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Abstract. Presented in this theory is a semianalytical solution for the problem of the motion of a
satellite in orbit around the moon. The principal perturbations on such a body are due to the non-
spherical gravity field of the moon, the attraction of the earth, and, to a lesser degree, the attraction
of the sun. The major part of the problem is solved by means of the celebrated von Zeipel Method,
first successfully applied to the motion of an artificial earth satellite by Brouwer in 1959. After eliminat-
ing from the Hamiltonian all terms with the period of the satellite and those with the period of the
moon, it is suggested to solve the remaining problem with the aid of numerical integration of the
modified equations of motion.

This theory was written in 1964 and presented as a dissertation to Yale University in 1965. Since
then a great deal has been learned about the gravity field of the moon. It seems that quite a number
of recently determined gravity coefficients would qualify as small quantities of order two. Hence,
according to the truncation criteria employed, they should be considered in the present theory.
However, the author has not endeavored to update the work accordingly. The final results, therefore,
are incomplete in the lunar gravitational perturbations. Nevertheless, the theory does give the largest
such variations and it does present the methods by which perturbations may be derived for any
gravity terms not actually developed.

1. Introduction

The largest perturbation on a close lunar satellite is caused by the zonal harmonic of
degree two in the oblate gravity field of the moon. Its coefficient, labeled c,, is of
order 10™*. It is known from Brouwer’s (1959) work that this coefficient will appear as
a divisor in developing the terms of long period, namely those with the arguments g
and A. Hence, in order to achieve adequate accuracy in the final results, it will be
necessary to develop the disturbing function to a fairly high degree of precision. After
some experiments, it has been decided to include all terms > 1078 in the disturbing
function such that the final results, allowing for divisors of order 10~ %, are accurate
to about 1074,

The coefficients of the leading zonal harmonic, ¢,4, and the leading longitudinal
harmonic, ¢,,, are known with sufficient accuracy. Their numerical values are 2.0 x
10~* and 0.25 x 10~ 4, respectively. However, nothing is known about the coefficients
of higher order terms. It is conceivable that quite a number of these may exceed 1078,
Nevertheless, since there is no way of assigning numerical values to coefficients of de-
gree larger than two, the present theory is restricted to terms of degree <2 in the tri-
axial potential of the moon. Since both zonal and longitudinal harmonics are treated,
a later extension should not pose any particular difficulties. In dealing with the pertur-
bations due to the moon’s figure, it was found that the leading terms of the moon’s
physical libration should be considered. They contribute terms to the disturbing
function somewhat in excess of 1078,

The largest perturbation due to the earth is seen to be about 4 x 10~ >, while that due
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to the sun is approximately 2x 10”7, In addition to the small parameters already
quoted, there will appear the following quantities:

7¢=8.9x 1072, the inclination of the lunar orbit to the ecliptic;
e(=35.5x% 1072, the eccentricity of the lunar orbit;

I=2.7x 1072, the inclination of the lunar equator to the ecliptic;
£, =9.3x107*, a coefficient associated with the physical libration;
7,=4.9x107%, a coefficient associated with the physical libration.

Hence there is a total of nine small parameters. It would be undesirable to assign
orders of magnitude to each quantity separately since, upon forming squares, cubes,
and products of these numbers, there would result some overlap between terms
belonging to neighboring orders of magnitude. In order to avoid this difficulty, the
disturbing function is first developed completely, and only then are orders of magni-
tude assigned to the various coefficients. These coeflicients may be products of two
or three of the small parameters enumerated above.

In the development of terms of intermediate period, small divisors of order 1072 ap-
pear. This feature suggests, prompted by the table of small parameters above, to
designate terms of approximately 10~2 to be of order one. Roughly, then, order two
is 10™4, order three is 10~%, and order four about 10~ 8, A more precise definition will
be found in a later part of this paper.

The derivations will reveal that the periodic perturbations of the lunar orbital ele-
ments have been ignored, while the secular variations are included. Since some of the
former lead to perturbative forces somewhat greater than 108, there is an inconsist-
ency insofar as terms due to physical libration, of comparable size or even a little
smaller, are included. However, some restrictions had to be imposed in order to be
able to cope with the amount of algebra. It was felt that physical libration was the
more interesting of these two features to treat.

The elimination of short-period terms presents no difficulties. It is easily under-
stood that there are no terms of first order. In keeping with the desired accuracy of
10~# for the final results, the short-period terms of second order are calculated, but
those of third order are not needed. Here as throughout the development, no expan-
sion in the satellite’s eccentricity is required.

As briefly mentioned before, in deriving the perturbations of intermediate period,
namely those containing the mean longitude of the moon, a small divisor of the first
order is encountered. This divisor, of course, is n¢/n, where n, and n are the mean
motions of the moon and the satellite, respectively. Hence there will appear terms of
first order, and, in order to obtain the variations of second order, it will be necessary
to consider the third-order part of the Hamiltonian at this point.

After this step, there remain in the Hamiltonian the mean longitude of the sun and
the nodes and pericenters of the satellite and the moon. It will be seen that the Hamil-
tonian is now of such a form that the solution cannot be obtained by successive
approximations. It is suggested that this part of the problem be solved by numerical
integration. This approach should prove to yield a theory valid for a considerable
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Iength of time. The integration step size would not be less than several days. For this
purpose, the Hamiltonian, freed of terms of short and intermediate period, is given
through order three, and the method for obtaining the fourth-order part is outlined.

The author apologizes for his scanty knowledge of the Russian astronomical
literature. It was not until recently that he became aware of Brumberg’s (1962) im-
portant work on the motion of lunar satellites. Timely knowledge of Brumberg’s

theory would undoubtedly have been beneficial in the planning and execution of this
work.

2. Development of the Disturbing Function

In this section the force function will be stated and developed by taking into account
the perturbative accelerations due to earth, sun, and the moon’s gravitational field
greater than 1078, When dealing with the latter, particular attention is given to the
physical libration of the moon.

A. THE INITIAL FORCE FUNCTION

The equations of motion with their force function will be given valid in an inertial
frame. The coordinate system will then be changed to have its origin in the center of
the moon. The force function will be expressed in the relative coordinates and put in
such a form that the corresponding equations of motion are canonical.

The equations of motion of four point masses in inertial space are

= 2 é_él .
Qi=k Emjj3 ’ .]:071’273

where

and rizj=(£i_éj)2+(rli_nj)2+(ct'_cj)2'

Upon introducing the force function
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The notation F” has been chosen so that the symbol F may be available for a different
function.

Let now the subscript 0 refer to the moon, 1 refer to the satellite, 2 refer to the earth,
and 3 refer to the sun, and let the coordinates of satellite and earth be referred to the
center of the moon, but those of the sun to the barycenter of the earth-moon system.
These new coordinates will be represented by the symbol 7. Then

Fi =01 — Qo>
Fp =05 — 0o, (3)
Pl =g, — meQo + mzéz.

Mgy + m,

The prime attached to the last vector calls attention to the fact that the solar coor-
dinates are not referred to the center of the moon. It is clear that the axes of the new
coordinate frame are parallel to those of the inertial one.

In order to obtain the acceleration of m, with respect to the new frame, differentiate
the first of (3) twice with respect to time, and then employ (2):

1 ~ 1 ~
=— V,F" —— V,F". 4
my my

In order to express (4) in terms of the new coordinates, consider

F" = F'(Fy, Fay ).
Hence

OF" OF dx, OF ox, OF"ox,

o =ao ot e, J=0.1 (%)
0f; 0x,0L;  0x,08; 0x30¢;

and similar equations for the other components of V,;F”. With the aid of (3), one
obtains

) 0 0x;
1 0¢y 1
, (6)
0xy ) 0x; 0x3 my
&0 0&, 0&, Mo + My
and again similar results for y and z. Upon putting (6) into (5),
V,F' =V, F" : (7
and
e 1 " " Mgy ron
VoF"' = —V,F" —V,F' — —2 _V,F",
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where now
~ a W
ox
0
dy
0

(92
Substitution of (7) into (4) leads to

= moe +m 1 t 1 I nld

Fr=—""V F' 4+ —V,F'+——— V,F". ®)
F" s still expressed in terms of the old coordinates &, , and (. In order to make F” a
function of the new variables, first note that one is free to choose the center of mass of
the entire system as origin of the inertial frame. For reasons of legibility this is not
depicted in Figure 1. With this choice

3

Y mpg;=0. 9)
i=0
n y'
mz
23
BARYCENTER ,
EARTH-MOON x
mg
oz Mz
fo3
M3
mo

3

Fig. 1. The diagram shows the inertial and relative coordinate frames. Note that the four bodies in
general do not lie in the same plane.

Inasmuch as the satellite’s mass is negligible, it is permissible to put m, =0 for this
purpose; some labor can be saved by doing so. Combining formulae (3) and (9) and
solving for the p; gives the relations

m, ms

Qo = —

=7

7

r2_
Mo + my mg + my + my
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0, =7y — e Fy— s fé
My + My Mo + My + My
0= Mo Fp = — SR 73
My + m, mgy + m, + my

me+m,
7.

" g + my + my
Appealing now to
'zzj =(&— fj)z + (n; — 77j)2 + (¢ — cj)25

there follows

oy =1
2 _ .2
Fos =713
2

2m m
2 2 2 S =t 2 2
rozs=1ty +————— P+ | ————| 13

Mo + My mo + m,
z .2 2- = 2 10
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2 2 2 P 2 2
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mo + m;, mo + m,

2m
o 2 L
—2r1‘r§——-—r1-r2+rf
2m m 2
2 4] - - 0

3, =ry — Py Fy A+ ——— ] 3.

moy + m, Mg + my

With these relations one can express F”, given by (1), entirely in terms of the new
coordinates.

It will next be necessary to calculate 7;, given by (8), explicitly in terms of the
coordinates, Appealing to (1) and (8), there follows

mo + my

~:
[

, 1 1 1
k momlvl — + mlmzvl — 4 m1m3V1 e
r ris

mom, 1 Fi2

L 1 1 1
+— k7| mem,Vy, — + mom3Vy — + mymzV, —
Mo ra Po3 F23

03

1 1 1 :
+ - kz limom:;vg - + mﬂn;,V; ], (11)
Mg + m;, Fa3

where some terms have vanished because m, =0. In computmg the partial derivatives,
it i1s advantageous to make use of

1 1
V——*Vr
roo2r
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since the rizj are conveniently available in (10). The necessary partials are

1 —F 1 —F
1 2
V17 = p Vzi: 3 s
ry ry Fa r2
1 Fy — F 1 —m m
2 1 2 2 _
v, =200 v, - = : f i),
P12 ri2 ros  (mo +my)ros \mo + m,
1 -1/ m, ) ., 1 — mg my _ .
Vi—=—\fh————Ffh—-F) V,—= 3 Fa =7F3 ),
i3 Fis3 mo + m, oz (Mg + my)ry3 \mg + m,
o1 -1/, m _ , 1 -1/, my .
Vi—== |+ —1), Vs—=—5 (3 ———F ).
Fos  Fo3 Mo + m, Fa3  T23 Mo + m,

After substitution of these into (11) and some simplification, there follows

. F F Fi—F

- 2 1 2 1 2

Fr=—k l:mo"3+mzj+m2—3
ry ra ri2

i %(fi - monj‘zmz "2 r_3/> " % (mor:l‘zmz r fs,):l' (12
With the partial derivatives given above, and noting that
Vi(Fi 7)) =75,
it can be seen by inspection that
P =V, F’ (13)

m m m m m m

, 21 Mo 2 - . 2 3 3 2 .. R

F =k [*—3rl'r2+*+*—7<~—r1'r2+r1-r3>:|.
ry r P12 Ti3  Fos

if

The equations of motion, (13), are now in the desired canonical form. This will permit
an immediate transition from these equations to the equations of motion in terms of
the Delaunay variables which are to be used later. Note that the two functions F” and
F’ do not have the same physical dimensions.

B. THE TERMS DUE TO EARTH AND SUN

The next step in the development of F’ requires the expansions of

1
T and =5
12 Ty3 Fos

in form of power series in the ratios r,/r,, ¥,/ 73, and r,/r,. Defining three angles by

Fiofy=rrycosS,,
Fy*Fs = F 13 COsS);

r,r5 €08 Sh3,

~
[N]

~
w

|



THE MOTION OF A LUNAR SATELLITE 375

one has, with the aid of Equations (10),

2
r r
ri, = r§|:1 —2-2cosS,, + (—1> ]
¥y ry

2m, 7 m, \[r\ r

2 2 2 2 2 1 ’

ra=rF 14+ = ZcosShs + —H) ) =2 cosSys
Mo + M, 13 mg + My

2
2m, r.r, ry
- —5"cosS, +| =
Mo+ m, 13 r3
2 2
2m r m r
2 2 2 2 2
réy =1y 14— ZcosShyy+|———— ) (] |
m0+m2r3 m0+m2 r3

Clearly the first and third of these may be expanded with the aid of Legendre polynomi-
als. For the second, a carefully executed binomial expansion will serve. In order to
determine the point of truncation for each series, the numerical values of their coeffi-
cients are computed based on an assumed radius of the satellite orbit of 3000 km. This
does not restrict the validity of the theory to radii of less than 3000 km, but the exact
numerical compatibility of the various external perturbations at this altitude will
deteriorate in either direction from it. In units of r; and m,, one finds, approximately,

ry=1 my =1
ra=13x10*  m,=0.81 x 10> (15)
ry=50x10*  my;=27x10".

