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Abstract. The third-order parametric expansions given by Buck in
1920 for the three-dimensional periodic solutions about the triangular
equilibrium points of the restricted Problem are improved by fourth-
order terms. The corresponding family of periodic orbits, which are
symmetrical w.r.t. the (x, y) plane, is computed numerically for
u = 0.00095. It is found that the family emanating from Ly terminates
at the other triangular point Lg while it bifurcates with the family of
three-dimensional periodic orbits originating at the collinear equi-
librium point Ly. This family consists of stable and unstable members.
A second family of nonsymmetric three-dimensional periodic orbits is
found to bifurcate from the previous one. It is also determined
numerically until a collision orbit is encountered with the computations.

1. Introduction

In the circular Restricted three-body Problem the infinitesimal periodic
solutions about the positions of equilibrium are continued to families
of periodic solutions (Moulton, 1920).

In the planar case of the problem, these families have been computed
both for the collinear points (e.g. Henon, 1965) and the triangular
points (Goodrich, 1966, Deprit et al., 1967) and their termination
has been determined.

The families of three dimensional periodic sclutions about the
collinear equilibrium points have been studied for large (p = 0.4,

Bray and Goudas, 1967) and small (u = 0.00095, Zagouras and Kazantzis,
1879) values of the mass parameter.

The three-dimensional periodic oscillations about the triangular
equilibrium points have been studied by series expansions (Buck, 1920;
Heppenheimer, 1973; Erdi, 1978) which are valid for small values of
the orbital parameters used in each contribution, i.e., they are valid
in the vicinity of the equilibrium points.

In this article, the above periodic motion is approximated via
a fourth-order parameteric expansion w.r.t. an orbital parameter. The
fourth-order terms improve the similar expansions given by Buck.

This motion is continued numerically to a family of periodic orbits
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which are symmetrical w.r.t. the plane of the two primaries. It turns
out that this family, originating at Ly intersects the family L%V of
three-dimensional periodic orbits originating at the collinear equi-
librium point Ly. It is terminated at the second triangular point Lg.
The Liapunov stability of each periodic solution is examined.
It is found that the first part of the family consists of stable orbits
while the second of unstable orbits. At the member of the family where
the stability character changes, a second family of nonsymmetric periodic
solutions is found to intersect the first one. This family is computed
until a collision orbit is encountered during the numerical computa-
tions. The results thus obtained are presented in Tables and Figures.

2. Parametric Expansions

In a rotating, barycentric, dimensionless coordinate system with the
smaller primary on the positive Ox-axis the differential equations of
motion for the circular three-dimensional Restricted three-body Problem
are

I3

- . - X+u-1
x_2Y=X_£l_u%Jﬁu-M_3Ll

rl )
.Y.+2).<=Y‘ 1_Y_,LY' (l)
r3 r3
1 2
. wzo_w
Z = - 3 - 3 ’
1 2

where,

ri = (X+u)2 + Y2 + Zz, rg = (X+u—1)2 + Y2 + Zz.

The positions of the two triangular equilibrium points are

_1 _ .3 _
Xy =5 = W Yo=:5, Z,=0. (2)

The positive sign corresponds to the triangular equilibrium point
Ly and the negative to Lg. What follows refers to the motion about the
point L, with the understanding that by changing thg sign of Yo the
corresponding expressions for the point L are obtained.

The origin is transferred to Ly by meéans of the transformation

X=x+ X, Y=y +Y Z = z. (3)

a 0’
After the transformation is made the right-hand side of the equations
are expanded as power series up to fourth order terms in x, y and z.

Provided that the conditions
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| + V3y + x> + y2 + 22] <1, |-x+ 3y + X% + y2 + 22[ <1

are satisfied, the equations of motion, about Ly, take the form

2[3 3/3 21 2 3/3 33 2
"o - = == = - m—_— -
x 2(1+0)y (1+0) [4x + ey + Ip ex g XY - TPy +
P07 L 22 1803 2 15 e
20 s s Y 16 2% |-
" . 2[3/3 9, .33 2 33 .93
y" o+ 2(l+a)x (1+0)7 |57 ox + 7y - T X g XY - ot (4
L 33 2 _15_J§x2_33 Z2_15J§Z4
4 8 g Y 16 ’
2 3 V3 3 3
"o - + .. - 22 - =
z (1+0) [z 5 pxXZ 5 vz > 2z ]

where p = 1-2u. The prime denotes differentiation with respect to the
new independent variable of time T, introduced by the relation

t = (1+0) = 7. ' (5)

