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Abstract. Presented in this theory is a semianalytical solution for the problem of the motion of a 
satellite in orbit around the moon. The principal perturbations on such a body are due to the non- 
spherical gravity field of the moon, the attraction of the earth, and, to a lesser degree, the attraction 
of the sun. The major part of the problem is solved by means of the celebrated yon Zeipel Method, 
first successfully applied to the motion of an artificial earth satellite by Brouwer in 1959. After eliminat- 
ing from the Hamiltonian all terms with the period of the satellite and those with the period of the 
moon, it is suggested to solve the remaining problem with the aid of numerical integration of the 
modified equations of motion. 

This theory was written in 1964 and presented as a dissertation to Yale University in 1965. Since 
then a great deal has been learned about the gravity field of the moon. It seems that quite a number 
of recently determined gravity coefficients would qualify as small quantities of order two. Hence, 
according to the truncation criteria employed, they should be considered in the present theory. 
However, the author has not endeavored to update the work accordingly. The final results, therefore, 
are incomplete in the lunar gravitational perturbations. Nevertheless, the theory does give the largest 
such variations and it does present the methods by which perturbations may be derived for any 
gravity terms not actually developed. 

1. Introduction 

The largest per turba t ion  on a close lunar  satellite is caused by the zonal  harmonic  of 

degree two in the oblate gravity field of the moon.  Its coefficient, labeled Cz0, is of  

order 10 -4. It  is known  from Brouwer 's  (1959) work that  this coefficient will appear as 

a divisor in developing the terms of long period, namely those with the arguments  9 

and  h. Hence, in order to achieve adequate accuracy in the final results, it will be 

necessary to develop the dis turbing funct ion to a fairly high degree of precision. After 

some experiments,  it has been decided to include all terms /> 10 -8 in  the dis turbing 

funct ion such that  the final results, allowing for divisors of order 10 -4  , are accurate 

to about  10 -4  . 

The coefficients of the leading zonal  harmonic,  Czo, and the leading longi tudinal  

harmonic ,  Cze, are known  with sufficient accuracy. Their  numerical  values are 2.0 x 

10 -4  and 0.25 • 10 -4,  respectively. However,  no th ing  is known  abou t  the coefficients 

of higher order terms. It  is conceivable that  quite a number  of these may exceed 10-8. 

Nevertheless, since there is no way of assigning numerical  values to coefficients of de- 

gree larger than  two, the present theory is restricted to terms of degree ~< 2 in the tri- 

axial potent ial  of  the moon.  Since both zonal and longi tudinal  harmonics  are treated, 

a later extension should no t  pose any part icular  difficulties. In  dealing with the pertur- 

bat ions  due to the moon ' s  figure, it was found that the leading terms of the moon ' s  

physical l ibrat ion should be considered. They contr ibute  terms to the dis turbing 

funct ion somewhat  in excess of 10 -8 . 

The largest per turba t ion  due to the earth is seen to be about  4 • 10- 5, while that  due 
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to the sun is approximately 2 x  10 -7. In addition to the small parameters already 
quoted, there will appear the following quantities: 

7~ = 8.9 • 10-2, the inclination of the lunar orbit to the ecliptic; 
e(= 5.5 • 10 -2, the eccentricity of the lunar orbit; 
I~=2.7 x 10 -2, the inclination of the lunar equator to the ecliptic; 
e~ = 9.3 x 10-4, a coefficient associated with the physical libration; 
za =4.9 x 10 -4, a coefficient associated with the physical libration. 

Hence there is a total of nine small parameters. It would be undesirable to assign 
orders of magnitude to each quantity separately since, upon forming squares, cubes, 
and products of these numbers, there would result some overlap between terms 
belonging to neighboring orders of magnitude. In order to avoid this difficulty, the 
disturbing function is first developed completely, and only then are orders of magni- 
tude assigned to the various coefficients. These coefficients may be products of two 
or three of the small parameters enumerated above. 

In the development of terms of intermediate period, small divisors of order 10-2 ap- 
pear. This feature suggests, prompted by the table of  small parameters above, to 
designate terms of approximately 10 .2  to be of order one. Roughly, then, order two 
is 10- 4, order three is 10- 6, and order four about 10- s. A more precise definition will 
be found in a later part  of  this paper. 

The derivations will reveal that the periodic perturbations of the lunar orbital ele- 
ments have been ignored, while the secular variations are included. Since some of the 
former lead to perturbative forces somewhat greater than 10-s, there is an inconsist- 
ency insofar as terms due to physical libration, of comparable size or even a little 
smaller, are included. However, some restrictions had to be imposed in order to be 
able to cope with the amount  of algebra. It  was felt that physical libration was the 
more interesting of these two features to treat. 

The elimination of short-period terms presents no difficulties. It  is easily under- 
stood that there are no terms of first order. In keeping with the desired accuracy of 
10 .4  for the final results, the short-period terms of second order are calculated, but 
those of third order are not needed. Here as throughout the development, no expan- 
sion in the satellite's eccentricity is required. 

As briefly mentioned before, in deriving the perturbations of intermediate period, 
namely those containing the mean longitude of the moon, a small divisor of the first 
order is encountered. This divisor, of course, is n~/n, where n~ and n are the mean 
motions of  the moon and the satellite, respectively. Hence there will appear terms of 
first order, and, in order to obtain the variations of  second order, it will be necessary 
to consider the third-order part  of the Hamiltonian at this point. 

After this step, there remain in the Hamiltonian the mean longitude of the sun and 
the nodes and pericenters of  the satellite and the moon. I t  will be seen that the Hamil- 
tonian is now of such a form that the solution cannot be obtained by successive 
approximations. It  is suggested that this part  of the problem be solved by numerical 
integration. This approach should prove to yield a theory valid for a considerable 
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length of time. The integration step size would not be less than several days. For this 
purpose, the Hamiltonian, freed of terms of short and intermediate period, is given 
through order three, and the method for obtaining the fourth-order part is outlined. 

The author apologizes for his scanty knowledge of the Russian astronomical 
literature. It was not until recently that he became aware of Brumberg's (1962) im- 
portant work on the motion of lunar satellites. Timely knowledge of Brumberg's 
theory would undoubtedly have been beneficial in the planning and execution of this 
work. 

2. Development of the Disturbing Function 

In this section the force function will be stated and developed by taking into account 
the perturbative accelerations due to earth, sun, and the moon's gravitational field 
greater than 10 -s.  When dealing with the latter, particular attention is given to the 
physical libration of the moon. 

A. THE INITIAL FORCE F U N C T I O N  

The equations of motion with their force function will be given valid in an inertial 
frame. The coordinate system will then be changed to have its origin in the center of 
the moon. The force function will be expressed in the relative coordinates and put in 
such a form that the corresponding equations of motion are canonical. 

The equations of motion of four point masses in inertial space are 
3 

"Oi=k 2 ~ m j O i - O i  r i a j ,  j = 0 ,  i , 2 , 3  La 
j = 0  
j ~ i  

where 0 (i) 
and r~j = (~i - ~j)2 + (r/i _ ~/j)2 + ((i - (j)2. 

Upon introducing the force function 

r mom2 mom 3 mlm2 mlm3 F" = k 2 m~ + + + + 
L r o l  r o 2  t o 3  r 1 2  r 1 3  

the equations may be written more conveniently in the form 
"-2' ~ It 

m j ~ j = V F ,  j = 0 , 1 , 2 , 3  

where ~7 is the operator 

fc3- ,  
a~ 

~=  
@ 

+ m2~], O) 
F23 _] 

(2) 
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The notat ion F" has been chosen so that the symbol F may be available for  a different 

function. 
Let now the subscript 0 refer to the moon ,  1 refer to the satellite, 2 refer to the earth, 

and 3 refer to the sun, and let the coordinates of  satellite and ea r th  be referred to the 

center of  the moon,  but  those of  the sun to the barycenter  of  the ear th-moon system. 
These new coordinates will be represented by the symbol ?. Then 

r l  = ~1 - ~o~ 

r2 = ~2 - -  ~0~ 

moOo ~ m 2 ~ 2  
r ;  = 03 

/T/0 + In 2 

(3) 

The prime attached to the last vector calls attention to the fact that  the solar coor- 

dinates are not  referred to the center of  the moon.  It  is clear that  the axes of  the new 
coordinate  frame are parallel to those of  the inertial one. 

In  order to obtain the acceleration o f m  1 with respect to the new frame, differentiate 
the first of  (3) twice with respect to time, and then employ (2): 

t=l = 01 - Oo 

- V 1 F " - -  V o F " .  ( 4 )  
/T/1 /97 0 

In  order to express (4) in terms of  the new coordinates,  consider 

F" = F" ( f , ,  e2, ?~). 
Hence 

OF" 8F"Sx 1 8F"Sx2 8F"Sx~ 
- + - - -  + - - - -  j = 0 ,  1 ( 5 )  

8~j 8x~ ~ j  8x2 8~j 8x; 8~j' 

and similar equations for the other components  of  V j F " . W i t h  the aid o f  (3), one 
obtains 

8xl 8x2 8x; 
- 1 - - =  0 - 0 

841 841 841 
OX 1 aX 2 aX3 m 0 

- 1 - 1 - 

a ~ o  ~o ~o mo + m2 

(6) 

and again similar results for  y and z. Upon  putt ing (6) into (5), 

and 
V I F " =  V1F" 

m o  

(7) 

Vo F" = - V1F" - V2F" V~F", 
rn o + m 2 
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Substitution of  (7) into (4) leads to 

�9 - mo + ml  1 1 
r l  - V 1 F "  + - -  V z F "  + - -  V ; F " .  (8) 

rnornt mo mo + m2 

F" is still expressed in terms of  the old coordinates ~, q, and ~. In order to make F" a 
function of  the new variables, first note that one is free to choose the center o f  mass of  
the entire system as origin of  the inertial frame. For reasons o f  legibility this is not  
depicted in Figure 1. With this choice 

3 

Z rnj0J = 0. (9) 
j = O  

y y' 

F i g .  1. 

m2 

BARYCENTER~ 
EARTH-MOO/ ~ x' 

ro2 rl 2 

ro3 

r13 
m~ x 

rn 1 

The diagram shows the inertial and relative coordinate frames. Note  that the four bodies in 
general do not lie in the same plane. 

Inasmuch as the satellite's mass is negligible, it is permissible to put ml = 0 for this 
purpose; some labor can be saved by doing so. Combining formulae (3) and (9) and 
solving for the Oi gives the relations 

m 2  m 3  
~o - ~2 - ~; 

m o + m z  mo + m 2 + r n 3  
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m2 
~i = f l  

mo + m2 

0 2 -  
rr/o 

/ :2 - -  
mo + m 2 

mo + rn 2 

/q'/3 

m o +  m2 + m3 

m3 

mo + m2 + m3 

-t 
r 3 . 

m o +  m2 + rrt 3 

Appealing now to 

,.2 = ( 4 , -  ~s) ~ + (,7, - ,T j) ~ + ( ~ , -  ~j)2,  

there follows 

2 
?'01 = r2 

ro~2 = d 
2'~2 _ _, ( m2 ~ 2 

rg3 = r'3 2 + rz'r3 + r~ 
mo + m2 \rno + m2/  

r ~  = r~ - 2 ~ - ~ 2  + r~ 
2m~ -, ( m~ ] ~ 

rlZ3 = r3 2 + tZ2"r3 + r2 2 
mo + m2 \too + m2/  

2 m 2  2 
- 2rl "f3 - - / ~ 1  "r2 -~- r l  

m o +  m2 

r223=r32 2 t o o -  _, ( mo ~2 
r 2 �9 r 3 + r 2 . 

rrt o + rrt 2 \ ~ n  o + m 2 /  

(10) 

With these relations one can express F", given by (1), entirely in terms of  the new 
coordinates. 

It will next be necessary to calculate i i ,  given by (8), explicitly in terms of  the 
coordinates. Appealing to (1) and (8), there fol lows 

,s 
r I too+m1 k 2 momlV 1 - +  r n l m 2 V a - - + m l m 3 V a  

1T/0/T/1 r l  r12 

+ - -  k 2 m o m 2 V z - - +  m o m 3 V 2 - - +  m2m3V2 
rn 0 r 2 r03 

1 [ 1 r:J + k 2 m o m 3 V ;  - -  + m 2 m 3 V ;  
/T/0 -~ m 2 r03 

(11) 

where some terms have vanished because m 1 = 0. In computing the partial derivatives, 
it is advantageous to make use of  

1 - 1  
V --  V r  2 

r 2 r  3 
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since the r 2. are conveniently available in (10). The necessary partials are 

1 - -  771 1 -- ?72 
V l  - -  , V 2  - -  _ _  , 

r 1 r 3 r 2 r2 3 

1 7 7 2 - ~  1 1 - m  2 ( m 2 _ , )  
V 1 -- - - ,  V 2 - - . =  772-~- r3 , 

r12 r32 to3 (too 7 m2) r33 m i 7  m2 

1 - 1 (  m2 ) 1 -too ( mo , )  
V~ - - - -  771 --  ~2 - ~ V2 - 

r 1 3  r33 mo -I- rrt 2 ' r23 (mo + m22) r33 mo 7 m2 ?72 -- r3 ' 

1 - 1 ( _ , _ _  m2 ) , 1 _ _ _ - 1 ( - ,  mo ) 
V~ r033 r 3 +  i z ,  V 3 r233 r 3 /72 �9 to3 mo --}- /g/2 r23 DT. 0 -~- 1T/2 

After substitution of these into (11) and some simplification, there follows 

�9 " [ 771 ?72 ?1 -- ?72 
771 = -- k2 l r n ~  

IT/13 33 ( - gr/2 - t )  m 3 (  Fn2 ) 1  r2 - -  r3 q- ~ ?72 + ?~ �9 (12) 
+ r l  m o +  m2 to3 r n o + - m  2 

With the partial derivatives given above, and noting that 

vl (5"77j) = ?Tj, 
it can be seen by inspection that 

771 = V 1 F '  
if 

F'= kz[rnr21 m2 
- r 3 ?71"?72+m2+r12 " " (  " )1 - -  r l " r 2  -t- r l " r  3 . 

r13 r033 m o + m2 

(13) 

(14) 

The equations of motion, (13), are now in the desired canonical form. This will permit 
an immediate transition from these equations to the equations of motion in terms of 
the Delaunay variables which are to be used later. Note that the two functions F" and 
F' do not have the same physical dimensions. 

B. THE TERMS DUE TO EARTH AND SUN 

The next step in the development of F' requires the expansions of 

1 1 1 
and 

F12 r13 ro33 

in form of power series in the ratios rl/r2, rl/r 3, a n d  r2/r 3. Defining three angles by 

771 "/72 ~ Fir2 cosS12 
- - t  ! t 
r I "r 3 = F1F 3 cosS13 

- - t  ! ! 
?'2 "F3 ~ /'2/'3 COS 323, 
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one has, with the aid of  Equat ions (I0), 

E 2 

r22 : r2 1 -  2 r~ c~  + (rl~ 1 
r2  \ r 2 /  d 

; 2 [  2m2 r2 , ( f n2 . ] 2 ( ~ 2  rl , r23=r 1 + cosS23 + - -  -- 2 ~ c o s S ~ 3  
mo + m2 r3 \ too  + m2] \r3.l r3 

t o o + m 2  r~ 2 c o s S l e + k r 3 /  A 

ro23=r  1 +  , c ~  , 
m o +  m2 r3 \ too  + m2/ \r3] _] 

Clearly the first and third o f  these may be expanded with the aid of  Legendre polynomi-  

als. For  the second, a carefully executed binomial expansion will serve. In  order to 
determine the point  of  t runcat ion for each series, the numerical values of  their coeffi- 
cients are computed based on an assumed radius of  the satellite orbit  of  3000 kin. This 
does not  restrict the validity o f  the theory to radii of  less than 3000 kin, but  the exact 

numerical compatibil i ty of  the various external perturbations at this altitude will 
deteriorate in either direction f rom it. In  units of  r 1 and rno, one finds, approximately,  

r 1 = 1 m o =  1 
r2 = 1.3 x 10  2 m2 = 0.81 x 10  2 (15) 

t 
r 3 = 5 . 0  X 10 4 m 3 = 2 .7  x 10  7 . 

Using these numbers,  it is easily verified that  

/T/3 /7"/2 
3 

ro3 m o +  m 2  
- -  f l  "?2 m - -  

gr/2 m 2 
- -  = 0.62 

r12 r2 

/7/3 m 3 
- - - = 0 . 5 4  x103  t 

]'13 r3 

/T/3 FF/2 r l F  2 
- 2 . 8  x 1 0  - 5  

m 0 --]- m 2 1~3 3 

/T/3 _, r l  
ra35 ? l ' r a ~ m 3 r . 2 3  =1"1  • 10 -2 . 

With these figures it is clear how far the expansions have to be carried. Al though the 
development  will later be restricted to terms /> 10 .8  , at this stage all terms >/10 -1~ 
shall be retained. Consequently,  it is necessary to expand 

I 10 -1~ 

th rough - 1.6 • 10 -1~ 
r12 0.62 

1 1 0  - ~ ~  
- -  through - 1.9 x i 0  - 1 3  
r13 0.54 x 103 
1 10 -1~ 

r33 through 1.1 • 10 -2 - 0 . 9 1  • 10 -8 .  
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The final results of  the three expansions are: 

where 

1 1 rl  3 r~ 2 1 r~ 5 r 3 cos3 S12 - + cosS z+sr3cos 
r12 r2 r2 2 

35 r~ 15 r~ 3 r41 
3 r 3 cosS12  -t- C0S4 S12 --  cos2 S12 -~ - - -  
2 r2 4 8 r 5 4-  ~ s r 2 8 r 2 

2 

r 2 r ,  3 M 2  r2  cos2 S ~  3 _ 
1 _ 1, M r ~ 3 2 c ~ 1 7 6  /33 

r13 r3 
f;! 

2 

r l r2  , , r l r  2 5 M 3  r 3 COS3S~ 3 
- - 3 M  r3 , c o s S l a c o s S 2 3 + M  r;  3 c o s S l z - ~  r~34 

15 M 2  r l r  2 3 r~ 
3 M3 r 3 cosS~3 + cosS]3  cosZS;3 + c0s2S'13 

+ 2  r~343 4 2 ~ 2r~333 

2 r l  r2 3 r , r  2 , 1 2 
- 3M ~ -  cosSa2 cosS~a - - M 2 ~ c o s S  13 r~ 

r 3 2 r 3 2 r33 

35 M, d cos'si3 15M, cos2sl 3 
+ ~-  r;~ ~- r;~ r ;  ~ 

15 r~r 2 35 M3 r l r  3 
--  - -  M c0s2 S13 cos  S;3  - cosS~3  c0s3 $23 

2 r ; "  2 r ;  s 

3M r~r2 15 M3 q r  3 
+ r3 4 c o s S I 2  c ~  -}- 2 r ;  ~ c o s S 1 2  c~  

15 M3 r l  r3 3 rZr2 cosS~3 7fcoss; coss  +SM 
35 M5 r25 c0s3S~3 63 Ms r A cosSSi3 3 M3 r l r  3 

r36 - 8 -  r~ 6 - 2 , . ;~ cos $12 

5 
15 Ms r 2 cos S~3 
8 r3 

+ 

2 2 
1 1 r,z 4 15 M 2  r 2 3 M 2  r2  

r03~ = r~33 -- 3M cos Si3 + - -  - -  cos 2 Si3 - r;5 r 3 2 r3 s 2 

15 M3 r 3 35 M3 r 3 cos3S~3 + -  2 , 
- 2 -  r~3 6 2 r~ 6 COS $23 , 

m2 
M - - -  

mo + m 2 

In  the above  expressions, terms with identical coefficients have purposely  been separated 
to facilitate cancellat ion at a subsequent  step. It  may  be seen that  11 terms in the last 
two series do not  depend on the coordinates  of  the satellite. They m a y  be eliminated. 
Upon  subst i tut ion of  all three series into (14), a considerable a m o u n t  of  cancellation 
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occurs. There remains only 

= + } m 2  (3 c0s2S12 - 1) + } mE (5 cos3 S l e -  3 cosS ,2 )  

r 4 1 r2 (3 cos 2S13 - 1) +8rrlEr21 ' ~  (35 cos 4 S 12  - -  30 cos 2 $ 1 2  + 3) + ~ rrt 3 r~53 3 

3 r2r2 ' ' ' 1 + ~ m3M ~ (--  5 c0s2S13 c0sS23 + 2 cosS ,2  cos S',3 + c0sS23 ) . 