Using these numbers, it is easily verified that

™2™ 062

Fi2 P2

ms; Mj

— & —==0.54 x 10°
Fi3 I3

my m, I msm, ¥ryr; -
&5 Pl —— =2 =28x 10 3
Fos Mg + My Mo + My 1y
my ry _
s Ffarmy — =11 x1072,

With these figures it is clear how far the expansions have to be carried. Although the
development will later be restricted to terms > 1078, at this stage all terms >1071°
shall be retained. Consequently, it is necessary to expand

1 107 “10
— through =1.6 x 10

Ty 0.62

1 1 —-10 )
— through ———— =19 x107"?
Ti3 0.54 x 10

1 —-10 .
— through ————— =091 x 1078,
3, TOUEN 102 x
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The final results of the three expansions are:

11 32 ir}y 5r;
= c0sS;, + c0s’ Sy, —=—5 + = 4 cos>S
i, Ty r2 12 2r§ 2 2rg 2 12
3r; T 5r¢f 3r}
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2’_; 12 F; 12 ; 12 8 5
11 3 13 1,
—=~—M cosSz3+ L cosSis + - MZ—ZCOSZS,”——*MZfZ
/3 73
Fi3 T3 r3 e 2 r3 2 r3
riFy 5.4 r 3
—3M —3"cos S, cosS23+M cosS12 = M” 5 cos” 833
Y 2 2 ry
3 r 1 ryra 372
+ M3 2 cosShy + — M* 2 cos Sty cos?Shy + - -5 cos S
2 r3 2 ry r3
2 2
2 r1r2 3, r1r2 177
M 2y M T2
3 3 3
35,75 15 .75
+ - M* % cos* Sy, — M4—200 Shs 4= M4
8 ry 4 r3 8 r3
15 #*r 35 Fors
- — L2 by — = M 17 cos S5 cos’ Shy
2 i 2 ry
rir, , 15 . ryrs
+ 3M —3-cos S, cosSl3+?M =~ C0S .S, cOs 285,
T3 3
5, rr; 3.1, ,
+ — M” —5-cosSi3 0885 + - M —-cos Sy,
2 r3 27y
35 13 63 .13 3.
+ M Zcos?Sh; —— MO -2 5523—7M3 cos S,
4 r3 8 r3 2 ry
15 5
- M 6 Slzs
8 rie
1 1 ry 15 3 3 s
5 =——3M — cosSh3 + — M? —cos’ Sy, — - M* -
res T8 r’34 2T 220y
35 r 15 r
— = M? — cos* ! +—M? -2 cosShs,
2 A 27T r36 23
where
m
M=
Mg + m,

Inthe above expressions, terms with identical coefficients have purposely been separated
to facilitate cancellation at a subsequent step. It may be seen that 11 terms in the last
two series do not depend on the coordinates of the satellite. They may be eliminated.
Upon substitution of all three series into (14), a considerable amount of cancellation
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occurs. There remains only

1 ? 1 rs
F =k? @—}——mzr—;@coszSu—1)+‘m2~i—(5cos3512—3cosslz)
ry 2 s 2 r,
1 ri 1 r?
—i——mz—;(35cos4slz—30coslez—+—3)—1——m3—,1§(3c0s2 3—1)
8 r 2 ry

3 F2r , ,
+- maM L2 — 5c08?S];5 08855 +2c08S;, cos S5 + cosSy3) |-
2 3 r,4 1
3

The numerical values of the coefficients appearing above are easily established with
the aid of set (15). They are:

2

m
=1 my —5 = 2.2 x 1077
ry r3
2 rt

mzr—;=3.7 x 1073 My 5 = 2.2 X 107°

3 2

r ryr

my, 5=28x10"7  my 2 =057x107°.
r2 r3

It will be seen at a much later stage in the development of the theory that small divisors
of order 1072 and 10~ % will occur. Hence, in order for the theory to be good to about
10™*, it will be necessary to retain all terms > 1078 in the force function at this point.
Consequently, the force function to be retained is

m 1 P2 1 r?
F = kz[—o +-my 5(3cos®S,, — 1) +5m2—i(5 cos® Sy, — 3¢osS;,)
r ¥

ry 2 2
1 r2
+ - my 5 (3cos? S, — 1)]. (16)
2 rs

It can easily be seen that the earth may be treated as a point mass. The leading
oblateness term in the earth’s potential acting upon the lunar satellite would contribute
to (16) an additional member with coefficient

2 2
ry Rg
m, 3 J2 s
T )

where Ry is the equatorial radius of the earth. Since J,~1.1x 1073, the numerical
value of this term is about 1.1 x 10711,

C. THE OBLATE FORCE FIELD OF THE MOON

In (16), the moon still appears as a point mass. It is the purpose of this section to
allow for the principal effects of the moon’s non-spherical gravity field.
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The potential of a triaxial body, such as the moon, can be written in the form

R n
U= ﬁlil + Z Z <—> P (sin B) x (Cpm COSMA + 5, SiN ml):l, an
r r
n=1m=0

where, in the case on hand, u=k’m,, r=r;, R=R( is the lunar mean equatorial
radius, P,"'(sin f8) is the associated Legendre polynomial, ¢,, and s,, are numerical
coeflicients, 4 is the selenocentric longitude, and S is the selenocentric latitude.

Suppose the reference frame is chosen such that its origin coincides with the center
of mass. Then ¢;,,=s,,,=0. Moreover, let the reference frame be oriented so that its
axes coincide with the principal axes of the body. Then the part of U with n=2 can be
written in terms of the principal moments of inertia 4, B, and C, as

2
U, = i[(c_éﬁ)(l — 3Sin2ﬁ)—%(A—B) cos” 8 cos21j| (18)

2r° 2
if
Xy =rycosfcosi
yi=r;cosfsind (19)
zy =r,sinf
and

2 2 12 2
Fi=Xxy +y; +zy.

Consider now the part of (17) with n=2 and compare to (18). There follows

S20 = €31 = S31 =8, =0

A+ B—-2C
€20 = 2m0R(2

B—-A
szzm-

Taking, with Brouwer (1963),

C—-B

L =1.497 x 107*
moR¢
C-4 4
——5 = 2495 x 10
moR;
B—-—A 4
- =0998 x 1077,
moR;

one obtains

€0 =—2.00 x 1074
€30 =025 x 107*,
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There exists, at present, no way of obtaining an estimate of the numerical values of
higher order coefficients. There is some reason to believe that a number of these may
exceed 1078, Due to lack of information the present theory will be restricted to the
terms with #=2. In any event, the leading terms are being included, and the develop-
ment illustrates the treatment of both zonal and longitudinal harmonics.

With the aid of (17), the lunar part of the force function may then be written as

Kmo {1 + <&> [%9 (3sin® B — 1) + 3c,, (1 — sin® B) cos 2,1]}. (20)
r

ry 1

This can easily be put in terms of the new rectangular coordinates, fixed in the moon.
From (19),

1
3sin” B — 1 :r—2(3z’2 -}

1

1 (21)
(1 —sin®B) cos24 = — (x> — y{
ry
Define now
Cig =3¢y, — f;j
2o (22)
€19 =—3C3; —

and substitute (21) and (22) into (20). The subscripts 18 and 19 have no significance
other than to provide a symmetric form, as seen below. Upon inserting (20) into (16),
the augmented force function becomes

k>m R?
F' = " ° [1 + T;(. (clsx,12 + ¢yt + 0202112)
1

kZ 2 k2 3
;(3 cos’ S, — 1) + mzr—i(S cos® Sy, — 3¢cosS;,)
ra "2
k*ms 3
> 2 3 L (3cos? S5 — 1). (23)

D. SELECTION OF THE REFERENCE FRAME

At this point in the development it becomes necessary to choose a suitable reference
frame. It seems desirable to select a frame that can be considered inertial for all
practical purposes. The plane of the lunar orbit appears undesirable because of the
relatively rapid motion of the lunar node. The same is true for the plane defined by the
lunar equator; its precessional rate is the same as that of the lunar orbit. The two re-
maining natural planes are the ecliptic and the earth’s equator. The former will be
selected or, to be more precise, a plane parallel to the ecliptic containing the moon at
all times. The advantages of this plane over that of the earth’s equator are the small
inclinations of the lunar equator and the apparent earth’s orbit with respect to it. Full
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advantage of these small angles will be taken. The positive x-axis is taken to point
toward the vernal equinox at a time when the moon passes through the ecliptic. The
z-axis points toward the north pole of the ecliptic, and the y-axis completes a right-
handed frame.

The next steps are to express the moon-fixed coordinates x3, y7, z; in (23) in terms of
the new x,, y,, z;, and subsequently the latter in terms of the orbital elements of the
satellite. The first of these steps requires the introduction of the moon’s physical
libration.

E. THE MOON’S PHYSICAL LIBRATION

Appealing to Koziel (1962), Cassini’s laws can be expressed geometrically as shown in
Figure 2. Taking into account the small deviations from these laws, namely the physi-
cal librations, Figure 2 must be replaced by Figure 3. In these diagrams, A is the
mean longitude of moon, Q is the longitude of ascending node of lunar orbit, I  is
the mean inclination of lunar equator to ecliptic, 7 is the physical libration in longi-
tude, ¢ is the physical libration in node, and g is the physical libration in inclination.
Since it is customary to view the geometry at the point of the ascending node, this
change is made and illustrated in Figure 4. With the aid of this figure it is easily veri-
fied that the relations between the equatorial and ecliptic coordinates are given by

X X
7

vy =41y

z’ z
LUNAR ORBIT

CENTER OF MOON
.
ECLIPTIC
X' y'—PLANE MEAN

LUNAR EQUATOR

Fig. 2. Geometrical relations between ecliptic, the moon’s orbit, equator, and first radius. This
figure is consistent with Cassini’s laws and, hence, only an approximation.

LUNAR ORBIT

CENTER OF MOON

ECLIPTIC

TRUE LUNAR
EQUATOR

Fig. 3. Figure 2 modified for the effects of physical libration. The relations are now rigorous.
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CENTER OF MOON TRUE LUNAR
d EQUATOR

xy—PLANE
ECLIPTIC

X"y’ —PLANE

Fig. 4. The relations between the x’y” and xy-planes as seen from the ascending node of the lunar
equator on the ecliptic.

where 4 =
cos o cosy — sina cos B siny sinx cosy + cosa cosf siny sinf siny
—cosq siny —sinacosfcosy —sina siny + cosx cosf cosy sinf cosy
sing sin f§ — cosa sin f§ cosf
(24)
if

Q+n+o=u

Ikte=§8 (25)
A+ Q+1—0=1y.

Again appealing to Koziel (1962), it is seen that the free libration is negligible.
Those terms of the forced libration which will exceed 10~ 8 in the disturbing function
are found to be only

T=1sinlg
0 =0, cosl (26)
Io =0, sinl.
By choosing (C—B)/(C—A)=0.60, as does Brouwer (1963), the above coefficients
are, according to Koziel,

7, =+ 10174 = + 49 x 10™* rad
0, =— 956=—46x10"*rad 27)
o, =— 97'5=—47 x 10" *rad.

Inasmuch as these coefficients are multiplied by parameters such as ¢,,=0(10"%), it is
seen that their contribution may exceed 1078,

The relations (25) are now substituted into (24). The trigonometric functions of
sums of angles are written as products of trigonometric functions, where appropriate,
so that the sin and cos of the small angles I, 7, ¢, and I ¢ may be expanded. Upon ex-
pansion, all terms <10~ * are discarded since they would contribute <1078 to the
disturbing function. This is easily accomplished by using (27) and by noting that

I =27 x 1072,
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Designating the elements of the rotation matrix (24) temporarily by

Ay Ay Ags
A=\ 451 A, A3},
Az Az Azs

the result of above operations is found to be:

Ayy = — cos g+ Tsin A + 3¢ [cos A — cos (A — 2Q)]
Ay, = — sin A — 1 cos A + 3¢ [sin A + sin (4 — 2]
Az = (I + ) sin(A — Q) — I o cos (A — Q)

Ay, = sinA¢ + 7 cos A — LI [sin A — sin (4 — 22,)]
Azy = — cos A+ tsin Ay + 37 [cos A + cos (A — 2Q)]
A,z = (I + @) cos (A — Q) + Lo sin (A — Q)

Az =— (I + 0) sin Q — I o cos Q

Azp = (I + 0) cos Q — [0 sin

Azy=1—1312.