We seek periodic solutions of Equations (4) in the form of fourth
order expansions in powers of a small parameter e€:

4
X(t) = I xv(T) ev ,
v=1
4 v
y(t) = I y((t)e , (6)
v=1
4
z{t) = % ZV(T) €

4
o= I a_ ¢ (7

where the parameters a, are to be determined so as to preclude secular
terms.

The series (6) and (7) are substituted into Equations (4) and the
coefficients of the same powers of € are equated. The resulting equations
are:
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Coefficients of €:

1
o
~

3 3v3
(D 'zf)Xl"(ZD*Tp)Yl*

!
o

(8)
2 d
(D +1)z1 = 0. (The operator D stands for e O")

The only solution of the system of the three Equations (8), which
is periodic for every value of the mass parameter u, is

Xl(T) =0, yl(T) =0, Zl(T) = ¢ gin T, (9)

where we have put, without loss of generality, zl(O) = Q, zi(O) = cC.

Coefficients of 82

2 3 33 ! 2
{D” -~ 4) x2 - (2D + m p) Y, = ¢ p ¢ sin T,

33 2 9 _33 2 .2
(ZD i p) X, + (D7 - 4) v, = ¢” sin” T, (10)

2 .
(D7+1) z, = —2alc sin T.

Equations (10) are the result of the substitution of the solution (9)
into the original equations of order €2, These equations admit the

periodic solution

xz(r) = A cos 21 + B sin 27,

YZ(T) =T + Acos 2 1+ E s5in 27, (11)
ZZ(T) = 0,
with t = T, a1 = 0, and

8c? p 8/3 ¢ /3 2

A = R , B = R , r = - Er c,
(12)
2 2 2

E c2R19'3 , E = - B—CR—Q , R = 64+36u(1-u).



THREE DIMENSIONAL PERIODIC ORBITS 31

Coefficients of 53:

2 3 3V3 _
(D —4)X3 = (ZD + 4 p.)Ya - Or

2 .9,
2D -= Jx3 + (D +2) =0, (13)

3V3
2

2 _ 30 3v3 3
(D7 + 1) 25 = m23,2, + 57 %,2, + 7= ¥,z + 5 2

After the substitution of the solution (9) and (11) into the right-
hand side of Equations (13), these equations admit the periodic solution

xy(t) = 0,  yy(t) =0

(14)

Z3(T) = H sin t + 8 sin 371
where

t = (1+a252)r
and

3 3 2
q= - Su(l-u)c g = 3u(l-u)c a = 3(1-p7) (15)
R ! R ’ 2 R :

Coefficients of 84:

2 3 V3 _ .33 3
(D7 -3 %4 - (ZD T ~p) Vg = 28p¥) Y Ty P AV, v paxy ¢
21 2 _ 33 33 2, 3p 3, ,2
T 16 P¥y T Tg ¥y T 1e PYy T T 21%3 T g%
153 L2 15 4.3 2
g PY¥o%1 T 1g PEL T 5 PERE

15/3 2 33 2 15/3 4 33 2
+ == x.z{ - = ===z + =

2 = =
(D™ + 1) z4 = 2a3zl.
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With the substitution of X:o Yi’ z,, i=1, 2, 3 into the right-

