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Introduction

Let R*" be endowed with the canonical symplectic form ¢ = Y 1_, dx; A dy', and
consider a Lagrangian embedding of a compact manifold j: L" — (R?", o).

A well-known result due to Gromov ([G]) states that the cohomology class of 6
in H?(R?", L) is non-zero (we identify L with its image in R2"),

An equivalent assertion is that the Liouville form 4 = Y 7_, x;dy’ pulls back to
a closed form j*1 on L, whose cohomology class does not vanish.

Gromov’s proof uses subtle properties of holomorphic maps into C". He shows
that there is always a holomorphic disk 4 in C" with boundary in L. On such a disk,
o is positive, hence [0 = [54 4> 0.

In this paper we shall only consider the case L = T", and give an “elementary”
proof of Gromov’s resuit (elementary should be understood in the sense of number
theory, that is without using holomorphic functions). In fact our result is somewhat
more precise and can be stated as follows.

Theorem A. Ifj: T"s(R?", w,) is a Lagrangian embedding, there exists a loop y on
T" such that:

M) <Uj*41,7>>0
() <u()y>el2,n+1]

where u(j) is the Maslov class of j, and <, is the pairing between H* and H .

This result answers a question first raised (as far as we know) by Michéle Audin
(cf. [Au 1]). Let us point out that since the torus is orientable, { u(j), y > is always
even, so that in (ii) we can replace n + 1 by the largest even integer less than n + 1.
In particular, for n = 2 we get that {u(j), y> = 2. In section 5 we generalize this
result to the case where L has a metric with nonpositive sectional curvature’.

! In March 89, the author received from Leonid V. Polterovitch a manuscript giving a proof of
theorem A for n = 2, based on a holomorphic curve approach
* Research at M.S.R.1. supported in part by NSF Grant DMS-812079-05
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Note: The map Laglmm(L)— Imm(L) which associates to a Lagrange regular
homotopy class of Lagrange immersion in R?" its regular homotopy class as an
immersion, has been thoroughly studied by M. Audin ([Au 2]). In particular, if
n = 2, any even cohomology class u in HY(T™) = Z", is the Maslov class of a
Lagrange immersion of the torus regularly homotopic to an embedding. A natural
question is: can this regular homotopy be made Lagrangian. Because the Maslov
class is invariant through Lagrange regular homotopy, the following corollary of
theorem A provides a negative answer.

Corollary 1. If ue HY(T") = 7" is contained in d-Z", where d > n + 1, there is no
Lagrangian embedding of the torus with Maslov class p.

Let us also remark that for n = 2, regular homotopy classes of Lagrangian
immersions are classified by the Maslov class. This is because Lagrange immer-
sions are classified by [ T2, U(2)], the set of homotopy classes of maps from T2 to
U@, But UQ)=SUQ)xS'=83xS!, thus [TLUQR)]=I[T?%S?]
x [T?,8']1=[T?%S!]. It is easy to check that [72, 5] is given by half the
Maslov class. Thus in this case our theorem tells exactly which Lagrange immer-
sions are regularly homotopic (through Lagrange immersions) to an embedding:

Corollary 2. A Lagrange immersion of T? is Lagrange regularly homotopic to an
embedding if and only if the Maslov class is twice a generator of H'(T?).

Another application of our main result is:

Corollary 3. Let j: T" —» T* T" be a Lagrange embedding such that the degree of n o j
is nonzero (m is the projection of the natural projection T*T" — T"). Then j has
vanishing Maslov class.

Proof. (partially due to M. Herman and L. Polterovitch) We first remark that any
compact subset of T*S' can be symplectically embedded into R* — {0}. Thus any
compact subset of T*T" ~ (T*S')" can be symplectically embedded in R?". The
embedding of course depends on how we write T" as a product of circles. Now, if i is
such an embedding, ioj will be a Lagrange embedding of 7" in (R?",¢). The
Maslov class of i<j is given by the formula

pliof) = j*(u(i)) + uj)

where 7 is the restriction of i to the zero section. Now by our assumption, j* is an
isomorphism, and it is easy to show that u(7)is equal to 2 Y 7_, e¥ where ¢} is the
image of H'(S') —» H(T™) induced by the projection 7" — S'. By composition
with a map in SL(n,Z), we can arrange (e;,...,e,) to be any basis of
H'(T") ~ Z", and thus u(7) to be any class equal to twice a generator. Thus we can
choose i so that if we write u(j) = 2k- e with e a generator, we have j* u(i) = 2-¢
hence u(ioj) = (2k + 2)-e. According to theorem A, this implies 2 <2k +2<n
+ 1, so k must be bounded. Let us show that in fact k must be zero. Assume not,
then by taking a suitable p-fold covering of T™, inducing a covering of T*T", we
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find a new embedding j': 7" — T* 7" with u(j') = 2kp-e. For p large enough, this
contradicts the above inequality?.

Our approach to this problem is through the use of periodic solutions of the
Hamiltonian system described in section 1. By combining ideas from [V2] with a
careful comparison of the Conley-Zehnder index of a characteristic curve of the
unit sphere bundle over 7" and the Morse index of the corresponding geodesic, we
prove

Proposition B. Ifj: T" R*" is a Lagrangian embedding, there is a loop y such that:

() <[j*ALy>=0
(i) <u()y>el2,n+1].

Note that the proposition only differs from the theorem by changing in (i) the
conclusion ([ j*A],y) positive into {[j*4],7) nonnegative. Without (ii), the
proposition would be trivial, while the theorem is already a deep fact. Because of
condition (ii), we are able to show that the proposition and the theorem are
equivalent. We now assume the proposition, and prove the theorem by con-
tradiction. We suppose that any loop for which {u(j),y) is in [2,n + 1] has
{(j*4,7> £0. We are now going to describe a Lagrangian isotopy j, such that
Jj =Jo, and for some small ¢, j, satisfies:

(*)  for any loop y on T" < u(j,), 7> €[2, n + 1] implies (j*4,7) <0

which would contradict the proposition. Note that < u(j,), y > = {u(j), 7 since the
Maslov class is invariant by Lagrangian regular homotopy.