Having A, the coordinates xj, yj, zj can now be computed and inserted into the
second member of (23). In doing so, introduce

01 +0; =8

and note that ¢, —o; is negligible. Employ also (26). There results, in terms of the
ecliptic coordinates,

12 72 r2 2
C18X1 + C19¥1 + €2027 X7 2 2
> = 3 leao(= 3+ 215) + €20 (3 — 31) cos 24
1 1

— 3¢,,7y €08(24¢ — lg) + 3,7, cOS(24 + 1)
+ S, cos (24 — 2Q) — 3c,0I c0s2Q(]

2
y
+ 7; [e20(—= %+ 3I) — ¢22(3 — 3I{) cos 24
1

+ 3,575 €08(24¢ — lg) — 3¢2574 cOs(24¢ + 1)

+ %%21(2 cos (24, — 29 + %6201(2 cos2Q]
2
z
* ;% [e20(1 = 317) — 3c21¢ cos (22 — 2Q))]
1

x
+ —1# [c2,(6 — 317) sin 24 + 6¢,,7, sin (24 + 1)
1
— 6,7, 8in(24 — lg) — 3¢50l sin2Q(]

X124

+ [— 6c5,1 sin (24 — Q) — 3,08 sin(l + Q)

s

— 3¢y sin (A + @) — 3c,0] sin (]
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yiZz
+ *12 ! [6¢421 cos(24¢ — Q) + 3¢a085 cOS{I + Q)
ry

+ 3¢528; cos(A¢ + 0 + 3c,0l cos Q.  (28)

F. THE FORCE FUNCTION IN TERMS OF ELLIPTIC ELEMENTS

The force function (23) will now be expressed in terms of the orbital elements of the
satellite and the known elements of moon and sun.

The second member of (23), given in an intermediate form by (28), is readily ex-
pressed in the satellite’s elements with the aid of

cos f
Fy=rB| sinf |,
0

where f'is the true anomaly and B =

coshcosg —cosl sinhsing —coshsing —cosl sinhcosg sin] sinh
sinh cosg + coslcoshsing — sinhsing + coslcoshcosg —sinlcosh
sinl sing sin] cosg cosl

The matrix Bis given completely although its last column is evidently not needed. Note
that the elements without subscripts are those of the satellite. After some algebra, it
follows that

12 12 ’2
C1gX1 T+ €191 + €202y

2 = (— 3+ 7;3‘1(2) C20
ri

+ (2 — 210) cz0 sin® I(1 — cos2u) + 3lc,, cos (24 — 2Q)

— 217y, sin® I (1 — cos 2u) cos (24 — 20)

+ (3 — 21}) ¢y, sin® I cos (24, — 2h)

+ (3 — 21}) ¢35 (1 + cos®I) cos 2u cos (24 — 2h)

+ (3 = 31%) ¢y, cos I sin2u sin (24 — 2h)

+ 31505, sin’ I [cos (2A¢ + 1o — 2h) — (24— 1o — 2h)]

+ 31,65, (1 + cos?I) cos 2u [cos (24 + Lo — 2h)

—cos(24 — lg — 2h)] + 37,¢,, cos I sin2u[sin (24, + I — 2h)
—sin(24 — lg — 2h)] — 210 ¢, sin® I cos (2Q — 2h)

— 21¢c,0 cos1 sin2u sin(2Q — 2h)

— 31¢cy0(1 + cos®I) cos 2u cos(2Q — 2h) + I sin 21 (1 — cos2u)
X [3¢22 €08(24¢ — Q¢ — h) + 3¢ cOs(Q — h)] — I sin1 sin2u

X [3cy, sin(24 — Q@ — h) + 3¢, sin(Q — h)]

+ &; sin2I (1 — cos 2u) [3¢,, cos (A + o — h)

+ 3¢50 cOs(A — ¢ — h)] — &, sin[ sin2u[3c,, sin (A + o — k)
+ 3¢z0 sin(A — ¢ — h)]. (29)
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Here as in many places in the subsequent development it will be found convenient to
retain products of trigonometric functions rather than converting them into sums and
differences. Note also that the argument of latitude

u=g+f

has been introduced.

Attention is focused now on the functions cosS;, and cosS;; which appear in the
third, fourth, and fifth, members of (23). In order to express these in terms of orbital
elements, consider first Figure 5. This diagram as well as the following formulae per-

ORIGIN
OF FRAME

Ah=hg - ha

Fig. 5. Geometric relations between the angle Sz and the orbital elements of any two orbits 4 and B.

mit the computation of the angle S, for any two orbits 4 and B as long as they are
referred to the same frame. It is readily seen that

COS U 4
Fo=1| cosl, sinuy
sinl, sinu,

cos Ah cos ug — cos Iy sinAh sinug
Fg=1| sindhcosug + coslzcosdhsinug |},
sinly sinug

where 7 is a unit vector. Hence

cos S, g =cosAdh cosu, cosuy — coslgsinAh cosu, sinug
+ cosl,sindhsinu, cosug + cosl, coslzcos dh sinu, sinug

+sinl, sinl, sinu, sinug. (30)

For the work on hand the angles S;, and S;; are needed. It will be shown below that
the latter can be replaced by S;;. All three angles are depicted in Figure 6.

In the development of cosS;,, cos®S;,, cos®S;,, and cosS;, it is again necessary
to retain all terms whose contribution to the force function (23) exceeds 10~ 8. Recall
that

ri _s ri _ ri 7
m,—=37x10"7, m,—5=28x10"", m3; 3=22x10"".
ra ) '3
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Hence it is clear that cos®S;, is to be developed through

1078
————— = 0.0003,
3.7 x 10
cos Sy, and cos® S, are to be developed through
1078
5 = 0.04,
2.8 x 10
cos* S, is to be developed through
1078
22 x 10

BARYCENTER
EARTH-MOON

my

Fig. 6. The angles S12, S13, and S'13.

Mg

REFERENCE
I PLANE

ECLIPTIC

Fig. 7. The relations between Az and 2 as well as I» and j. Note that ¥’ was chosen such that
mo— Y’ is parallel to mg— 7,
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Upon applying (30) to cos S, ,, there will appear h,, I,, and u,. Aided by Figure 7, it
follows that

h,=Q, Li=i, u,=uc+mn,

where i is the mean inclination of the lunar orbit on the ecliptic. It will be found con-
venient to introduce

y¢ = sin iy

and
y=f+g+h.

In truncating the various expressions, note that
7¢ = 0.089.

Turning now to cos S| 3, Figure 6 will verify that

cos Sz = F; 75

The second term is negligible, as is easily demonstrated. Hence

r3
€os Si3 = —¢cosS;s.
3

But, within the required tolerances, r5/ry=1. Therefore
cos Sj3; =cosS,5.
Simple calculations will also verify that the sun deviates less than 1’ from the reference

plane, and that v, differs from ¥, by less than 0.0025. Hence, within the required
accuracy,

L=0
and

‘//3‘—"//@-

With these preparations, the results can now be stated:
cos® Sy, = (1 + cos’I) + L sin® I cos2u + L[sin* T
+ (1 + cos® I) cos 2u] cos (2y¢ — 2h) + L cos I sin 2u sin (2 — 2h)
+ 3y¢sinl sin2u [sin 2y — Q@ — h) — sin(Q — h)]
—~ 27¢sin2I (1 — cos2u) [cos 2y — Q@ — h) — cos(Q, — h)]
+ 3¢ [(1 = 3 cos®I) — 3sin® T cos2u] [1 — cos(2y — 2Q))]
— ¢ [sin®I + (1 + cos®I) cos 2u] [cos (2¢ — 2h)
— cos(2Q — 2h)] — +y¢ cos I sin2u [sin 2y — 2h)
— sin(2Q — 2h)] + Ly¢ sin I sin 2u [sin (2 — h)
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— 3sin(2y — Q¢ — h) + $sin(2y — 3Q + h)]
— 1y¢ sin2I (1 — cos 2u) [cos (@ — h)

— 2 cos(2Y— Q — h) — 4 cos(2¥ — 3Q.+ h)]. (31
cos Sy, = — cosu cos (Y — h) — cosI sinu sin (Y — h)
— y¢sinl sinusin(y— Q)  (32)
cos® Sy, = — % [(4 — sin®I) cosu + sin® I cos3u] cos(y — h)

— 35 [3sin®I cosu + (4 — 3 sin®I) cos 3u] cos (3 — 3h)

— 25 cosI[(4 — 3sin®I)sinu + sin® I sin 3u] sin(y — h)

— 1% cosI[3sin®Isinu + (4 — sin®I) sin 3u] sin(3y — 3h)

— 3ycsinI[(1 + 3 cos®I) sinu + sin® I sin 3u] sin (1 — Q)

+ 7%57¢ sin 2 (cos u — cos 3u) [cos 3y — @ — 2h)

— cos(Y( + Q¢ — 2h)] — Zysinl [(1 — 3 cos® ) sinu

+ (1 + cos®I) sin 3u] [sin (3y — @ — 2h) — sin (Y + 2 — 2h)]

(33)

cos’ 73 = 2(1 + cos?I) + Lsin® I cos2u + L[sin* I + (1 + cos?I)

x €os2u] cos(2¢ o — 2h) + L cosIsin2usin(2y — 2h).  (34)

In the final step of the development of the force function, the radii vectors of the moon
and sun, as well as their true longitudes, must be expressed in terms of their semi-
major axes, eccentricities, and mean longitudes so that the latter can immediately be
written as functions of the time. This is accomplished with the aid of the equation of
the ellipse and the equation of the center. In doing so, note that

ry=T, T3=Tg.
Since
e¢=0.055, ey =0.017,

it will be seen that e(2 must be included in certain parts of the third member of (23).
There will also appear terms in ey, and e(y(z. For the fourth member of (23), the
desired accuracy requires inclusion of terms in e In the fifth member, finally, the
sun’s eccentricity is entirely negligible.

These modifications are made in (23) and (31)-(34). Then the formulae (29) and
(31)—(34) are substituted into (23). Since the lunar and solar elements are all clearly
identified, the subscript 1, designating the satellite, is no longer needed. After some
algebra, the force function takes on the following form:

k*my

R2
F = + LeyokPmy —3( {[(1 — 3 cos®>I) — 3sin*I cos2u]}
r

R2
+ 3¢,,k*my r~§ {+[sin®I + (1 + cos®I) cos 2u] cos (24 — 2h)

+ cosI sin2u sin(24, — 2h)}
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R¢
+ 3l cy0k’my —;S {$sin2I (1 — cos2u) cos(Q — h)
r

— sin[ sin2u sin(Q — h)}
R2
+ 3Ly k mg —x {Lsin2I(1 — cos 2u) cos (24 — Q — h)
r

— sin sin2u sin (24 — Q¢ — h)}
2

R
+ 38;¢,0k My —;( {+sin2I(1 — cos2u) cos (A — B¢+ Q(— h)
r
— sin[ sin2u sin (A, — &+ Q¢ — h)}
2
¢

R
+ 212cr0k*mg — {— 2[(1 — 3 cos®I) — 3 sin® I cos2u]
r

— 1sin*I + (1 + cos*I) cos2u] cos(2Q, — 2h)
— cos sin2u sin(2Q, — 2h)}
R2
+ 380,k my —< (L sin 21 (1 — cos 2u) cos (A + & — @ — h)
r
— sin/ sin2u sin (A  + &¢ — Q¢ — h)}
RZ
+ 32cy kP my = {— 1[(1 = 3 cos?1)
r
— 3sin* I cos2u] cos (24 — 2Q)
— 1[sin®I + (1 + cos?I) cos2u] cos (24, — 2h)
— cos I sin2u sin(24, — 2h)}

R2
+ 31,¢55k%my — {#[sin? I + (1 + cos?I) cos 2u]
r

x [cos(24¢ + Ig — 2h) — cos (24 — 1 — 2h)]
+ cos 1 sin2u [sin(24 + g — 2h) — sin(24, — I — 2h)]}
2
r
+ 2k*m, e {— L[(1 — 3 cos*I) — 3sin*I cos2u]
(
+ 2 sin*I + (1 + cos®I) cos2u] cos(24 — 2h)
+ cos I sin2u sin (24 — 2h)}

2
,
+ 2ek®my —5 {— [(1 — 3 cos®I) — 3 sin® I cos 2u] cos (A — B¢
¢

+ +[sin®I + (1 + cos®I) cos 2u]

x [7 cos (34 — & — 2h) — cos (A + B — 2h)]

+ cosI sin2u[7 sin(34, — @ — 2k) — sin (4 + & — 2h)]}

2
-
+ deck®my — {— +[(1 — 3 cos*I) — 3 sin? I cos2u]