i
hand side of (16), the above equations are written as:
2 3 ( 33 )
(D" -7y x, - 2D+ 7~ opyy, =£f (1),
4’ T4 4 ") 4 4 (17)
33 2 9 _
(ZD 7 p) x, + (D" -7V vy, =9, (1),
(D2 + 1) z, = - 2a.c sin 7t
4 3 ’
where
f4(1) = A1 + A2 sin 2t + A3 cos 21 + A4 sin 4t + AS cos 41,
(18)
g4(T) = B1 + B2 sin 21 + B3 cos 2T + B4 sin 41 + B5 cos 4T,
(The coefficients Ai' Bi' i=1, ..., 5 are given in Appendix I).
A periodic solution of Equations (17) is
X4(T) =K + A sin 2t + M cos 2t + N sin 41 + E cos 4T,
Y4(T) =1 + P sin 2t + ¥ cos 21T + T sin 41 + & cos 4T, (19)
24(T) = 0,
t = (1 + 2 =0
= aze YT, az = 0.
(The coefficients of Equations (19) are given in Appendix II).
Thus, a fourth-order approximation of periodic solutions in the
vicinity of the triangular equilibrium points has been obtained:
2 4
Y = + {
x(T) XZ(T)E X4‘T)€ ,
4
¥(T) = yy()e? + v (0et (20)

z{t) = zl(r)e + ZB(T)€3 ,

_ 2
t = (1+ a,e7) T,



THREE DIMENSIONAL PERIODIC ORBITS 33

3. Numerical Results

The periodic functions (20) satisfy the differential equations of motion
to a satisfactory degree of accuracy for small values of e. Thus, the
first small part of the family emanating from the triangular equilibrium
point, Ly, is obtained. To continue the family we constructed a predictor
corrector algorithm based on the numerical integration of the equations
of motion and equations of variation. (For details, see Zagouras, 1982.)
Applying the above algorithm, we determined numerically this family

of periodic solutions. We call this family sz or Lgv. It starts with

infinitesimal oscillations about the triangular equilibrium point Ly,
terminates with infinitesimal oscillations about the other triangular

point Lg and is being intersected at a point by the family L?v emanating

from the collinear equilibrium point L. (Zagouras and Kazantzis, 1979).
We present this family in tabular”and graphical forms. In Table I
we give the initial conditions, the period, the stability parameters

and the Jacobi constant of half the family LZv' If in the values of
Yo and io a negative sign is added everywhere, while the values of

the other paramters in Table I are not changed, then we can easily

obtain the other half of the sz. Those periodic orbits included in

Table I for which p, q are real and |p| < 2, |q| < 2, are stable in
the linear sense (Liapunov stability).
In Figure 1 the characteristic curve of the family L v’ is given

in four orthogonal projections (a) on the (x } plane, (b) on the

P Y
0 0
(XO, yo) plane, (c¢) on the (yo, yo) plane and (d) on the (yo, zo) plane,
where (xo, MK zo) and (xo, Yy ZO) are the vectors of initial position

and velocity. In Figure 1lb are shown: the family m of planar periodic

orbits around both primaries, the family Lgv of three-dimensional

periodic orbits originating at the collinear equilibrium point L3 and
the three-dimensional family LZV In this diagram the two triangular

points are represented by the same point. It is seen how the family

L% starts from L intersects the family LS and terminates, retreating

4v 4’ 3v
the same curve (in the (xo, io) projection), at the other triangular
point L5.

The family is stable from the origin, at L4, until the point B
where X4 reaches a local maximum. The stable segments of sz are marked
on the diagrams by bold face lines.

Representative orbits, members of the family L
Figure 2.

4y’ aTre given in
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Fig. la. The characteristic curves of the families sz and
bsz' Stable parts are indicated by thick lines:

(a) Projection in the (xo, yo) plane.
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1 ]
-1 o 1

Fig. 1b. The characteristic curves of the families sz and

bLZv' Stable parts are indicated by thick lines:
(b) Projection in the (xo, QO) plane.
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1 ] 1
-1. 0. 1.

Fig. lc The characteristic curves of the families sz and

bsz' Stable parts are indicated by thick lines:
(c) Projection in the (yg, &O) plane.



38 C.G. ZAGOURAS

|
Z, |
|
|
|
1§ I -
B ! B
|
|
|
P —— 1:3\, ™
Le5v L4v

&
hO
<

- e o e e —

f
an?
<

0 —
Ly | La
1
!
! Y,
1 I ] 0
-1 0 1
Fig. 1d. The characteristic curves of the families sz and
bLZv' Stable parts gre indicated by thick lines:

(d) Projection in the (yo, éo) plane.