We construct j, as follows. According to Weinstein’s theorem, we can sym-
plectically identify a neighborhood U of j(T") to a neighborhood of the zero section
of T*#T". Remember that Lagrangian tori close to j(T") can be considered as
graphs of closed one forms on T". Moreover if j, is the graph of «, then (j*4, )
=<, y> +<J§A4 )

It is now clear that if we choose « to be a closed one form in the cohomology
class of — pu( j,), then setting j; = j,, we get that for s small enough j(T") is well
defined, and

Gy = sA vy = s<uljo) v -

Let now y be such that (u(j,), y>isin[2, n + 1], then (j¥4,7> < {j&4,7) by the
above inequality, but by assumption {j¥4,7> <0, so <{j*1,7> <0, hence j,
satisfies (*). This concludes our proof.

Remark. Let us point out that the most useful applications of Theorem A follow
from the property of the Maslov class being in [2, n + 1], rather than from the
positivity of the action. In fact one of the most celebrated applications of Gromov’s
result is the existence of exotic symplectic structures on R?*, for n = 2. This can also
be proved using the boundedness of the Maslov class: let i,: 7" — (R2", ) be a
Lagrange immersion with zero Maslov class. Consider now 7™ as a submanifold of

> We refer to a forthcoming paper of Lalonde and Sikorav for a different proof, and among other
results, additional interesting consequences of theorem A
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R?", and denote by j the canonical embedding. Using the Hirsch-Smale theory of
immersions we see that for n = 2, i, extends to an immersion i of R?" in R?". Then
w = i*¢ is a symplectic form on R?", and j is a Lagrange embedding of 7" in
(R*", w) with zero Maslov class, hence w is an exotic symplectic structure (i.e. there
is no symplectic embedding (R?", w) — (R?", g)).

Now the reader only interested in the statement (ii) can avail himself of a
simpler proof, along the following lines. Use as before Weinstein’s theorem to show
that we can embed 2, = {(g, p)e T*T"||p| = ¢}. Now X, is a contact type hyper-
surface of R?" to which we can apply the results of [V2]: Z, has a closed
characteristic of Conley-Zehnder index in [2, n + 1] (this is not exactly what is
proved in [V2], however it follows from Prop. 4.1, Cor. 4.2 and the relationship
between the Conley-Zehnder index and the Morse index of the dual action
functional). We know that the closed characteristic of Z, are in one to one
correspondence with the closed geodesics of the torus. Moreover according to
Theorem 3.1, the Conley-Zehnder index of a closed characteristic is related to the
Morse index of the corresponding geodesic through the formula

Since on the torus (with the flat metric), iy, (g) is always zero, we get immediately
(u(j) gy el2,n+ 1] as announced.

The paper is organized as follows:

1. Hamiltonian systems localized near a Lagrange submanifold

2. Finite dimensional reduction and applications

3. Comparing the indices

4. Existence of periodic orbits with prescribed index and proof of the pro-
position

5. A generalization of our theorem

1 would like to thank Michéle Audin and Daniel Bennequin for helpful comments and for
suggesting many improvements, Y.G. Oh for pointing out several inaccuracies in the preprint
version of this paper, as well as the participants of the Symplectic Topology workshop held at
M.S.R.L in September 1988, where these results were first announced. I also would like to thank
Michael Herman for asking the question answered in corollary 3, and pointing out to me the
concluding “covering argument”. Last but most important, 1 would like to thank Frangois
Laudenbach and Jean-Claude Sikorav not only for their invaluable contribution in carefully
reading the manuscript, pointing out innumerable mistakes, raising several delicate points which I
had overlooked, and suggesting ways to improve the exposition, but also for their interest in the
results which are presented.

1. Hamiltonian systems localized near a Lagrangian submanifold

In this section we fix j, a Lagrangian embedding of the n-torus. To simplify our
notations, we forget about j, and consider T” as a submanifold of R2". Remember
that according to Weinstein’s theorem, we can actually assume that a neighbor-
hood U of T" is the symplectic image of a neighborhood of the zero section in
T*T"

For a point x in U, we shall write x = (g, p) with pe T} T".
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We now define a family H, of Hamiltonians on (R*", @,) such that the
corresponding system

X = XH,(x)
x(0) = x(27)

will have a solution with positive action. We shall show that this solution is
actually in U and if we write x = (g, p), q is a closed geodesic of 7" (with the
canonical flat metric), and the Conley-Zehnder index of x is in [2, n + 1] (prop. 4.4).
We shall see in section 3, that this implies {u(j), q>e[2,n + 1].

Let us define H,: Choose p small enough, so that we can assume
{(g.p)eT*T"|pl < p} = U, and R large enough so that U c B(0, R). Then set
H.(q, p) = h.({p|) where h, is a C*® function such that

(J'f’g){

h, is nondecreasing, strictly convex on [0, ¢], with h”(0) = 0 (L)
concave on [p/2 — ¢, p/2], linear on [¢, p/2 — ] . )

h(s)= —e+csfore<s<p2—e¢. (1.2)
h{0) = h,(0) =0 h,(s)=afors=p/2 where a=z 2R? (and c ~ a/p). (1.3)

As a result hy(s)s — h,(s) < ¢ for all s since this quantity is increasing on [0, £]
(its derivative is h;(s)s), decreasing on [ p/2 — ¢, p/2] and constantly equal to ¢ on
[e, p/2 — €], the above inequality is clear.