G
x [1 4 3 cos(24¢ — 2] + L [sin® I + (1 + cos® I) cos 2u]
x [17 cos (44 — 2 — 2h) — 5 cos (24, — 2h)]
+ cos 1 sin2u [17 sin (44, — 2 — 2h) — 5(24 — 2h)]}
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2
+ 2y kPm, r—3 {—%sin2I(1 — cos2u)
G
x [cos(24¢ —  — h) — cos(£, — h)]
+ sin 1 sin2u{sin(24, — @ — h) —sin(Q— h)]}
2
+ Zeyk’m, r_3 {—%sin2I(1 —cos2u)[7cos(34 — & — Q(— h)
4
— cos (A + @ — Q¢ — h) — 3 cos(i — &+ Q(— h)
— 3 cos(A¢— B¢ — Q+ h)]
+ sin I sin2u [7 sin (34 — & — Q@ — h)
—sin(Ag + & — Q — h) — 3sin(4 — & + 2 — h)
+ 3sin(A — & — @+ W)}
2
+ 39¢k*m, % {#[(1 — 3 cos®I) — 3 sin* I cos2u]
a
x [1 —cos(24, — 2Q))]
— L[sin’ I + (1 + cos®I) cos2u]
x [cos (24, — 2h) — cos(2Q, — 2h)]
— cosI sin2u [sin(2A — 2h) — sin (2Q¢ — 2h)]}
2
-
+ Z5yk*my — {— +sin2I (1 — cos2u) [2 cos(Q — h)
4
— cos (24 — @ — h) — cos (24— 3Q  + h)]
+ sinl sin2u[2 sin(Q — h)
~sin(2A¢ — Q  — h) + sin(24 — 3Q + h)]}

2
-
+ Ssevck®my — {2[(1 = 3 cosI) — 3 sin® I cos2u]
a
(

x [6 cos(4 — @) + cos(4¢ + B — 2Q)

— 7 cos(34 — & — 2Q)] — +[sin®I + (1 + cos*I) cos 2u]
x [7 cos(34¢ — @ — 2h) — cos (A + & — 2h)

— 3 cos(Ag— D¢ + 2Q — 2h) — 3 cos (A — B — 2Q( + 2h)]
~ cos I'sin2u [7 sin(34 — & — 2h) — sin(A + & — 2h)

— 3sin(A¢ — @¢ + 2Q¢ — 2h) + 3sin(i  — @ — 2Q + 2h)]}
3
r
— 35 k’m, S {3[(4 — 5sin*I)cosu + 5sin’ I cos 3u] cos(i, — h)
(

+ 5[3sin*I cosu + (4 — 3sin®I) cos 3u] cos(34 — 3h)
+ 3 cosI[(4 — 15sin*I)sinu + 5sin® I sin3u] sin(4 — h)
+ 5cosI[3sin’Isinu + (4 — sin®I) sin 3u] sin (34, — 3h)}

3 2 r3 . 2 .
6 Yk*m, = {sinI[(3 — 15 cos®*I)sinu
(

— 5sin® I sin3u] sin (A, — Q) + 3 sin 2I (cosu — cos 3u)
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x [cos(34¢ — Q — 2h) — cos(4¢ + Q¢ — 2h)]
+ SsinI[(1 — 3 cos®I)sinu + (1 4 cos®I) sin 3u]
x [sin (A + Q¢ — 2h) — sin (34 — Q¢ — 2h)]}
3

— 35 ek’m, r_4 {3[(4 — 5sin®I) cosu + 5 sin® I cos 3u]
a

x [3 cos(24 — & — h) + cos (@ — h)]

+ 5[3sin®I cosu + (4 — 3 sin’I) cos 3u]

x [5 cos (44, — & — 3h) — cos (24 + & — 3h)]
+ 3 cosI[(4—15sin*I)sinu + 5 sin® I sin 3u]
x [3sin(24 — o, — h) + sin(d¢ — h)]

+ 5cosI[3sin®Isinu + (4 — sin®I) sin 3u]

x [5 sin(44, — & — 3h) — sin (24 + & — 3h)]}

2
+ Lk*m, r_3 {—1[(1 -3 cos*I) — 3sinI cos2u]
o
+ 3[sin*I + (1 + cos’I) cos2u] cos(245 — 2h)
+ 3 cos 1 sin2u sin(24, — 2h)}. (35)
Orders of magnitude are still to be assigned to all the members of F’. In order to

examine the approximate numerical values of the coefficients, it may be well to
compile the following table:

R
(—(> —1 ™2 _ 081 x 10
r /Max my
3
.
(i =049 x 107° "3 227 x 107
ac /Max my

€0=20x10"*

€yp =025 x 107%

r* _s
—4> =0.39 x 10
ac /max

g, =93 x107*
[[=27%x107% y =89 x107?

7, =49 x 107*
e(=5.5x107%.

With these figures in hand, the numerical values of the coefficients in (35) can be ob-
tained by dividing them by the leading term, namely k2m/r. This is done without
regard to the various numerical factors, such as 3, 3/2, 3/4, etc., which appear in (35).
There result 21 different quotients. In the same order as in (35), they are:

0, =20x10"*

,=25x%x107°
0; =054 x107°
0,=0068 x 107°
0s=19 x107"
Qs=15x10""
0,=23x10"8

Qg =18 x1078
Qs =12x10"8
0,0=40x1077
0,,=22x10"°
Q,,=12x1077
Qi5=3.6x107°
0,4 =20x107"

0,5=32x10""
0,6=28x1078
Q,;,=17x10"%
0,s=32x107" (36)
Qo=28x1078
0y0=18x1078
0, =22x1077
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A careful check will reveal that the magnitudes of all oblateness terms were computed
for a satellite orbit with =R, while those due to earth and sun are based on an orbit
with r=3000 km. The latter number was employed in earlier parts of this work.

By hindsight, the bounds on the various orders of magnitude are established by re-
quiring that the range of small quantities of the first order extends from 1.8 x 1072 to
5.0x 1073, By taking the second, third, and fourth powers of these numbers, the
limits of the higher orders of magnitude are easily found. They are listed in Table I. In
the adjacent column are given the smallest and largest term which will appear in each
order, according to (36).

TABLE I

Order Range of order Terms present in F”/
1 from 1.8 X 102 -

to 5.0x10-3 -
2 from 3.2 x 10— from 2.0 x 10—4

to 2.5x10°° to 2.5x10°5
3 from 5.8 X 106 from 5.4 x 10—

to 1.2x107 to 1.2x1077
4 from 1.0 x 107 from 2.8 x 108

to 6.2 x10°10 to 1.2x10°8

There is only a small degree of arbitrariness in establishing these bounds. First, it is
required that the small divisor n/n be of order one. For an orbit of » =3000 km,
nn=0.62x 1072, Since c,, is of the order of (n/n)?, it should be a quantity of order
two. For ¢,4, one finds ¢,4 = (1/30)(n/n), but c~8c,,. Hence it is also taken to be a
second-order quantity. These designations pretty well establish the basic structure of
the table. Using the above criteria, all terms in (35) are now classified to be of second,
third, or fourth order. Within each order, they will be rearranged in descending order
according to the sizes of their coefficients, and they will be listed, separated into F,, F;,
and F,, in the next section.

Before giving these functions F;, there remains one more modification to be made.
The quantities

/{(, CZ)(, Q(, }'Q’ l@
must be expressed as functions of the time. They are all available in the form
w=oy+ o, T+ a,T% +---.

It is clear that all terms linear in the time must be taken into account. A look at the
coefficients of T for these five elements will show that «, for & is the largest one,
namely 1.7 x 10™%,if T'is expressed in centuries. This does take into consideration that
A¢ appears with factors up to four. With these numbers available, a simple calculation
will verify that the terms quadratic in T will produce contributions of order 10~ 8 only
after 75 years or so. They are consequently ignored.

It will be found more convenient to replace the various trigonometric arguments,
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composed of the above five elements of moon and sun, by the following set:

l( = ¢1 2/1( = ¢20

/1(+a~;(=¢2 24+ B = by

—a)( b3 21(—65(= $22

/1( + Q( b4 20— Q= y3

= ¢s 2}“( - 265( = ¢4

,1(+c5(— (= b6 24 —2Q( = ¢,5

A — B+ Q( b, 22— 30 =16
A= & — Q= bg 2+ 1o = ¢27 37

A+ B —2Q¢ = g 20— lo = ¢ss

A - (D( + 29( ¢10 4 - w( ¢40
A( w( - 29( ¢11 42, - 2(0( ¢41

3= 30
3 — B¢ = 31 2o = $s0o
3(— (—¢32 65(=¢51
32— D¢ — Q= ¢33 Q= ¢s,
3h(— B¢ — 20 = P34 2Q¢= ¢s3

Note that the subscript is indicative of the frequency of any particular term. Each argu-
ment ¢; has the form

¢; = b0 + nit,

where ¢;, and its mean motion »; are known. Most of these mean motions will later
appear as divisors.

3. Solution of the Problem by von Zeipel’s Method

The major part of the problem is solved analytically by von Zeipel’s Method. In a
first transformation the mean anomaly of the satellite is eliminated. The second trans-
formation does not eliminate any particular canonical variable but rather all terms
which contain the longitude of the moon. There remains a Hamiltonian, containing
periodic terms with a minimum period of one half year, whose character is such that
the von Zeipel treatment or any other method of successive approximations is not
applicable. It is suggested that this part of the problem be solved by numerical in-
tegration.

A. EQUATIONS OF MOTION AND THE HAMILTONIAN
The force function (35) is of the form

P k*myg

+ R,
r
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where R is the disturbing function. R depends explicitly on the time. One way in which
this problem may be attacked is to introduce the new canonical variable

d = time.

The canonical conjugate to dis D. The validity of this approach is given elegantly and
concisely by Brouwer and Clemence (1961). As a consequence, the Hamiltonian of the
system becomes
2
Ho
F =— — D + R = constant, 38
o (38)

and the differential equations, in Delaunay variables, are
dL OF di oF
dt 8l dt oL
dG oF dg oF
a8 dt 4G
dH 0F dh oF
dt eh dt  oH
dD oF dd oF
dt ed At oD’

(39)

[t is probably more customary to put d equal to the mean longitude of the disturbing
body, if only one such exists in the problem, so that the additional term in the Hamil-
tonian is »'D rather than D. Here »’ is meant to be the mean motion of the disturbing
body. However, since there are two disturbing bodies as well as the rates of three other
elements in the problem on hand, the above choice of the additional variable was made
for reasons of symmetry.

The Delaunay variables are defined by

L= \/ ;1(71 ! = mean anomaly
G= L\/ 1 —e* g = argument of pericenter (40)
H=GcoslI h = longitude of ascending node.

Here use is made of the definition
o = k*my .

Again for reasons of symmetry, let also
ty = k*m, and p; = k’ms;.

The quantity u2/2I? is clearly of order zero. Throughout the work it is desired that
numerical subscripts attached to the various functions F and S are indicative of their
order of magnitude. It will be necessary to take D as a quantity of order one so that
this may hold. The justification for this assignment will become quite clear in the next
section.
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With the aid of (35), (37), and (38), the explicit Hamiltonian, separated into orders
of magnitude, will be:

2
i
F, = E‘; (41)
F,=—D 42)

R? )
F, = %cy0i0 —;( {(1 — 3 cos®I) — 3sin’I cos2u}
F
R(Z =2 2
+ 3coapo — {F[sin*I + (1 + cos®I) cos2u] cos(d,o — 2h)
r

+ cos 1 sin2u sin (¢, — 2h)}
2

+ 2, r_3 {—1[(1 =3 cos’I) — 3sin®I cos2u]
%
+ Lsin?I + (1 + cos®I) cos2u] cos(¢,o — 2h)
+ cos 1 sin2u sin (¢, — 2h)} (43)

RZ
Fy = 3L caotto —~ {% sin2I(1 — cos2u) cos(¢s, — h)
r

—sinI sin2u sin(¢s, — h)}

R? ‘
+ 3Ica,p0 Tf {sin2I (1 — cos2u) cos(¢p,3 — h)
r

—sin sin2u sin(¢,; — h)}

2

— $74t2 - {4 sin21 (1 — cos2u) [cos (g5 — h) = cos(¢s2 — 1))
C

— sinI sin2u[sin(¢,3 — h) — sin(¢s, — h)]}

2
r
— Zegt, — {[(1 — 3 cos’I) — 3sin® I cos2u] cos ¢4
ag

— L[sin®I + (1 + cos®I) cos 2u]
x [7 cos(¢3; — 2h) — cos(¢, — 2h)]
—cosI sin2u[7 sin(¢s; — 2h) — sin(¢, — 2h)]}

3
— 35Hs % {3[(4 — 5sin*I) cosu + 5 sin” I cos 3u] cos{¢; — h)
a

«
+ 5[3sin*I cosu + (4 — 3 sin® I) cos 3u] cos(¢zo — 3h)
+ 3 cosI[(4— 15sin*I)sinu + 5sin*7 sin3u] sin(¢, — h)
+ 5cosI[3sin’Isinu + (4 — sin”I) sin 3u] sin(¢so — 3h)}
2
r
+ 3p¢us — {4 [(1 — 3 cos®I) — 3sin” I cos2u] (1 — cos ¢,5)
a

