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Abstract. We formulate the equilibrium correlation functions for local observ-
ables of an assembly of non-relativistic, neutral gravitating fermions in the
limit where the number of particles becomes infinite, and in a scaling where the
region £, to which they are confined, remains fixed. We show that these
correlation functions correspond, in the limit concerned, to states on the
discrete tensor product @dlx, where the 7 's are copies of the gauge

xe82

invariant C*-algebra ./ of the CAR over L*R®). The equilibrium states

themselves are then given by (X) @, where @, is the Gibbs state on .7 for an
xef2

infinitely extended ideal Fermi gas at density g, and where g,, is the normalised
density function that minimises the Thomas-Fermi functional, obtained in [2],
governing the equilibrium thermodynamics of the system.

1. Introduction

The thermodynamical limiting behaviour of a non-relativistic assembly of N
neutral, gravitating fermions of one species, confined to a suitably regular bounded
three-dimensional domain Q, is not of the usual type, since the internal energy,
temperature and volume of the system scale like N7/3, N*® and N1, respectively,
as N-» oo [1-47. The system also possesses simple properties of scale invariance. In
the particular scaling where the domain @ and the temperature are fixed, while the
particle mass and gravitational constant become proportional to N3 and N7 1,
respectively, the specific free energy tends, as N— oo, to the minimum value of the
Thomas-Fermi functional @, on the bounded probability densities on £, given by
the formula

B0(0)= [ Pxpofet)—3 | dxd?y 22D, (L.1)
o 02 Jx— ¥l

where ¢,(g) is the equilibrium free energy density of an ideal Fermi gas at density ¢
and at the given temperature, T. According to a numerical solution of the resultant
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Euler equation [3] for the case where Q is spherical, the system undergoes a phase
transition at a temperature T,; and for T3 T,, the probability density function that
minimises @, is unique. Furthermore, it has been proved [5] that, whenever @, is
minimised at a unique probability density g, then this latter function
corresponds to the normalised equilibrium density distribution of the system in
the limit N—oo; while the normalised densities at different points of £2 become
uncorrelated in this limit.

The purpose of the present paper is to formulate the equilibrium states of the
system, in the limit N— 0, in the same scaling, described above, that was used in
[4,5]. Here, a state means a positive normalised linear functional on the
C*-algebra of observables of the system, but in view of the chosen scaling, this
algebra is not taken to be that of the CAR over L%{2): for as the system consists of
an infinity of particles confined to a bounded region, its states could not possibly
be locally normal ones on the latter algebra [6]. In fact, we arrive at our
specifications of both the algebra of observables and the equilibrium states of the
infinite assembly of particles in through a treatment of the limiting form, as N — oo,
of the equilibrium correlation functions of localised observables of the finite
system, that are transformed to a scaling where the length unit is the mean
interparticle spacing (cf. Sect. 2). In this way we arrive at the conclusion that the
algebra of observables of the infinite system is given by the discrete tensor product

() o, where the /s are copies of the gauge-invariant C*-algebra, o7, of the

xef2

CAR over L*R?); and that, if the Thomas-Fermi functional @, for the given
temperature is minimised at the unique probability density g,, then the equilib-

rium state of the system is () @ 2(X), where @, is the Gibbs state on corresponding
xe82 -

to particle number density .
The essential reason why the rescaled observables correspond to (X) <7, may

xef2
be understood as follows. In the limit N— o0, every neighbourhood of a point

x(e£2) contains an infinity of particles. Thus, when the observables are suitably
rescaled, it transpires that, in this limit, each point x{e Q) carriers with it an algebra
of observables &7, given by a copy of &/, while the algebra of observables for the

entire system is (X) <7,. The elements x of £, as they appear in this discrete tensor

xef2

product, should be regarded as points in the hydrodynamical sense, since the
algebra of observables attached to each of them corresponds to that of an infinite
system. Accordingly, we term this tensor product the hydro-local algebra of
observables, and denote it by # (). Further, the equilibrium state ®Q @,,(x)

that we obtain is characterised by the properties that, at each point x{(e€) it
reduces to that of an ideal Fermi gas at the prevailing local density g,(x); and that
it carries no correlations between the observables attached to different points of €.