We now extend H, to R?" as follows

in BO,Ry—U,H,=a (1.4)

a for <R?
2r  for =2R?

and ¢'(r) < 4, g(r) Z 3r (hence g'(s)s — g(s) < 0) .

in R2" — B(0, R), H,(x) = g(]x|?) where g(r) = { (1.5)

Note that p and R are geometric constants, and thus we can choose a and
¢( ~ a/p) once and for all, and only ¢ will be allowed to vary. We now define the
action functional

2n 1
Ay(x) = (j) [E(Jx,)&)—-H(x)]dt

for xe H'(S',R?"). A, is S!'-invariant for the S' action defined by 6-x(t) =
x(t + 0). The critical points of A, are the solutions of ().

As we will prove in section 4, Ay, has a critical orbit of strictly positive critical
value and of Conley-Zehnder index in [2,n + 1].

It is now an easy fact that, due to the choice of H,, a critical orbit of Ay with
positive critical value must have its trajectory contained in U (see [ V2] and [H-Z])
and thus can be written as x = (g, p) with

4 =h,(ipDp/\p|
p=0
(q(0), p(0)) = (¢(2r), p(27))
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or else

p(t) =p.,  4.(t) = hi(ipl)p/Ipel
and q, is a geodesic of 7" with length

2 2z
g lg.(6)lde = (f) hi(1p.l) = 2nh.(1p,|) < 2nc
where ¢ is as in (1.2).
Note that since length (g,) < ¢, ¢ is independent of ¢, and the set of geodesics of
length less than ¢ is compact, we can find a subsequence ¢, - 0 such that g,

converges to some geodesic g, .
Note also that

2n 2n 2n
AHE(XE)Z gpeq.s + i q:'{— g he(lpsl)

= 2n((Ipdd = hlln ) + | at
and using inequality (1.2), we get that
Ag (x,) < 2me + ?;j: q¥i.
This yields for ¢ = ¢,
A (5, S 270, + | a2
so that if we show that Ay (x,,) = 0, we get
—2ne, < 2!; qri.

and letting n go to infinity, implies (i) of the proposition. In the section 4, we shall
prove that {u(j), go > €[2, n + 1] hence completing the proof of the proposition.

2. Finite dimensional reduction and applications

Let 4, be the action functional on H!(S!, R?"). We want to reduce the equation
dAy(x) = 0 to a finite dimensional problem.

For this we recall the approach of Amann, Conley and Zehnder (cf. [A-Z 1],
[A-Z 2], [Co-Z]) which consists of a Lyapunov-Schmidt reduction.

For xe H'(S', R*"), we can write its Fourier decomposition x(t) =) ;.7
exp(kJt)x,, x,€ R*", and then x = u + v where:

u(t) = i exp(kJt)x,
-N

o(t) = x(t) — u(t).
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Let now Py be the projection operator defined by Pyx=u and set
Oy=1— Py, Ey=ImPy.

. N . L
Assuming that |H"(x)| £ C < R consider for ue Ey the equation in v:

OxnDAy(u+v)=0 orelse Jo+ Qu(VH(u+0v))=0.

We claim this equation has for every u a unique solution v(u), C! dependent of u
(we refer to [Co-Z], p. 225 for this result). Moreover ay(u) = Ay(u + v(u))isa C?
function on Ey such that u is a critical point of a if and only if ¥ + v(u) is a critical
point of Ay, and the corresponding critical levels coincide.

Note also that the §* action on E restricts to an action on E, for which v — v(u)
is equivariant. Hence ay is also equivariant. We now wish to understand how the
topology of the level sets of ay changes when N increases. Let us first introduce
the following notation. If (X, A) and (Y, B) are pairs of spaces, we define X/A4 to be
the usual quotient space, and X/4AA Y/Btobe X x Y/A x YU X x B. We can
now state

Proposition 2.1. Let ES, = {ue Eylay(u) < ¢}, then if ¢ < d and neither is a critical
value of ay, we have that (E% . /ES+,) ~(D?*/S?" 1Y A(E%/ES,) where the S*
action on the product is inherited from the canonical one on E, and the N + 1-fold
Hopf action on (D?", S*" 1) (i.e. 0-(z,, ... ,z,) = (e D0z . eW+10z)

The main consequence is obtained by applying Thom’s isomorphism,

Corollary 2.2. If H¥% denotes Borel’s equivariant cohomology functor,
HX™2"N(E4, ES) is canonically isomorphic to H¥ ™' (E%., E§.) for N, N' large
enough.

The proof of proposition 2.1 will take up the end of this section. It is mainly
based on Conley’s theory of isolated invariant sets and Morse indices (cf. [Co])
that we will first try to summarize.

Let & be a vector field on a manifold M, ¢, its flow, S an invariant set of the flow.
In our applications, ¢ will be a pseudogradient vector field of some function, and S
some union of critical points and connections between them (heteroclinic orbits).

Let us define an index pair for S to be a pair (N, N,) of subsets of M such that

(i) S < interior(N,\N,)
(i) S is the largest invariant set in N;\N,
(ili) @, (N,)~ N, < N, for t = 0 that is N, is an exit set
(iv) if for x in N, and positive ¢t we have ¢,(x)}¢ N, then for some positive ¢’,
®p0..1(x) © Ny, and @,.(x)€ N, (that is, if x eventually exits N, it does so
through N,, thus N, is the exit set of N ).

We then set h(S) to be the homotopy type of the quotient space N,/N,.
Provided the flow of ¢ satisfies the Palais-Smale condition, k(S) is indeed independ-
ent of the choice of the pair (N, N,) (cf. [Co], p. 50 for the case N, compact).

Let us remark that if (N,, N,) satisfies (iii) and (iv) with respect to two vector
fields ¢ and #, then, if § and T are the maximal invariant sets in N,\N,, and if they
satisfy (i) and (ii), then it is clear that h(S) = h(T).
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This last remark can be useful in computing the homotopy index, and shall be
one of the ingredients of our proof.

Let us now consider &, a pseudogradient vector field for a function f on M,
that is

df(x)E(x) < — lldfx))*

(we should say a minus pseudogradient!).

Then if a < b are two regular values of f, and f satisfies the P.S. condition in
X\ X* then (X% X*) is an index pair for the isolated invariant set S of critical
points and connecting orbits between these critical points contained in X*\ X*.