— ;[sinzl +(1+ cos’I) cos2u]
x [cos(¢,o — 2h) — cos(¢s3 — 2h)]
— cos I sin2u [sin(¢,0 — 2h) — sin(¢ps3 — 2h)]}



THE MOTION OF A LUNAR SATELLITE 395

2
r
— etz — {3 sin2I(1 — cos2u)
a¢

x [7 cos(¢s3 — h) — cos(dg — h) — 3 cos (¢, — h)
— 3 cos(¢g + h)] —sinl sin2u[7 sin(¢33 — h)
—sin(¢s — h) — 3sin(¢; — h) + 3sin(ds + h)]}
— tu, 537 {£[(1 = 3 cos*I) — 3 sin®I cos2u]
©
— 3[sin® I + (1 4 cos?I) cos2u] cos(¢pso — 2h)

— 3 cosI sin2u sin(¢so — 2h)}
R2
+ 2&1¢50l0 7( {£ sin 2I (1 — cos2u) cos(¢p; — h)
r

— sin I sin2u sin(¢, — h)}
372 R(Z 1 2 a2
— 21 ea0k0 ) {211 =3 cos®*I)— 3sin” I cos2u]

+ 2 [sin*I 4 (1 + cos®I) cos2u] cos(¢s3 — 2h)

+ cos I sin2u sin(¢s5 — 2h)}

2
r
— 3elu, — {3[(1 — 3 cos®I) — 3sin’ I cos2u] (1 + 3 cos P,4)
aq

— L [sin®I + (1 + cos*I) cos 2u]
X [17 cos (¢4 — 2h) — 5 cos(¢,o — 2h)]
—cosIsin2u[17 sin(¢,, — 2h) — 5sin(¢,o — 2h)]} (44)

R2
F, = 3e,¢5,1 —3( {%sin2I (1 — cos2u) cos(¢s — h)
r

— sin [ sin2u sin(¢g — h)}
372 R(Z 1 2 -2
— 31 ey, 3 {3[(1 = 3cos®I) — 3sin*I cos2u] cos ¢

+ 1[sin®I + (1 + cos®I) cos 2u] cos(¢,o — 2h)

+ cos I sin2u sin(¢,o — 2h)}
R2
+ 3t100500 —~ {L[sin? I + (1 + cos®I) cos 2u]
r

x [cos(¢,7 — 2h) — cos(¢,g — 2h)]
+ cos I sin2u[sin(¢,; — 2h) — sin(¢,5 — 2h)]}
Bpdus — {3 sin2 (1 — cos2u)
«
x [2 cos(¢s, — h) — cos{¢y3 — h) — cos(P,6 + h)]
—sinl sin2u[2 sin(¢s, — h)
— sin($z3 — h) + sin(¢,6 + )]}
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2
+ edi it r—3 {1[(1 = 3cos®I) — 3sin® I cos 2u]
¢
X (6 COS 3 + €Os g — T COS P34)
— [sin® I + (1 + cos*I) cos 2u]
x [7 cos(¢ps, — 2h) — cos(¢, — 2h)
— 3 cos(¢pyo —2h) — 3 cos(d,y + 2h)]
— cosIsin2u[7 sin(¢3; — 2h) — sin(¢p, — 2h)
— 3sin(@yo — 2h) + 3 sin (¢, + 2h)]}
3
+ S5 elt2 % {sinI[(3 — 15 cos*I)sinu — 5sin’ I sin3u] sin ¢s
9

+ £ sin2I(cosu — cos 3u) [cos(¢s, — 2h) — cos(p, — 2h)]
— 3sinI[(1 — 3 cos”I)sinu + (1 + cos®I)sin3u]
x [sin(¢s, — 2h) —sin(¢s — 21)]}
3
— 3eits 2? {3[(4 — 5sin’I)cosu + 5sin” I cos3u]
x [3cos(¢z, — h) + cos(dsy — h)]
+ 5[3sin’ I cosu + (4 — 3 sin® I) cos 3u]
x [5cos(dse — 3h) — cos(¢q — 3h)]
+ 3 cosI[(4 — 15sin®I)sinu + 5sin® I sin 3u]
x [3sin(¢,5 — h) + sin(¢s; — h)]
+ 5cosI[3sin’Isinu + (4 — sin®I) sin 3u]
x [5 sin($ao — 3h) — sin(¢y; — 3)]}. (45)

B. PERTURBATIONS OF SHORT PERIOD

In this section the determining function S, will be developed from which the short-
periodic perturbation can be obtained.

It is desired to make a transformation to new variables during which the Hamilto-
nian F is changed into a new Hamiltonian F* that no longer depends on the fast
variable /. To state this more carefully,

F(L,G,H,D,1,g,h,d)=F*(L,G,H,D,—,g,h,d). (46)

The old unprimed variables and the new primed ones are to be related through the
transformation equations

as as
L= -
al oL
s &S
“=% 9
g
os oS @47
H = — =
oh o
as os
D= d =

" ad ~ oD
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The determining function S must clearly depend partly on the old and partly on the
new variables, that is,

S=S(L,G,H,D,1,g,hd).

Since the solution is to be found by successive approximations, it is required to sepa-
rate S into its various orders of magnitude, namely

S=8S+S+S,+--. (48)
If S, is taken as
So=Ll+Gg+Hh+Dd, 49)
then, with (47) and (48),
Lop, 0SS
ol ol

and similar equations for the other variables.
Suppose now the problem is solved by restricting F to

F=F,+F,.

Then Equations (39) are integrable immediately and S reduces to S,, given by (49),
which vields the identity transformation. Hence S; =0. For this argument see also
Hori (1963).

Moreover, the theory is restricted to periodic terms of order two. Hence S; and
higher order parts of .S are not needed. Consequently S reduces to

S=8,+5,. (50)
Therefore the transformation equations become
oS, oS,
L=L+—* I'=I1+—
T T
, 08, , aS,
0g oG
(5D
He H as, I’—h+aS2
ST T ow
p=p+22 gy
- o =

The last of these relations will be seen to hold since S, will not contain D’.
Now separate (46) into its various orders of magnitude. It then reads

Fo(L)+ F,(D)+ F,(L, G, H,—, 1, g, h,d)+ F;(L,G, H, —, 1,9, h, d)
+ F(L,G,H,—,1,9,h,d)=F5 (L) + F{ (D)
+F(L,G,H,—,—, g, W,d)+F(L,G,H,—,—, g, h,d)
+ Ff(L,G,H,—,—,g . h,d). (52)
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Use is made of the fact that D appears only in F;. In preparation of a Taylor expansion
about the point

E’ G” H,’ DIS l’ g’ h’ d’

the momenta L, G, H, and D on the left of (52) and the angular variables g’, #’, and d’
on the right of (52) are replaced with the aid of (51). Note that substitution of the iden-
tity transformation into F; and F, suffices since no terms of order higher than four are
needed. With these substitutions, (52) becomes

F, L’+6S2 +F D’+as2
0 ol ! od

EN aS aS
+F2<L’ 1 G2 H +2, -, 1,4, h,d>

ol dg oh
+F(L,G,H,—,1,g,h,d)+F,(L,G,H,—,1,g,h,d)
oS 0S
= FX(L)+F*D)+FL,G H,—,—, g +——, h+—,d
0( )+ 1( )+ 2< g+aGl aH/
+F§F(E,G/,Hl,——,g,h,d)"’F:(E,GIsH,)_’—)g’had)‘

(53)

Expand now everywhere by Taylor’s theorem retaining all terms through order four.
Note that the notation

oF oF
—_— means —
oL oL/, ...

oF* <6F*>
—— means |—
9 09" Jg=4

and

and similarly for all other terms. Observe also that
0*F,
sz =0
oD

After completing the expansion, members on either side of the equation of identical
order are equated. There results:

Order 0: Fy(L) = F§ (L) (54)
Order 1: F, (D)= F{ (D) (55)
oF, 85,
Order 2: ——~+F,(L,G,H,—,l,g,h,d
rder2: g a1 .. 4)
=F(L,G,H,~,—,g,h,d) (56)
oF, 05,

. Order 3: +F3(L,; G,,Hla_ala g, h’ d)

oD od
=F;(E: Gl,H’a_,—’g: had) (57)
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Order 4:

oL ol oG og | oH oh
OFF 0S, OFF 8S,

+ F, E5GI>H,5—9Z7 7h5d:—_ YR
a( 90 d) =2 56" T om

+ FNL, G, H, —,—, g,h, d). (58)

1 0%F, (8S,\* 0F,dS, 0F,d8S, OF,dS,
2012\ 8l

The determining function S, is to be obtained from (56). Let the subscript S indicate
the secular part of any function F, which is the part free of /, and the subscript P the
periodic part, namely that containing /. Demanding that

FZS(Ea G’a HI, — = 9, hn d) = FZ*(Lla G/9 H’a - =>4, h9 d)7 (59)
formula (56) leads to

_aFOfa&:FZP(L' G,H,-,l,g,hd). (60)
aE al 2 H 2 2" b4

Before separating F, into its secular and periodic content, it will be advantageous to
rewrite F,, given by (43), in the following form:

R? a’
Fy =y, % [Lc0(1 — 3 ¢cos®T) + ¢y, sin® I cos(¢po — 2h)] —
a r
2 a3
— 1 ais [3c0 8in°T — 2¢,, (1 + cos®I) cos (¢ — 2h)] 3 cos 2u

R¢ ) Cad
+ 3¢9 —5 [cosT sin(p,o — 2h)] — sin2u
a F

a’ r?
— k3 [4(1 — 3 cos®I) — 3 sin’I cos(p,o — 2h)] e
{ ‘
2 2
a r
+H 5 [2sin® T + (1 + cos®I) cos(d,o — 2h)] e cos2u
C
2 2

a r
+ 2, — [cosIsin(¢,o — 2h)] — sin2u. (61)
ag - a
Although the variables I and a should properly be primed, according to (56), this
refinement will be deferred until the final results are written down. The six functions to
be split into their secular and periodic parts are then

3 3 3

a a ) a’ . )
— — cos2u — sin2u
r3 r3 r3
r2 r2 2

— — cos2u -—sin2u.
a* a* a’
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The secular part of any of these functions 0 is given by
2n
1
0, = % gdl. (62)

T
0

It will be found advantageous to integrate the first three functions with respect to f, the
remaining three with respect to E, the eccentric anomaly. The substitutions needed in
(62) are

di erdf
T Ga?
and
.
a1 =L dE.
a

In order to find the first three average values, one may also make use of the work of
Brouwer (1959) and Kozai (1959). Letting the purely periodic parts of the six func-
tions 8, be designated by ¢,, the results of operation (62) are

a r r (1 1 2¢%)

= =-——=+0; — = + 2€ + 04

r G? a?

a3 r2 )

e cos2u = g, = cos2u = 3e” cos2g + o5 (64)
a’ rt s

3 8in2u = o, — sin2u = $e” sin2g + o4

r a

Since the second and third of these contain no secular parts, F,g and F,, may be

written in the form
3

L

F,s= A, & A (1 4 32€*) 4 3A45e® cos2g + SAge” sin2g (65)
6

Fop= .Zl Aio;. (66)

The temporary abbreviations A4; are clearly defined by comparison with (61).
Turning now to (60), first note that, with (41),

oF, .UZ
oL L¥

With this, (60), and (66), S, becomes

R
S, =~ ZAiJaidl. (67
u
i=1
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The first two of these integrals are given by Brouwer (1959). The other four are readily
obtained by integrating with respect to f or E, as explained above. Recall that the o;
are defined by (64). The constants of integration may be disregarded since only partial
derivatives of S, with respect to the Delaunay variables are required. The results are,
again ignoring primes:

»

L3
aldlza(f—l—l-esinf)

r~ 3

1L
6,dl = 5 E[Sin@g +2f) + esin(2g + f) +§sin(2g + 3f)]

i 3

1L e
03 dl:—iE[cong +2f) + ecos(2g + f) +§cos(2g + 3f)]

r 3. . 3, . e .
o,dl=—[2e—- ¢’ |sinE 4 - ¢“ sin2E — — sin3E
4 4 12

J
{.a dl=<1+e—2>§sin2 cos2E
] 2 )L
1 e . eG |
+ §+Z>0052gs1n2E—8zs1n2g(ISCosE+cos3E)
e & ) .
i ﬁ) cos2g (15 sinE + sin 3E)

+ 2 2E + 1-4——82 in2g sin 2E
—]=c s - s
2 0s2g co 5t 72 sin2g sin

[
N

B | =

—
Q
=}
&
!
|

cos2g (15 cos E + cos 3E)