The subject-matter of the article will be organised as follows. In Sect. 2, we
shall formulate the model and state the main theorem, yielding the limiting form as
N— oo of the equilibrium correlation functions for the re-scaled local observables

and the resultant state &:= ®0T)Qo(x) on H L (). We shall then discuss this
xef2

theorem and argue that & is an equilibrium state, not only because it represents a
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limiting form of Gibbs states, but also by virtue of its various stability properties:
we shall also make a conjecture concerning the possibility that the system supports
states that are metastable in the sense of being locally but not globally stable (cf.
[7]). In Sect. 3, we shall re-cast the theorem of Sect. 2 as consequences of other
theorems concerned with the linear response of the gravitational system to certain
perturbations. In Sect. 4, we shall make a number of constructions, leading to
further auxilliary theorems and lemmas. In Sects. 5 and 6, we shall present the
proofs of the theorems and lemmas, respectively, of the two previous Sections. The
two Appendices are devoted to self-contained treatments of non-gravitational
systems, that yield results required for the proofs of Sects.4 and 5. Thus, in
Appendix 1, we shall employ a generalisation of the methods of [8] to establish
that the properties of a certain class of models are given by a mean field theory;
and, in Appendix 2, we shall introduce a construction, analogous to that used in
[9] for the treatment of equilibrium states of lattice systems, to prove the
unigueness of the translationally invariant equilibrium state of an ideal Fermi gas.

Finally, we remark that the whole theory presented here may easily be
generalised, as in [4], to two-component systems of charged gravitational
particles, for which the total charge is zero.

2. The Model

Let %, be an assembly of N non-relativistic gravitational fermions of one species,
enclosed in a bounded, connected, three-dimensional region Q. In the scaling
where Q is fixed and the particle mass and gravitational constant are proportional to
N?3and N1, respectively, the Hamiltonian for %, is the operator in the Hilbert
space () of antisymmetric square-integrable functions on QV, given by the
formula (cf. [4, 5])

N N
Hy=—INT% T 40N T ok, x), 0
i=1 i
where
vx, y)=—|x—y"1, 22

and where Dirichlet boundary conditions are assumed. We define wy to be the
Gibbs state on the bounded operators in #,(€), for temperature ™1, ie.

wy=Tr((-)e ™ PH~)/Tr(e”PHY), (2.3)

In order to relate the properties of %y, in the limit N—» oo, to those of an ideal
Fermi gas, .#, we introduce some definitions pertaining to the latter system. We
take the algebra of observables, o7, for .# to be the gauge-invariant C*-algebra of
the CAR over L%(R?). This algebra has a quasi-local structure [10, 11], i.e. it is the
closure of the union, &7, of the C*-algebras, «/(A), of the CAR over the spaces
L*(A), with A(CR?) bounded and measurable. We identify o/ (resp. /() with its
standard faithful representation in the Fock space # [resp. #(A)C ] over
L*R3) [resp. L*A)]. Here /(A), #(A) are isotonic in A; and # [resp.

HA)] =é9ﬁt [resp. é%(/l)], where #, [resp. #,(A)] is the Hilbert space of
0 0
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square-integrable antisymmetric functions on R>" (resp. A"). We define the con-
ditional expectation E(-/A) to be the mapping from =/ onto /(A) given by

(L E(A/A)g)=(f, Ag)VAe o ; f,ge #(A). (2.4)

For yeR_ and xeR? we define o(y,x) to be the automorphism of .o/
implemented in # by the unitary operator U(y, x) according to the formulae

oy, x)A=U(y,x)AU(y, %)™ ! (2.5)
where
U@ )lX1s -0 %) =72 [0, — x), ..., y(x, — X)) (2.6)

and f, is the n-particle component of f. For large y, the automorphism o(y, x) serves
to concentrate the localisation of the observables around x: in particular, for
xelntQ and Ae s, aly, x}Ae A(82) for y large enough.

Let Py be the projection operator from H#(Q) onto H#,(Q), and let
A y(Q): =Py oA (Q)Py. For xe 2, we define the mapping 4—Ay | of o7 into #,(Q)
by the formula

Ay =P E(a(N'3,X)4/Q)Py. 2.7)

The Ay s correspond to observables for 4, localised around x, as represent-
ed in a scaling where the unit of length is N~ /3, which is essentially the mean
interparticle spacing,

Let #(&f) be the set of all translationally invariant states on ./, and let
t,s,f(:=t—pf 's) and n denote the functionals on (o), defined in [12],
corresponding to the densities of kinetic energy, entropy, free energy and particle
number, respectively, for the ideal Fermi gas, .#. The functionals f and n are thus
affine and (w*-)lower semicontinuous. As will be proved in Appendix 2, f has a
unique minimum, @,, on F(#)nn"*(g), and

J(@,)=04(0). (2.8)

Further, it may easily be inferred from the formulae in Appendix 2 that the
map g—@®, is w*-continuous; while ¢, is lower-bounded, continuous, and boun-
ded on the compacts, and tends to oo as g co.