We shall apply this to a suitably chosen pseudogradient vector field ¢ for ay, ,,
so that h(S) = [E%../E4+1]- On the other hand, we prove that for R large
enough the pair (E%, E5) x (D(R, Vy 1), S(R, V5. 1))is also an index pair for the
set of bounded trajectories of ¢ in E4,, — E% . Proposition 2.1 follows immedi-
ately. Here D(R, V5, ) and S(R, V) are the disk and sphere of radius R in

Vier = {veEy, lo(t) = exp((N + DJt)oy, , vy 4 €R?")
and
Vier = {veEy, ]u(t) = exp( — (N + 1)Jt)oy,y, vys €R?"}

(hence Ey,y = Ey® Vy41 @ Vys1)
We should also explain how Ej sits into Ey, ,: we have the embedding

Ey— Eyyq

def
u—u+ Pyi(o(w) = u+ oy, ().

Note that vy, ((u) is the unique solution of ay.(u+vy.) =0, and that

Un+1
ay(u) = ay, (u + vy, (u)), so that ay is the “reduction” of ay .

It will be convenient in the sequel to replace ay ., by dy,, such that

dy+1(u+ oyer) = ayy (U + oy (W) + on4y)
for vy, €VNi @ Vyyy
Clearly, if E4 ., is associated to dy.,, Ey 4+, is difftcomorphic to E},,, the

diffefomorphism being given by u + vy, > u + vy, (¥) + vy . Also, ay is a
reduction of dy,,:

a—**"azvﬂ(“ + o) =00y, =0
Un+1

ay(u) = dy 41 (u + 0)

and the embedding Ey — Ey, , is given by u —u + 0. .
We are now going to construct a vector field £ on Ey . ; such that

(E4. 1, ES. ) is an index pair for ¢ (2.3)
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(E%, ES) X (D(R, V5. 1), S(R, V1)) x Viyy is another index pair
for & In fact & will be a pseudogradient vector field of @y, , near (24)
dEY,, “ (x€Ey, lay, (x) = d} and OEY.,, which will ensure
(2.3).
We now define &
Definition 2.5. Set &, (u + vy, ;) = Doy, & Joy, ., and let ¢ be a cut off func-

tion near 0. Then we define
Eu+v) =1 — @(v]*)¢;(u + v) — @(jv]?) Vay(u) .
. k
Lemma 2.6. (i) If H is equal to Elxl2 outside a compact set withk ¢ Z, then & satisfies

the Palais-Smale condition. . .
(1) Ifc < d areregular values of dy . |, then (E%, |, E . 1) is an index pair for &.

Proof. We leave (i) to the reader. For (i) it will be enough to show_that
Vay, (x)¢(x) £ — |E(x))* and that &(x) does not vanish on OE% ., or 0EY,,.
(Note that this almost says that ¢ is a pseudogradient, except that we replaced on

the rhs. | d f(x)]|2 by |£(x)I?, so that & is only a pseudogradient away from its zero
set.)

If the above inequality is satisfied, dE¢ , , is the entrance set of ¢ and OES ., its
exit set, and one easily checks that conditions (iii) and (iv) are fulfilled.
We now show that Vay,,(x)&(x) £ — |£(x)|%. We first compute

Viy, (u+ Une1) &t oy, )= = Iy, — Joy oy (u) —
VH(u + vy () + oy g g + Wt + 0y () + 0y 1)) — JOysq D

where w: Ey,, — L? is the map given by the Lyapunov-Schmidt reduction to
Ey.,. Since &y (4 + vy,,)€Vyyy, and Viy,,(u + 0) has a vanishing Vy,, com-
ponent, the above quantity is equal to

{Vayo(u+oye)— Vay(u+0), 8 (u+ Uny+1)) =
(= Joyer — VHu + oy, (U) + ogg g + Wl + oy (0) +oyey)) Q7
+ VH(u + vy, (4) + w(u + oy, (W), Joy sy > .

In order to estimate this term, it will be enough to estimate the part involving VH.
We shall need

C
Lemma 2.8. |dw]| < N

c
We first conclude our proof, assuming the lemma. We consider the quantity
IVH(u + oy, (4) + ons g + w4 vyy (4) +oy04)) — VH(u + vy 1 (1)
+ w(u + vy ()] S sup|H"(x)||vg 4y + wlu + vyy 1 (1) + vyyy)

—wlu + vy W) 2 CL+ Jldw])oys | =

N_C|UN+1|
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so that (2.7) can be bounded by

CN
-~ (N + 1)2|UN+1|2 +N—C(N+ 1)|UN+1'2
CN
—_ 2 _— I, 2
= —(N+1) [1 (N——C)(N+1):||UNH|

1
< - ElDUNHIZ for N large enough .

Thus, we just proved that

Vay, (4 vyey) Eutoyg, ) S — 318 m+oy )P

This is very satisfactory, as long as we are away from E,, the zero set of ¢,, and is
the reason for adding a second term to get .
Now

(WVag o (u+ vyeq), S+ oyeyg)D
= @(low+ 1) Vg (U + oy ), E (U + vy )

-1 - (P(IUN+112)< Vi (u+vyeq), Vg (u+0)).

The first term, we just proved to be bounded by — o(|vy . 12)5E(u + vy )%, we
now consider the second term.
Using lemma 2.8, we just proved that

[Vay ., (u+vye ) — Vaye(u+0)] £ Cloys,l,

thus our second term will be bounded by

—-(1- (P(|UN+1|2){| Vay, (u+ 0)1> — CIIUN+1|}| Viy ;1 (u + 0)]
S — (1= ooy ) Vay, 1 (u + O){| Vay, (u+ 0)| — C'loy |} .