—+

!
!
AR N N N

e

3
- (e - i) sin2g (15 sin E + sin 3E). (68)
6 12
A few comments on the form of these functions are called for. First, expressing the
latter three in terms of E is a logical choice because the integrands were of the form
(r/a)". There is nothing to be gained by changing from E to f. Next, retaining products
of trigonometric functions in the last two permits a more compact form. Finally, judi-
cious choice of Keplerian or Delaunay variables helps to abbreviate many expressions.
Itis often desirable to replace cos/ by H/G, but it seldom pays to substitute Delaunay
elements for e. The last two notes hold for much of the subsequent work.
Formulae (67) and (68), aided by (61), permit S, to be written down at once:
2p2
S, = @ [1 c30(1 —3cos*I') + 3 €35 5in* I’ cos(,o — 2h):l
G 4 2
x(f —=1+¢€sinf)
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3 3
2 G? |:4 €y 8in* 1" — 5022(1 4 cos’I') cos (¢, — 2h):|

[s1n(2g +2f)+ ¢ sin(2g + f) + —/ sin(2g + 3f)]

3 weR{
=5 2 é cosI'sin(¢,q — 2h)
e/
X [cos(Zg +2f)+ ¢ cos(2g + f) + 3 cos(2g + 3f)]
#214’7

——[ (1 —3cosZI)— sin® I’ cos(¢20—2h):|
Hodg

3,5\ . 3, . e
X|12¢ —-¢e" }sinE — -¢e'“sin2E + —sin 3E
4 4 12

17

ﬂzL

l:g sin® I’ + = (1 + cos”I') cos (0 — Zh):l

1 N €NG ) SE
X — — ] — SIn COS
272 )t

1 e/2 e/ ’
+ [+ —]cos2gsin2E — — —sin2g (15 cosE + cos3E
(2 4) g 6 12l * )

3
¢

e e’ .
e cos2g (15 sinE + sin 3E)
3 u, L7

2 Il i (¢ 2h) 1 elz : 2 2E
COS Sin — -4+ —]—cos g COS
l g g 20 2 2 l,

L€ qinagsinag - & cos2 (15 cos E + cos 3E)
el — ] S1n sin — — — COS
5+ g £ 7 g (15 cosE + cos

e/ e/3
+ <g - 12) sin2g (15 sinE + sin 3E)] (69)
From S, the short-periodic perturbations may be calculated as indicated by (51).
They will be listed in a later section.

C. PERTURBATIONS OF INTERMEDIATE PERIOD

The determining functions S; and S5 will be developed in this section. A small
divisor of order one will appear.

At this point the problem has been reduced to the solution of a dynamical system
with three degrees of freedom since the variable / no longer appears in F*. The new
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equations of motions are

dr dr OF*
ar dr oL
dG’ oF* dg’ oF*
dt 8y dt oG
dH' oF* dn’ OF*
dar  on At oM
dD’__aF* dd’ oF*
At ad  dt D'
Note that now

(70)

L = constant .

The various parts of F* are found as follows. Fy and F; are given by (54) and (55)
with the aid of (41) and (42). They will be listed together with 3 and FJ farther below.
F¥ is obtained from (59) with (65) and (61). Here, as well as in other parts of the work,
the variables g, A, and d are replaced by mechanical substitution with g, #’, and d’.
F3, however, requires some preparation. From (57) it is seen that Fy is to be taken as

JF, 0S
m e[ 0
S

But since the bracket is zero,
F ;k = Fis. (71)
F; is given by (44) of which the secular part is to be taken. There is a total of ten short-

periodic functions in F,. Six of these have already been averaged, with results in (64),
and the other four are

3 /3
—3 cosu ~3 cos 3u
a a

r3 . r3 .

—5 sinu ; sin3u.

Their averages are easily found as outlined before. The results are
3
r 5 15,3
—cosu| =—(3e+ Fe’)cosg
a s
Ii—smu:| =—(3e + Fe’)sing

r
[7c053u:|

r’ 35,3 &5
~3sm3u =— ¥e’sin3g.

(72)

=—35¢% cos3g



404

CLAUS OESTERWINTER

F3 can now be written down. Fj is not needed as this stage. The four required parts of

F* are:
2
Ho
FF= 2, (73)
Ff=—p (74)
1 R ,uZL,4 3
Ff == C(1=3cos?l)—- 1+-e?)(1 —=3cos’r
274 IJ3G’3( o) =gz \1 2 ) )
154 L’ 3 ugR; .,
164 2 e'?sin® I’ cos2g’ +[2 czzl—%smzl
3 L’“ L’4
i < >s1n I’+— = e’?(1 + cos® I)cosZg:|
8 uoag aq
15
x cos{dye — 2h') + § e'? cosI' sin2g’ sin(pso — 20")  (75)
3 ‘u4 2
Ff= 2 IC20 —3 =5 L'3G’3 sin2I’ cos(¢5s, — k')
3 HoR¢ .
+ = Lcyy ——>sin2l’ cos(dsy — W
2 (€22 13673 (4’23 )
3 oR?
+ g £1620 % sin2I' cos(¢5 — h')

4

3
Izc20 ’3G'3 [(1 = 3cos®I') sin*I' cos(¢’s5 — 21)]

R
3 l;l/.Ll’4 ! 3 ! 5 ! !
8y( - {sm21<1+2e2—§e20052g>

X [Cos((f)'23 — k') —cos(¢s, — )]

— 5e¢’*sinI’ sin2g'[sin(¢53 — B') — sin(¢’s, — h’)]}

3 pL* 3
- e(ﬂz—_,, {|—<1 + = e”) (1 —3cos?I)
8 " ugag 2

15 1 3

= e’?sin*I’ cos 2g’] cos ¢y — 5 I:(l +5 e’2> sin® I’
5 2 2 qr ’

+oe (1 + cos®I")cos2g

x [7 cos(¢s; — 2h') — cos(¢h — 2h)]

5
- ie’z cosI'sin2g'[7 sin(ds; — 2h") — sin(¢5 — 2h’)]}

3 2“2]‘/4 3 2 2
+ — 1+-¢*}(1-3 I
16)) v +2e ( cos*I')
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15 12 2 2 ys ’ ’ 3 12 2y
— 5 €7 sin I' cos2g’ [ (1 — cos ¢ys) — 1+§e sin® I
5 12 2y ’
+§e (1 +cos“I') cos2g
x [cos(¢ro — 2h") — cos(Ps3 — 2h')]
— 5e’?cosI’sin2g'[sin(¢h — 2h') — sin(Ps; — 2h’)]}

3 ﬂ2E4 3 2 5 2

- — ——<{sin2l'[1 + - ¢ — -~ e’“ cos2g’

16 ‘¥ zar 17" 2 T2 g
x [7 cos(¢y3 — h') — cos(dps — h') — 3 cos(py — k')
— 3 cos(¢g + h')] — Se’*sin I’ sin2g' [7 sin(¢ss — k')

—sin(¢g — ') — 3sin(¢; — h') + 3 sin(¢s + h’)]}

1 psL* 3 15
_‘HZ A1 +2e?)(1 —3cos’T’) — = e'*sin* I’ cos2g’
8 loan 2 2

3 5
— 3|:<1 +3 e’2> sin® I’ + 5 e’?(1 +cos’I') cosZg']

x cos(¢pso — 2k') — 15¢'? cos I sin2g’ sin (s — 211')}
3 ) o 3 15
T e Z%—a(a {[(1 +5 e'2> (1-3 cgszl’) - e'?sin I’ cosZg':l
3
X (1 4+ 3 cosghy) — [(1 +5 e’2> sin? I’
5
+5 e’?(1 4 cos*I') cos 2g’:| [17 cos(¢p,, — 2h")

— 5cos(gho — 2K')] — 5e’? cos I’ sin2g’

x [17 sin(¢4, — 2h") — 5 sin(¢he — 2h')]}
5 luZ‘LIG ’ 3 '3 =2 g1 !
+671u8a&‘ 3[(e +ye (4 —5sin”I') cosg

35 73 2 27
+ 4 ¢ sin I' cos3g’ |cos(gpy — h)

’ 3/3 2y 1
+ 5|3 e+zle sin“I’ cosg

7
+ 4 e'*(4 —35sin’I') cos 39/] cos(¢3o — 3h')
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3
+ 3 cosl’ [<e/ + 2 e/3> (4 —15sin’I')sing

35

+ = ¢?sin® I’ sin3g’
4

! ’ 3 '3 2 1o ’

+5cosI'|3|e +ie sin“I’sing

7
+ 21e'3(4 —sin®I') sin 3g/] sin (5o — 3h')}.

Jsincsi -1

(76)

Note that the symbol ¢’ is used instead of ¢ for reasons of symmetry only. Never-

theless, it is well to recall that ¢’ = ¢ since d'=d=¢.

Similar to the previous section, a transformation is being made where the old and

new Hamiltonians are related through

F*(E, G,, H/’ D’, -, g/’ h,, d/) — F**(,L”, G”, H”, D”, -, g//’ h”, d”),
)

In contrast to Section B, as mentioned earlier, no particular canonical variable is
eliminated but rather all periodic terms which contain the longitude of the moon. The
transformation equations are

as*

L="
ar

where S*=S*(L", G", H", D", -, ¢', k', ).

Again let

S*=Sg+ST+S5+-

and take

SZ‘; — Ell/ + G//g/ + H//h/ + D//d/.

"

"

g

hH

d//

_ 08 *
or
os*
oG”

_as *

aHN
oS*
- aD”

(78)

Again in contrast to the previous section, ST will appear because of the small divisor.
Also, since third order terms are not needed, S% and higher order parts of S* are ig-

nored. Hence

S* =S5+ ST+55.

(79
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The transformation equations become

L=r I'=r a_s’f+as;‘
oL oL
GGt oSt . as} S—g oSt N aS3
o9’ dg’ aG" ' aG”
H’:H”+aST+a—S§ h”=h’+(—3§+a—sj »
oh'  on oH" ~ oH"
D'=D"+ 51 + 053 d'=d.
od’  od

S and S5, of course, cannot contain [’ and, as before, will not depend on D”. Quite

similar to (52), (77) is split into its various orders of magnitude. Upon substituting the
transformation equations, there follows:

oSy oS}
F* EI F* D// _1 J
0 ( ) + 1 ( + ad/ + ad/

oSt 0S5 asT  8s3
+F§"<L",G”+ e ,,g',h',d'>

6g’+6g” o w7

dg’’ on'’
+ F:(E/, GN, H”, - -, g/, h,, d/) — FO**(E/) + F;k*(D//)

0S¥ os% as*  ask

% " 7 asr " as’lk ’ ’ !
+F3 L,G—l— H+ _a_:gahad

o6 Tac " Tom T GH”

oSy oSt
+F** E,, G”,H”,‘—,—, /+_,h/+ ,d’
3 < FTe oH" )
+ F:*(E,, GH, H”, S gr, h,, d’). (81)
This time the Taylor expansion is about the point
EI’ G//’ H”, D//’ _, g/, h/’ dl .

After the expansion, again terms of identical order are equated. The result is:

Order 0: F§ (L) =F§*(L) (82)
Order 1: F{(D")= F*(D") (83)
oFf oS}
Order 2: — FXU,G H, —, — g,k d
rder 2: o aa T g )
=F;*(E,a GﬂaHNa_:_a g,s—s_) (84)
oFF 0SY OF) 0ST OF; 0S¥
Order 3: —— 242 —f+i—f
oD" od"  0G" dg 0H" oh
OF;* ST
F* El’ G//’ H”, S /’ h,, d/ —
+ 3 ( g ) ag/ aGlI

+ F:*(Ela G”’ H”a T T gls hla dl) (85)
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Order 4:

OFF 0S5 0OFF 8S5 10°Fy (0S™\* 1 3°FF /0S*\*
aG"@/+aﬁ”d?+2aG”<ay> 2aH”<mf>
62F2* oSt oSt oF; oSy  OFf oSt
T acon o o Y ocr oy Tam an

kk *
+ F¥ (L, G, H", —, —, g, I, d’):a;;, ‘;ZZ
1 0*FF* (6ST\* OF* 0ST oF¥* oSt
T3 o7 <6G”> Y og a6 T on om
+ F¥* (L, G H', —,—, ¢, b, d). (86)

Let here the subscripts S and P designate the secular and periodic parts of any func-
tion, where a periodic term is now one that contains the longitude of the moon. They
are easily recognized since they bear subscripts <50 attached to ¢.
Putting

FZS(L” G” ! _’—9g - _) F;*(Lﬂ G” " _:_5g,a_5_)’ (87)
formula (84) yields, with the aid of (74),

a *
od = =Fis(L, G, H',—,—, g, W,d). (88)

Employing (75), there follows at once the first-order part of the determining function:

. {3 ¢ uR? 3 Lt 3
S¥ = {_ 22 /j;) 53 n? 4 > l:(l + - e"2> sin®I”
21, LG 8 nzo,uoa( 2

5
+5 e"*(1 4 cos*I") cos 2g’:|} sin(¢ho — 2K)

15 /,12L’,4

2 3
8 Mol

"2 cos 1" sin2g’ cos(dre — 2h'). (89)