We are now in a position to state our main theorem concerning the limiting
form, as N—oo, of the equilibrium correlation functions for the re-scaled
observables {4y .} of 9.

Theorem 1. If the Thomas-Fermi functional @, is minimised at a unique bounded
probability density ¢, on Q, then

k
Jim [dx,...d*x, 0y (H+ A%’x) h(x,, ... x;)
© Il T

k
= [dx,...dx, (H cbgo(xi}(A(i?)> hxy,..nxy),
1

VAY, ., A%e o : he BE(QY), @2
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where IT , denotes symmetrised product and B%($2¥) is the set of bounded continuous
functions on Q¥

We define #.% (=), the hydrolocal algebra, to be the discrete tensor product
(X) o, where the #,’s are copies of 7. Thus, # (/) is the inductive limit of the

xef2
C*-tensor products (X) .o/, over finite point subsets F of Q, equipped with the

xeF
canonical injection from (X) ./, into (X) «, for FCF'. For A", .., A%e o and
xeF xeF’
X,, ...x, different points of Q, we define [AY), ..A(’";xl, ...x,] to be element of
H P(of) given by @ A, with A, =APfori=1,.. .kand A =1 for x¢{x,,...,x.}.

We then define Jy to be the lmear mapping, from # Z(of) into the bounded
operators in 4, (Q) by the formula

k
TLAW, A9 x]= [T, 49, (2.10)
i=]

We see immediately from these definitions that Theorem 1 may be restated in the
following form.

Theorem 1. If the Thomas-Fermi functional &, is minimised at a unique bounded
probability density g, on Q, then

Alrli‘; fdx, . Bxfoyed JIAD, . A¥ xp, L6 Dh(x, .. %)

= {d®x .. dx d[AD, .., AY;x, DXy, 0 %)

YA, APe o ;he BE(QY k<0, (2.11)
where

b= @{)5’90()@- (2.12)
Comments

1. According to the numerical analysis of the Thomas-Fermi Euler equation,
6@,/80(x)=0, for the case where Q is spherical, the functional @, is minimised at a
unique bounded probability density g,, except at the critical temperature T,.
Accepting this result, we see that the condition governing Theorems 1 and 1" is
fulfilled, at least when € is spherical and T+ T,

2. Theorem 1’ specifies a precise sense in which & is the limiting form of wyoJy
as N— oo. We interpret this theorem as signifying that the state & on the hydro-
local algebra #.%(s/) represents the properties of wy in the limit N— co.

3. We propose that @ be taken to be an equilibrium state of the infinite system,
not only because it corresponds to the limit of a sequence of Gibbs states, but also
because it has the following stability properties.

(a) @ is globally stable, in the sense that its specific free energy is the minimum
value of the Thomas-Fermi functional &@,,.

(b) @ is stable at the strictly local level, in the sense that its components @, .,
at the points x of Q are equilibrium states for a Fermi gas with the prevailing local
density g,(x), the value of which is determined by the minimisation of @,,.
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4. We conjecture that the system may also possess metastable® states for the
following reason. According to the numerical treatment of [ 3], the Euler equation
(69,/00(x)=0) governing the densities at which @, is stationary, has solutions
other than g, when f exceeds a critical value j3,; and one of these solutious, g,,
corresponds to a smooth continuation, in f, of ¢, from the region f < f,. Accepting

this result, one sees that @, : = (X) @,,(,, might be a candidate for a metastable
xef2

state, satisfying criteria specified in [7], since on the one hand it lacks the global
stability of (3a), while on the other it possesses the strictly local stability of (3b). In
order to establish @, as a metastable state, it would be necessary, in our view, to
show firstly that it corresponds to the limit, analogous to that of Eq. (2.11), of a
sequence of Gibbs states for the N-particle systems %, whose densities are
subjected to appropriate constraints ; and secondly to prove that g, is the absolute
minimum of the restriction of @, to the resultant constrained set of density
functions. If these properties were established, then it would follow that @, would
be stable at both the strictly local and the local hydrodynamical levels, though not
at the global one, and would thus be metastable in a sense that slightly generalises
that prescribed in [7].