3.1. A New Family of Nonsymmetric Periodic Solutions

Between the periodic solutions of the family sz which correspond to
the 10th and 11th entries of Table I, there exists a solution for whcich
|g| = 2. This means that the 6 x 6 monodromy matrix has two more

eigenvalues equal to unity, that is, there is a second direction,
except the tangent to the family, along which periodicity is preserved
and hence a second family of periodic orbits intersects the first one
at this point. Indeed, there exists such a family consisting of periodic
orbits which are nonsymmetric w.r.t. any plane or axis. We continued
numerically this family which we call bLjv' The left subscript b
indicates that .15 is a bifurcation family of 1® . We found that LS

b 4v 4v b 4v
evolves from orbits having the shape of a curved nonsymmetric eight to
orbits having the shape of a loop about the small body u. We stopped



39

THREE DIMENSIONAL PERIODIC ORBITS

4 0T066°C L¥B°0T- LEBE'T  BYBIE'E GSISZOT'0 90¥PLI"0- Z6¥080°0- 800EZ0°0  STTIS0°T
€1 98686°C TG6°0T- 08PY'T  SETLE'E  E000T"0 8TITILI'0- 9095L0°0- E0TSZO0  6ZESO'T
A1 LT886°C 961°TT- TZ08'T  68ETL'E  G6LBO'O BITBBI"0- OPBIY0'0- 252ZV0°0  2ZL990°T
1 ¢TEBE'T B860°0T- 9VE6'T  G896%'V  LLLLO'O LTTLTIZ'0- O0SCE0D'0 6ZSTOT'0  S6060°T
01 S8696°C LLLZ'L- 6VE8"T- T9LZP'S  0SBO'0 E€ZPTLZ'O- GS9EELOO 2ZPEOPZ'0  ELITT'T
6 ce988'C OVCI"E- P9¥6°T- TESIT'9  00ST°0 ZPIGYE 0O- GS6S6SE"0 ESTLZL'O  90V10°T
8 0L08L°C TZT¥'Z- €T66°T- SO0SPZ'9  0612°0 BEPIEZ'O- 8898L5°0  LITYO'T ZOTBIL'O
L €LE9I"C 60LT"Z- 9966°T- T999Z°9  0€6Z°0 T109060°0- 6VPZ69°0 SIV6I'T SEB8ZS'O
9 TES0S°T LSTO'Z- €S66°T- 6¥9LT'9  0T6E€°0 ZOSEZO'O  E069SL°0  89LST'T E€688EE°0
S EBLEE"C 9000°C- 69€6°T- ¥908Z°9  O€6V'0 LIBIED'0  P6LESL'O  SSTSZ'T ZLTI8Z O
4 T918T°C T1000°C- Tr68°T- T9ZBZ'9  0€65°0 TBLSKO'0- G6ZBBL'0  6Z66T'T 6SIIEE"D
€ 96Z50°¢ 0000'Z- TOLB'T- Z9EBZ'9  0E69°0 OFTTIT'0- STELZL'O  T6660°T 8OSTIER O
4 €90L6°1 0000°Z- 9T98°T- TI¥BCT'9  OV6L'0 68909Z°0- SLOS6S'0 T95656°0 S5802G°0
T PILY6'T 0000°Z- 86S8°T- ¥TPBT'9 TOLZLB'O ZBT66Z0- 96ZBYY'0 TEEEES'0 86LLIS O
oN 5 b g I 0, 0% Ox 0z Oy
$6000°0 = 1 J07 >qu ATtured syr

IT 31494



40

C.G. ZAGOURAS

.90

~.10

-1.10

-1.00

A | -
-.50 0.00

A0

-.60

-1.10

[

=

N.00

Fig. 2b

50 1.00

Fig. 2. Typical orbits of the family sz. The number following
each curve indicates the corresponding serial number in
Table I. Projections in the (x, y) and (x, z) planes.



THREE DIMENSIONAL PERIODIC ORBITS

10
sof <
[ 14
i
.40t
-.10f Fy ﬁ
-.60}
[
L
L X
_1.10 i " A " A 1 A . A . L . P PN
-1.00 -.50 0.00 .50 1.00

Fig. 2c

.90

.40

-1.10

-1.00 -.50 0.00 .50

Fig. 24

1.00

41



42

C.G. ZAGOURAS

1.20: Y 2
L 4
!
b S
| ]
.20}
} . .
! i
-.30F
L
!
|
- B R A
-.50 0.00 .50 1.00
Fig. 3a
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Fig. 3b
Fig. 3 Typical orbits of the family bsz' The number following

each curve indicates the corresponding serial number in
Table II. Projections in the (x, y) and (x, z) planes.
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The numerical computation of this family at a point which is very close
to a collision orbit since a regularization program of the Restricted
problem in three dimensions is <ot available for the moment.