Now, because dy . ; satisfies the P.S. condition, and 0E%;, 0ES are regular values of
Ay 1,1 Vay (v + 0)| = | Vay(u)| is bounded from below on these sets. We can then
choose ¢ so that our second term vanishes if inf | Vay, ,(u + 0)| < 2C"|vy, ]| (the
inf is taken on dE$ U JE%) so our second term is less than

— (1 — @(Jon+11*) 3| Vay . (u+ 0)f* .
It is now clear that

Vay (4 + vy 1)U+ oyey) £ ‘%|€(“ + DN+1)12

and that ¢ does not vanish on 0E%, , U dE%, ;, provided we prove lemma 2.8.
Let w(x) be defined by

Jw+ QyVH(x + w(x))=0,
by differentiating, we get
Jaw(x) + QnH"(x + w)(dx + dw) =0
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that is [D + QyH"(x + w)]dw = — QyH"(x + w)dx. Since
ID+QuH"(x + W) Z (N =C), we got |dw| < ¢

C which concludes our

proof of lemma 2.8 and thus of lemma 2.6.

In order to conclude our proof of 2.1, we just need to show that the maximal
invariant set of ¢ in EN+1\EN+1 is contained in

E§ x D(R, Vi, 1) x Vi \Ey X D(R, V1)
X Vit VEY X S(R, Vyyy) X Vi
and that
(EX, ER) < (D(R, V1), S(R, Vi) X Vi,
is an index pair for £.
The latter is obvious from the definition of £, and we now prove the former.
n  We shall actually prove that if ¢, is the flow of &, and for some x, @,(x) stays in

Efv+l\l§fv+l for all t, then xe E,. This is easily seen by looking at the vy,
coordinate of x, it satisfies

d

EU;+1 = (N + Dogyy
d _ _
EEUN+1 = —(N+ Duysq

so that if for instance vy, | is non-zero, then the vy, , coordinate of ¢,(x) becomes
infinite with ¢, so we can replace x by a point in EN+1 with large vy, , coordinate.
Then, for such an x, ¢,(x) coincides with the flow of {;, hence ay ,  (¢,(x)) goes to
— o0 ast goes to + oo, thus ¢,(x) exits EN+1\EN+1

As a result, the maximal invariant set of ¢ in E¢, 1\E +1 1s actually contained
in E4\ E5,, which proves our claims and concludes the proof of 2.1. [0

From the proof corollary 2.2 we easily get

Corollary 2.9. Let iy(x) and vy(x) be the index and nullity of Py(x) as a critical point
def def

of ay. Then one has that i(x) = iy(x)— 2n(N + %), v(x) = vy(x) are indeed

independent of N.

Proof. To fix future conventions, let us mention that the nullity shall designate the
equivariant nullity, that is the maximal dimension of a subspace transverse to the
orbit of x and contained in the kernel of D?a(x): for a critical orbit which is not a
fixed point of the action, this is one less than the usual nullity. As for the proof, the
reader is invited to supply his own, using the proof of proposition 2.1, or to look it
up in [A-Z ] (prop. 2.1, prop. 4.5, lemma 7.2). []

Note also that v(x) coincides with the nullity of D4 (x), that is the dimension
of the vector space of solutions of

y=JH"(x)y, y(0)=yQ2n)
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We shall call i(x) the Conley-Zehnder index of x and in the next section shall
denote it by i, (x) to avoid confusion with other indices that shall appear there. Let
us mention that i,(x) is denoted by j(x) in [Co-Z]. We shall give in the next section
another definition of the index that can be found in [Co-Z].

It will be important for us to know how ay depends on H. We now prove:

Proposition 2.10. If we endow the set
{He C*(R*", R)| H(x) = 2|x|? outside a given compact set, and |H"(x)| £ C}

with the C° topology and the set C°(Ey, R) with the topology of uniform C°
convergence, then the map H — ay, which is well defined for C < N/2, is continuous.

This is clear once we realize that if we write E = E, @ Fy ® Fy where Fj
(resp. F ) is the direct sum of the V! (resp. V") for k > N, then A is convex in the
direction of Fj and concave in the direction of Fy . As a result we get an alternate
definition of ay as

ay(u)= sup inf Ag(u+v* +v7)
v eFyvteFy
Now if |H — K| co <¢, then ||Ay — Agllco < 2me, thus making our statement
obvious. [J

3. Comparing the indices

Let H(x) = h(|p|) as in the previous section, and let x = (g, p) be a solution of #,
the trajectory of which is contained in the neighborhood of 7% U. Then g is a
geodesic of the torus endowed with the flat metric, and thus, as a critical point of
the energy functional, E(q) = [|¢|*dt has a Morse index, iy (g). This is defined as
the maximal dimension of a linear subspace of the set of closed loops in
W1-2(S!, R?)on which D2 E(q) is negative definite. On the other hand if we view x
as a critical point of Ay, we can consider its Conley-Zehnder index i.,(x). The
purpose of this section is to compare i, (q) with i ,(x). The result can be stated as
follows:

Theorem 3.1. Assume x to be contained in the region U, = {xe U||p| < ¢} where h is
increasing and strictly convex. Then we have that

icz(x) = lM(q) + <”(j)’ q>

Remark. If we had assumed h to be increasing and concave instead of convex, we
should have added 1 to the right hand side.

The idea of the proof, which will take up the rest of this section, is to identify
both i ,(x) and i,,(q) with the rotation numbers of a path of Lagrange spaces, as in
[D] and [Co-Z]. The difference between the Conley-Zehnder and the Morse index
comes from the fact that in the first case the rotation of the Lagrange space is
measured against a fixed space in R2", while in the second case it is measured
against the vertical Lagrangian distribution in 7* 7. It is natural to expect that the
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difference between these numbers will measure the rotation along q of the vertical
distribution of 7* T" with respect to a fixed Lagrange space in R?". By definition
this is the Maslov number of g.