Equation (85) shows how S is to be obtained. Again, all secular terms are equated to
F3* so that (85) splits into two formulae:

OFF as* OFF 08*
Fi*=| 2! 2|+ Fi 90
3 [66” a0 | Flom an | T (90)
0S*  T[OFF os* OFF as8* OFF* o8*
=2 | 2 - |+ B (91)
od 8G" og' s |eH" on' |z | og' 0G" |5

where use is made of the fact that

OFy* 5% 0
g’ 9G" s

which can be verified later. Derivation of the three quantities in brackets involves a
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good deal of algebra. However, these intermediate results need not be recorded here.
Upon separating above functions into their secular and periodic content, the calcula-
tion of S5 from (91) presents no difficulties. F35 is, of course, readily extracted from
(76). The final result for S} becomes:

£ 3 €2 #gR(Z

Sy=, I — =55
2 “n,y L°G”

53) ﬂgR(Z

77 E13G1/3
uzs
:u2 . " 3 72 5 72
— =y~ |sin2I"{1 + - €"* — - e"“ cos 2g’
8" nyudal [ ( 2¢ T2 g

x sin(¢hs — h') + 5¢"? sinI” sin2g’ cos(¢y; — h’)]

3 L*(1 3
__e(’f% — (1 +e”2>(1 —3cos?I")
8 " ugag (n; 2

15 n2 2.2 pn ' . !
—Ee sin“I” cos2g’ | sin @5

sin®I” sin (¢35 — h')

. sin 21" sin (¢ — 1)

3
—¢
8
3

1 3 5
- 2[(1 +5 e”2> sin®I” + 5 e"*(1 + cos*1") cos2g’:|

x |:7 sin(¢3; — 2h") — = sin{¢) — 2h’)]

LES hy

7
4 - e"*cosI” sin 29’[— cos(¢y; — 2h')

Nay

5

5

. cos (s — 2h’)]}
ny

3 L*(1 3
— _y(ll% — {1 +e”2>(1 —3cos’I")
16 " poag (ngs 2

15 n2 s 2 qn ’ - 7 1 3//2 <2 g
—Ee sin“I” cos2g’ | sin¢r5 + — 1+§e sin® I

Rao
5 "2 2 g ’ i ! !
+§e (1 4+ cos®I") cos2g’ |sin(¢yo — 2h")

5
— — ¢"? cosI"sin2g’ cos(Pro — 2h’)}

o

3 L 3 5
— g« 'u—zz—a—3 {sin 21" [(1 +5 e — 5 e”? cos 2g’>
Hod¢

7 1 3
<[ Lsin(o - )= Lsing 1) =  sin(a = )
7133 n6 n7

3 . ’ ’ "2 s "o ’ 7 ! ’
— —sin(¢g + h') | + 5¢"* sinl" sin2g’| — cos (¢33 — k')
hg

Nis
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1 I r 3 14 ’ 3 14 !
~ — cos(pg — h') — —cos(¢y — h') + — cos(¢s + K')
ne g ng
3 L*(3 3
——efﬂizg {1 +%e%)(1 = 3cos*I")
]6 ‘an( Ryy 2
15 3
-5 ¢"? sin®1” cos 2g’] sin ¢%, — [(l +5 e"2> sin* I”
5 "2 2 qn ’ 17 : ’ ’
+ = e"*(1 + cos” I") cos2g’ || — sin(¢,, — 2h")
2 n41

5
~ —sin(¢ho — 2h’)} + 5¢"* cosI”sin2g’

R0
17 5
x [—— cos(¢y; —2h") — — cos(dro — 2h’)]}
Hag M0
5 uL® (3 3
— ﬂ—i A=l +> e ) (4~ 5sin’I") cosg’
64 pga; |ny 4

35
+ n e sin?1” cos 3g’:| sin(¢; — k')

5 ” 3 ”3 2 qn ’
+—13(e" +-¢e""|sin"I" cosg
N30 4

7
+, ¢"*(4 — 3 sin* I") cos 39'] sin (¢4 — 31')

3 3
— — cos I”[(e” + - e”3> (4 —15sin*I") sing’
ny 4

35
+ T e"®sin®I” sin 3g’:| cos(¢y — k')

5 " " 3 "3 a2y L ’
——cos{"|3[{e" +-¢€"" |sin“I"sing
N3p 4
7
+ i ¢ (4 —sin’I") sin 3g’:| cos{ 30 — 3h’)}
9¢;,

HI/
40 C22 mpa T
2 n%o Ho ¢ E/6G//8
1 : I3 I3
< sin” 1" [CZO sin (¢,2° N 2h,) + 2 Ca2 sm(2¢20 —4h ):I
45 cun iRl L
2n3 a G"*
x e"?(4 — 10sin*I” + 5 sin* I") sin2g’ cos (¢4 — 2h)
9 ¢ #3#2R(2 L'H" [( 2

1612, a; G~

(4
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—10(1 — 2 sin® I") cos 2g':| sin (g5, — 2k")

45 ¢y plu,RZ L
_ 22 D22 o2 T 2 gin? 7 sin 2g [(4 — 10sin’I")

1
x cos(¢ho — 2h) + 5(6 — 5sin®I") cos(2¢y — 4h'):|

9 ¢2 .”(Z)ﬂzqu L'H"

16n3, a G

4
x "% sin* I” [(7 + 6 — 10 cos 2g’> sin(@ho — 21)
e

1/4

- 5(72 + 6 + 15 cos 2g’> sin(2¢5 — 4h')]
e
45 ,U§ 6 "2 2 2y . ’ 7 ’

— — == L'°G"¢"*(1 — 2sin*I") sin2g" cos (¢3¢ — 2k)
16 n3ouoa(

9 2 2
— 5A 2 ”24 6 LHG}I"e”2 2 17 SiIl2 r
32 n3ouoa( ¢

—5(2 — 35sin*I") cos 2g'] sin (%o — 2h')

45 2 E’S G//2
e 2—ﬂ217 — " 2(3—5 — 5sin®I" | sin®I" sin2g’
256 nyopoa; G” r

" s 2 TN 5 LN S 774 n2 o+ 2 qn . ’
+ 20172‘_205"1 I +§sm I" + 15" sin”“ I” } sin 4g
X €08 (2%, — 4h')

9 2 E/SH// 4
+ - ,u24 &2 — + 12+ 9¢"? )sin’I"
256 nyopoa; G” e’

72 "2

sin®1" cos2g’ + 25 (4 — —2sin®I"

+ 30 I

E/Z

+ ¢"% sin? I”> cos 49’} sin(2¢%, — 4h'). 92)

Expressions for the perturbations of intermediate period are derived from S{* and S3.
They will be listed in a later section.

D. LONG-PERIODIC AND SECULAR-PERTURBATIONS

The new Hamiltonian F** is given, and it is proposed that the remainder of the prob-
lem is solved by numerical integration.
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The new equations of motion are

ar’ dr” OF**

dr dt oL

dGl/ aF** dg// aF**
dr 89" At oG

” %k ” k3% (93)

dH” OF dh _ oF
dt o At oH"

dDu 6F** dd// 3 6F**

dt  @d” At D"’

*and F* are given by (82) and
is defined by (90). F;* will

The different parts of F** are found as follows. Fg
(83) with (73) and (74). F;* follows from (87) and (75). F3*
be discussed later. The individual functions are:

1a

ot = % %94
F;k* - _ D// (95)
1 HoR2 1, L% 3
F*="¢, C1=3cos? 1) —-2"(1+2€?)(1 —3cosI"
2 4 E/3G//3( ) 8 # a‘? 2 ( )
15
— ,u22 - €"?sin’I” cos2g”. (96)
16 upag
3 #4 2 " "
Ff* = ZII(CZO L”3G”3 sin2I” cos(¢%, — h")
_3 IEcro —5—rs KoR ( [(1 =3 cos®I") + sin®I" cos(¢s; — 2h")]
8 E/3G//3
n4
3 " 3 72 12 ” ” ”
+ -y 55 |sin2I"[ 1 + _¢"* — _e"* cos2g” | cos(ps, — h")
8 oa( 2
— 5¢"%sinI” sin2g" sin(¢%, — h”)]
3 r# 3
— s a T+ -e? (1 —3cos’I")— —-e"*sin’I” cos2g”
16’ u2a? 2
3 72 s a2y 5 1/2 ” ”
+ 1+5e sin® I +5e (1 + cos®I") cos 2g
x cos(¢%y — 2h") + 5¢"% cosI” sin2g” sin(¢p%; — 2h”)}
1l 3 2 .2
— S5l +Ze? ) (1 —=3cos’I")— = "*sin’I” cos2g”
8 usay 2
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3 72 2 qur 5 "2 2 gy "
-3 1+§e s1nI+§e (1 + cos®*I") cos2g

x cos(¢to — 2h") — 15¢"* cos I" sin2g” sin (%o — 2h")}

3, mL* 3 15

—— e = {1 +Ze? V(1 =3cos’I")— — e"?sin%I” cos2g”
16 ¢ ugaf 2 ( ) 2 g
s g o
2"20 0 (E/GGNS 8 n20 a(? G//S

. 15 9 2
xsin® 1”2 +3¢"> + — e"*cos2g” | + — %
2 64 nyoiodq
s 2 qn

si
x ["®H"¢"* [50 +

(2 —17¢"*) + 15sin’ 1" cos2g”].

er/2

Q)
The problem is now of such a nature that it can no longer be solved by any method of
successive approximations. This may be seen in a number of ways. It suffices to say
that the von Zeipel technique is not applicable since the Hamiltonian has no term con-
taining G” of lower order than the cos2g” term in (96). This may be verified by trying
to produce the counterpart of (84) in order to get an S**. The problem is not a new
one in celestial mechanics, but it has probably first been pointed out for the lunar or-
biter by Kozai (1963).

An analytical solution by different means is not attempted in this paper. Since the
shortest period is one half year, it is felt that numerical integration of Equations (93)
is not only feasible but may be desirable as far as practical applications are concerned.
The integration interval can be taken quite large and should hardly be less than several
days. It is believed that a simple Runge-Kutta algorithm would suffice for most any
application, and only very high precision and very long intervals of time may require
something like the Adams process.

Numerical integration of the differential Equations (93) in no way alters the charac-
ter of the solution. In particular, the small divisors of order two, which would arise in
an analytical solution, will manifest themselves just the same in the numerical results.
For example, numerical integration of (93) with F**=F;* will lead to variations of
order one. If one desires to verify the appearance of such divisors analytically, this is
readily accomplished. It is only necessary to perform the initial steps of a solution of this
problem with F{* =0 and replacing the right-hand member of (96) by —D". After the
counterpart of formula (85) has been obtained, the small divisors are self-evident.

The above list of the various parts of F** is seen to lack F;*. In principle Ff* is
easily obtained. It is defined by (86) with all members known. However, any attempt at
its derivation will soon show that the amount of algebra required is indeed formidable.
Before embarking on such a venture, it would be well to ascertain whether the resulting
increase in accuracy is really needed. Nevertheless, the route for its derivation will be
outlined very briefly.
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Consider (86). It follows immediately that

P aF;a_s_’; . 0F) 0S% +} d*F5 aif 2

N 8G” o9’ Is  |eH” ok |s 2] 86 \ag ) [s
1 O*Ff ai"; 2 N o°F} ostost . OFy oSt
2|er?\on' ) |5 |0GoH" 8¢ on' |s ' | 86" og’ |
OH" ok’ g dg" 0G" s 2| ag”* \eG") [
oF3* 08% OF* 8S% .

N = am | T A e | T s
Fi is found with the aid of (58) to be

Ff = 821:"; 652 2 + 6F26’_SE N 6F2 652

or? \ a1 oL dl |gs oG 6g

dF, 8S, an 8s, OFF 3S,
+| = — — | === 5| +Fuss.
8H' oh 69 0G' |s | on oH' s

In calculating the latter of these two equations, many new averages of the type

r" cos
- . hmu),
a” sin s

n both positive and negative, have to be found. It may be advantageous to employ

some of the relations given by Kozai (1962).

4. Final Results and Sequence of Computations

The explicit expressions for the various perturbations are given, and the sequence

of computations for practical application of the theory is outlined.

A. FORMULAE FOR THE PERTURBATIONS OF SHORT AND INTERMEDIATE PERIOD

The perturbations of short period are clearly defined by the transformation Equa-
tions (51), those of intermediate period by (80). All there is left to be done is to take the

partial derivatives. In doing so, the following relations will be found useful:

de 1G> oe 1G

oL eL® 3G eI?

of _sinf G* af —sinf a
AL” oL (y*“) 3G~ G (m“)
E_1G’a E_ 1Ga _

dL eDr G e’r
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The short-periodic terms follow immediately from S, as given in (69). Note that

8S,/0l need not be computed as it is available through (60). For the terms of intermedi-

ate period (89) and {92) are used. The complete list of partial derivatives follows.
S, _ Mz)R(Z

ol I |4

a/3 L/3
763
3 3
2620 sin*I’ — 3 ¢22(1 + cos®I') cos (e — 2h)

'3

a
ey cos(2g + 2f)

1 3
[ cr0(l —3cos’I') + 5 €22 sin® I’ cos(¢20—2h)]

.uoR(
L?