3. The Perturbed System

Our strategy for proving Theorem 1 will be centred on a treatment of the response
of the system %, to a certain class of perturbatidns. Thus, we start by defining the
perturbed Hamiltonian

k
Hy()=Hy+4 | &x, .. d*x,h(xy, .. x) [ 1, A9, G.1)
Ok i=1

where AeR, he B4(Q¥) and A™), ... A® are self-adjoint elements of <7,. The specific
free energy of the perturbed system is then

Fy(2)=—(NB) *InTrexp — BHy(4), (3.2)

from which one sees that F,, is a concave function A. By Egs. (2.3), (3.1) and (3.2),
k
Fi0)={d*x, ... d>x,hix,, ..., xk)wN(H+A}5)x_). (3.3)
i=1 T

Hence, F',(0) is equal to the value of the expression on the L.H.S, of Eq. (2.9) before
the limit N— 0 is taken.

In order to relate the function F, to properties of the ideal Fermi gas, .7, we
define 4 to be the subset of R, x R* given by

{(o,0)lee R ;o= .., a®)eR¥; Joe P (A).

flw)<oo;nw)y=0; (A =a9, for i=1, ..k} ;

1 The suggestion that the model may possess metastable states was first made to us by W, Thirring
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and we define ¢:R, x R*>Ru{w} by the formula

inf { flo)we #(A);n(w)=0; (AP)=a®,i=1, ..k}
ple, 0)= {if (o, 0)ed; (3.4)
and = o0 otherwise.

Thus, as the functionals n and f are affine [12], it follows that 4 is a convex set and
that ¢ is jointly convex in its arguments. We define @ to be the closure of ¢, i.e. the
greatest lower semi-continuous function on R, x R* that is majorised by ¢ [13]:
¢ is thus also jointly convex in its arguments.

Let T be the space of L -class functions on Q, equipped with the w*-topology
dual to the bounded continuous functions on that space. We define © to be the
subspace of T**! given by {8=(g, w)loe L (Q); ac L (Q); 0>0; [d*xo(x)=1};
and for BeR, we define @® to be the subspace of @ given by {0 O|@(0(x)) < B for
x a.e. in Q}. We then define the generalised Thomas-Fermi functional & ,on @ by
the following equations.

&, =D+ AY (3.5)
where
B(o, )= !§2 BxPlo(x), o)) +% gz dxdyu(x, y)e(x)e(y) (3.6)
and
Plo,0)= | d®,..d°x h(x, ..., x oV (xy)...0¥(x,) (3.7)
ok

We now see from Egs. (3.3) and (3.7) that Theorem 1 is an immediate
consequence of the following Lemma 2 and Theorem 3 and 4.

Lemma 2 [14]. If {f,} is a sequence of real-valued concave functions on R
converging pointwise to f, and if f, and f are differentiable at t{(R), then

lim £0)=10).
Theorem 3. Given A,eR,, 3B,eR, such that, for all |\l <2, and for arbitrary
B>B,,

lim Fy(2)=min {$,(¢, 0l(e,5)e O} : =F(2). (3.8)

Theorem 4. If the Thomas-Fermi functional @, is minimised at the unique bounded
probability density ¢, on Q, then

F'(0)=¥(go, %) » (3.9)
where
() =), ..., ad(x);  and  ad(x) =, (47). (3.10)

We conclude this section with the statement of the following lemmas, that will
be used in the proofs of Theorems 3 and 4.
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Lemma 5. If & is minimised at the unique bounded probability density ¢, then D is
minimised at (g, o) uniquely, where o, is defined by Eq. (3.10); and further

Pl@o(x), ap(x)) = @p(@y(x)) (311

Lemma 6. For BeR, ©® is a complete, compact, metrisable space; and there exists
a finite gy such that if (¢, x)e ©P, then ||o||,, <@y and [P, <||AD| fori=1,.. k.

4. Constructions

In order to establish Theorem 4, we shall now make a number of constructions,
similar to those of [4]. These constructions will be carried out explicitly for the
case where Q is a cube of side I, We note here that the restriction to such a form for
Q2 is quite inessential as the same results would be obtained, with slightly lengthier
arguments, for any domain that is sufficiently regular to be approximated
arbitrarily closely by unions of ‘small’ cubes. In the following analysis, we shall
make the dependence of Fy(4) on f§ and ! explicit, where necessary, denoting this
quantity by Fy(4, 5, ]).