The  numerical  values of  the coefficients appear ing  above  are easily established with 
the aid of  set (15). They are: 

2 
gn o r 1 

- -  1 = 2 . 2  x 10 -v  m3 r ~  
F 1 

2 4 
1 1 r 1 

m2 ~5 = 3.7 x 10 .5  m 2 ~ = 2.2 x 10  - 9  

r~ 2 Y l r  2 
m 2 r2~ = 2 . 8  x 10  . 7  /9/3 r~434 = 0 . 5 7  • 1 0  . 9  . 

I t  will be seen at a much  later stage in the development  of  the theory tha t  small divisors 
of  order  10 -2 and 10 . 4  will occur. Hence, in order  for  the theory to be good  to abou t  
10 -4,  it will be necessary to retain all terms ~> 10 .8  in the force funct ion at  this point.  
Consequently,  the force funct ion to be retained is 

F 1 1 r~ (5 COS 3 $ 1 2  - -  3 COS $12 ) r 2 ( 3 c o s E S 1 - l ) +  m 2 -  F , = k  2 m ~  mE_ 
k rl 2 r 3 2 ~ r42 

1 ?.2 

(3 cos 2 s ;3  - 1 ) ]  (16) + 2m3r~333 d 

I t  can easily be seen tha t  the ear th may  be treated as a point  mass. The  leading 
oblateness te rm in the ear th 's  potent ial  acting upon  the lunar  satellite would contr ibute  
to (16) an addit ional  m e m b e r  with coefficient 

r l  
rn2 ~ Jz 

r2  

where R E is the equatorial  radius of  the earth. Since J 2 ~  1.1 x 10 -3,  the numerical  
value of  this te rm is abou t  1.1 x 10 -11. 

C. THE OBLATE FORCE FIELD OF THE MOON 

In  (16), the m o o n  still appears  as a point  mass. It  is the purpose  of  this section to 
allow for  the principal  effects of  the moon ' s  non-spherical  gravity field. 
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The potential o f  a triaxial body, such as the moon,  can be written in the form 

n = l  m = 0  

where, in the case on hand, #=k2m o ,  r=rl, R=R~ is the lunar mean equatorial  

radius, P~(s in  fl) is the associated Legendre polynomial ,  cn, and Snm are numerical 
coefficients, 2 is the selenocentric longitude, and fl is the selenocentric latitude. 

Suppose the reference f lame is chosen such that  its origin coincides with the center 
of  mass. Then c l m = s l , = 0 .  Moreover ,  let the reference f lame be oriented so that  its 

axes coincide with the principal axes of  the body. Then the part  of  U with n = 2 can be 
written in terms of  the principal moments  of  inertia A, B, and C, as 

l U2 = 2r ~ C 2 

if  

and 

x i = r 1 c o s f l c o s 2  
t 

Yt = rl cosfl  s in2 
t zx = rl  sinfl 

t 2  r ~ = x ]  2 + y ~ 2 + z l .  

Consider now the par t  o f  (17) with n = 2  and compare  to (18). There follows 

$20 = C21 ~--- $21 ~ $22 = 0 

A + B - 2 C  
C20 = 

2moRg 

B - A  
c22 = 4moR " 

Taking, with Brouwer (1963), 

C - B  
- 1.497 x l0  - r  

moR~ 
C - A  

- 2 . 4 9 5  x 10 -4  
rnoR~ 

B - A  
- -  = 0.998 x 10 - 4 ,  
rnoR~ 

one obtains 

C20 = -  2 . 0 0  X 10 - 4  

C22 = 0 . 2 5  X 10 - 4  . 

(19) 
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There exists, at present, no way of obtaining an estimate of the numerical values of 
higher order coefficients. There is some reason to believe that a number of these may 
exceed 10 -s .  Due to lack of information the present theory will be restricted to the 
terms with n = 2. In any event, the leading terms are being included, and the develop- 
ment illustrates the treatment of both zonal and longitudinal harmonics. 

With the aid of (17), the lunar part  of the force function may then be written as 

k2m~ \ / ' 1 / t  (20) 

This can easily be put in terms of the new rectangular coordinates, fixed in the moon. 
From (19), 

3sin 2 f l - I  = 1 2 ( 3 z ' 1 2 - r  2) 
' 1  
1 (21) 

(1 - sin /3) cos2  = ( x ?  - y f ) .  

Define now 

C20 
C18 ~ 3C22 - -  _ _  

2 

C20 
C19 = - -  3C22 - - - -  

2 

(22) 

and substitute (21) and (22) into (20). The subscripts 18 and 19 have no significance 
other than to provide a symmetric form, as seen below. Upon inserting (20) into (16), 
the augmented force function becomes 

F' - k2m~ Ii  + R} (clsx'12 + cl9y'12 -k c2~ r~ 

2 k 2 m 2  r 3 
k2m2 r~ ( 3  cos 2 $ 1 2  - -  1)  -~- - -  ( 5  c o s  3 8 1 2  - 3 c o s  S12  ) 

+ 2 r23 2 r24 

k2rn3 r2 (3 cos2Si3 - 1). (23) 
+ r;3 

D. SELECTION OF THE REFERENCE FRAME 

At this point in the development it becomes necessary to choose a suitable reference 
frame. It  seems desirable to select a frame that can be considered inertial for all 
practical purposes. The plane of the lunar orbit appears undesirable because of the 
relatively rapid motion of the lunar node. The same is true for the plane defined by the 
lunar equator;  its precessional rate is the same as that of the lunar orbit. The two re- 
maining natural planes are the ecliptic and the earth's equator. The former will be 
selected or, to be more precise, a plane parallel to the ecliptic containing the moon at 
all times. The advantages of this plane over that of the earth's equator are the small 
inclinations of the lunar equator and the apparent earth's orbit with respect to it. Full 
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advantage of these small angles will be taken. The positive x-axis is taken to point 
toward the vernal equinox at a time when the moon passes through the ecliptic. The 
z-axis points toward the north pole of the ecliptic, and the y-axis completes a right- 
handed frame. 

The next steps are to express the moon-fixed coordinates x~, y'~, z~ in (23) in terms of 
the new x~, Yl, z~, and subsequently the latter in terms of the orbital elements of the 
satellite. The first of these steps requires the introduction of the moon's physical 
libration. 

E. THE MOON'S PHYSICAL LIBRATION 

Appealing to Koziel (1962), Cassini's laws can be expressed geometrically as shown in 
Figure 2. Taking into account the small deviations from these laws, namely the physi- 
cal librations, Figure 2 must be replaced by Figure 3. In these diagrams, 24 is the 
mean longitude of moon, f24 is the longitude of ascending node of lunar orbit, 14 is 
the mean inclination of lunar equator to ecliptic, z is the physical libration in longi- 
tude, ~ is the physical libration in node, and ~ is the physical libration in inclination. 

Since it is customary to view the geometry at the point of the ascending node, this 
change is made and illustrated in Figure 4. With the aid of this figure it is easily veri- 
fied that the relations between the equatorial and ecliptic coordinates are given by 

Fig. 2. 

Fig. 3. 

C) y' =A , 

Z # 

LUNAR ORBIT 

CENTER OF MOON 

" ~  ~ ECLIPTIC 

x' , p MEAN 
y - LANE LUNAR EQUATOR 

Geometrical relations between ecliptic, the moon's orbit, equator, and first radius. This 
figure is consistent with Cassini's laws and, hence, only an approximation. 

~ LUNAR ORBIT 

CENTER OF MOON 

x'y' PLANE 
- ~ / ECUPTm 

~ ~TRUE LUNAR 
f,,r 4- p EOUATO R 

Figure 2 modified for the effects of physical libration. The relations are now rigorous. 
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CENTER OF MOON TRUE LUNAR 
o ~ E Q U A T O R  

xy PLANE ~ ~ . o /  
/ _ . ~  / E C L I P T I C  

+x~ - -  ~ - -  
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Fig. 4. 

x'y' PLANE 

The relations between the x'y' and xy-planes as seen from the ascending node of the lunar 
equator on the ecliptic. 

where  A -- 

cos c~ cos ? -- s inc~cosf l  s i n ?  

-- cos c~ sin ? - s in c~ cos fl cos ? 

s in e s in 

i f  
~(  -]- g q- cr = c~ 

I ( + 0 = ~  
2( + Q< + z - o- = 7. 

s in c~ cos ? + cos c~ cos fl s in ? 

- s i n e  s i n ?  + c o s e  cos/? cosy  

- c o s e  s in/?  

sin fl sin ?~ 
sinfl cos?~ 
cosp / 

(24) 

(25) 

A g a i n  appea l ing  to Koz ie l  (1962), it  is seen t ha t  the  free l i b r a t i on  is negl igible .  

Th ose  t e rms  of  the forced  l i b r a t i o n  wh ich  will  exceed 1 0 - s  in  the  d i s t u rb ing  f u n c t i o n  

are  f o u n d  to be on ly  

z = zt s in 1 o 

0 = 0t  cos l( (26) 

I(a = a I s in 1r 

By choos ing  (C-B)/(C--A)=0.60,  as does Brouwer  (1963), the above  coefficients 

are,  accord ing  to Kozie l ,  

zt = + 101';4 = + 4.9 x 10 . 4  r ad  

01 = - 95'.'6 = - 4.6 x 10 . 4  r ad  (27) 

81 = -  9 7 ' ; 5 = - 4 . 7  x 10 - 4 r a d .  

I n a s m u c h  as these coefficients are mu l t i p l i ed  by  pa rame te r s  such as C2o = 0 ( 1 0 -  4), i t  is 

seen t ha t  the i r  c o n t r i b u t i o n  m a y  exceed 10 . 8  . 

The  re la t ions  (25) are n o w  subs t i tu t ed  i n to  (24). T h e  t r i gonome t r i c  f u n c t i o n s  of  

sums  of  angles  are wr i t t en  as p r o d u c t s  o f  t r i g o n o m e t r i c  func t ions ,  where  app rop r i a t e ,  

so tha t  the  s in a n d  cos of  the  smal l  angles  I{, T, 0, a n d  I{ a m a y  be expanded .  U p o n  ex- 

p a n s i o n ,  all  te rms ~< 1 0  - 4  a r e  discarded  since they  w o u l d  con t r i bu t e  < 10 . 8  to  the  

d i s t u r b i n g  func t ion .  Th i s  is easily accompl i shed  by  us ing  (27) and  by  n o t i n g  t ha t  

I r  x 10 - 2 .  
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D e s i g n a t i n g  the  e l emen t s  o f  the  ro t a t i on  m a t r i x  (24) t e m p o r a r i l y  b y  

A = ( Aal  h i 2  A , 3 ' ~  
A21 A22 A 2 3 J ,  
A31 Aa2 A 3 3 /  

the  resul t  o f  a b o v e  o p e r a t i o n s  is f o u n d  to be :  

A l l  

A12 

A13 

A21 

A22 

A23 

A31 

A32 

A33 

H a v i n g  A, the 
second m e m b e r  

= - cos,t< + ~ sinR< + �88 2 [cos,t< - cos (,t< - 20<)] 

= - sin ,t< - "c cos ,t< + �88 2 [s in  2< + sin (2( - 20<)] 

= (I< + O) sin (,t< - O<) - I<0" cos  (,t< - 0<) 

= sin,t< + �9 cos,t< - �88 [sin,t< - sin (,t< - 2o<)3 

= - cos,t< + -c sin,t< + �88 2 [cos,t< + cos (,t< - 2~2<)] 

= (I< + O) cos ('t< - O<) + 1(0. sin(,t< - O<) 

= - (1< + O) sin O< - 1<0" cos  O< 

= (I< + O) cos  O< - 1<0" sin O< 
1 2 

= 1 - J i  . 

t t t coord ina tes  x , ,  y a ,  z 1 can n o w  be c o m p u t e d  an d  inserted into the 
of  (23). In  do ing  so, i n t r o d u c e  

01 § 0"1 = 82 

a n d  no t e  tha t  ~ 1 -  O'1 is negligible.  E m p l o y  also (26). T h e r e  resul ts ,  in t e rms  o f  the  
ecl ipt ic coo rd ina t e s ,  

r 2 = [c20 ( - -  1 §  1(2) § C22 (3  --  2) COS 2't< 

+ 

+ Y~ 
r2 [Cao ( -  1 + �88 

+ 

+ 

+ r~ [c20(1 -- ~2I(2) - 

3c22% cos(2 ' t< - Io )  + 3c22z 1 cos (22(  + Io )  
3 2 ~CazI~ cos  (2't< - 20<) - ;~C2oI ? cos  20<] 

- c22 (3 - 3/(2) cos  2't< 

3c22"Cl cos(2 ' t< - lo )  - 3c22"c1 cos (2 ' t (  + Io )  

a2c22I~ cos  (2't< - 2f2() + �88 cos  2f2(] 

3c22I ~ cos  ( 2 ' t < -  20<)] 

xlYl  
+ r ~  [c22(6  - 3I<2) sin22< + 6c22% sin(2,t< + l| 

- 6c22~t s in(22(  - Io) - a2C2oI~ sin 20<] 

X 1 Z  1 

+ r~l [ -  6c22I< sin(2,t< - a<) - -~CRoet s in( l(  + O 0 

- 3c22e~ sin(,t< + oo<) - 3C2oi< s ine<]  
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YlZa [6c22I( cos(22( - l?0 + 32C2oe1 cos(l(  + l?0 
+ r ~  

+ 3c22el cos (2( + coO + 3C2oi( cos l?(]. (28) 

F.  T H E  F O R C E  F U N C T I O N  I N  T E R M S  O F  E L L I P T I C  E L E M E N T S  

The force function (23) will now be expressed in terms of  the orbital elements of  the 
satellite and the known elements of  moon  and sun. 

The second member  of  (23), given in an intermediate form by (28), is readily ex- 
pressed in the satellite's elements with the aid of  

/cosS\ 
" = r'B t si; f ) '  

w h e r e f i s  the true anomaly  and B = 

c o s h c o s g - c o s /  s i n h s i n 9  - c o s h s i n g - c o s /  s i n h c o s 9  s i n /  sinhh\ 

sin h cos g + cos l cos h sin / sin 9 - sin h sin g + cos l cos h cOS i cos9  -sin/COScosi ) "  

The matr ix Bis given completely al though its last column is evidently not  needed. Note  
that  the elements without  subscripts are those of  the satellite. After some algebra, it 
follows that  

clsx'~ 2 + c19y'12 + c20z'12 
r~ = ( -  �89 + 3 I~) c2~ 

+ (�88 - sin S(1 - c o s 2 u )  + 3S?c : cos(2, ( - 2 2 0  
- -  9 2 xI~ c22 s i n 2 I ( l  - cos2u)  cos(22( 2l? 0 

3ff \2[3 __ 31214.( ] C22  sin2I cos (22( - 2h) 

+ (3 _ 3/(2 ) c22(1 + cos2I)  cosZu cos (22( - 2h) 

+ (3 - }I~)  c22 c o s / s i n 2 u  sin (2,~( - 2h) 

+ 3~1c22 s i n2 / [ cos  (22( + l o - 2h) - ( 2 2 ( -  l o - 2h)] 

+ }zac22 (1 + cos2I)  cos2u [cos(22( + 1 o - 2h) 

- cos (2h(  - lo - 2h)]  + 3 z l c ~  c o s / s i n 2 u  [sin(2h( + l o - 2h) 

- s i n ( 2 2 ( -  l o - 2h)] - ~I~c2o sin2I  cos ( 2 l ? ( -  2h) 
3 2 

- -  ~-I~ C2o c o s / s i n 2 u  sin(2l?( - 2h) 

- ~/?C2o (1 + cos2I)  cos2u cos(2l?( - 2h) + I( s in2 / (1  - cos2u)  

x 1-~-c22 cos(2h( - l?( - h) + �88 cos(l?( - h)] - I( s i n / s i n 2 u  

x [3c22 sin(2h( - l?( - h) + zSC2o sin(l?( - h)] 

+ el s in2 / (1  - cos2u)  [�88 cos(h( + co( - h) 

+ -~C2o cos(h( - co( - h)] - el s i n / s i n 2 u  [~c22 sin(h( + co( - h) 

-~ 3C20 sin(h( -- co( -- h)] .  (29) 
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Here as in many places in the subsequent development it will be found  convenient to 
retain products  of  t r igonometric functions rather than convert ing them into sums and 
differences. Note  also that  the argument  of  latitude 

u = g + f  

has been introduced.  

At tent ion is focused now on the functions cosSa2 and cosS~3 which appear in the 
third, fourth,  and fifth, members of  (23). In  order to express these in terms of  orbital 
elements, consider first Figure 5. This diagram as well as the following formulae per- 

ORIGIN ~ - ~ '  / /  _ .~z B 
OF FRAME u /  re / 

- -4  ur ce 

Ah = h 8 - h A 

Fig. 5. Geometric relations between the angle SAB and the orbital elements of any two orbits A and B. 

mit  the computa t ion  o f  the angle SAB for any two orbits A and B as long as they are 
referred to the same frame. It  is readily seen that  

/cosu  
rA = [ c o s I ~  sinuA 

\ sin I A sin uA/ 

f c o s A h  cos u8 - cOSlB s inAh sin UB\  
fB = ~ s i n A h  COSUB + cOSlBCoSAh s i n u B )  , 

\ sin I~ sin u B 

where f is a unit vector. Hence 

cos SAB = cosAh cosu  A cosu  B - -  C O S I  B s inAh COSUA sinuB 

+ COSI A s inAh sinUa COSUB + COSI a cOSlB cosAh  s inua  sinuB 

+ sin IA sin IB sin u a sin u~. (30) 

For  the work  on hand  the angles $12 and S~3 are needed. It will be shown below that  

the latter can be replaced by $13. All three angles are depicted in Figure 6. 
In  the development of  cos S 12, cos2 Sa 2, cos3 S j2, and cos S~3, it is again necessary 

to retain all terms whose contr ibut ion to the force function (23) exceeds 10-s .  Recall 
that  

rn 2r23 3.7 x 10 - s ,  m 2 r 4  2.8 x 10 -7 , m 3r33 2.2 x 10 -7 
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Hence it is clear that cos 2 812 is to be developed through 

10 - s  
3.7 • 10 -5  - 0 . 0 0 0 3 ,  

cos $12 and cos a S12 are to be developed through 

10-8  

2.8 x 10 - v  - 0 . 0 4 ,  

cos 2 S~ 3 is to be developed through 

1 0 - s  
- 0 .05 .  

