | is any positive integer. We take the hyperplanes
Hy={[w] =[wo,....m3] € Psw,_; =0} j=12234
and set the multi-indexes

Il:(lﬂo)’ 12:(032) and ]3:(172)
Moreover let

J = f A ./'z,I A lez A ./.:,3
P P
1 el e *
0 pzi™ Ll 0 *
= 0 O pZZP 2(p__ 1 + pzf)ezé’ .
0 0 0 Pl (p— 1+ p2b Jet =2
= p4zlz” 2 2” p—1+ pziYexp (220 +228) = P(z1,22)exp (22 + 221,

and noting R, = D;, we get from Lemma 9 that

4
S(UAHLrY=(qg—m— DT, (r) = SN{H,,r)+ NR,,r)
=1

2 N L . 2P .
= -3 [ loglei o, — [ loglet g, + [ logl/|a,
J=18u(r) Sulr) Su(r)

[ lOg IP(ZI »22 )I(rn
Sulr)

(4p—06) [ loglzilo, +2 [ logip—1+ pzlla, + O(1)
$a(r) Sa(r)

Z 6(p— Dlogr+ O(1).

Now compute the order of f. In fact,

T/(ry= [ log|flle.+O(1) 2 [ log(1+ |exp(z{))a, + O(1)
Su(r) Su(r)

!

fi

t
> —log (1 + [exp (17e""))dbdt + O(1) Z CrP + O(1),

r

O\Iﬁ)

| —
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and

Ti(ry= [ logliflle.+0O(1) £ C [ log(l+ |exp(z{)])s, + O(1)
Sulr) Sulr)

< CrP 4 0(1).

It follows that f has order p. O

10 Proof of Theorem 6
Let g be defined as in (8.2) and set
fzzz)y = glz)  glza)] : © — P2
and the hyperplanes
Hy={[w]=[wy:w :wilePw,_ =0} j=123

In a manner similar to the proof of Theorem 4, we get from Lemma 9 and
(8.23) that

| g g ()] g'(z)
SCUAH L) = [ log ===, =2 o
(FoAH ) = ] log S ie S I ey
/211 2 2 /
:22” 1log i(te'“)’d()df
oo q

-2

F
> 8(1 + o(1))]
0

P
——t(log £)’dt + O(1)
= (2 + o(1))logr)* . (10.1)

Furthermore, we obtain from (8.26) that log T, (r) < (1+o(1))(log r?40(1).
It follows from (10.1) that the theorem is proved. (I
11 Proof of Theorem 7

The proof of the theorem is quite similar to the proof of Theorem 6. For any
positive integer p > 1, set the map

fz,z)y =[1: el e"zp] (A 2
and the hyperplanes

H; = {[w] = [wy 1wy :wm2] € P wj_y =0}, j=1273.
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Thus we have

S(f AH ) = f log |PZ|p7l pzf_l |ow
Sulr)

2 rom
:2;.1 J
00

=2(p—1+o(l))logr.

P2 g2
tlog "~ 'didt + O(1)

P

Clearly, the function f is of order p. Hence Theorem 7 is proved. [

Acknowledgement. 1 am indebted to Pit-Mann Wong for showing me his proof of the second
main theorem in the non-equidimensional case. I would like to thank M. Cowen, P. Griffiths,
J. King, and B. Shiffiman for their reprints. 1 am most grateful to the referee for carefully
reading the whole of this paper and giving many valuable suggestions and comments to
improve the clarity of this paper.

References

1.

A. Biancofiore, W. Stoll: Another proof of the lemma of the logarithmic derivative in
several complex variables. In: J. Fornaess (ed.) Recent developments in several complex
variables, pp. 29-45, 1981

. J. Carlson, P. Griffiths: A defect relation for equidimensional holomorphic mappings

between algebraic varieties. Ann. of Math., 95 (1972), 554-584.

. W. Cherry: The Nevanlinna error term for coverings generically surjective case. In:

W. Stoll, editor, Proceedings symposium on value distribution theory in several complex
variables, pp. 37-54. University of Notre Dame Press, 1992

. A. Gol’dberg, A. Grinshtein: The logarithmic derivative of a meromorphic function.

Matematicheskie Zametki, 19 (1976) 523-530

. W. Hayman: Meromorphic Functions. Clarendon Press, 1975
. A. Hinkkanen: A sharp form of Nevanlinna’s second fundamental theorem. Invent. math.

108 (1992) 549-574

. A. S. Kolokolnikov: On the logarithmic derivative of a meromorphic function. Matem-

aticheskie Zametki, 15 (1974) 711-718

. S. Lang: Introduction to complex hyperbolic spaces. Springer, Berlin Heidelberg New

York 1987

. S. Lang: The error term in Nevanlinna theory. Duke Math. J., 56 (1988) 193-218
. S. Lang: The error term in Nevanlinna theory. 11. Bull. of the AMS, 22 (1990), 115-125
. S. Lang, W. Cherry: Topics in Nevanlinna Theory. volume 1433 of Lecture Notes in

Math. Springer Berlin Heidelberg New York 1990

. J. Miles: A sharp form of the lemma on the logarithmic derivative. J. London Math.

Soc. 45 (1992) 243-254

. B. Shiffman: Holomorphic curves in algebraic manifolds. Bull. Am. Math. Soc. 83 (1977)
553-568

. B. Shiffman: On holomorphic curves and meromorphic maps in projective space. Indiana
Univ. Math. J. 28 (1979) 627-641

. L. R. Sons, Z. Ye: The best error terms of classical functions (to appear in Complex
Variables)

. A. Vitter: The lemma of the logarithmic derivative in several complex variables. Duke

Math J. 44 (1977) 89-104

. P. Vojta: Diophantine Approximations and Value Distribution Theory. volume 1239 of

Lecture Notes in Math. Springer-Verlag, 1987



On Nevanlinna’s second main theorem in projective space 507

18. P. M. Wong: On the second main theorem of Nevanlinna theory. Am. J. Math. 111
(1989) 549-583

19. P. M. Wong, W. Stoll: Second main theorem of Nevanlinna theory for non-equidimension-
al meromorphic maps. Am. J. Math. 116 (1994) 1031-107!

20. Z. Ye: The error term of holomorphic mappings in Nevanlinna theory. Proc. AMS 123
(1995) 2155-2164

21. Z. Ye: The error terms of most meromorphic functions in value distribution theory.
(preprint)

22. Z. Ye: A sharp form of Nevanlinna’s second main theorem of several complex variables
(to appear in Math. Z)

23. Z. Ye: On Nevanlinna’s error terms. Duke Math. J. 64 (1991) 243-260