To begin with, we recall some results of Duistermaat (cf. [D]), on the Morse
index of Lagrangian functionals. Consider the functional E(q) = (3" K(q, §)dt
defined on the space of 2% periodic loops on a compact manifold L. The critical
points of E will have finite Morse index if and only if 02 K/dv? is positive definite.
With this same hypothesis, we can define the Lagrange transform of K as H(q, p)

= {p,v) — K(q,v) where v is an implicit function of p through the equation
p = 0K/dv(q, v). Now a critical point of E will satisfy the Euler-Lagrange equation

doK, 6 . 0K .

dt dv aq
which is classically equivalent through the change of variable p(t) = dK/dv(q, q),
to Hamilton’s equation in T* L with periodic boundary condition:

o
q_ap

(4(0), p(0)) = (g(2m), p(2m))

Let now ¥, be the flow defined by the Hamiltonian vector field of H, and
x = (g, p) a fixed point of ¥ = ¥,,. We denote by R(¢) the linearized map of ¥, at
x(0) that is R(t)y = d¥,(x(0))y. Clearly R(t) is a linear symplectic map from
Tyo)(T*L) to T,(,,(T*L). We shall now associate to any family R(t) of linear
symplectic maps from T,)(T*L) to T, (T*L) an integer ind(R).

First of all consider the bundle of symplectic spaces over S! with fiber
Eg=Tyo(T*L) x Tp(T*L) with the symplectic form n¥(dpAdg)
— n%(dp A dq)®. Now the graph of R(t) can be considered as an element in A, the
set of Lagrange subspaces of E,. Note that R is not a section of A since usually
R(2n) + R(0). Now given a map ¢: [0, 2n] — A such that ¢(¢t)e A, and a section L
of A, we define an integer ind, (¢) as follows. First assume that L(0) is transverse to
¢(0) and to ¢(2n). We can then compute the algebraic intersection number, [ ¢: L],
of the path ¢ with the hypersurface ), = ( Jpes {aeAglan L(0) + 0}. Before we
define ind;(¢) we need one more definition.

Definition 3.2. ([D]) Let (a, 8,7) be a triple of Lagrange subspaces of a linear
symplectic space, such that  n = y n § = {0}. We can then write y as the graph
of linear map C: o — f. We now set Q(a, f;7) = o(Cu, u). Q(a, f;7) is then a

® Of course since Sp(n) is connected all symplectic vector bundles over §! are trivial (this is the
point of view of Duistermaat). However the trivialization is not unique since 7, (Sp(n)) ~ Z, and
this is crucial in our case
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quadratic form on a. It is in fact the generating function of y if we identify our
symplectic vector space to T*x = o @ o* by identifying a* to f.

We can now set:

Definition 3.3. If L(0) is transverse to ¢(0) and ¢(2xn), we set
ind (¢) = [¢: L] + index Q(¢(2m), L(O); $(0))

Lemma 3.4. ind, (¢) only depends on the homotopy class of L so that we can extend
its definition to any section L.

Proof. We can always find a trivialization of A for which L is constant, i.e. if A is
identified with S! x A(n) then L(t) goes to (t, Lo). The proof then follows the
argument preceding definition 2.3 of [D] (pages 183-184). Now given two sections
L, and L, of A we define the Maslov class of the pair (L,, L,), denoted by
(L, L,), to be the difference of the Maslov classes of L, and L, read in the same
trivialization of A (it does not depend on the choice of the latter). O

We now state

Lemma 3.5. Let L, and L, be two sections of A. Then for any path ¢ as defined
above, we have

ind;,¢ —ind;, ¢ = —u(L,, L,)
The proof is easy and left to the reader. Let us now go back to the bundle
Eq = Ty (T*L) x Ty(T*L). It has a natural section that is V'(8) = V(0) x 1(9),
where V(0) is the vertical Lagrange subspace of T o(T*L).
We now can rephrase Proposition 4.6 of [D] as:

Proposition 3.6. Let ¢ be the graph of the linearized Hamiltonian flow associated to
the Legendre dual of K. Then, the Morse index of q as a critical point of the functional
E(q) = [3" K(q, §)dt defined on the space of 2r periodic loops on L, is given by

in(q) = ndy(¢) —n

Let C(6) be the section of 7,4, (T*L} induced by the constant distribution of
R2", L, = R" x {0} (ie. C(8) = dj(x)™*(L,)), and set C(8) = C(0) x C(6). Then,
using lemma 3.5, and the fact that u(V, C) = { u(j), ¢ >, we can rewrite 3.6 as:

Proposition 3.7.
im(q) = indc(¢) — n + {pu(j).q>

Theorem 3.1 will follow from

Proposition 3.8. Let ¢ be the graph of the linearized Hamiltonian flow along x, then
the Conley-Zehnder index of x as a solution of () is given by

icz(x) = ]ndC(¢) —hn

Comments. If x is a nondegenerate solution of a time dependent Hamiltonian, then
3.8 is contained in [Co-Z]. However because of the S! symmetry, periodic orbits of
a time independent Hamiltonian are always degenerate. Moreover in our case we
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are dealing with the problem of geodesics for a flat metric on the torus, in which
case the solutions are also degenerate in the direction transverse to the S! action.
Of course a perturbation could solve this difficulty but this would only further
complicate our argument, while it seems to us that extending 3.8 to the degenerate
case is an interesting result in its own right.

The proof of 3.8 will require several steps. First of all, i_,(x) only depends on the
linearized flow along x, R(t). This is because if H, and H, are two time dependent
Hamiltonians which coincide up to order two along a common periodic orbit x,
then the Conley-Zehnder index of x as a solution of #, is the same as its index as a
solution of ;. This can be seen by considering the family H, = (1 — 2)H,

+ AH,. Then H; also has x as a periodic orbit, and D2H,(x(t)) = D?Hy(x(t)) so
that the linearized flows coincide. As a result, the nullity of DzAﬁl(x) does not
depend on 4, and so does the index of this quadratic form, thus proving our
statement. This implies that i (x) is also the normalized index of the quadratic
form Q¥ which is the Lyapunov-Schmidt reduction of

L Uy5) - (H' (<), y)]dt

2n
0v.5) = { [2

Since R = JH"(x(t))R we also denote this number by i (R). In fact any C!
path in Sp(n) can be written as the solution of R = JA(t)R, for some path of
symmetric matrices A(z). Thus that i (R) can be defined for any path in Sp(n)
with R(0) = Id. Let us see more precisely how i,(R) depends on the path
R: [0, 27] — Sp(n). Clearly, if we deform R in the space of paths starting from the
identity, so that dim ker( R(2%) — Id) does not change, the dimension of the kernel
of the quadratic form —the index of which defines i.,( R)—does not change either,
hence i.,(R) remains constant. Note that the same is true for ind.(¢), for
¢ = graph(R), because ker(R(2zn) - 1d)= {0} is equivalent to ¢(2m)n ¢(0)
= ¢(2m) n A (here 4 denotes the diagonal in R2" x R?").