2.2 x 10 -7  
m2 

Fig. 7. 

~3 ~ m3 
I BARYCENTER 

~ r ~  

r 1 

$ 1 2 ~  

m 1 

Fig. 6. The angles $12, Sla, and S'18, 

m0 / 
REFERENCE 
PLANE 

m2 

~ ~ /  /ECLIPTIC 
The relations between h2 and ~2( as well as 12 and ir Note that Y' was chosen such that 

m0-- Y' is parallel to ms--  Y, 
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U p o n  applying (30) to cosSlz ,  there will appear h2, 12, and uz. Aided by Figure 7, it 
follows that  

h 2 = aQ(, 12 = i(, U 2 = b/4 -~- ~,  

where k is the mean inclination of  the lunar orbit  on the ecliptic. I t  will be found con- 
venient to introduce 

74 = sin i 4 
and 

O = f + g + h .  

In  truncating the various expressions, note that  

74 = 0.089. 

Turning now to cosS[3,  Figure 6 will verify that  

COS S t  13 = F I "  F; 

~-~ r 1 �9 - - .  
m 0  + rn 2 

The second term is negligible, as is easily demonstrated.  Hence 

t F3 
c o s  $ 1 3  = c o s  S a 3 .  

r; 

But, within the required tolerances, r3/r'3 = 1. Therefore 

cos S'13 = cosS13.  

Simple calculations will also verify that  the sun deviates less than 1' f rom the reference 
plane, and that  ~3 differs f rom ~o by less than 0.0025. Hence, within the required 
accuracy, 

I 3 = 0  

and 

With these preparations,  the results can now be stated: 

cos2 Sla = 1(1  + cos2 / )  + �88 s in2I  cos2u  + � 8 8  

+ (1 + cos 2 i )  cos 2u] cos (2~( - 2h) + �89 cos I sin 2u sin (2~( - 2h) 

+ �89 s i n I  s in2u [sin (20( - ~2( - h) - sin(O( - h)] 

- �88 s in2 I (1  - cos2u)  [cos(20(  - ~2( - h) - cos (f24 - h)] 

+ 17~ [(1 - 3 cos 2 I)  - 3 s inZI cos 2u] [1 - cos ( 2 0 4 -  2f24) ] 

- ~y~ [s inZI  + (1 + c o s 2 I ) c o s 2 u ]  [ c o s ( 2 @ 4 -  2h) 

- c o s ( 2 0 (  2 h ) ] -  t 2 - ~-7( c o s l  s in2u [sin(2O4 - 2h) 

- s in(2Q 4 - 2h)] + �88 s i n / s i n Z u  [s in(O 4 - h) 
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} s in (20(  -- f2( -- h) + �89 s in (20(  - 3f2( + h)] 

__ g]){1 3 s i n 2 I ( 1  - cos2u)  [cos(O(  - h) 

- �89 cos (20< - f2( - h) - �89 cos (20< - 3f2( + h)] .  

c o s S l z  = - cosu  c o s ( 0  < - h) - c o s I  s inu  sin(0< - h) 

- ;;< s i n / s i n u  s i n ( 0  ( - f2<) 

cos 3 S~2 = - 1~ [(4 - sin z I )  cos u + sin 21 cos 3u] c o s ( 0  < - h) 

+ 

+ 

cos 2 S'13 = �88 (1 + c o s  2 I )  + �88 s in 21  cos 2u + �88 [ s in  21  + (1 + c o s  2 I )  

x cos2u]  c o s ( 2 0 o  - 2h) + { c o s / s i n 2 u  s i n ( 2 0 o  - 2h).  

(31) 

(32) 

(6 [3 s i n2 I  cosu  + (4 - 3 s ing / )  cos 3u] cos(30< - 3h) 

1~ cos I ] - (4  - 3 s i n 2 I ) s i n u  + s i n e / s i n  3u] sin(0< - h) 

1�89 c o s I [ 3  s in2 l  s inu  + ( 4 -  s inZI)  s in3u]  s i n ( 3 0 ~ -  3h) 

37< s i n I  [(1 + 3 cos2I )  s inu  + s in2I  sin 3u] s i n ( 0  < - f20 

~-67< s i n 2 I ( c o s  u - cos 3u) [cos (30~ - f2<-  2h) 

cos (0 (  + f2< - 2h)] - ~67( s i n I  [(1 - 3 cosZ/)  s inu  

(1 + cos2I )  sin 3u] [ s in(30(  - f2( - 2h) - s i n ( 0  ( + f2( - 2h)] 
(33) 

(34) 

In  the final step of  the development  of  the force function, the radii vectors of  the m o o n  
and sun, as well as their true longitudes, must  be expressed in terms of  their semi- 
major  axes, eccentricities, and mean longitudes so that  the latter can immediate ly  be 
writ ten as functions of  the time. This is accomplished with the aid of  the equat ion of  
the ellipse and the equat ion of  the center. In  doing so, note that  

t 
r 2  ~ gO r 3 ~ r |  

Since 
e( = 0.055, e o = 0.017, 

it will be seen that  e~ mus t  be included in certain parts  of  the third m e m b e r  of  (23). 
There  will also appear  terms in e(7( and e(y~. For  the fourth member  of  (23), the 
desired accuracy requires inclusion of  terms in e<. In the fifth member ,  finally, the 
sun's  eccentricity is entirely negligible. 

These modifications are made  in (23) and (31)-(34). Then the formulae  (29) and 
(31)-(34) are substi tuted into (23). Since the lunar and solar elements are all clearly 
identified, the subscript  1, designating the satellite, is no longer needed. After  some 
algebra,  the force funct ion takes on the following fo rm:  

F '  kZmo + +c2ok2mo R~ - r r 3  {[-(1 - 3 cos2I )  - 3 s i n 2 I c o s 2 u ] }  

+ 3c22k2mo R~ {l[_sin21 + (1 + cos2 I )  cos2u]  cos(22( - 2h) 

+ c o s / s i n 2 u  sin(22< - 2h)} 
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3 2 R~ + ~I(c2ok mo ~ {�89 s i n 2 I ( 1  - c o s 2 u )  cos(f2(  - h) 

- s i n / s i n 2 u  sin(f2( - h)} 

+ 3i(c22k2mo R~ r 3 {2 sin 2 I ( 1  -- c o s 2 u )  c o s ( 2 ;  k --  fl( --  h)  

- s i n I  s i n 2 u  s in(22(  - f~( - h)} 

+ ~1C2o k 3  2too R~r y {�89 sin 21(1 - cos  2u) cos  (2( - O5( + f~( - h) 

- sin I sin 2u sin (2~ - O5( + f~( - h)} 

3 2 2 R~ + ~I(c2ok m0 ~ -  { -  �89  - 3 c o s 2 I ) -  3 s i n 2 l c o s 2 u ]  
r 

1 [ s i n 2 I  + (1 + c o s 2 I ) c o s 2 u ]  c o s ( 2 f 2 ( -  2h)  

- c o s / s i n 2 u  sin(2f2( - 2h)} 

"l'- 3 8 1 c 2 2 k 2 m  0 Rg r y  {�89 s i n 2 I ( 1  - cos  2u)  cos  (2( + oh( - f2( - h) 

- sin I sin 2u sin (4( + o5( - f2( - h)} 

3 2 2 R~ 
+ ~I~ c22k m0 7 { -  ) E ( 1  - 3 c o s 2 I )  

- 3 s i n 2 I  c o s 2 u ]  cos (22(  - 2f2() 

- �89 [ s in2I  + (1 + c o s 2 I )  cos  2u]  c o s ( 2 2 (  - 2h)  

- cos  I sin 2u sin (22( - 2h)} 

Rg { � 8 9  + (1 + c o s 2 I ) c o s 2 u ]  + 3"rlC22k2mo 

x [cos (22(  + I o - 2h)  - cos (22(  - 1 o - 2h)]  

+ c o s I  s i n2u  [ s in (22(  + 1 o - 2/7) - s in(22(  - 1 o - 2h)]} 
r 2 

3 2 _ _  + ~-lc m 2 a~ { -  ~ [ ( 1  -- 3 cos2I)  - 3 s i n e / c o s 2 u ]  

+ � 8 9  + (1 + c o s 2 I )  c o s 2 u ]  cos (22 (  -- 2h)  

+ cos  I sin 2u sin (22( - 2h)} 
r 2 

+ -}e(k2m2 a~ { -  [(1 - 3 c o s 2 I )  - 3 s i n 2 I  c o s 2 u ]  cos (2 (  - O5() 

+ � 8 9  (1 + c o s 2 I )  c o s 2 u ]  

x [7 cos (32(  - 05( - 2h)  - cos  (2( + o3( -- 2h)]  

+ c o s / s i n 2 u  [7 s in(32(  - O5( - 2h)  - s in (k(  + o5( - 2h)]} 
2 

3 2 2 /" + Ne( k m2 a~ { - �89 [.(1 - 3 cos  2 I )  - 3 sin 2 1 cos  2u]  

x [1 + 3 cos (22(  - 205()] + � 8 9  + (1 + c o s 2 I ) c o s 2 u ]  

x [17 cos (42(  - 205( - 2h)  - 5 cos (22 (  - 2h)]  

+ c o s / s i n 2 u  1-17 s in (42(  - 2o5( - 2h)  - 5(24(  - 2h)]} 
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1.2 
3 2 + z?<k m2 a~ { -  �89 s i n 2 I ( 1  - c o s 2 u )  

x [ c o s ( 2 2 ( -  f2< - h) - c o s ( a < -  h)] 

+ s i n I  s in2u  [sin(22< - f2< - h) - sin(a< - h)]} 
r 2 

+ }ed;<k2m2 a~ { -  �89 sin 2 I ( 1  - cos 2u) [7 cos(32< - 05< - a< - h) 

- cos (2< + 05< - fl< - h) - 3 cos (2< - 05< + f2< - h) 

- 3 cos (2< - 05< - ~?< + h)] 

+ s i n / s i n 2 u  [7 s in(M< - aS( - f2( - h) 

- sin(k< + o5< - f2< - h) - 3 sin(2< - o5< + f2< - h) 

+ 3 sin(2< - o5< - f2< + h)]} 
r 2 

3 ,262n,~ _ _  "q- 8;"< . . . .  2 3 { 1 [ ( 1  - -  3 C O S 2 I ) - -  3 s i n 2 I c o s 2 u ]  
a (  

x [1 - cos (22< - 20<)] 

- -  � 8 9  + (1  + Cos2  I )  c o s 2 u ]  

x [ c o s  (2h< - 2 h )  - c o s  (2fa< - 2 h ) ]  

- c o s / s i n 2 u  [sin(2h< - 2h) - sin (2~2< - 2h)]} 
r 2 

3 .3 t.2.. _ _  + ~ r < ' ~  me a~ { - � 8 9  - cos 2u) [-2 cos (f2< h) 

- c o s  ( 2 q  - a <  - h )  - c o s  (2 ,~< - 3 0 <  + h ) ]  

+ s i n / s i n 2 u  [2 sin(O< - h) 

- s i n ( 2 2 < -  a< - h) + s i n ( 2 2 < -  30< + h)]} 
r 2 

+ 1-3e(Tgkam2 ag {�89 -- 3 c o s 2 I )  -- 3 s i n 2 I  c o s 2 u ]  

x [6 cos(h< -- 05<) + cos(h< + 05( - 2f2<) 

- 7 c o s ( 3 h <  - 05< - 2 a < ) ]  - 1 [sing I + (1 + c o s 2 I )  c o s 2 u ]  

x [7 cos(3h< - 05( -- 2h) - cos(h< + 05< - 2h) 

- 3 cos(h< - 05< + 20< - 2h) - 3 cos(h< - 05( - 2f2< + 2h)]  

- cos I sin 2u [7 sin (3h< - @ - 2h) - sin (h< + 05< - 2h) 

- 3 sin(h< - 05< + 2f2( - 2h) + 3 sin(h< - 05< - 2f2( + 2h)]} 
r 3 

12 kZm2 a~ {3 [(4 - 5 sin 2 I )  cos u + 5 sin 2 1 cos 3u]  cos (h( - h) 

+ 5 [3 s in2 I  c o s u  + ( 4 -  3 s in2 I )  c o s 3 u ]  c o s ( 3 2 < -  3h) 

+ 3 c o s I  [ (4 - 15 s in2 I )  s inu  + 5 s in2 I  sin 3u]  sin(h< - h) 

+ 5 c o s I  [3 s in2 I  s inu  + (4 - sin2 I ) s i n 3 u ]  s i n (M(  - 3h)} 
3 r 

316 T{k2mz a~ {sin I [ (3 -- 15 COS 2 I )  sin u 

- 5 s i n g / s i n  3u] sin(h< - f20 + -~ s i n 2 I ( c o s u  - cos 3u) 
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• [cos(3, , - - 2 h )  - cos( , + a ,  - 2 h ) ]  

+ ~ - s i n I [ ( 1  - 3 c o s 2 I )  s i n u  + (1 + c o s 2 I )  s i n 3 u ]  

• [s in(2~ + f2~ - 2h)  - s in (32~ - f2< - 2h)]} 
1. 3 

a�89 e<k2m2 ~ {3 [(4 - 5 s in 2 I )  cos u + 5 s in 21 cos 3u]  

x [3 cos(22< - eS< - h) + cos (aS( - h)] 

+ 5 [-3 sin z I cos u + (4 - 3 s in e I )  cos 3u]  

x [5 cos(42< - o5~ - 3h) - cos(22(  + aS< - 3h)] 

+ 3 c o s I  [(4 - 15 s i n 2 I )  s i n u  + 5 s i nZI  s in 3u-] 

x [-3 s in(22(  - o9~-  h) + s i n ( a S ( -  h)] 

+ 5 cos I [3 sin 21 sin u + (4 - s in z I )  s in 3u]  

x [-5 s in(42(  - ~ (  - 3h) - s in (22(  + c5( - 3h)]} 
r 2 

+ �88 a T  { -  �89  - 3 c o s 2 I )  - 3 s i n 2 I  c o s 2 u ]  

+ 3 [ s i n 2 I  + (1 + c o s 2 I ) c o s 2 u ]  cos (22  o - 2h) 

+ 3 c o s I  s i n 2 u  s i n ( 2 2  o - 2h)} .  (35) 

Orders  of  m a g n i t u d e  are still to be  ass igned to  all  the m e m b e r s  of  F'. I n  order  to  

exam ine  the  a p p r o x i m a t e  n u m e r i c a l  values  of  the coefficients,  it  m a y  be well  to 

compi le  the  fo l lowing  tab le :  

( R ( )  = 1  m 2  - -  0 . 8 1  • 1 0 2  

MAX ivn0 

= 0.49 x 10 . 6  - 2 . 7  x 107 
a{ MAX m0 

= 0.39 x 10 . 8  C2o = 2.0 x 10 . 4  
a(  MAX 

( r ~  = 0 . 8  x 1 0 - 1 4  c22 = 0~ x 1 0 - 4  
\uo/  MAX 

el = 9.3 x 10 - 4  % = 4.9 x 1 0  - 4  

I( = 2.7 x 10 - 2  ~)( = 8.9 x 10 - 2  e( = 5.5 • 10 - 2  . 

W i t h  these figures in  h a n d ,  the n u m e r i c a l  values  o f  the coefficients in  (35) c an  be ob-  

t a ined  by  d iv id ing  t h e m  by  the l ead ing  te rm,  n a m e l y  k2mo/r. This  is done  w i thou t  

regard  to the va r ious  n u m e r i c a l  factors ,  such as 3, 3/2, 3/4, etc., which  appea r  in  (35). 

There  resul t  21 different  quot ien ts .  I n  the  same order  as in  (35), they  are:  

Q1 = 2.0 x 10 - 4  Q8 = 1.8 x 10 -8  Qls  = 3.2 x 1 0  . 7  

Q2 = 2.5 x 10 - s  Q 9  = 1.2 x 10 -8  Q 1 6  = 2.8 x 10 -8  

Q3 = 0.54 x 10 -5  Qlo = 4.0 X 1 0  - 5  Q17 = 1.7 • 10 -8  

Q4 = 0.68 • 1 0  - 6  Q l l  = 2.2 x 1 0  - 6  Q18 = 3.2 x 1 0  - 7  

Q5 = 1.9 x 1 0  . 7  Qa2 = 1.2 x 1 0  . 7  Q19 = 2.8 x 10 . 8  

Q6 = 1.5 • 10 . 7  Q13 = 3.6 x 10 . 6  Q20 = 1.8 x 10 . 8  

Q 7  = 2.3 x 10 -8  Q14 = 2.0 x 1 0  . 7  Q21 = 2.2 x 1 0  . 7  

(36) 
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A careful  check will reveal  tha t  the magni tudes  o f  all oblateness  terms were c o m p u t e d  

for  a satelli te orbi t  with r = R(, while those due to ear th  and sun are based  on an orbi t  

wi th  r - -  3000 km. The la t ter  number  was employed  in earl ier  par ts  of  this work.  

By hindsight ,  the bounds  on the var ious  orders  of  magni tude  are es tabl ished by  re- 

qui r ing tha t  the range o f  small  quanti t ies  of  the first o rder  extends f rom 1.8 x 10 -2  to 

5 .0x  10 -3.  By tak ing  the second, third,  and  four th  powers  of  these numbers ,  the 

l imits  of  the higher  orders  of  magni tude  are easily found.  They are l isted in Table  I. In  

the ad jacent  co lumn are given the smallest  and  largest  term which will appea r  in each 

order ,  according  to (36). 

TABLE I 

Order Range of order Terms present in F '  

i from 1.8 • 10 -z - 
to 5.0 • 10 -3 

2 from 3.2 • 10 -4 from 2.0 • 10 4 
to 2.5 • 10 a to 2.5 • 10 -5 

3 from 5.8 • 10 .6 from 5.4 • 10 -6 
to 1.2 • 10 -7 to 1.2 • 10 -7 

4 from 1.0 • 10 7 from 2.8 • 10 8 
to 6.2 • 10 -1~ to 1.2 • 10 -8 

There  is only a small  degree of  arbi t rar iness  in establ ishing these bounds .  Fi rs t ,  it  is 

requi red  tha t  the small  divisor  n(/n be of  order  one. F o r  an orb i t  of  r = 3000 kin, 

n(/n=0.62 x 10 -2.  Since c22 is of  the order  of  (n(/n) 2, it  should  be a quant i ty  o f  o rder  

two. F o r  Cz0, one finds C2o ~ (1/30)(n(/n), but  c~8c22 .  Hence it is also t aken  to  be a 

second-order  quanti ty.  These designat ions  pre t ty  well establ ish the basic s t ructure  of  

the table.  Using  the above  cri teria,  all terms in (35) are now classified to be o f  second,  

third ,  or  four th  order.  Wi th in  each order,  they will be rea r ranged  in descending order  

accord ing  to the sizes of  their  coefficients, and  they will be listed, separa ted  into F2, F3, 

and  F 4, in the next section. 

Before giving these funct ions  Fi,  there remains  one more  modif ica t ion  to  be made.  

The quant i t ies  

2(, 05(, ~2(, 2e ,  I e 

mus t  be expressed as funct ions  of  the t ime. They are all avai lable  in the fo rm 

= c% + e l T  + C~z T2 + - . - .  