No stable orbits exist along the family. Numerical data for
this family are included in Table II. In Figure 1 the family bLiv is

presented in four orthogonal projections. In Figure 3 selected periodic
solutions of this family are drawn in orthogonal projections.

4. Comments

(1) The 'out of plane' infinitesimal periodic oscillations about the
triangular equilibrium points Ly and Lg are continued to a family of
periodic orbits symmetrical w.r.t. the plane of motion of the two more
massive bodies. This is a new kind of symmetry concerning the three-
dimensional periodic solutions of the Restricted Problem.

(2) There is a similarity in the evolution of the families of planar
and three-dimensional periodic orhits, emanating from the triangular

equilibrium points. The family LZ of short period planar periodic solu-

tions emanating from L, terminates on the family b emanating from the

collinear point Ly. In three dimensions, the family sz which emanates
£rom L4 terminates on the family sz emanating from L3.
(3) The families Liu' Lgv, L?v of three dimensional symmetric periodic

orbits originating at the collinear equilibrium points consist of
unstable orbits (Zagouras and Kazantzis, 1979). The corresponding family

LZV originating at the triangular equilibrium points consists of a

stable and an unstable part.

(4) Each one of the families of three dimensional periodic orbits
bifurcated from the equilibrium points, collinear or triangular, has
an intersection with another family of periodic orbits.
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Appendix I
21 .2 2. 3/3 33 2 33 2,2, . 3pcH
Ay =37 p(ABY) - 707 (RABE) - Tg pl - 35 p (AHED) + 7
153 2 45 4  15/3 3/3 3 2
16 T~ 128 32 “a + oI+ g Paye
_ W3 33 3 2 15/3 2.3 W3
A2 = -40.2A - BT 3 [E - 16 Bc™ - g PC E+2 o.zB + 5 pazE
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3 2 8 g P 4 16 16 °
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21 .2 2 33 33 .2 2 3 . 3 2

A = £ p(a%-B7) - T (RA-BE) - 35 p(A%-E”) - TFcB+ 35 <A
153 2 15 4
* T3z Pe Ao Pe
B = - 3_3_ 0 (AA+BE) - 932 _ 9\/3(A2+E2) _ 3/3 3/3 12,2 4 3/3 K
1 16 2
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_ 33 93 33 2. . 15/3 2 . 3/3 9
B2 = 401.2A -8 pBT 8 e - 16 c + 16 c¢'B + 5 pa2B+5a2E,
_ 33 93, 33 33 . 33 2 15/3 2
B3 = —4a2B- P pAT P TA- 2 cH + 7 ch- 16°€ (A-T)+ 16 © A
15/3 4  3/3 9 W3 2
737 C Y Tg PRt ol m T e
33 9/3 3V3 33 2 15/3 2
By = - Tg P(BA*RE) - 7= AE - T AB + 33 3; © B/
_ 33 o3 ,.2 .2 33 3v3 33 2
B = - i p(RA-BE) - 3= (AT-E7) - T3 (a%-8%) S2co + T3¢0
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Appendix II B
< g OF R A
A= 25157371:;7 (-%? A, - 4B, + ;gg °B,)
M = Z§1§7ﬁ71?§7 (—%? By+ 4B, + ;%E PBy) .
N =2 ('ig Ry = 8Bg + 325 °By) -
960+27u(1-u) _
. =é€6157ﬁff:57 (-%3 A + 83, + 3§3 0B.)
=T N
p = 25757%73?3) (- %? B, - 4, + ggi PR,)_ .
zzm(-%83+41~\2+31—50A3) ,
7= 535:5%5?535'(- %134 - 8, + égi PR,)
& = 5@6:3%;?1:57 (- %ZBS + 8A4 + §£§ pAS)
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