2 /3

R
+ 3c22 Iz CeosI’sin(gag — 2h) — sin(2g + 2f)

#zL

ﬂoa(

l: (1 —3cos’I') — sm 21 cos( ¢y — 2h):|

2
r 3,
X e
<a/2 2 >

[sm I' + (1 + cos*I') cos(¢,0 — 2h)]

3#2
8

rz 5 ’2
X | —3 cos(2g +2f)—§e cos2g
a

7

3;1L

2

5
i 5 cosI'sin(¢y0 — 2h)[ 58in(2g +2f) — = e s1n2g]
04¢
(98)
as RT3 3 ,
ng -2 2,3( [8 Cyo Sin* I — 1c22(1 + cos®I') cos (o — 2h)]

X [cos(Zg +2f)+ € cos(2g + f) + g’ cos(2g + 3f)]

H
+ 3022#3&(2 G* sin(¢,0 — 2h)
e/
X |:sin(2g +2f)+ € sin(2g + f) + — sin(2g + 3f)]
3u,L ,
+ - [sm I' + (1 + cos® I') cos(,o — 2h)]
8 Lodg

7

G e?
x| (1+ e’z) cos2g cos2E — (1 + 7) sin2g sin 2E
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s
BT cos2g (15 cosE + cos3E)

’

3
<— - _> sin2g (15 sinE + sin 3E):|

’

3 G
#oll cosI sin(¢,o — 2h) [(1 + e’z) sin2g cos2E

2
*43
08

e;z ) e/ G/ ]
+ 1+? cos2gs1n2E—é—fs1n2g(ISCosE+cos3E)

e/ e/3 ) )
— <§ — Z) cos2g (15 sinE + sin 3E):| (99)
as ZR?
2 =3¢, 2L Hol sin? 1 sin(¢gpo —2h)[f — 1+ € sinf]
oh G?
3 R
+ g #0,3 (1 + cos®I') sin(¢p,o — 2h)

X |:sin(2g +2f) + €' sin(2g + f) + glsin(2g + 3f):|

!

H
+ 3c22,u§R(2 o cos(¢,o + 2h)

X [cos(Zg +2f)+ e cos(2g + f) + g cos(2g + 3f):|

3 L’
— ” - sin® I’ sin (¢, — 2h)
a(
’ 3 3 . 3 12 - 8,3 .
X2 —-¢e"” )sinE — - ¢e'“sin2E + —sin3E
4 4 12

— 2h)

elZ
[(1 + e'z) sin2g cos2E + <1 + ?> cos2g sin2E

- —smz 15 cos E + cos3E
N )

e

’ 13
- <3 - %) cos2g (15 sinE + sin 3E)]

7

" cosl’' cos(¢p,o — 2h)

4
12

e
cos2g cos2E — <1 - ?> sin2g sin 2E

’

G
X I:(l -+ 6/2) IT
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’ ’

eG
— ——c0s2g (15 cosE + cos3E)

3L
e ¢? _
+ 3~ 6) sin2g (15 sinE + sin3E) |. (100)
08, .
-—= is not needed.
ad
65 1 lu R ’ . ’
aLZ 4 I(i,g,él [:(320(1 -3 COSZI ) + 6022 SanI COS(¢20 _ 2h)]

G12 a/Z N a/ N 1 ) f
X = —5 — s1n
L2 P r

3
~3 eﬂL’3G’ [cz0 8IN* I’ — 2¢5, (1 + cos? I') cos (¢, — 2h)]

X {[2 cos(2g + 2f) + € cos(2g + [) + € cos(2g + 3f)]
a L*\ . . L. 5
x(; + (?5>smf + sin(2g +f)+§sm( g+3f)}

’

3
+ - 3 o laRE sin{¢,o — 2h)

L:3G/2

x {[2 sin(2g + 2f) + €' sin(2g + f) + €' sin(2g + 3f)]
a L\ | 1 5

X <; + CT’2> sinf —cos(2g + f) — 3 cos(2g + 3f)}

1 ,uz L®

g [(1 —3cos?I') — 3sin®I' cos(¢,o — 2h)]
Hoa

3
X {4—1 (8 +39¢'% — 12¢'*) sinE — i(2e’ + 5¢*)sin2E

1 12 1 14 . ’ 3 13
+l-e +-e")sin3E+|{2e —-¢"° jcos E
4 3 4

3 2 1 13 2 a, -
— —¢'“cos2E + - ¢ cos3E —szmE
2 4 L

3#2

[sm I + (1 + cos’I') cos (¢, — 2h)]
16 Ho (

’ '3 G/ :
x<4(2¢ + e )Es1n2gcos2E

1
+ 5(16e' + 5¢'*) cos2g sin2E
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7

1 G
- 5(1 + 5e’2)f sin2g (15 cos E + cos 3E)

1 12 14 . .
—8(2+9e — 4e*) cos2g (15 sinE + sin 3E)

Gl
- |:2(1 +e?) 7 sin2g sin2E — (2 + ¢'*) cos 2g cos2E

7

G . .
—e Esm2g(5 sin E + sin 3E)

73 2
e G“a |
+{€ +-—)cos2g(5cosE + cos3E) | -5 —sinE
2 L r
16

'3 G
- — cosl’'sin(¢,, — 2h){4(2¢' + e ) cos2g cos2E

3 1, ’
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’

G
— 2 (16€' + 5¢'%)sin2g sin2E — = (1 + 5¢'%) —
2( e’ + 5¢'°) sin2g sin 3( + e)L,

1
x €0s2g (15 cosE + cos3E) + 6(2 +9¢'? — 4¢')

’

. . . 12 G
x sin2g(15sinE +sin3E) - | 2(1 + e ) cos2g sin2E

7

12 . ,G . .
+(2 4 ¢'*)sin2g cos2E — e EcosZg(S sin E + sin 3E)

AN G*a .
—le ey sin2g (5 cosE + cos3E) —E—smE (101)
952 3#0
; = [20
oG 4 G
X[f =1+ ¢ sinf]

(1 = 5cos*I') + 2¢,,(3 — 5 cos®I') cos(¢,0 — 2h)]

1 pdR?
4e’i‘,’2G‘,2 [ea0(1 — 3 c0s2I') + 6¢,, sin? I’ cos(dro — 2h)]
G*a? 4 .
X 1—17—2+*+1 sin f
3#2 2

+ - s Gt [c20(3 —5¢c08*I') — 2¢,,(3 + 5 cos’ I') cos (¢, — 2h)]

’

x [sin(2g + 2f) + €' sin(2g + f) + ;:—sin(Zg + 3]

FOTrE [czo sin® I' — 2¢,,(1 + cos® I') cos(¢,0 — 2h)]

X {[2 cos(2g + 2f) + €' cos(2g + f) + € cos(2g + 3f)]
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a L*\ ) 1.
x ;—i—ai smf+s1n(2g+f)+§sm(2g+3f)

H
+ 6022#%R(2 G3 sin(¢,o — 2h)

7

x [cos(2g + 2f) + € cos(2g + f) + ;—cos(2g + 3f)]

7

3
2 22M0R( sin (¢20 - 2h)

/E2G13

X {[2 sin(2g + 2f) + €' sin(2g + f) + € sin(2g + 3f)]

% (a_’ + I%) sin f — cos(Zg +f)— }005(29 + 3f)}
r G 3

3 Lo L/7H/2
+ - 1 — cos — 2h
st g L eos(dx0 = 20)]

’ 3 3 : 3 2 . 6/3 :
x{[2¢ —-¢ |sinE — - ¢'“sin2E + — sin 3E
4 4 12

Loy, L’5G

——[(1 =3cos’I') — 3sin” I’ cos(¢,o — 2h)]
8 uoa(

9 12 . 3 e 1 12 s
x<[2—-¢e“)sinE — - e sin2E + - ¢'“sin3E
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1 /
+ - e cos SE] —sin E}
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3 L’H"? G’
é {:— o — [1 = cos(¢ro — 2h)] |:(l + e'2) —-sin2g cos 2E
Hod
e/Z el G/ .
+|1+ 7) cos2g sin2E — 3L sin2g (15 cos E + cos3E)
1 ’ ’3 . .
- 8(2e — %) cos2g(15sinE + sin3E)
3 H2 E6 in2 g 2y
T6 s ¢ [sin®I' + (1 + cos“I') cos(¢,o — 2h)]
0%(

! ’3 : /Gl .
x (¢’ — 3e%)sin2g cos2E + ¢ Lv,cos2g sin 2E

1
-3 (1 — 2¢"*)sin2g (15 cos E + cos 3E)
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LG sa (15 sin E + sin 3E)
- -— COS sin sin
372 )L

’

’2 G
2(1+e) sin2g sin 2E — (2 + €'?) cos 2g cos2E

’

G' . .
—é T sin2g (5 sinE + sin 3E)

) e13 G/ a/ ]
+{e ——)cos2g(5cosE + cos3E) |- — sinE
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Hod

GIZ
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8 uodg U]

7 1
x sin 2g’|:n sin(¢y, —~ 2h") — - sin(¢s — 2h’):|
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+ —cosI” l:(e” + - e”3> (4 — 15sin*I")sing’
ny 4

35
o " sin®I" sin 3g’:| sin(¢) — h')
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ZL”3 1 72 "
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7 M I3 1 3 ? 1
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x sin”“ 1" cos2g'] sin ¢ys + — [(7 + 3¢"*) sin” [
fao
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” 3 7”2 5 72 ’ : ’ ’

x| 2 cos2I 1+ie -5 cos2g’ |sin(dys — h)
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3 wL*H" (3
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7
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N3y
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Ryg

17
— (2 +3e"* — 5¢"% cos 2g’) [T sin (¢4, — 2h)

41

5 ) e//Z
— —sin(¢ho —2h) | -5 ——
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3 1 3
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— 5(4 — 3¢"* —sin*I") sindg’] cos(2¢’ — 4h')

9 2 E/S

— #24 < ——e"?{(1 —3cos’I")
256 niopoal G

4
x [—2 + 12+ 9¢"% + 30(1 — €¢"%) cos 2g’]
(4

+25(2 — 3€"* + 6 cos’I” — 3e"? cos®1") cos4g’

x sin(2¢5, — 4h'). (117)
oS3

=0. 118
oD” (118)

A remark must be made on the apparent appearance of potential zero divisors in
many of the above expressions. In numerous places quantities like e* and cos7 have
been factored out for reasons of brevity. This causes the apparent zero divisors inside
of brackets. However, the appearance of e or sinl as denominators in coefficients
serves as a signal for the indeterminacy of / and g for zero eccentricity and that of g
and £ for zero inclination. The computation of the satellite’s position is nevertheless
always determinate as it can be made with the aid of such nonsingular elements as /+g
if e=0and g+ 4 if I=0. It is easily verified that /+ g is free of the divisor e, explicitly
or implicitly, and that g + 4 is free of the divisor sin/.

B. THE SEQUENCE OF COMPUTATIONS

Numerical integration of the set (93) is straightforward. The orbit is described at
epoch by Ly, G, Hg, Iy, gg, and hg. All arguments of trigonometric functions are
clearly defined with the aid of (37). Note that

t=d=d' =d",
and that ¢ is always reckoned from epoch. Resulting from this step are
L/l’ G//’ H//’ l//’ g//’ hl/ .

These quantities are related to the single-primed variables through (80). A bit of care
is required here since the perturbations are expressed in terms of the g’ and A’ which
are yet to be found. Several routes can be taken, but the following is suggested. Cal-
culate g’ and #’ as indicated by (80), but restricted to the short first-order terms only,
namely (109) and (110). The resulting approximate values of g’ and 4’ are in error by
quantities of order two. Now employ the complete set (80) using the approximate g’
and /' in the right-hand members. This step renders the results correct through order
two. If the calculations are restricted to first-order terms only, this device is unneces-
sary. The variables g” and 4" may be used in place of g’ and /' in the right-hand
members immediately.
At this stage one has

L,G,H,I',g',h.
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There remains only the addition of short-period terms which is accomplished through
(51). In place of I, g, and 4, the available /', g’, and A’ may be used in the right-hand
members. Solve Kepler’s equation in the form

E—eéesinE=1.

This is the E to be used in (99) to (103). Next compute

r
—=1—¢"cosE
a
and f from
L+¢
tan — f \/ tan E
1—¢

Since there are only short-period terms of order two, it would have been permissible to
write all variables in the last three formulae as well as the right-hand members of (98)

through (103) in terms of primed variables only. However, the mixed notation empha-
sizes the fact that, strictly speaking,

f:f(E7 G” l)’
E=E(L,G,I),
r=r(L,G,I).

One now has the desired osculating elements

L,G,H,ILg,h.
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