I t  is clear that  all terms l inear  in the t ime mus t  be taken  into account .  A look  at  the 

coefficients of  T 2 for these five elements will show tha t  c~ 2 for  05( is the largest  one, 

namely  1.7 x 10-  4, i f  T is expressed in centuries.  This does take  into cons ide ra t ion  tha t  

2( appears  with factors  up to four. Wi th  these numbers  available,  a s imple ca lcula t ion  

will verify that  the terms quadra t i c  in T will p roduce  cont r ibu t ions  of  o rder  10-8 only 

after  75 years or so. They are consequent ly  ignored.  

I t  will be found  more  convenient  to replace the var ious  t r igonometr ic  arguments ,  
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c o m p o s e d  of  the above  five elements  o f  m o o n  and  sun, by  the fo l lowing set:  

)~( + (/~( = (]~2 22( + (5( = q52~ 

2( -- e5r = q53 22( - -  (J~( = q~22 

2( + 0< = q54 22( - O( = q523 

2~ - f2< = ~b 5 22< - 2e5( = q~24 

2( -1- (J~{ - -  ~'~{ = (fi6 22< - 20< = q525 

2( - -  (A~( + O(  = (~7 22( - 3f2( = ~b26 

2< - c5( - 0 (  = q5 s 22< + I e = q~27 
2( + aS( - 20< = 4)9 22< - l e = q528 

2( - uS( + 2f2< = qS~o 42( - c5< = 4)4o 

2( - 05~ - 2f2< = qSa~ 42< - 2c5< = q54~ 

32( = q53o 

32< - c5< = ~)31 22o  = qbso 

32( - 0< = qSa2 (5~ = q55~ 

32( - 05< - O( = q~33 O(  = q~52 

32< - o5( - 20 (  = 4 3 4  20(  = ~b53 

(37) 

Oi = d?io + n i t ,  

where  qSio and  its m e a n  m o t i o n  nl are known.  M o s t  o f  these m e a n  mo t i ons  will later 
appea r  as divisors. 

3. Solution of  the Problem by yon Zeipel's Method 

The ma jo r  pa r t  o f  the p rob l em is solved analyt ical ly  by von  Zeipel ' s  Me t hod .  In  a 
first t r a n s f o r m a t i o n  the m e a n  a n o m a l y  o f  the satellite is el iminated.  The  second t rans-  
f o r m a t i o n  does  no t  el iminate any  par t i cu la r  canonica l  variable bu t  ra ther  all te rms 
which  con ta in  the longi tude  o f  the m o o n .  There  remains  a Hami l ton i an ,  con ta in ing  

per iodic  te rms  wi th  a m i n i m u m  per iod  of  one ha l f  year,  whose  charac te r  is such tha t  
the  v o n  Zeipel  t r ea tment  or  any  o ther  m e t h o d  of  successive ap p ro x i ma t i ons  is no t  
applicable.  I t  is suggested tha t  this pa r t  o f  the p r o b l e m  be solved by  numer ica l  in- 
tegrat ion.  

A. EQUATIONS OF MOTION AND THE HAMILTONIAN 

The force func t ion  (35) is o f  the f o r m  

kZmo 
F ' -  +R, 

F 

N o t e  tha t  the subscr ipt  is indicat ive o f  the f requency  of  any  par t icu lar  term. Each  argu-  
men t  q5 i has  the f o r m  
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where R is the disturbing function. R depends explicitly on the time. One way in which 
this problem may be at tacked is to introduce the new canonical  variable 

d = t ime.  

The canonical conjugate to d is D. The validity of  this approach  is given elegantly and 
concisely by Brouwer and Clemence (1961). As a consequence, the Hamil tonian o f  the 
system becomes 

F - 2L 2 D + R = cons tan t ,  (38) 

and the differential equations, in 

dL c~F 

dt ~1 

dG OF 

dt Og 

dH OF 

dt ~h 

dD aF 

dt Od 

Delaunay variables, are 

dl 3F 

dt OL 
dg ~F 

dt ~G 
dh OF 

dt dH 

dd OF 

dt 3D 

(39) 

It is probably  more cus tomary to put  d equal to the mean longitude of  the disturbing 
body, if only one such exists in the problem, so that  the additional term in the Hamil- 
tonian is n'D rather than D. Here n' is meant  to be the mean mot ion  of  the disturbing 
body. However,  since there are two disturbing bodies as well as the rates of  three other 
elements in the problem on hand, the above choice of  the additional variable was made 
for reasons o f  symmetry.  

The Delaunay variables are defined by 

L = x/fiooa l = mean anomaly 

G = L x/1 - e 2 g = argument  o f  pericenter (40) 

H = G cos I h = longitude o f  ascending node .  

Here use is made of  the definition 

#0 = k2mo �9 

Again for  reasons o f  symmetry,  let also 

,u 2 = k2m2 and P3 = k2m3 �9 

The quanti ty #~/2L 2 is clearly o f  order zero. Throughou t  the work it is desired that  
numerical subscripts at tached to the various functions F and S are indicative of  their 
order of  magnitude. It  will be necessary to take D as a quanti ty of  order one so that  

this may hold. The justification for this assignment will become quite clear in the next 
section. 
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With the aid of  (35), (37), and (38), the explicit Hamil tonian ,  separated into orders 

of  magni tude,  will be:  

/~ (4t) 
Fo - 2Lg 

F1 = - D (42) 

F2 = lc2ot~o r2  {(1 - 3 cosgI )  - 3 s i n g / c o s 2 u  

R~ (1 cosg I )  2u] cos(qS2o 2h) q- 3C22#0 7 {~ [sin21 + + cos -- 

+ c o s / s i n Z u  sin(q~2o -- 2h)} 
F 2 

+ �88 ~ { -  { [ ( 1  -- 3 cosgI )  -- 3 s ingI  cos2u]  

+ ~ [ s ingI  + (1 + cosZI)  cos2u]  cos(~2o -- 2h) 

+ cos I sin 2u sin (~bz o - 2h)} (43) 

Rg 
F3 = ~I<c2o/~o r a {�89 s in2 I (1  - cos2u)  cos(q~sg - h) 

- s i n / s i n g u  s in(~sg - h)} 
R z 

+ 3I<Cgg~o / {�89 s i n 2 I ( l  - cos2u)  cos(~bg 3 - h) 

- s i n / s i n 2 u  sin(~g3 - h)} 
r 2 

- �88 a~ {�89 s in2I (1  - cos2u)  [cos(~e3 - h) - cos(~bs2 - h)] 

- s i n I  s in2u [sin (q~23 - h) - sin(~bs2 - h)]} 

r 2 

- }e{/~2 ~ {[(1 - 3 cosg I )  - 3 s i n g / c o s 2 u ]  cos~3  

- 1 [s inZl  + (1 + cosg I )  cosgu]  

• [7 c o s ( ~ 3 1  - 2h)  - c o s ( ~ g  - 2h) ]  

- c o s / s i n g u  [7 sin(q531 - 2h) - sin(~bg - 2h)]} 
r 3 

~ . g  ~ {3 E(4 - 5 s in g 0 cos  u + s s in  2 / cos  3 . ]  ~ o s ( + ,  - h) 
a (  

+ 5 [3 sin 21 cos u + (4 - 3 sin g I )  cos 3u] cos(~ao  - 3h) 
+ 3 c o s I [ ( 4  - 15 s ing/ )  s inu + 5 s in2I  sin 3u] sin(q~ - h) 

+ 5 c o s / [ 3  s i n g / s i n  u + (4 - sin g / )  sin 3u] sin(~3o - 3h)} 
2 

3 2 s + gY<'u2 a~ {1[(1 - 3 cosgI) - 3 s i n g / c o s 2 u ]  (1 - c0s~25) 

- �89 [ s ingI  + (1 + c o s / t )  cosgu]  

• [ C O S ( q ~ 2 0  - -  2h) - cos(q~53 - 2h)] 
- cos I s in2u [sin(qS2 o - 2h) - sin(qSs3 - 2h)]} 
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/.2 

- 3e (7(p  2 aT {�89 s i n 2 I ( 1  - c o s 2 u )  

x [7 cos(q533 - h ) -  cos(q56 - h ) -  3 cos(q~7 - h) 
- 3 cos(q58 + h)] - s i n / s i n 2 u  [7 sin(q533 - h) 
- sin(q56 - h) - 3 sin(~b 7 - h) + 3 sin(q58 + h)]} 
r 2 

- �88 a--~ {1 [ (1  - 3 c o s 2 I )  - 3 s i n 2 I  c o s 2 u ]  

- 3 [ s i n 2 I  + (1 + c o s 2 I )  c o s 2 u ]  cos(qSso - 2h) 

- 3 c o s I  s i n2u  sin (q~so - 2h)} 

2u) cos(   h) -t- �88 7 {1  s i n 2 I  (1 - cos  

- s i n / s i n 2 u  sin(q57 - h)} 

3 2 R~ 
- ~I( C2oPo ~ {21-[(1 - 3 c o s 2 I )  - 3 s i n 2 I  c o s 2 u ]  

+ �89 [sin2 1 + (1 + c o s 2 I ) c o s 2 u ]  cos(qSs3 - 2h) 

+ c o s / s i n 2 u  sin(~bs3 - 2h)} 
r 2 

_ 3 2 {�89 - 3 c o s 2 I )  - 3 s i n 2 I c o s 2 u ]  (1 + 3 cosq~24 ) ge(/A 2 a~ 

[sin2 1 + (1 + c o s 2 I ) c o s 2 u ]  

x [17 cos(~b4a - 2h)  - 5 cos(q52o - 2h)]  

- c o s / s i n 2 u  [17 sin(q54~ - 2h)  - 5 sin(q52o - 2h)]}  (44) 
R 2 

F 4 = 3 e , c 2 2 1 ~ o  ( i  2u)  cos  (q~ 6 h) ~3  {~ s i n 2 I ( 1  - cos  

- s i n / s i n 2 u  sin(q56 - h)} 

3 2 R~ - gI~ Ca2#o r g  {1 [ (1  -- 3 c o s 2 I )  - 3 s i n 2 I  c o s 2 u ]  cos  ~b25 

+ �89 [sin2 1 + (1 + c o s 2 I )  c o s 2 u ]  cos(~b2o - 2h) 

+ cos  I sin 2u sin (q~2o - 2h)} 

R(2 (1 c0s2 I )  co s 2/.,/] + 3"ClC22fl0 7 { I  [ s i n 2 I  + + 

x [cos(q527 - 2h) - cos(q~28 - 2h)]  

+ c o s I  s i n2u  [sin(qb27 - 2h) - sin(q528 - 2h)]} 
r 2 

*3y~p2 a~ {�89 s i n 2 I ( 1  -- c o s 2 u )  

x [2 cos(qSs2 - h) - cos(q523 - h) - cos(qS26 + h)3 
- s i n / s i n 2 u  [2 sin(qSs2 - h) 
- sin(~bz3 - h) + sin(q526 + h)]} 
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/.2 

+ ~er 2#2 a~ {1[(1 - 3 cos2I )  - 3 s in2I  cos 2u] 

x (6 c o s  4 3  "Jr- c o s  q~9 - 7 c o s  ~)34) 

- � 89  + (1 + cos2I )  cos2u]  

x [7 cos(q~31 - 2h) - cos(q52 - 2h) 
- 3 cos(q51o - 2 h ) -  3 cos(qS~l + 2h)] 

- c o s / s i n 2 u  [7 sin(q53~ - 2h) - sin(q52 - 2h) 
- 3 sin(q51o - 2h) + 3 sin(~bll + 2h)]} 

r 3 
+ 3 ~ ( / ~  2 a T  { s i n I  [ ( 3  - 15 cosZl)sinu - 5 sin2I sin 3u] sinq5 s 

+ ~ s i n 2 I ( c o s u  - cos 3u) [cos(q532 - 2h) - cos(~4 - 2h)] 
- ~ s i n / [ ( 1  - 3 c o s 2 / ) s i n u  + (1 + cosZI)  s in3u]  

x [sin(~b32 - 2h) - sin(q54 - 2h)]} 
r 3 

~2ed~2 - -  {3 [(4 - 5 sin z I)  cos u + 5 sin z I cos 3u] 4 
x [3 cos(q522 - h) + cos(~b51 - h)] 
+ 5 [3 sin 2 1 cos u + (4 - 3 sin z I )  cos 3u] 

x [5 cos(q~4o - 3h) - cos(q~/a - 3h)] 
+ 3 cos I [(4 - 15 sin z I )  sin u + 5 sin 2 1 sin 3u] 

x [3 sin(qSzz - h) + sin(qSst - h)] 
+ 5 cos I [3 sin 2 1 sin u + (4 - sin 2 I )  sin 3u] 

x [5 sin(~b4o - 3h) - sin(q52~ - 3h)]}. 

B. PERTURBATIONS OF SHORT PERIOD 

(45) 

In this section the determining function S 2 will be developed f rom which the short- 
periodic per turbat ion can be obtained. 

It  is desired to make a t ransformat ion to new variables during which the Hamil to-  
nian F is changed into a new Hamil tonian F* that  no longer depends on the fast 
variable L To state this more carefully, 

F(L,  G, H, D, l, 9, h, d) = F * ( E ,  G', H' ,  D', - ,  g ' ,  h', d ' ) .  (46) 

The old unpr imed variables and the new primed ones are to be related through the 
t ransformation equations 

OS 8S 
L = -  1 ' -  

81 OE 
8S 8S 

G- -  9 ' -  
8g 8G' 
8S 8S 

H = - -  h ' -  
Oh OH' 
OS OS 

D -  d ' -  
8d 8D' " 

(47) 
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The determining function S must clearly depend partly on the old and partly on the 
new variables, that is, 

S = S ( L ' ,  G' ,H' ,D' ,  l,g, h ,d) .  

Since the solution is to be found by successive approximations, it is required to sepa- 
rate S into its various orders of magnitude, namely 

S = So + $1 + $2 + ' " .  (48) 

If  So is taken as 

So = El + G' g + H'h + D'd, (49) 

then, with (47) and (48), 

OS, 0S2 
L=E+~/ +~T+'", 

and similar equations for the other variables. 
Suppose now the problem is solved by restricting F to 

F =  Fo-}- F 1 . 

Then Equations (39) are integrable immediately and S reduces to So, given by (49), 
which yields the identity transformation. Hence S I =0. For this argument see also 
Hori (1963). 

Moreover, the theory is restricted to periodic terms of order two. Hence $3 and 
higher order parts of S are not needed. Consequently S reduces to 

S = So + $2.  (50) 
Therefore the transformation equations become 

aS2 ~$2 
L = E + - - -  1 ' = 1 + - -  

31 OE 
~S 2 OS 2 

G = G ' + - -  g ' = g + - -  
~g ~G' 

~S 2 OS 2 
H = H ' + - -  h ' = h +  

0h 0H' 

~$2 D = D ' + - -  d ' = d .  
ad 

(51) 

The last of these relations will be seen to hold since 8 2  will not contain D'. 
Now separate (46) into its various orders of magnitude. It then reads 

Fo(L) + FI (D) + F2(L, G, H, - ,  I, g, h, d) + F3(L, G, H, - , 1 ,  g, h, d) 
+ F4(L, G, H, - ,  l, g, h, d) = F~(E) + F*(D') 
+ F;(E,  G',H', , , g ' , h ' , d ' ) +  r*(E ,  G',U', , , g ' , h ' , d ' )  
+ F * ( E , G ' , H ' ,  , , g ' , h ' , d ' ) .  (52) 
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Use is made of the fact that D appears only in F1. In preparation of a Taylor expansion 
about the point 

E , G ' , H ' , D ' , I , g , h , d ,  

the momenta L, G, H, and D on the left of (52) and the angular variables g', h', and d' 
on the right of (52) are replaced with the aid of (51). Note that substitution of the iden- 
tity transformation into F 3 and F4 suffices since no terms of order higher than four are 
needed. With these substitutions, (52) becomes 

-t- O 1 )  4- Fl (O' ~d J 

0 S 2  G' 0 S 2  H' 
+ F2 r + , + + - -  - 0S2 1, g, h, d'] 

Oh ' ' } 
+ F a ( E  , G ' , H ' , - ,  l,g, h, d)+ F4(E, G',H', - ,  l,g, h,d) 

, ( ,  , , os , ) 
= F ~ ( E ) + F * ( D ' ) + F ~  E , G , H , - , - , g + ~ - , , h +  oH,,d 

r162 t t ! t t + F3 (E, G , H  , -  - , g , h , d ) +  F*(E, G , H , - , - , g , h , d ) .  
(53) 

Expand now everywhere by Taylor's theorem retaining all terms through order four. 
Note that the notation 

- -  means 
OE OL L=L' 

and 

0F* means ( ~ - ~  
Og \ Og jr 

and similarly for all other terms. Observe also that 

02F1 
- - 0 .  OD '2 

After completing the expansion, members on either side of the equation of identical 
order are equated. There results: 

Order 0: Fo(E) = F~(E) (54) 

Order 1 : F 1 (D') = F*(D')  (55) 

OFo 0S2 
Order 2: - -  + F2 (L', G', H', - ,  l, g, h, d) 

~E 01 
= Fd (E, G ,  H ,  - ,  - ,  g, h, d) (56) 

aF1 OS2 
�9 Order 3: - -  - -  + F3 (E, G', H', - ,  l, g, h, d) 

aD' 0d 
t t r = F 3 (E, G ,  H ,  - ,  - ,  g, h, d) (57) 
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1 02Fo (os2] 2 os2 o15 
Order 4: 2 0 E  2 \ Ol } + OE Ol + OG' Og +OH' Oh 

OF* OS2 OF* OS 2 
+ F 4 ( E , G ' , H ' , - , 1 ,  g , h , d ) -  + 

Og OG' Oh OH' 

+ F~ (L', G', H', - ,  - ,  g, h, d). (58) 

The determining function Sz is to be obtained from (56). Let the subscript S indicate 
the secular part of any function F, which is the part free of l, and the subscript P the 
periodic part, namely that containing I. Demanding that 

F2s(E, G', H', - ,  - ,  g, h, d) = F*(E, G', H', - ,  - ,  g, h, d), (59) 

formula (56) leads to 

~ F  0 OS 2 
OE Ol - F2p(E, G', H', - ,  I, g, h, d). (60) 

Before separating F2 into its secular and periodic content, it will be advantageous to 
rewrite F2, given by (43), in the following form: 

R~ a 3 
Fz =/~o ~ [�88 - 3 cos2I) + 3c22 sin2I cos(q52o - 2h)] 75 

a 3 

-/-to Rg [3c2 ~ sin21 _ 3c22(1 + cos2i) cos(q520 _ 2h)] ~3 cos2u 
7 

~ 3 

+ 3c22Po R~ [cos/sin(q52o a - 2h)] ~3 sin 2u 

a 2 r 2 

--/~2 aT [1( 1 - 3 cos2I) -- 3 sin2i cos(~b2o _ 2h)] aZ 

a 2 r 2 

+/1 z aT [3 sin2i + 3(1 + cos2i) cos (q~2o - 2h)] a~ cos2u 

a 2 r 2 

+ 3~2 aT [cos/sin(~b2o - 2h)] ~ sin2u. (61) 

Although the variables I and a should properly be primed, according to (56), this 
refinement will be deferred until the final results are written down. The six functions to 
be split into their secular and periodic parts are then 

a 3 a 3 a 3 

r~ r~ cos 2u 73 sin 2u 

r 2 r 2 r 2 

a~ a~ cos 2u a2 sin 2u. 
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The secular part  of any of  these functions 0 is given by 

2r~ 

0s = ~ 0 dI .  (62) 

0 

It  will be found advantageous to integrate the first three functions with respect to f ,  the 
remaining three with respect to E, the eccentric anomaly. The substitutions needed in 
(62) are 

L r z 
dl = - ~ d f a  

and 
?- 

dl = - dE.  
a 

In order to find the first three average values, one may also make use of  the work of 
Brouwer (1959) and Kozai (1959). Letting the purely periodic parts of  the six func- 
tions 0i be designated by ai, the results of  operation (62) are 

a 3 

r 3 = G ~ + al 
a 3 

/ .3 c o s  2u = 0- 2 

a 3 

r3 sin 2u = a3 

F 2 
r a~ (1 + ~e ~) + o4 

r 2 

a~ cos2u = ~e 2 cos2g + a5 

r 2 

a2 sin 2u = 5e2 sin 2g + a6. 