Now consider a deformation R, of paths in Sp(n), and a value s, of the
parameter such that ker(R,(2n) — Id) changes dimension as s goes through s,. To
simplify notations, we shall assume s, = 0. We now state:

Lemma 3.9. Let R, satisfy the equation R, = JA,(t)R,, and assume that the restric-

tion of w(di R (2m) ¥, y) to ker(R;(2n) — 1d) is a non degenerate quadratic
N s=0
Jorm with signature (I, m). We then have

iz(Ry) = i(Ro) =m

i.(R2) —i(Ro) =1
indc(¢ ) — indc(pg) = m
inde(¢ ) — indc(¢o) =1

Proof. Let QY(y, y) be the Lyapunov-Schmidt reduction of Q(y, ), and N, be the
kernel of Q¥ (y, ). In order to prove the first part of 3.9, it is enough to show that

the restriction of di OY(y, y) ls=o to N, has signature ([, m). This is easy to check
s
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with @, instead of QF, since if y = R,(1)y, is in the kernel of Q,, we have

d 2n
d Q (y’ - j (t)y09 (t))’o)dt

JR RS Ro,Vo’ Rgyo)dt

&|g_

E]

R; 'R Yo, Ro)’o)dl

JRR1

1
1%
(

[ %]
Oy

R 'RyYo, RoY0>dt

For s = 0 this becomes:
2 (2R
(o
0 Osot

Integrating the first term by parts, and using in the second term the fact that

JRGR; ! = A, is symmetric, we obtain

aRs 2 s 5
|:< s yOaRO.VO>:| - _f ( }’O’Ro)’o>dt
s=0
2n aR . 27
- s ,JR dt = ,R
E‘). ( as s=oy0 OJ’o> [( S S=0)’o o}’o>:|0

OR,
= “’<_a (2m) yo,yo>
N s=r

This proves our claim. It is easy to check that for y in the kernel of

2n . N aRs
yOaR0y0>dt_ | (JRORO ! 3
0 s

Yo» Ro)’o>dt

5=0 s=0

0 0
0o, ng(y, ¥) |s=0 and s 0%(y, y)ls=0 concide, thus proving the first part of our

proposition.

To prove the second part, we may, using symplectic reduction to the subspace
ker(R, — Id), assume that R, = Id. Let 4 be the graph of —Id. Then 4 is transverse
to ¢o(0) = ¢po(2n) = 4, and this will be true for s small enough. We can thus
compute ind(¢) using the formula:

ind(¢,) = [¢,: 4] + index Q(¢,(2n), 4; $,(0)
By our assumption, the first term of the right hand side does not change for s small
enough, so we have to compute index gg Q(¢42n), 4; $,(0)). Now ¢,(0) = 4, and 4
is the graph of the map C,: ¢,(2n)— 4 given by C,(x, R;x) = G(R,x — x),

1(x — R,x)). Here R, is to mean R,(2n). We can now compute

0 1 i
gQ(Csu, u) = 3 {o(Rx — x, x) — w(x — Ryx, Rx)} = w<g Rx, x>
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This concludes the proof of 3.9. The proof of 3.8 is now simple. Because two paths
in Sp(n) can always be connected by a family satisfying the assumptions of lemma
3.9, we know that the difference i,,( R) — ind(¢) is independent of R. Thus we only
have to show it equals n for one path in Sp(n). Choose the path to be
R(t) = expeJi, it is then easy to see that i.,(R) = n while ind(¢$) = 2n (the easiest
way to check this last point is to use the fact that ind(¢) — n is the index of the
quadratic form [2*[4|* — &?|q|*]dt defined on the set of periodic paths in R"). [

Proof of theorem 3.1. Let k be the Fenchel dual of h, that is k'(s) = t<> k' (t) = 5,
which is well defined for s < p. Then H is the Legendre dual of K(q, §) = k(|4]),
and we can apply prop. 3.7 and 3.8 to F(g) = (2" K(q, g)dt: if x =(q,p) is a
periodic solution of J#, with index i ,(x), then g is a critical point of F of Morse
index iy(q) = i,(x) + <u(j), g ). Butiy(q) is also the Morse index of g as a critical
point of E(q) = {|4|?, because k is strictly convex and increasing, thus concluding
our proof and this section.

4. Existence of periodic orbits with prescribed index, and proof of the proposition

The proof of existence of a critical orbit of index in the interval [2,n 4 1] can
essentially be recovered from [V1] and [V2]. For the sake of completeness we give
the proof in this section. From [V1] we shall use

Proposition 4.1. Let fbe an S* equivariant function on some space X, satisfying the
Palais-Smale condition, and ue H%. (X", X) be a cohomology class whose image
vanishes in H$: (X<, X°) for some c. If we set k = inf{c|u is non-zero in H%,(X°*, X*)},
then x is a critical value of f. Moreover if k is an isolated critical value and the
critical set in ™ 1(x) contains no fixed point, then there is at least one critical point in
£~ Yx) with index m, nullity v satisfying

d—-vEm<d.
The other result we need is:

Proposition 4.2. If H is the Hamiltonian defined in section 1, then for some real
numbers ¢ > a > 0, and any integer re[nN — 1, nN — n]

HI(Ey — ES, En— EQ) £0.