(64) 

Since the second and third of  these contain no secular parts, Fzs and Fze may be 
written in the form 

La 
F2s = A1 G~ + A4(1 + ~e 2) + -}Ase 2 cosZg + ~A6 e2 sin2g (65) 

6 

F2p = ~ Aial. (66) 
i = 1  

The temporary abbreviations A~ are clearly defined by comparison with (61). 
Turning now to (60), first note that, with (41), 

~ F  0 [ / 2  

0E /23" 

With this, (60), and 

/23 
S 2 = ~ -  

(66), Sz becomes 

6 

i = 1  

(67) 
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The first two of these integrals are given by Brouwer (1959). The other four are readily 
obtained by integrating with respect to f or E, as explained above. Recall that the o- i 
are defined by (64). The constants of integration may be disregarded since only partial 
derivatives of $2 with respect to the Delaunay variables are required. The results are, 
again ignoring primes: 

al dl = ~g ( f  - 1 + e s i n / )  

i 1 a 2 d l = ~  s i n ( 2 g + 2 f ) + e s i n ( 2 g + f ) +  

f 1 L3[ ecos(29 + 3f) 1 cr 3 d l -  2G3 c o s ( 2 g + 2 f ) + e c o s ( 2 g + f ) +  

f ( ) 3 3 e2 sin 2E - - -  sin 3E ~ r , d / = -  2 e - ~ e  3 s i n E +  4 12 

(~ e2~ -G 
a5 d l - -  + 2 / L  sin29 cos2E 

(~ e 2) e G 
+ + ~  cos2gsin2E-~sin2g(15cosE+cos3E) 

-(:- l ;)Cos2g(15sinE+sin3E) 

+ ~ )  ~ cos2g cos2E + + sin2g sin2E 

eG 
+ 6 L cos2g(15 cosE + cos3E) 

f o6 dl = - 

- ( :  - 1~) sin2g( 15sin E + sin 3E). (6s) 

2 2 1 /2oR ( [" 1 , .  3 
$2 = ~ L- 4 C2otl - 3 cos2l ') + ? c22 sin2I ' cos(q52o - 2h) 

x ( f  - 1 + e' sin f )  

A few comments on the form of these functions are called for. First, expressing the 
latter three in terms of E is a logical choice because the integrands were of the form 
(r/a) n. There is nothing to be gained by changing from E tof.  Next, retaining products 
of trigonometric functions in the last two permits a more compact form. Finally, judi- 
cious choice of Keplerian or Delaunay variables helps to abbreviate many expressions. 
It is often desirable to replace cosI by H/G, but it seldom pays to substitute Delaunay 
elements for e. The last two notes hold for much of the subsequent work. 

Formulae (67) and (68), aided by (61), permit $2 to be written down at once: 
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1 #oR~ 3 
2 G '3 C2o sin 2 I' - ~ Cz: (1 + cos / I') cos (~2o - 2h) 

[ e 1 x sin(29 + 2f) + e' sin(29 + f )  + ~ sin(29 + 3f) 

2R2 
- 2  c223 ~ G  cos I '  sin (~b2o - 2h) 

I e' ] x cos(29 + 2f) + e' cos(2g + f )  + ~ cos(29 + 3f) 

/t2EV F 1- (1 3 sin21, cos (~bzo _ 2h)l  +/zo~a~ L8 - 3 cos 2 i ' )  - 

[ (  3 ) 3e, 2 e'3 1 x 2e' - - sin 2E + - -  sin 3E e '3 sinE 4 12 

f12L'7 [ :  3 ] 
+ ~ -  sin2I' + + cos2 I') cos(~b2o 2h) 

/~oa~ 8 (1 - 

x + ~ sin 2g cos 2E 

+ } + cos29 s in2E--  ~ L;sin29(15 cosE + cos3E) 

- - (~ ' - i2 ]e '3~c~  

3/12E 7 cos/ '  sin(gb2o - 2h) + ~ - / ~  cos29 cos2E 
4/~a~ 

- + sin29 sin2E - ~ ~ cos29(15 cosE + cos3E) 

( ~  e'3~sin29(15 s i n E +  s in3E)l .  (69) 
+ - 1 2 /  

From S 2 the short-periodic perturbations may be calculated as indicated by (51). 
They will be listed in a later section. 

C. PERTURBATIONS OF INTERMEDIATE PERIOD 
The determining functions S* and S~' will be developed in this section. A small 
divisor of order one will appear. 

At this point the problem has been reduced to the solution of a dynamical system 
with three degrees of freedom since the variable l no longer appears in F*. The new 
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equations of motions are 

dE dl' OF* 
- - 0  

dt dt 3E 
dG' OF* dg' OF* 

dt Og' dt 3G' 
dH' OF* dh ' OF* 

dt Oh' dt OH' 
dD' OF* dd' OF* 

dt Od' dt OD' " 

Note that now 

(70) 

L' = constant. 

The various parts of F* are found as follows. F* and F~ are given by (54) and (55) 
with the aid of (41) and (42). They will be listed together with F* and F~ farther below. 
F* is obtained from (59) with (65) and (61). Here, as well as in other parts of the work, 
the variables g, h, and d are replaced by mechanical substitution with g', h', and d'. 
F*, however, requires some preparation. From (57) it is seen that F~ is to be taken as 

V~Fl aS2~ 
F* = F3~ + L~ D, ~ d~ 

But since the bracket is zero, 

F~ = F3s. (7~) 

F3 is given by (44) of which the secular part is to be taken. There is a total of ten short- 
periodic functions in F3. Six of these have already been averaged, with results in (64), 
and the other four are 

F3 /.3 
a~ cos u ~ cos 3u 

F3 y3 

a~ sin u ~ sin 3u. 

Their averages are easily found as outlined before. The results are 

It3 1 cosu = - ( ~ e + 1 8 5 e  3) cosg 
S 

sinu = - ( ~ e +  185e a) sing 
S 

cos3u = -  38Se3 cos3g 
S 

agSin3u = -  3~e3sin3g. 
S 

(72) 
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F* can now be written down. F~ is not  needed as this stage. The four required parts of  
F* are: 

F* - 2L,2 

F* = - D' 

1 #~R~ ~. 1 p2L'4fl 3 ,2"~ F * = ~ c 2 o E 3 ~ t l - 3 c o s 2 I '  ) 8#2a ~ \ +~e ) ( 1 - 3 c o s 2 I  ') 

[~ 4 2  ,uoR~ 15 paE 4 e' 2 sin2 I' cos 29' + c22 L ' ~  sin2 I' 
+ 1 6  2 ~  I2oa( 

+ 8 p2 ag \ + 2 e'2 s i n 2 I ' + 1 6 p 2 a ~  e'2( l + c ~ 1 7 6  ' 

15 /Z2 E4  
' - -  - -  e '2 COS/' sin 29' sin(qS~o -- 2h') x cos(q52o-  2h') + 8 2 3 

/toa( 

F~ = 43 I(c2o E~Ss#~R~ s in2I '  cos(~;2 - h') 

4 2 

3 poR( sin2I '  COS((]~23 -- h') + 2 I~c22 
4 2 3 #oR( 

+ ~ elC2o ~ sin2I '  cos (q~:7 - h') 

3 I~c20 "~ 
- ~ ~ [(1 - 3 cos2I  ') sin2I ' cos(qS;3 - 2h')] 

3 y 2 E 4 {  ( 3e,2 5e,2cos29, ) 
- 8  ?r sin2I '  1+2 - 

x [cos(q52a - h') - cos(~b;2 - h')] 

- 5e '2 s in / '  s in29'  [sin(qSi3 - h') - s in(q~;2  - h')]} 

3 .2c4fF{1 3 ) 8er [L\ +5e'2 ( 1 - 3 c ~  

1 1 [ (  3 ) i' 15e'2sin2I'cos29' cos~b; ~ l + ~ e  '2 sin 2 
2 

5 e,2( 1 + cos2i,  ) cos29,1 +~ 
x [7 cos(q~;~ -- 2h') - cos(q52 - 2h')] 

} 5 e, 2 cos / '  sin29'  [7 sin(~b;~ - 2h') - sin(~i - 2h')] 
2 

3 / 2 2 / ~  4 Igfl 3 "~ 
+ ~6 7g p2a~ [ L \  + 2 e'2j (1 - 3 cos2I ') 

(73) 

(74) 

(75) 
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] 15e'2sin2I'c~ ( 1 - c ~  1 + 2  e'2 s inZI '  

5 e,2( 1 + cos2 i ,  ) c o s 2 g ' ]  +? 
x [cos(q~io - 2h')  - cos(qS;3 - 2h')]  

- 5e 'z c o s / '  s in29 ' [ s in (qSio  - 2h') - sin(qS;3 - 2h')]  / 

3 / ~ 2 E * { ( 3 e , 2 5 e , 2  ) 
16 e(Y(,uoa(~ s in2 I '  1 + 2 - 2 cos2# '  

x [7 cos(q533 - h') - cos(q~; - h') - 3 cos(qS:z - h') 

- 3 cos(qS~ + h')] - 5e '2 s i n / '  s in29 '  [7 sin(qS;3 - h') 

- sin(q56 - h') - 3 sin(q57 - h') + 3 s in(q~ + h')] t 
J 

- -  " 1 8 2 3 1 + e '2 (1 -- 3 C0S2I ') 15 #oao  2 2 e ' 2  s in/  cos 29'  

+ - -  

[ ( 3 )  5 1 - 3  l + ~ e  '2 sin 2 +~e'2(l+cos2I')cos29 ' 

x cos(q55o - 2h')  - 15e 'z c o s / '  s in29 '  sin(qS;o - 2h ' )} 

3 2 # 1 E 4 { [ (  3 ) 15e '2 1 
16 e( ~ 1 -}- e ' 2  - -  - -  s in2I  ' co s2g '  poa( ~ (1 3 cos2I  ') - 2 

x (1 + 3 cosqS~,,) - l+~e 'a s in2I  ' 

+ ~ e'2(1 + cos2I  ') cos2g '  [17 cos(q~2~ - 2h')  

- 5 cos (~b~o - 2h')]  - 5e '2 c o s / '  s in2g '  

x [17 sin(~b;~ - 2h') - 5 sin(~blo - 2h')] / 

5,u2E6{[( 3 ) 
64 3 , 3 e' +~e '3 (4- 5sin21')cosg ' 

Noa( 

35 e' 3 1 + 4 s in2I  ' cos3g '  cos(qS' 1 - h') 

+ 5  3 e ' + ~ e  '3 s i n / / ' c o s g '  

7 e,3( 4 _ 3 s inZ/ ' )  cos 3g'  1 cos(~b;o - 3h') +4 
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[(3) 
+ 3 c o s / '  e ' + ~ e  '3 ( 4 - 1 5 s i n 2 I  ' ) s ing '  

35 e, 3 sin2 i, sin 3g']  sin(qS~ - 
+ 4  

h') 

[(3) 
+ 5 c o s / '  3 e ' + 4  e'3 sinZI ' s ing '  

7 e'3(4 - s i n  2 I ' )s in 3g' 1 s in(qS;o-  3h')~ 
+ 4  J J 

(76) 

Note that the symbol ~b' is used instead of q~ for reasons of symmetry only. Never- 
theless, it is well to recall that qV=-q~ since d '= - d - t .  

Similar to the previous section, a transformation is being made where the old and 
new Hamiltonians are related through 

F*(E,  G', H', D', - ,  g', h', d') = F** (E', G', H", D', - ,  g', h', d ') .  
(77) 

In contrast to Section B, as mentioned earlier, no particular canonical variable is 
eliminated but rather all periodic terms which contain the longitude of the moon. The 
transformation equations are 

3S* OS* 
E = - -  l" - 

01' OU 

OS* OS* 
G' = - -  g" - 

Og' OG" 

OS* aS* 
H ' -  h " -  

Oh' OH" 

~S* OS* 
D '=  d"= 

gd' OD" 

(78) 

where S*=S*(L" ,  G", H", D", -,  g', h', d'). 
Again let 

s *  = + + + . . .  

and take 
S~ = E'l' + G"g' + H"h' + D"d'. 

Again in contrast to the previous section, S* will appear because of the small divisor. 
Also, since third order terms are not needed, S* and higher order parts of S* are ig- 
nored. Hence 

S* = S~ + S* + S~. (79) 
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The transformation equations become 

[J .= C l 

0s~ 0s~ 
G' = G" + ~  + 0g-- 

os T os~ 
H ' = H "  +~h" +Oh' 

os~ os~ 
D'=D"+~d" + Od~' 

1 " = I ' + ~  + OE ~ 

os~ os~ 
9"=0 '  + ~ '  +OG'~' 

os~ os~ 
h" = h' + OHm" + OHm" 

d" = d ' .  

(80) 

+ F~(C', G",H", , 

F** ( . . . . . .  + E , G  ,H , -  - 

F** ( . . . . . .  + E , G , H  , -  - 

12"* {I 'p t, . +~4 ~ , G , H , - -  

- - ,  9% h', d') = F~* (E') + F** (D") 

OS* OS* h' OS! OS* d') 
' ' g' + OG'~' + ~ "  + ~ '  + OH'~" 

os'; h' Os~ ) 
' ' g ' + ~ d '  + ~ , , d '  

/ 

' ' ') (81) , , 9 , h , d  . 

This time the Taylor expansion is about the point 

/2, G", H", D", - ,  g', h', d ' .  

After the expansion, again terms of identical order are equated. The result is: 

Order 0: F*(U)  = F**(U) (82) 

Order 1: F*(D") = F**(D") (83) 

0F~ 0S* 
tt  tt ! t 

Order 2: 0D"0d'  + F * ( / 2 ' G ' H '  - , 9 , h , d ' )  

= V**(Y,', G", H", - ,  - ,  g', - ,  - )  (84) 

OF* OS* OF* OS* OF~ OS* 
Order3:  - - - -  + t- 

0D" 0d' 0G" 0g' 0H" 0h' 
OFF 0s~ 

+ F* (C', G', H", - ,  - ,  g% h', d') = 
c~g' OG" 

+ F~* (E', G", H", - ,  - ,  g', h', d') (85) 

S~ and S~, of course, cannot contain l' and, as before, will not depend on D". Quite 
similar to (52), (77) is split into its various orders of magnitude. Upon substituting the 
transformation equations, there follows: 

( F* ( E') + F~ D" + ~ ,  + Od /I 

( ~s~ os~ H" OS"; OS~ ) 
+ F* E',G"+ Og ' +--Og'' + Oh;+ Oh'' , ,g ' ,h ' ,d '  

( ) OS* H" + g' ,h' ,d'  +F~ E',G"+ Og' Oh' 
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Order 4: 
aG 1~' gO' + O-H'--' Oh w a ~  \ agTg' / + 2 a ~  \Oh I ) 

a=F y ast  as { oF*as*  a f r o s  f 
+ + - - - - +  

OG"OH" O 9' Oh' OG" O 9' OH" Oh I 

OFF 
+ F * ( E ' , G " , H  1', , , g ' , h l ,  d') - 

Og' OG" 
1 2 * *  I / O S * I \ 2  or.* * *  O F~ OF3 aS* OF 3 aS* 

+ ~z ag '~  I~"lkaG ] + ag' OG" + Oh' OH 1' 

r ~** t r  . . . . . . .  ). ( 8 6 )  + - 4  t ~ , G , H ,  , , g , h , d '  

Let here the subscripts S and P designate the secular and periodic parts of any func- 
tion, where a periodic term is now one that contains the longitude of the moon. They 
are easily recognized since they bear subscripts < 50 attached to 4). 

Putting 
F2s(E', G '1, H", - ,  - ,  g', - ,  - )  = F~*(IJ', G '1, H 1', - ,  - ,  gl, - ,  _ ) ,  (87) 

formula (84) yields, with the aid of (74), 

as* 
- -  I g * - (  l "  " " i i I )  - 2 e t ~ , G , H , - , - , g , h , d  . (88) 

ad' 

Employing (75), there follows at once the first-order part of the determining function: 

S * =  {3 c22 #o4Rg I" 3 ~t2/~ '4 [ (  3 ) 
E,3G,3 sin 2 -4 1 + e "2 I" n2o 8 2 a ~ sin2 n2o#oa( 

5 e"2(1 + cos2I" )cos2g ' ]}  s i n ( q ~ o -  2h') 
+ 2  

15 /.t2/J '4 e .  2 cos/"  sin2g' cos(~b~o - 2h'). (89) 
8 2 3 n 2ofloa( 

Equation (85) shows how S* is to be obtained. Again, all secular terms are equated to 
F** so that (85) splits into two formulae: 

F; Loo" ag'g'J~ + LOll ahTJs + F~s (90) 

0d' LAG" 0g'J~ + LOH" Oh' ]~ - L ~ OG"J~ + Fa'~' (91) 

where use is made of the fact that 

aG"J  = 0,  

which can be verified later. Derivation of the three quantities in brackets involves a 
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good deal of algebra. However, these intermediate results need not be recorded here. 
Upon separating above functions into their secular and periodic content, the calcula- 
tion of S* from (91) presents no difficulties. F*~ is, of course, readily extracted from 
(76). The final result for S* becomes: 

4 2 
S ~ = 3  c22 poR~ 

I~ E,3G,, 3 sin2/" sin(qSi3 - h') 
/ '/23 

4 2 3 c22 ItoR~ 
+ 8e1 n7 E,3G,, a sin2I" sin(q~7 - h') 

3 " E '4 "" 3 e,,2 5 e .  2 
8 y( ~ / s i n 2 1 " ( 1  + - - cos 2g' 

n23t~oa~ [_ k 2 2 ] 

x sin(~b~3 - h') + 5e "2 sin/" sinZg' cos(q~3 - h')] 

8 e~ -~poa( l + ~ e "2 ( 1 - 3 c o s 2 I  ") 

1 5 e, 2 sin2 I" cos 2g']  sin qS; 
2 A 

[(3) 1 21 l + ~ e  "2 sm 2" I" +~e"a( l  +cos2I  ")cos2g' 

[-7 1 1 x sin(qS;1 - 2h') sin(q~i - 2h') 
n 3 1  / /2  

,, , I -7  
+75 e,,2 cos/  sin2g t_ ]~'~'3a c~ - 2h') 

1 cos(qS~ 2h')l} 
/ /2  

3 p2E'4j" 1 [ (  3 ) 1") 
16 y~ ~#oa( [/'/25-- 1 + } e "2 (1 -- 3 COS 2 

-15e"2s in2I"cos2g '  sinqS~5+ l + 2 e  "2 sin2I " 
2 n2o 

5 e,,2(1 1") 1 sin(q~io 2h') -~ ~ "t- COS 2 COS 2g' - 

5 e,,2 cos/" sin29' cos(~b2o 2h')~ 
n 2 o  ) 

1-6 eff~ ~-~poa( sin2I" 1 + 2- - 2 cos2g' 

[~@3 1 sin( q S ~ - h ' ) - 3  sin(qS:z-h') x sin(qS;3 - h') - n6 n7 

_ 3n8 sin(q~ + h ') l  + 5e "z sin/" sin2g'F 7[_.33 COS(( f i ;3  - -  h i )  
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_ 1 cos(~b; - h') - 3 cos(q~} - h') + - -  cos(~b~ + h') 
F/6 n 7 n8 3 3 ) 

16 4 ~  ~ 1+~ e'~ (1-3oos~r3 
#oa( 

1 I ( 3 )  1 5 e ' 2 s i n 2 1 " c o s 2 f  sinqS~4 l + ~ e  "2 sin2I" 
2 

5 e"2(1 I") ] [ 1 7  
q- ~ -I- COS 2 COS29' n41 sin(qS~l -- 2h') 

5 sin(q52o 2h ' ) l  + 5e "2 cos / "  sin29'  
n2o 1 

x cos(q541 - 2h') - - -  cos(q52o - 2h' 
n2o 

5 / z z E ' 6 { 3 [ (  3 ) 
+ 64 3 ~  e" + e "3 #oa~ ~ (4 -- 5 sin E I ' )  cos 9' 

35 e. 3 s in2 i ,  c~ 39' 1 sin(qV 1 _ h') 
+4. 

 I(3) , , ,  
+ - -  3 e" + 4 e  "3 sin z cosg '  

/'/30 

7 e,,3 (4 ] + 4  - 3  s i n 2 I ' ) c ~  sin(qS;~ - 3h') 
_.1 

I (  3 ) _  I") 3 cos /"  e" + e "3 (4 15 sin 2 s ing '  
n x  

35 e,,a sin2i,  , sin 3e, 1 cos(~b~ - h') +4- 

- - -  cos I" 3 e" + ~, e "3 sin 2 I" sin 
n3o 

+ : e " 3 ( 4 - s i n 2 , " ) s i n a g ' ; c o s ( ~ b ' 3 o - a h ' ) }  

9 cez 8R4 H" 
--k 2/./220 #o ( /~.6G.8 

[ 1 sin (2q5~ ~ 4h,) 1 x sin2I " c20 sin(q520 -- 2h') + } c22 

2 2 E t  45 C2o #o#2R~ 

+ 32 ~-~o--a~- G"" 
x e"2(4 - 10 sin2I " + 5 sin*/") sin2#'  cos(~2o - 2h') 

9 C2o #okt2R( e,,2 
+ 16 nz2o a~ G "5 + 3 sin2I " 
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-1 
- 10(1 - 2 sin E I") cos2g '  / sin(qSio - 2h') 

2 E E, I 45 r /*o/~2R( e,,2 I") 
32 n2o a~ G "4 sin E I" sin 29' (4 - 10 sin 2 

1 1 X COS (qSio - 2h') + 2(6  - 5 sinE/' ')  cos(2~blo - 4h') 

E 2 E'H" 9 CEE Po/~2R~ 
2 G" 5 16 n2o a~ 

+ 6- 0 cos 
1(4 ) 1 ~.E + 6 + 15 COS29' sin(24'io -- 4h') 

45 p2 
16 2 4 6 E'6G"e"2( 1 - 2 s in2I  ") s in29 '  cos(qSi o - 2h') 

n2oPoa( 

9 p 2  a E,6H,,e,,2I(~_ 17) sin2 i,, 
32 2 4-6 nEO/~oa( 

+ 

- 5(2 - 3 s inE/ ' )  COS29'] sin(qS~o -- 2h') 

256 2 4 6 G" e"2 2 3 - 5 sin 2I" I" nEoPoa( ~ 2  sin E sin 29 '  

) 1 + 20E ;  T - 20 sinE/" + 52 sin4I" + 15e"2 sinE/" s in49 '  

x cos (2q52o - 4h') 

9 /~2 E,8H,, .2[-[. 4 ) s i n  2 
256 2 4 6 G,,2 e L~.e~, 2 + 1 2 + 9 e  "2 I" 

nEo#oa( 

G"E ( G"2 
+ 30 ~7g sinE I" cos 29' + 25 4 E ~  - 2 sin E I" 

+e"2sin2I")cos49 '] sin(EqS~o - 4h' ) . (92) 

Expressions for the per turbat ions  of  intermediate period are derived f rom S* and S*. 
They will be listed in a later section. 

D. LONG-PERIODIC AND SECULAR-PERTURBATIONS 

The new Hamil tonian F**  is given, and it is proposed that  the remainder  of  the prob-  
lem is solved by numerical integration. 
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The new equations of motion are 

dE' dl" OF** 
- -  0 

dt dt 0E' 

dG" OF** d9" OF** 

dt 09" dt OG" 

dH" OF** dh" OF** 

dt Oh" dt OH" 

dD" OF** dd" OF** 

dt Od" dt OD" 

(93) 

The different parts of F** are found as follows. Fg* and F** are given by (82) and 
(83) with (73) and (74). F~* follows from (87) and (75). F** is defined by (90). F** will 
be discussed later. The individual functions are: 

F** - 2E,2 (94) 

F** = - D" (95) 

f~* 1 /zo4Rg (1 3 cos2 i,, ) 1/~2E'4 ( 3 ) = - 1 + e "2 (1 - 3 cos2I ") 
8 

15 fl2/f 4 
+ --  - -  e "z sin z 1" cos 29". (96) 16 2 3 /2oa( 

F~* = 43 I<c2o ~P~R~ sin2I" cos(qS'~2 - h") 

3 12 c #~Rg 8 ~ 20 ~ 3  [(1 - 3 cos2I ") + sin2I" cos(qS;3 - 2h")] 

3 /~2E'4[ ( 3 e , , 2 5 e , , 2  )cos(~b;z +87~-/~oa( sin2I" 1 + 2  - 2  cos29" - h " )  

- 5e "2 s in/"  sin 29" sin(~b; z - h")] 

+ ~6 Y( ~ l + ~ e  "2 (1 -- 3cos 2 - - - -e"Zsin2I"cos29 " 
#oa( 2 

[ (3 )  1 + 1 + ~ e "a sin 2 I" + ~ + cos / 1") cos 29" 

x COS(qS;B -- 2h") + 5e "a cosI" sin 29" sin(~b;3 - 2h")} 

1 f13E'4 {I ( 3 ) 1 ~ 1 + e "z --  e "2sin2I "cos29" #oao ~ (1 - 3 cos2I ") -- 152 
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[ (  3 " 2 " ~  5e,,Z(l+cosZi,, ) cos 29" 1 - 3  l + 2 e  ) sin2I" + } 

x cos(qS;o - 2h") - 15e "2 cos/" sin2g" sin(~b;o - 2h")} 
. /  

163 e2 #2E'4 [(  3 ) r ~#oa~ 1 + ~ e "2 (1 -- 3 COS 2 I")--15e"2sin2l"cos2g" 1 - 2  

9 czZ2 H" 9 c22 #oZ#2Rg E'H" 
+ 2 nzo p~R~ ~ sin 2 I" + 8 nzo a~ -G "5 

xs in2I"  2+3e"Z+2 e'zc~ + 6 4  4 6 
n2ol~oa( 

[ sina 1 " ( 2 -  17e "a) + 15 sin 2 I" cos 2g"].  x E'6H'e "2 50 + 

(97) 

The problem is now of such a nature that it can no longer be solved by any method of 
successive approximations. This may be seen in a number of ways. It suffices to say 
that the von Zeipel technique is not applicable since the Hamiltonian has no term con- 
taining G" of lower order than the cos2g" term in (96). This may be verified by trying 
to produce the counterpart of (84) in order to get an S**. The problem is not a new 
one in celestial mechanics, but it has probably first been pointed out for the lunar or- 
biter by Kozai (1963). 

An analytical solution by different means is not attempted in this paper. Since the 
shortest period is one half year, it is felt that numerical integration of Equations (93) 
is not only feasible but may be desirable as far as practical applications are concerned. 
The integration interval can be taken quite large and should hardly be less than several 
days. It is believed that a simple Runge-Kutta algorithm would suffice for most any 
application, and only very high precision and very long intervals of time may require 
something like the Adams process. 

Numerical integration of the differential Equations (93) in no way alters the charac- 
ter of the solution. In particular, the small divisors of order two, which would arise in 
an analytical solution, will manifest themselves just the same in the numerical results. 
For example, numerical integration of (93) with F** =F~* will lead to variations of 
order one. If one desires to verify the appearance of such divisors analytically, this is 
readily accomplished. It is only necessary to perform the initial steps of a solution of this 
problem with F~* = 0 and replacing the right-hand member of (96) by - D". After the 
counterpart of formula (85) has been obtained, the small divisors are self-evident. 

The above list of the various parts of F** is seen to lack F**. In principle F** is 
easily obtained. It is defined by (86) with all members known. However, any attempt at 
its derivation will soon show that the amount of algebra required is indeed formidable. 
Before embarking on such a venture, it would be well to ascertain whether the resulting 
increase in accuracy is really needed. Nevertheless, the route for its derivation will be 
outlined very briefly. 



4 1 4  CLAUS OESTERWINTER 

Consider (86). It follows immediately that 

** = F~F~ ~?! l  F ~  OS~I 1F02~ (0~S~21 
F2 Loo" og Js + LaH' a#Js + 2 L ~  \og / As 

1 Fa=f * OS*~ 2] F. a~* o?! aS*] FOF~ a s!]  
+ 2 LaH "2 (Oh') _Is + L OG'OH" Og 3h'J ,  + LOG " ag _[, 

[ ~  ~:l - F~ * ~ l  ' r ~2~:* (~*,h=l 
+ Loll' Oh'is LOg oG"As - 2 L~g '~ \oG") Is 

~ a~"j= L ~ oH"j= + F~=. 

F* s is found with the aid of (58) to be 

1FOZFo (OSz~EI F~FT, 2 aS21 FOF2 ~ I  
F~*~ = ~ Lac2 \ ol I is, + LOCal J=s + L ~  ao _]ss 

F ~  ~ l  - F ~ :  ~ - F~  * ~ l  + ~,~,. 
+ L ~  a#J~ L ag oo'j~ L Oh OH J~ 

In calculating the latter of these two equations, many new averages of the type 

[r cos ] 
/'nIA 

sin s 

n both positive and negative, have to be found. It may be advantageous to employ 
some of the relations given by Kozai (1962). 

4. Final Results and Sequence of  Computations 

The explicit expressions for the various perturbations are given, and the sequence 
of computations for practical application of the theory is outlined. 

A. F O R M U L A E  F O R  THE PERTURBATIONS OF SHORT A N D  INTERMEDIATE PERIOD 

The perturbations of short period are clearly defined by the transformation Equa- 
tions (51), those of intermediate period by (80). All there is left to be done is to take the 
partial derivatives. In doing so, the following relations will be found useful: 

~e 1 G 2 ae 1 G 
aL e L 3 aG e L 2 

O L a f - s i n f ( G 2 a )  O f e L  ~ - + l r  O G - - s i n f (  G2a ) e G  ~ - + l r  

OE 1 G z a OE 1 G a 
- sin E - sin E. O L e L  3 r OG e L2 r 
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The short-periodic terms follow immediately from $2 as given in (69). Note that 
3SE/OI need not be computed as it is available through (60). For the terms of intermedi- 
ate period (89) and (92) are used. The complete list of partial derivatives follows. 

~$231 - gOR(E3 C/o(1 - 3 cos2I ') + 2 c22 sin2I ' cos(~b2o - 2h) 

(a" 
x 7 G'3/ 

#oR( 3 I' 3 
E3 4 c2o sin 2 - ? c22(1 + cos2I ')cos(~b2o - 2h) 

a,3 
x 7 cos(2g + 2f) 

2 E a,3 
+ 3CE2/~R~ cos / '  sin(q52o -- 2h) r 3  sin(2 9 + 2f) /2 3 

/z2/s I1 ( 1 _ 3 cosE/, ) 3 ] 4 3 - -  - sin2I ' Cos(qSE0 -- 2h) 
poa( 8 

( r 2  3 ) 
x ~ ; ~ - 1  ~e  'e 

3/~E E7 [sin21 , (1 cosZI ') 2h)] + ~ -~- -~- COS ( ~ ) 2 0  - -  

8 poa( 

x a, 2 cos(2g + 2f) - 2 e': cos2g 

3~2/~7 , [ rE 5 e'2 s in2g l  
+ 4 #~a~- cos /  sin(qSEO -- 2h) a7 z sin(2g + 2f) -- 2 

OS2 /z2R~ ~3 3 ] 
3g  - - 2 ~ L8 C2o sin E I' - ~ CEE (1 + COS 2 I ') COS (q52o -- 2h) 

,..i [ e' ] 
x cos(2g + 2f) + e' cos(29 + f )  + 3- cos(29 + 3f) 

2 2 H' + 3~=#oR, ~ sin(,~o - 2h) 

x s i n ( 2 g + 2 f ) + e ' s i n ( 2 g + f ) +  s i n ( 2 9 + 3 f )  

3 #2 E7 [s in2i  , + (1 + cos2I ') cos(q~2o - 2h)] 
poa( 

[ ,.,o 
x ( l + e ) E - C O S 2 g c o s 2 E -  1 +  s in2gs in2E 

(98) 



416 CLAUS OESTERVglNTER 

0S 2 

Oh 

e t G I 

3 E cos29(15  c o s E  + cos3E)  

+ (~ - e~6 ) sin 2g (15 sin E + sin 3E) ] 

3 ]~t2 E7 I' ~ G' 
+ - ~ -  cos sin(r  - 2h) 1_(1 + e '2) E- s in2# cos2E 

4 poa( ( ~ )  e,o, 
+ 1 + cos2g s in2E 3 E s in2g(15 cosE  + cos3E)  

(3 ~) 1 - - cos2g(15 s inE + s in3E)  . (99) 

- 3c22 ~ s i n 2 I  ' s in(r  - 2h) [-f - 1 + e' sin f ]  
G 

2 2 
3 PoR( (1 + cos2I  ') sin(r  - 2h) -t- ~ C22 G, ~ 

[ e 1 x sin(2# + 2f)  + e' sin(2# + f )  + ~- sin(2g + 3f) 

H '  2 2 2h) + 3c22#oR( ~7~ C 0 S ( ~ 2 0  -}- 

x cos(29 + 2f)  + e' cos(29 + f )  + ~ cos(2g + 3f)  

3 ,/,/2 E7 
s in2I  ' s in(r  -- 2h) 4 4- 3 goa( 

x 2e '-  e 'a s i n E - - e  ' 2 s in2E+-s in3E 
4 4 12 

3 p2 Ev (1 + cos2I  ') sin(q52o - 2h) + g-~5- 
#oa( [ o, ( ~ )  

x ( l+e'a)~sin2gcos2E+ 1 +  c o s 2 9 s i n 2 E  

e' G' 
3 E s in29(15 cosE  + cos3E)  

-(3-~)c~ 
t7 

3 /~2 /~  . . . .  
~ -  C O S l  c o s ~ q ) 2 0  - -  2h) 

+ 4 ,uoa ~ [ o, ( ~ )  
• (1  q- e ' 2 )  L' c o s 2 g  cos2E - 1 - s in2g s i n 2 E  
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e' G' 
3 E cos2g(15  cosE  + cos3E)  

+ ( ~ - e 6 3 ) s i n 2 g ( 1 5 s i n E + s i n 3 E )  1 .  

~$2 . 
- - -  is not  needed. Od 
O S  2 

~E 

2 2 

_ 1 ttoR ( [C2o(1 _ 3 cos2I  ') + 6C2a s in2I  ' cos(q52o - 2h)] 4 e'E3G ' 
( G  '2 a '2 a' ) 

x\~ rg+r+l s i n f  

2 2 

3 Voi& [c~o sin~r - 2c~(a + o o ~ r )  ~162 - 2h)] 8 e'E3G ' 

x {[2 cos(2g + 2f)  + e' cos(2g + f )  + e' cos(2g + 3f)-] 

x + 8 )  s i n f + s i n ( 2 g + f ) +  s i n ( 2 g + 3 f )  

H' 
3 a 2 sin(~bio - 2h) + ~ c22p~162 e,E3G,Z 

x {[2 sin(2g + 2/)  + e' sin(2g + f )  + e' s in(29 + 3f)]  

x + G;~) s i n /  - cos(2g + f )  - ~ cos(2g + 3f) 

1 ]l 2 E 6 
+ 4 3  [(1 - 3 cos 2 I ' )  - 3 sin z I '  cos (q52o - 2h)] 

8 / l o a  r e '  

+ 

{~ 3 (2e' + 5e '3) s in2E x (8 + 39e '2 - 12e '4) s inE - 4 

+ (~ e'2 + ~ e'a) sin3E +[(2e' -- 34e'3)cosE 

3 l e , 3 1 G ' 2 a '  } - - e '2 cos2E + cos3E 2 4 ~ r s i n e  

3 #2 E 6 
[s in21 ' + (1 + c o s 2 I  ') cos(4,~o - 2h)] 

16 4 3 e '  ,uoa( 

x 4(2e'  + e '3 )~-  s in2g cos2E 

1 
+ ~ (16e' + 5e '3) cos2g  s in2E 

(loo) 
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Gt 
- 1-(13 + 5e'2) E - sin2g(15 cosE + cos3E) 

1 
6(2 + 9e '2 - 4e '4) cos2g(15 s ine  + sin 3E) 

,2 sin 2g sin 2E - (2 + e'2) cos 2g cos 2E - 2 ( 1 + e  ) ~  

G' 
- e' sin2g(5 sinE + sin 3E) 

E 

l } -- sin E + e' + cos2g(5cosE + cos3E) ~T r 

3 /~2 E6 I G' 
8 4 3 e' c~176 - 2h)[4(2e'  + e'3)~-cos2g cos2E 

/~oa( 
G' 

2 (16e, 1 (1 + 5e '2) L' + 5e '3) sin2g sin2E - 

1 (2 + 9e '2 - 4e '4) x cos2g (15 cosE + cos 3E) + 

x sin2g(15 s ine  + s i n 3 E ) -  2(1 + e '2) ~cos2g sin2E 

G' 
+ (2 + e '2) sin2g cos2E - e '~ -  cos2g(5 sinE + sin 3E) 

( 2  ~) 1 G'2a' } . . . .  sinE (101) e' s in2g(5cosE + cos3E) E a r  

2 2 

3/~oR( [C2o (1 - 5 cos2I ') + 2c22 (3 - 5 cos2I ') cos(q52o - 2h)] 4 G '4 
x [ f - l + e ' s i n f ]  
2 2 

1 /*oR< [C2o(1 - 3 cos2I ') + 6c22 sin2I ' cos(q52o - 2h)] 4 e'E2G '2 
I G  '2 a '2 a' ) 

x \ ~ - 7 + r + l / s i n f  

3/z2Rg 
+ ~-G, 4- [C2o(3 - 5 cos2I ') - 2c22 (3 + 5 cos21 ') cos(q52o - 2h)] 

t 

x [sin(2g + 2f) + e' sin(2g + f )  + 3 sin(2g + 3f)] 