Let us remark that this is nothing else than Corollary 4.2 of [V2] but for the fact
that we here use the direct action functional instead of the dual action functional.
As in { V2] we rely on

Lemma 4.3. There are two S* invariant subspaces of Ey, V and W such that
V2 Wt o Fix(S?), and if S(¢) denote the sphere of small radius, ¢ in Ey, we have, for
o small enough

(i) ay is greater than o on S{(e)n W
(i) ay is bounded on V.
(iiiy dim W = 2aN, dim V'* = 2nN — 2n.
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Proof. Set Q*(x) = (3" [$(Jx, X) — £|x|2]1d0 for x in E (resp. Q% on Ey). Then for
x € Ey small enough, H(x) =~ o(|x|?) (we assume that O€ j( T") which can always be
done) and Ay(x) ~ Q°(x) and ay(x) =~ Q%(x). On the other hand, | H(x) — 3|x|?|
is bounded. According to proposition 2.10 this implies that ay(x) — Q3/*(x) is
bounded as well. We now define W' (resp. V) to be the direct sum of the
eigenspaces of Q% (resp. Q%) corresponding to nonpositive (resp. negative) eigen-
values. Assertions (i) and (ii) are clear, while (iii) is easy to check if we write

N

Qx(x) = ZN —(k+21)/2 Ix/
This proves the lemma. O
Proof of proposition 4.2. Consider the maps

S(ey)n W—->Ey — Ey > Ey
which induce maps in equivariant cohomology:
H$(Ey) > HE(Ey — E}) > HE(S(e)n W)

Now the composition of the above maps is onto for * < dim W because

5H(Se)n W)= Qu]/(u*sm ™)
where u is the pull-back of the generator of H% (Ey) = Q[u] by the map induced in
cohomology by the inclusion map. Thus the map

HY(Ey— E}) - HHY(S(e)n W)
is onto. On the other hand Ey — E§ is contained in E — V which has the
equivariant homotopy type of §(1) n V4, thus

3 (Ey — V) = O[ul/(u* ).

As a result, the maps
Ey—EY{—-Ey—V-Ey
induce maps
H$(Ey) —» H5(Ey — V) > HE(Ey — ER)
the composition of which vanishes for * = dim ¥+, Finally we see that for r in
[3dim V*, 3(dim W) — 1], we have that u" is zero in H¥ (Ey — E$), but nonzero in
H%(Ey — E%), so that HZ(Ey — E%, Ey — ES) does not vanish for re[nN — n,
nN — 1] which concludes our proof. [J
In order to conclude the proof of Proposition B, we still have to prove that the

solution of 3, that we obtained is contained in {(g, p)||p| < ¢}. Now for r in the
above interval, we denote by ¢,(H,) the critical level defined as the greatest lower
bound of the set of real numbers ¢ such that u” goes to zero in HX(Ey — E). It is
easy to check that this is a critical value of A, and it depends continuously on H for
the C° topology (cf. prop. 2.10). Now c,(H,) is equal to h.(|p,))|p.] — h.(Ip.]) +

fs1 g¥4 where (g,, p,) is a solution of #,. If all the periodic orbits of H, were
contained in |p| >4 —¢, then as & goes to zero, ¢,(H,) goes to ¢,, = —2mna
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+ /2 p(do.q) §s1 4% .4 Since the c,(H,) are all positive so is ¢, q- Also because of the
above mentioned continuous dependence, ¢, , must depend continuously on a. But
for a large enough we reach a contradiction, since fs1a*4 p/2 p(qe,) is in a
countable set (hence totally discontinuous) and thus can only be continuous if it is
constant. In the above argument, we implicitly assumed that c,(H,) does not
depend on the choice of the finite dimensional reduction. This follows immediately
from corollary 2.2.

We are now ready to prove

Proposition 4.4. For a suitable choice of ¢ and a with & arbitrarily small and a
arbitrarily large, the positive critical level c,,y_,(H) contains a critical orbit
corresponding to a periodic orbit of #, with Conley-Zehnder index in [2,n + 1]
contained in {(q, p)lip| < &}.

Proof. Combining corollary 2.9 and 4.1 we get a critical point of ay of Morse
coindex d, nullity v such that

d<2nN —2<d+v
hence since
d+m+v=2n2N+1)—1,
we get a critical point of index m, nullity v such that
202N +1)—1—m—v 20N -2 202N+ 1) -1 —m
or
mE2nN+1/2)+n+1<m+v

This corresponds to a solution with Conley-Zehnder index i, satisfying the
inequality

LS l4n<iotv.

For the standard (flat) metric of T", v = n — 1 thus the above inequality can be
read as

i(x)e[2,n+ 1]

which is the promised statement. []

5. A generalization of our theorem

It is easy to see that our proof of Theorem A yields the following generalization:

Theorem A’. Let L" be a compact manifold admitting a Riemannian metric with
nonpositive (resp. negative) sectional curvature. Then for any Lagrangian embedding
j: L - R?" there is a loop y on L such that:

M) *4y> >0
(i) <u(j),y>el2,n+1] (resp. = 2)
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The proof goes exactly as in the torus’ case, by noticing that in a manifold with
nonpositive curvature, all geodesics are of Morse index 0 and nullity at most
n — 1. Moreover in the case of negative curvature the improvement in condition (ii)
is due to the fact that all geodesics are non degenerate. By considering c,,y 5, and
Cann—a> We find two solutions, x, =(q,, p;), X, = (4, p;) of () of respective
Conley-Zehnder indices equal to n + 1 and n + 3. Then y = q,-q; ! will satisfy (i)
and (i)). O

Examples of embedded Lagrange submanifolds of R?" having a metric with
negative sectional curvature are nonorientable surfaces with Euler characteristic a
multiple of four other than the Klein bottle. Note that the conclusion of the
theorem also applies to products of such surfaces.
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