3 p~Rg 
8 e'L' G sin r - 2 c = ( 1  + cos r)cos( :o - 2 0 ]  

x ~[2 cos(29 + 2f) + e' cos(2g + f )  + e' cos(2g + 3.f)] 
( 

~S 2 

~G' 
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( ; '  E2"~ _ 3 1sin(29 + 3f)} x + ~ ]  s in f  + sin(2g + f )  + 

2 2 H /  
+ 6c22~oR< Us  sin(r - 2h) 

e '  
x [cos(29 + 2f) + e' cos(29 + f )  + 3- cos(29 + 3f)] 

3 2 2 H' 
- 2 cEagoR< e,E2G, 3 sin(qSeo - 2h) 

x / [ 2  sin(29 + 2f) + e' sin(2g + f )  + e' sin(2a + 3f)] 

E2"~ 1~ cos(2g 3f)} x ( ~ + ~ 7 ~ j s i n f  - c o s ( 2 9 +  f ) -  + 

3 tz2 ETH '2 
+ 4 poa{'* 3 G,3 [1 - cos(q52o - 2tl)] 

[( 3e,2 ,3 1 x 2 e ' - - e  '3 s i n E -  s i n 2 E + - - s i n 3 E  
4 4 12 

1 #2 ESG' 
8 4 3 , [ ( 1 - 3 c o s 2 I  ' ) - 3 s i n 2 I  'cos(q52o-2h)]  

/zoa < e 

{ ( 9 )  le,2 3 e' sin2E + - sin3E x 2 -  e 'z s i n E - ~  4 

[ ( 3 )  3 
+ 2 e ' - - e  '3 c o s E - - e  '2cos2E 

4 2 

]a' } 1 e' 3 cos3E s ine  
+ 4  7 

3 ,u 2 E v i l  '2 r G' 
+8poa(4 3 G,3 [ 1 - c ~ 1 7 6 1 7 6  

( e ' ~ )  e 'G'  
+ 1 +  cos 29 sin 2E - - - s i n 2 9 ( 1 5 c o s E + c o s 3 E )  

3 E  

- l~(2e ' -  e'3) cos 29 (15 sinE + sin3E)] 

3 /'/2 Lt6 
[sinZI ' + (1 + cos21 ') cos(q~2o - 2h)] 16 4 3 e' poa< 

{ x (e' - 3e '3) sin2g cos2E + e' - -  cos29 sin2E 
E 

1 

3 (1 - 2e 'z) sin29(15 cosE + cos3E) 
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8S2 

OH' 

- - T J  c -  oos 2g ( i s  sin E + sin 3E) 

- [~0 + e'~ ~' ~.2~ ~in2~ -(2  + e'~ cos~ ~os2~ 

G' 
- e' sin2g(5 sinE + sin3E) 2- 

- sin E + e' - cos2g(5 cosE + cos3E) ~- r 

3 Iz 2 L 'TH ' r G' 
8 #oa<4 3 G,2 sin(~2o - 2h) L(1 + e '2) E- cos2g cos2E 

( 7 )  e'O' - 1 + sin2g s i n 2 E -  3- E- cos2g(15 cosE + cos3E) 

+ ~6(~e'- e'~ s~n2~0S s~n~ + sin ~ 1 
3 /~2 E6 

cos / '  sin(~b2o - 2h) 
8 4 3 e '  

/ ~ o a <  

x (e' - 3e '3) cos2g c o s 2 E -  e' ~ sin2g sin2E 

1 
3 (1 - 2e '2) cos2g 0 S  cosE + ~os 3E) 

+ - ~-sin2g(15 sinE + sin 3E) 

- 2(1 + e '2) E- cos2g sin2E + (2 + e '2) sin2g cos2E 

- e' ~ c o s 2 g ( 5  sinE + s i n 3 E ) -  e' -- 

,l~ } 
- sin E (102) x sin2g(5 cosE + cos3E E r 

3 2 2 H '  
#oR~ G, 5 [C2o + 2c22 cos(q52o - 2h)] I f  - l + e' s i n f ]  

3 2 2 H '  
+ 4 #oR( G,S [C2o + 2c22 cos (q~2o - 2h)] 

x s i n ( 2 g + 2 f ) + e ' s i n ( 2 g + f ) +  s i n ( 2 g + 3 f )  

3 2 ~  
2 c2z sin(q~2o - 2h) 

+ 

+ 
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~$2 
= 0  

aD' 

cos* 
- 0  

COl' 

os* 
cog' 

cos, 
Oh' 

O S *  . 

Od' 

as* 
COU 

[ e' ] 
x cos(29 + 2f) + e' cos(29 + f )  + ~ cos(2g + 3f) 

3 #z ETH'  
4 #oar 3 G,Z [ 1 - c o s ( q ~ 2 o - 2 h ) ]  

f ( 3 )  3 e'3 1 • 2 e ' - - - e  '3 s i n E - - e ' Z s i n 2 E + - - s i n 3 E  
4 4 12 

3 #2 ETH'  
- - 8  4 3 ~oar G '2 

• 

3 #2 
8 4 3 #oar 

- -  [1 - cos (~b2o - 2h)] 

( l + e ) ~ s i n 2 g c o s 2 E +  1 +  cos29sin2E 

3 E s i n 2 9 ( 1 5 c o s E + c o s 3 E ) -  - 

cos29(15 sinE + sin 3E)] 

/J7 I G'  
G' sin(q~2o - 2h) (1 + e '2)~  - cos29 cos2E 

( e'O' 
- 1 + s i n 2 9 s i n Z E - ~ E - C O S 2 g ( 1 5 c o s E + c o s 3 E  ) 

e,3, 1 + - ~ - )  sin29(15 s ine  + sin3E) (103) 

15 ]22E'4e "2 
8 2 3 [(1 + cos2I ") sin2 9' sin(q52o - 2h') 

n2o,Uoa( 

+ 2 cos I" cos 2g' cos (~b~o -- 2h')] 

3{4C22 #o4R~ /12E '4 [ (  3 "2'~ 
E,3G,, 3 sin 2 I" + ~ - ~ - 3  1 + ~ e ) sin 2 I" 

4 n20 n20#0a( 

5 e"2 (1 + cos2 I")cos 29'1} cos(~b~o - 2h' ) +i 

is not needed. 

3 {12 c22 #~ I" 
8 n2o E'4G "3 sin2 

~2E'3 I" 2 3 [(7 + 3e "2) sin 2 
n2o/Zoa( 

(lo4) 

(105) 

(106) 

(107) 
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G" 

all" 

as* 
= 0  

cOD" 

- - = 0  
cal' 

as* 

09' 
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+ S(1 + e"2)(1 + cos2I") cos29'3} sin(qSio - 2 h ' )  (108) 

4 2 #2 E'4 
3 4 c22 #'~Rg. (3 - 5 cos21 ") + G" 
8 /120 E'aG"4 ~ 2 3 n20#oa( 

x [-3 - 3e "2 - 5 cos2I" + 5(1 - e "z + cosRI ' )  COS29']} 

15 #2 E'4H" 
x sin(~blo - 2h') + 

8 2 3 G,,2 nzo#oa( 

x (2 - e "2) sin 29' cos(q~0 - 2h') (109) 
H" E'4H " 3 c22 4 2 #2 

4 -  #oR( ~ + 2 3 G,,2 
n2o n2oPoa(  

• 

15 f12 E'4 
e "2 s in29 '  cos(~b2o - 2h') (110) 

8 2 3G"  n2o#oa{ 

(111) 

(112) 

15 #2/]'4 e ' 2 s i n I ' [ c o s I " s i n 2 g ' s i n ( ( o ' 2 3  - h') 
4 ? { ~  n23#oa( 

-}- COS2g  t COS(q~23 - -  h ' ) ]  

15 #2E'* e.2 { 3  1 (1 + cos2 i . )  8 e< ~ sin 2 I" sin 29' sin ~b; + 
#oa( 

x s in2g 'V 7 s in (~b ;1-  2h') 1 s in (qS i_  2h ' ) ]  
[._n31 /'12 

+ cos /"  cos29 '  cos(qS;a - 2h') - - -  cos(qS~ - 2h') 
n2 

16~,~ ~ e "z s i n Z l " s i n 2 9 ' s i n ( o i 5  - - - ( 1  + cos2I  ") 
#oa( kn2s n20 

x sin29,  sin(qSio _ 2h,) 2 c o s i .  cos29 ,  cos(#) ,2o_2h,)]  
n2o 

8 e(7{ ~ s i n I ' e  "2 cos /"  s in29'  7 sin(q533 _ h') 
#oa( Ln3a 

1 sin(q~; -- h') 3 sin(r  - h') 3 sin(q~ + h ' ) l  
n6 n7 n8 
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+ 

[~33 1 cos(q~; h') + cos29 '  cos(qS;3 - h') n6 

cos(   
/"/7 n 8  

15 2 ]/2/-' e,,2 9 e( ]/2a ~ s in2I  " sin29'  sin~b~4 
16 

+ (1 + cos2I") s i n 2 f  ~ 17 sin(~b~i - 2h') 
Lrt41 

_ 5 sin(qS~o _ 2h,) 1 + 2 cosl" c o s 2 f  
n 2 o  A 

Ln41 n2o 

64 ]/oa(3 ,, e " + 4 e  "3 ( 4 - 5 s i n 2 I " ) s i n f  

105 e" 3 sin21, ' s i n 3 f l  sin(q~'l - h') +q- 

+ - -  e" + ~ e  "3 sinai '̀  s ing '  
1/30 

7 e.3( 4 _ 3 sin2I ") s i n 3 f  I sin(qS;o - 3h') 
+ 4  

+ cos / "  e " + ~ e  "3 (4 -15s inar ' )cos  

105 e,,a sin2i, ' cos 3 f l  c~ _ h') +q- 
[(3) 

+ - - c o s / "  e" + 4e"3 sin2I" c o s f  
/ '/30 

7e"3(4- s in2I" )cos3 f  lcos(r o -3h ' ) }  
+ 4  

2 2 /~; 

45 C2o Po]/2R( e "2 I-(4 - 10 sin / I" + 5 sin'* I") cos 2 f  
2 G.4 16 n2o a~ 

• cos(,~2o - 2h') + 4 cos I"(1 - 2 sin2I ") 

• sin 2 0' sin (~b~o - 2h')] 

45 r ]/o]/2R( e,,2 2 G,,4 sin 2 I" cos 29' (4 - 10 sin 2 I") 
16 n2o a~ 

1 I") ] • cos(qS~o - 2h') + ~ (6 - 5 sin 2 cos(2qS~o - 41,') 
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+ cos/" sin 2g' [4 sin(qS~o -- 2h') + 3 sin(2qS~o - 4h')] 1 

45 /~22 E'6G"e "2 [2 (1 - 2 sin 2 I ' )  cos 2g' cos (4)~o - 2h') 
16 2 4 6  nEo#oa~ 

+ cos I ' (2  - 3 sin2I ") sin 2g' sin(~bio - 2h')] 
45 ,u 2 E 'S ~r 
6 4 2  4 6  G" e'2[L(3 - 3e "2 - 5 sin 2I ')  sin EI" cos2g' 

nEo/toa( 

- -  (20e "2 -- 20 cos E I ' - -  _52 sin4 I" -- 15e "2 sin E I ' )  cos 4g' 1 

• cos(2~b~o - 4h') + cos/" [-3(1 - e "2) sinEI" sin 2g' 
+ 5(4 - 4e "2 - 2 sinE/" + e "E sinE/') sin4g'] 

x sin(EqS~o -- 4h')/  (113) 

4 2 
C22 #oR~ 

2I( L,,3G. ~ sin2I" cos(qS~3 - h') 
n 2 3  

4- 2 
3 c2o #oR( sin2I"cos(~b~ - h') 

- ~ e~ I2,3G,,3 
t l  7 

+ ~ ? ( ~  sinEI" 1 + -  - cos2g' 
n23t~oa ( 2 2 

x cos(~bi3 - h') - 5e "2 sin/" sin2g' s i n (413  - h ' ) ]  

83 /~EE'4{I( 3 ) e ( ~  3 l + ~ e  "2 sin 2 1 " + 2 5 e ' E ( l + c o s 2 I ' ) c o s 2 g '  1 
,uoa( 

x n3~ cos(q~;~ - 2h') - nE -- 2h') 

+ 5e "2 cos I" sin 2g' 

[-7 l} x sin(qS;1 - 2h') - s i n ( q ~ i -  2h') 
/ ' / 3 1  /'/2 

+ 83 7g nzol~oa(#ZE"*2 3 { [ ( l + ~ e 3  "E'~)sin 2 I" +~5 e"2 (1 + COS2 I") cos 2g' 1 

x cos(~bEO -- 2h') + 5e "a cos/" sin 2g' sin(q~2o - 2h')/  

3 tt2/2'4{ ( 3 e . 2 5  ) 
+ ~ e ( ? ( ~  a sinEI" 1 +  - - e  "2cos2g' 

ttoa ( 2 2 

I L  - - -1  c~ x cos(qS;3 -- h') n6 
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3 l 3 cos(qS:z h') + cos(qS~ + h') 
n7 n8  

[7  1 
- 5e "2 sin/" sin 2g' sin(qS;3 - h') - - -  sin(qS; - h') 

kn33 n6 

-- n73 sin (qS~- h ' ) -  3 sin (qS~ + n 8  h ') l} 

3 #2E'~ { [ (  3 ) 5 2 1 Beg 23 1+5e  "2 s i n 2 I ' +  e ' 2 ( l + c o s 2 I ' ) c o s 2 #  ' 
#oar 

[17 S ] 
x cos(q54i - 2h') - - -  cos (~blo - 2h') 

n 2 o  

+ 5e "2 cos/" s in2g ' [  17 sin(qS~,l - 2h') 
k n 4 1  

5 s in (qS2o-2h ' )~  
n2o A) 

5 /'t2E'634 % F (  e;/ "q- e'3 (4 -  5s in2I ' ) cosg  ' 
64 .u6a( in1 L\  

35 e,,3 sin2 I" cos 3g' 1 cos (~'1 - h') 
+ 4  

+ - -  3 e" + 4e '3  sin2I" cos# ' 
n3o  

7 e, 3 (4 - 3 sin 2 I ' )  cos 3#' 1 + 4- cos @5;0 - 3h') 

+ cos/" e ' + ~ e  "3 ( 4 - 1 5 s i n  E sing' 

35 
sin 3#'] sin(qS' x - h') e.3 s i n 2 i  " 

+ 4  

+ - - c o s I "  3 e" + 4e"3 s inZI ' s in# ' 
n 3 o  

+ie"3(4-sin~r')sin3o'lsin(Go-3h')} 
H" C22 8 4 I" 

- 9 n2 ~ / ~ o R (  ~ sin 2 EC2o cos(q~o - 2h') 

+ c22 cos (2q~2o - 4h')] 
2 2 L"  45 C2o po/azR( e'Z" 2 G,,4 - 10 sin 2 I" + 5 sin 4 I ' )  + 

16 rt2o a~ 

x sin2g' sin(~b~o - 2h') 
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9 c20 ~o/.,tE/~( L, n e,,2 
- 8 n~o a~ G "S + 3  sin 2I" 

- 10(1 - 2 sinEI ") cos2g ' ]  COS ( t ~ 0  2h') 

2 2 L "  45 1722 flop2R( 
e "2 sin2I " sin 2g' [(4 -- 10 sin21 ") 

16 n2o a~ G "4 

x sin(~b~o - 2h') + (6 - 5 s in2I  ") sin(2~b~o - 4h')] 

9 CE2 tlot22R ( e" E 
+ 8 nEo a~ G "5 sin 2 I" + 6 - 10 cos 29' 

x cos(~bEo- 2 h ' ) -  ( ~  + 6 + 15 cosEg ' )  

x cos(242o - 4h')] 

45 #~ E,6G,,e,,E(I 2 4 g - 2 sin2 I") sin 2g' sin(q~o 2h') 
8 nzo/loa( 

+ 1 6  2 4 6 - -17  sinEI" 
n2o/~oa( 

- -  5 (2 -- 3 sin E I') cos 2g'] COS (r 2h') 

45 ,u 2 C 's [" 
- 6 4  E ~  6 G" e'ELE(3- 3e ' z -  5sinEI')sinEF'sinEO' 

nzo#oa{ 

--(20e"2--2Ocos2I"--~sin4I " -  15e'EsinEI')sin4g '] 

x sin(EGo - 4h') 

9 t~ E'SH" . 2  F/ 4 
2 * ~ G,,2 e I t , / l eG~ '2+ l a+9e"2 ]  sinE/" 

n2o~toa( 

+ 30(1 -- e "2) sinEI" cos 2g' + 25(4 -- 4e "E -- 2 sinEl" 

cos4g ' /  cos(2qS~o -- 4h') (114) e-2 sin2I ") + 
l 

~S~. 
- -  as not  needed. 
Od' 

0s~ 
~E' 

91 
2 ~ t123 E'4G "3 s in2I"  sin(qS~3 -- h') 

9 
8el E,4G.3 sinEI"sin(cY7 - h ') n7 
3 ,tt 2/~ '3 
8 ;J( e 3 {sin2I'[(7 + ae'E)-- 5(l + e"2)cosEg '] 

n23/,toa( 
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x sin(qSi 3 - h') + 10(1 + e "2) s in /"  s in29'  cos(qSi3 - h')} 

83 e~ #2 /23{  1 ~  [(7 + 3e"2) (1 - 3cos2 / " )  
#oa( 

- 15(1 + e "2) s ina i  " cos2g ' ]  sinq5 3 

1 
2 [(7 + 3e "2) s in2I  " + 5(1 + e "z) (1 + cos2I  ") cos 2g'] 

[7 1 
x sin(qS; 1 - 2h') - - -  

172 

+ 5(1 + e "2) cos / "  s in29 '  

X 

sin (qSi - 2h') 1 

[ 7 cos(, l_ :h,)- 1. 

3 ~,,a'~aL'3 { ~ ~ _  ~(7 + 3e,,2~(, - ~cosaI"~- 15(1 + e"2~ 
16 #oa( 

1 
x s in2I  " cos2g ' ]  sinqSi5 + - -  [(7 + 3e "2) s ina i  " 

1/20 

+ 5(1 + e "2) (1 + cos2I  ") cos 2g'] sin(q51o - 2h') 

- naolO (1 + e "2) cosI" sin 2g' cos(qSio - 2h')} 

3 /~2E'3 { 3e "2) e "2) cos 2g'] 16 e(y< ~ C 5  - sin2I" [(7 + - 5 ( 1 +  
/zoa( 

7 1 3 
x sin (q5;3 - h') - - -  sin(qS; - h') - sin (qs:z - h') 

/"/33 n 6  /'/7 

3 sin(qS~ + h')l + 10(1 + e "2) s in /"  s in29'  
1"/8 

[ 7  c~  h') 1 
x - cos(qS; - h') 

1. n 3 3  /'/6 

- n~ cos ~ -  h'~ + ~ cos ~ + .  h'~l} 

3 pz E'3 [ 3 
16 eg ~/~oa( (n24--[(7 + 3e"2) (1 - 3 cosa i  ") 

- 15(1 + e "2) sinE I" cos 2g '] sin q5~4 

- [(7 + 3e "2) s in2I  " + 5(1 + e "a) (1 + cos2I  ") cos 2g'] 

x kn41F 17 s in (qS~l -  2 h ' ) -  n2o5 sin(qS~o_ 2h ')]  

+ 10(1 + e "2) cos / "  s in2g '  



428 CLAUS OESTERWINTER 

5 ,]} 
x cos(q~l  - 2h') - - -  cos(q~o - 2h' 

nEo 

15 #2 E ' s I l [ (  29e,,Z 9 ,,4"~ 
3 4 e" . - - ~ . . 1  + ~ + ~ e ) (4 - 5 sin 2 I") cos 9' 

+ 64 poa~ 

105 e,,~ ) 1 sin(4'~ h') + ~ -  (e "2 + sin z I" cos 39' 

+ - -  1 + ~ + 4 e''~ sin2 I" cos g' 
n3o 

7(e'2 e'4)(4 3 sin2 I ' )  cos 3 f ]  sin(q~;o 3h') 
+ 4  + - 

[( 29e. 9)_ ,., cosI" 1 + + e "4 (4 15 sin 2 s ing '  

105 (e,, 2 e,,4 ) ] + ~ -  + sinE I" sin 39 ' cos(~b'l - h' ) 

[(29 9 )  
- - - c o s I "  l + ~ e " E  + ~ e  "4 s i n 2 I ' s i n f  

n3o 

+ ~(e  + e " 4 ) ( 4 -  sin 2 sln3g 

H "  
- 27 c22 SR4 I" 

n2o Po ~ E, VG.s sine 

X C20 sin(4~io -- 2h') + ~ c22 sin(2q~io -- 4h') 

45 C2o/ZoE/~gR~( 2 e .2)(4 10s in2 i .  + 5sin4i,,  ) 
+ 32 n2o a~G "~ -- - 

x sin 2 f  cos (41o  - 2 h ' )  
2 2 H "  9 C2o pO/~ER~ 

+ 16 n2o a~ G,,5 [(8 - 3e"E) sinE I " -  10(2 -- e "2) 

x (1 -- 2 sinEI ") cos 2g'] sin(~b~o -- 2h') 
2 2 

45 1222/*olI2R( (2 -- e "2) 
32 nEo 3~,,4 sin E I" sin 29' 

a ( t l  

x [(4 - 10 sin2I ") cos(q52o - 2h') 

1 1 + ~ (6 - 5 sin E I') cos (2~blo - 4h') 

2 2 S .  ~ 9 c22 Uo,UER ( sin 2 l" 
16 nEo a~ G "s 
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x {2[(8  - 3e "2) - 5(2 - e "2) cos 29'] siI1 ( ~ o  2h') 

45 It~ E'SG"(I + 2e "a) (1 - 2 sin2I ") sin 29' cos(qSio - 2h') 
8 2 4 6 n2o,Uoa( 

2 

9 a#24 6 E'SH"[( 11 + 34e"2) sin2I" 
16 n2olXoa { 

+ 5(1 + 2e"2) (2 - 3 sin21 ") cos29'  ] sin(q~io - 2h') 
45 /~2 r,7 ]. 
64 2 4 6G.  ~ . [ 3 ( l + e " Z - Z e " 4 ) - 5 ( 1 + 3 e " 2 )  sin21"] 

n2oPoa( 

x sin2I " sin29'  + 5 [2(1 + e "2 - 2e "4) - (2 + 3e "2 - 2e "4) 

1 3 e " 2 ) ] }  x s i n 2 I ' + ~ ( l +  sin4I" sin4g'  cos (2qS io -4h '  ) 

45 /~2 E, TH,, {1 
64 2 . 6 G.2 ( 1 4 + 2 7 e  " 2 + 9 e  "4) sin 2I" 

n2o#oa( 
+ 3(1 + e "2 -- 2e "4) sin21 " cos29'  + 5 [2(1 + e "z -- 2e "4) 

- -  (1 + 2e "2 -- e "4) sin 2 I"] cos 49'} sin (2~b~o - 4h') (115) 

4R2 l " )  
c22 c o t I " ( 1  - 5 s in  sin(r - h')  
n23 Iff ~ G ''~ 

4- 2 

3 c20 Izog( c o t i . ( l _ 5 s i n 2 i , , ) s i n ( r  ) 
+ 4 el E, aG,,4 n 7 

3 #2 /2'4 { [ 3e,,2 
8 y( 2 3G,, 2 c o s I "  1 +  - 5 s i n  2I" 

n23#oa ( sin I" 2 

- 5/l_~e'z - sin 2 I " ) c o s  29'1 sin (q5~3- h') 

+ 5(e "2 - 2 sin2I" + e "2 sin2I ") sin29'  cos(q~i3 - h ' ) /  

3 /l 2 E ' 4 { 3  
[ 1 -  e'2 - 5 cos2 I" + 5(e"2 - sin2 I") cos29 '] 

#oar 

l 3e" 2 . x s i n q ~ ; + ~ [ 2 +  - - 5 s i n 2 I " - - 5 ( 1 - - e " 2 + c o s 2 I  ") 

x co829']  sin(4~;1 -- 2h') sin(q52 - 2h') 
n2 
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5 cos I"  (2 - e"2) sin 29'  F 7 cos (q~;1 - 2h ' )  
+ :2 kn31 

l c o s ( q ~  2 h ' ) l }  
n2 

3 2 #2 E ' 4 { ~  - I" 5(e "2 I") 
"1- ~6  ~( 2 3 G" [1 -- e "2 5 cos 2 + -- sin 2 

#oa( 

1 
x c o s 2 9 ' ]  sin qS~ - - -  [2 + 3e "2 - 5 s inZI  " 

n2o 

- 5(1 - e "z + cosZI  ") c o s 2 9 ' ]  s i n (q~  o - 2h ' )  

_ 5nzo c o s I " ( 2  - e "2) s i n20 '  cos(qSio - 2h ' )}  

3 #2 C ' 4 {  [ 3e,,2 
e(7( 2 3 Gt' 2 cos I" 1 + - - 5 sin 2 I" 

16 poa( s i n / "  2 

5 
\ z  / A kn33 

i s i n ( ~ ;  h')  - _3 sin(qS:z h')  3 sin(4~h + h ' ) ]  
/'/6 n7 n8 

+ 5(e  "2 - 2 sin2I " + e "2 s in2 I  ") s i n29 '  

7 c~ _ h') 1 c o s ( q S ; -  h ')  

3 3 1}  - cos (qS: z - h ')  + - -  cos (qS~ + h') 
n7 n 8 

+ i 6 e g  2 3G,, [ l - e  " z - 5 c o s  2I"  
poa( 

+ 5 (e  "2 -- s inZI  ") c o s 2 9 ' ]  sin ~b~4 + [2 + 3e "2 - 5 s in2I"  

- 5(1 - e "2 + cos2I")cos29 '] n41 sin(q~*l - 2h') 

5 sin(q52o 2h ' ) ]  + 5 c o s i " ( 2  e "2) sin29' 
n2o 

• cos(~b~ - 2h ' )  cos(q~2o - 2h'  
?'/20 

64 3 4 G"e" 4 + 15e "2 - - - 5 sin 2 
poa( 2 

15 e,,4 ~ c o s g '  65 e,,Z sin2 I"  + sin z I"  
4 4 / 
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+ 

354 e"2 (2e"2 - 3 s i n 2 I  " + e "2 s i n 2 I  ") c o s 3 9 ' 1  sin(qS' 1 - h ')  

5 [ (  3e,,4 13 2e "2 + - - sin 2 I "  - - -  e "2 sin 21" 
n3o 2 4 

3 e,,4 s in21" )  cos # '  _ 7 e.  2 (4 - 2e "2 - 3 sin 2 I "  
4 / 4 

q 1 
+ e "2 sin 2 I")  cos 3g '  / sin (~b~o 3h')  - - - -  cos I"  

_1 n l  

x L \ 4 + 3 9 e  " 2 + ~ -  - - 
J 

35 e,,2(2e,,2 _ 3 s i n 2 I  ") sin 3a '  1 cos(~b~ - h ')  • s i n g '  - 4 

+ - - c o s / "  2 e " 2 +  - s i n 2 I " - - - e " g s i n 2 I  " s i n 0 '  
n3o 2 4 

- 7- e"g(4 - 2e"2 - s in2I" )  s i n 3 9 ' ]  cOs(d/3~ - 

H"  I")  + 9  c22 8n4 ( 1 - 5 s i n  2 

x cao sin(q~io - 2h ' )  + ~ c =  sin(2q~io - 4h ' )  

45 C2o/~#2Rg E' 
- 1~6 n~o a~ G,,5 [4 - 14e "2 - 5 (1 + 3e "2) 

x s i n Z I ' ( 2  - sin21")]  s i n 2 9 '  c o s ( ~ ; o  - 2h')  

2 2 / J 'H"  9 c20 ~o#2R( 
+ [4 + 6e "2 - 20 s i n 2 I  " - 15e "2 s i n 2 I  " 

16 n22o a~ G "6 

+ 10(2 + 7e "2 - 4 s in2I"  - 10e "2 s i n 2 I  ") 

x c o s 2 9 ' ]  sin(qS~o - 2h ' )  

2 2E t  I 45 c22/~o#2R( 
2 16 n2o a~ G,,5 sin 29 '  2 (2e "2 2 sin 2 I"  + 5 sin 4 I "  

-- 14e "2 s in2 I "  + 15e "2 s i n 4 I  ") cos(qS~o -- 2h ' )  

1 (6e,,2 _ 6 s i n 2 I  " + 5 s in4I"  - 22e "2 s in2 I  " +5 

+ 15e "2 s i n 4 I  ") cos(2~b~o - 4h ' ) ]  

2 2 E'H" f 
9 c22//~ ~ 6e "z 15e "2 I")  
16 n22o a~ G,,8 (4 + - 20 sin 2 I"  - sin 2 



432 CLAUS OESTERWINTER 

x [2 sin(~bio - 2 h ' )  - sin(2qSio - 4h')] 

5 e" 2 sin2 I " )  
- 5 (e  "z - sin 21" 

) 
x cos2g '  [4 sin(qSio - 2h') + 3 sin(2qSi o - 4h')]~ 

45 /~ E '6 (2 + e "2 - 4 sin 2 I "  + 2e  "2 sin 21") 
+ 1 6  2 4 6  n2o~oa( 

• sin29'  cos(~b~o - 2h') 

9 /~ E '6 cos I " [2  - 17e "2 + 15 sin2I " 
16 2 4 6  neo/toa( 

+ 5(2 + e "2 - 3 sin2I ") cosZg']  sin(qSio - 2h') 

45 /,~ C 'S J" 
256 2 4 6G.  2 1 2 1 6 e " g ( 1 - e  " 2 ) - ( 6 + 1 1 e  " 2 + 3 e ' ' ) s i n 2 I  " 

n2o,Uoa~ 

+ 5 (2 + 3e "2) sin 4 I " ]  sin 29' 

- 5 [2(4 - 6e "2 + 3e "4) - (8 - 6e "2 + 3e"'*) sin21 " 

+ (1 ~+3 e,,2 ) sin41,,3 s in49 '}  cos(2qS~o - 4h') 

45 /~ E ' S H "  [15 9e "4) 2(2 3e "2) sin 2 I "  
+ 1 2 8  2 4 6 G,,3 ( 4 + 1 2 e  " 2 +  - + 

n2o#oar 

+ 6(1 - e "2) (e "2 - s in2I ") cos29'  - 5(4 - 6e "2 + 3e "4 

- 2 sin2I ") cos 4g'] sin(2q~o - 4h') (116) 

t~S~ C2z #o4R~ cos2I"  
a l l "  = - 3I~ E ' a G  "4 s in/"  sin(qS~3 - h') 

n23 

4 2 21" E '4 3 C2o /~oR~ cos 3 ~2 
F'l H 7 E'3G "4 s in /"  sin(q57 - h') + ~ 7~ 2 3 G" n23,uoar s in /"  

[ ( 3 e " 2 -  5 e "z cos 2g')sin(qS~3 - h' ) x 2cos2 I "  1 + 2  2 

+ 5e "2 cos /"  sin29'  COS(q~23  - -  h')] 

' 

cos2g')  sin q53 + 8 e (  2 3 G,,2 
/zoa( (n~ [7 
- 21 (2 + 3e "2 - 5e "2 cos29')  n3~ sin(qS;1 - 2h') 
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1 sin(qSi _ 2h,) 1 5 e " 2  
n2 2 cos I" sin 29' 

[7 1 
x cos(q531 - 2h') cos(42 - 2h') 

/'/2 

i63 2 #2 E'4H" t G  "2 + "~ #~a~ v(2 + Be "2 - 5e "2 c0829')  

x sin q5~5 + - -  sin (~b~o - 2h' 
1120 

5 e" 2 ) 
+ - -  sin 2g' cos (~zo - 2h') 

//20 COS I "  

3 /~2 E'4 { 
+ 16 e(7~ 2 3  G" cos 2I"(2  + 3e "2 - 5e "2 cos 29') 

/~oa~ sin I" 

In@3 - --lain(qS~ - h') x s in (~b ;3 -  h') n6 

- n73 sin(q5 i _ h') - 3n8 sin(qS~ + h ' ) l  

+ 5e "2 cos / "  s in29'  F 7 ~  cos(qS;3 - h') - 1 cos(qS; - h') 
L1"133 gl 6 

3 h,,l} 
- cos(4~- h')+ + 

/17 /'/8 

3 2 /./2 / J ' 4 H " 5 [  9 ~ _ 5 e , , 2  , 
+ 16 e~ 2-3 G "2 (n24 (2 + 3e "z cos29 ' )  sinq524 

,Uoa~ 

- (2 + 3e "2 - Se "2 cos29 ' )  [ 1 7  sin(4~4~ - 2h') 
Ln41 

e" 2 
_ 5 s i n ( 4 ~ o - 2 h ' )  - 5  - - -  

//20 COS 1" 

+ 

LF/41 n2o 

64 3 4 G.2 30 e ' + 4  e'3 cos 9 ' - -  cos 39' 
# o a ~  4 

E ( 3 )  7. 
- 1 0 c o s / "  3 e " + ~ e  "3 s i n g ' - 4  sin39'  

x cos(q~ i - h') - - -  cos(qS;o - 3h') 
n3o 
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e" + e "3 nl cos/"  ~ (4 - 15 sin2I ") s ing'  

35 e. 3 sin2 I" sin 3 f l  cos (~b~ - h') 5 1 
-I- 4 -  ~ n3o COS/"  

[( 3,,3, d x 3 e " + 4 e  ) s i n i I " s i n 9 ' + ~  

x cos (~b3o - 3h ') t  

8 4 
9 c22 #oR( ( 1 - 3 c o s  2I") 

+ 2 n2o E'6G "S 

x C2o sin(qSio - 2h') + ~ c22 sin(2qSio - 4h') 

2 2 C , H , , 3  225 C2o/to~2R( e,,2 
+ 8 n2o a~ G "s sin29' cos(~blo - 2h') 

9C2op2~2R~ E' rc ) 
+ 1 6 n 2 o  a~ G"se"2L\e '2+3 ( 1 - 3 c ~  

+ 10(1 - 6 cos2I ") cos29']  sin(qS~o - 2h') 

2 2 E'H" 45 C22 flo/zzR( 
+ 16 n~o a~ G "6 e"ZsinZg'[4(1-5sin2I")  

x cos(qSio - 2h') + (3 - 5 sin2I ") cos(ZqSio - 4h')] 

9 c22 g02//2 R2  E '  
16 n2o a~ G,,S (1 - 3 cos2I ") e "2 

lOco 2 ')sin   o-2h', 
1(74'2 ) ] 2 \ e  2 + 6 + 1 5 c ~  sin(2~b~o-4h')  

45 p2 /s e,,2 I" 
4 2 * 6 COS s i n 2 f  cos(~b[o-  2h') 

n2olXoa( 

9 /~2 /s [ ( j 2  - 1 7 ) ( 1 - 3  cosZ/") 
32 2 4 6  n20 / toa (  

+ 5(1 - 9 cos2I ") cos2g']  sin(q52o - 2h') 

45 #2 E, SH. 
+128  2 4 6 Gtt3 e"Z[2(3-3e"2-10sinZI")s in29 ' 

n zol~oa~ 
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- 5(4 - 3e "2 - sin2I ") sin 49'] cos(2~b' - 4h') 

9 ,u 2 E '8 
e . 2  256 2 4 6 G" 2 [(1 - 3 COS2I ") 

nzo,Uoa( 

x ~ + 12 + + -- cos2g'  

+ 25(2 - 3e "2 + 6 cos2I" - 3e "2 cos2I  ") cos49 '  / 
J 

x sin(2qSi0 - 4h') .  (117) 
0s* 

- o .  (118) 
0D" 

+ 

A remark must be made on the apparent appearance of potential zero divisors in 
many of the above expressions. In numerous places quantities like e 2 and c o s / h a v e  
been factored out for reasons of brevity. This causes the apparent zero divisors inside 
of brackets. However, the appearance of e or s i n / a s  denominators in coefficients 
serves as a signal for the indeterminacy of l and g for zero eccentricity and that of g 
and h for zero inclination. The computation of the satellite's position is nevertheless 
always determinate as it can be made with the aid of such nonsingular elements as l+  9 
if e = 0 and g + h if I =  0. I t  is easily verified that l+  9 is free of the divisor e, explicitly 
or implicitly, and that 9 + h  is free of  the divisor sinL 

B. THE SEQUENCE OF COMPUTATIONS 

Numerical integration of the set (93) is straightforward. The orbit is described at 
I t  t t  t t  rt  epoch by L 0, G 0, H o, l o, 9~, and h~. All arguments of  trigonometric functions are 

clearly defined with the aid of (37). Note that 

t = d = d ' = d "  ' 

and that t is always reckoned from epoch. Resulting from this step are 

E ' , G ' , H " , I " , 9 " , h " .  

These quantities are related to the single-primed variables through (80). A bit of care 
is required here since the perturbations are expressed in terms of the 9 '  and h' which 
are yet to be found. Several routes can be taken, but the following is suggested. Cal- 
culate 9'  and h' as indicated by (80), but restricted to the short first-order terms only, 
namely (109) and (110). The resulting approximate values of  9' and h' are in error by 
quantities of order two. Now employ the complete set (80) using the approximate 9'  
and h' in the right-hand members. This step renders the results correct through order 
two. I f  the calculations are restricted to first-order terms only, this device is unneces- 
sary. The variables 9" and h" may be used in place of 9' and h' in the right-hand 
members immediately. 

At this stage one has 

E, G', H', I', g', h'.  
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There remains only the addit ion of  short-period terms which is accomplished th rough  
(51). In  place o f / ,  g, and h, the available l', g' ,  and h' may be used in the r ight-hand 
members. Solve Kepler 's  equat ion in the form 

E - e' sin E = 1'. 

This is the E to be used in (99) to (103). Next  compute  

a n d f f r o m  

r 
- - =  1 - e ' c o s E  
a ~ 

2 f  / l + e '  1 E .  
tan = k/1 - e' t a n 2  

Since there are only short-period terms of  order two, it would have been permissible to 
write all variables in the last three formulae as well as the r ight-hand members  of  (98) 
th rough  (103) in terms of  pr imed variables only. However,  the mixed notat ion empha- 
sizes the fact that, strictly speaking, 

f = f ( E ,  G', l ) ,  

e = E ( C ,  C', O, 

r = r (I2, G', 1). 

One now has the desired osculating elements 

L , G , H , l , g , h .  
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