(1) Regularisation of the Potential

We approximate the Newtonian potential v by a regular one v,, defined by the
formula

(1*—6Xp—mx—yi)’ @1)
Ix—yl
with 4>0; and we define Hy (1) and Fy,(4, B, 1) to be the Hamiltonian and specific

free energy, respectively, resulting from the replacement of v by v, in (2.1) and (2.2).
On following the procedure of [4: Sect. 3], we find that

Uu(xﬂ y) ==

(14+2p713) 7 Py A4+ 2079), B(L 4257 %)= 1, )= by (N, )
_S_FN(X:» Iga l)—gFNu(}') ﬁ: i): (42)
where

lim lim b,(N, z)=0. 4.3)

g2 N—>w©

(i) Division of Q into Cells

We divide Q into g equal cubic cells C,, ... C,, centred at (c;, ...c ), respectively,
and separated by partitions. We then introduce the following three operations that
change the Hamiltonian from Hy (1) to H Vg A)-

(a) We impose Dirichlet boundary conditions at the boundaries of the cells so
as to represent the presence of the partitions.

(b) We replace v, by the step-function v,,, where

ng
vlc,c) if xeC,yeC,res

01if x, y lie in the same cell. “44)

g5, 3) = {
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(c) For each of the cells C,, we define C™ to be the largest open cube in C, such
that, for xe C™, (N3, x)4Pe #(C,) for r=1, ...,g. We then replace h by h g™

977g ’

where ZV is the characteristic function for ( U C(N)> and h, is the step-function
given by the formula

hc c if xeC,;i=1,.  k;r,+r, for i=+j
By o) = o B NS T
oXas e X = {0 otherwise.

LR

(4.5)
We note here that it follows from our definition of C™, together with Eq. (2.5), that
Jim ICMYIC,=1. (4.6)

On following the procedure of [4: Sect. 4], we obtain the following estimate for the
specific free energy Fy, (4), corresponding to the Hamiltonian Hy, ().

Nug
F N,ug(l B, 1+b,(9)—ba(N, . g) S Fy (4, B, 1)
SFp 4B D +b5(N. 1, 9), (4.7)
where
by(9)>0; lim by(g)=0; and lim lim by(N, u,g)=0. (4.8)

(iii) Distribution of Particles Among the Cells

The separation of the cells by partitions restricts the particle configurations in such
a way that the number of particles in each cell is an integer. Accordingly, the set
of admissible distributions of particles among the cells corresponds to

q
Py:={0=(0s, .- 0)INg,|C,eZ, for r=1,...,9; Z 0,|C.|=1}: the component
r=1
o, of g(ePy) then corresponds to N~!xmean particle density for C,. For
0Py, we define Fy, (4, 5,1) to be the specific free energy of the system with
Hamiltonian Hy,(4), subject to the constraint that the distribution of particles
among the cells is given by ¢. We define

Frvaods B.D:= min Fy, (4, ., “9)

and, by a simple extension of the argument of [4, Sect. 5], we find that
Jim [Fy, (4, B, 1) = Fy, 2, B,1]=0, (4.10)

(iv) Thomas-Fermi Functionals

Let fP ; be the functional obtained by replacing v by v,, and let @ , be the one
obtamed by replacing v, & by v, i, in the formulae (3. 5}(3 7, that deﬁne @

ug g

Lemma 7. The restrictions of &, and ®,, to ©® are lower semicontinuous.

Lemma 8. Let @, be the subset of @ whose elements © take uniform values in each of
the cells Cy,...C,. Then, given A,eR ., and intervals (8, B,), (I,,1,) on the positive
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real line, there exists B,eR such that, for p,geR ., fe(B,,B,), le(ll,l ) and |A] < 4,
the restriction of ®,,, to ©, is minimised at an element 0,,, of @,

Theorem 9.
lim Fy, (4 B, ) =min{$,,,(0, 00,00}
=F, (4 B8.bh {4.11)

Theorem 10. With the same specifications for Ay and By, as in Lemma 8, and for
arbitrary B> B,

lim lim F, (4,8, = min {®,(¢, »)|(o, x)e OP}

B gTX
(=F(4, B, DVid] <, 4.12)
Theorem 11.
Iéim F A, B.0=F,BDVA<i,. (4.13)

5. Proof of the Theorems

As already noted, Theorem 1 follows directly from Lemma 2 and Theorems 3 and
4. Further, Theorem 3 is an immediate consequence of Theorems 10 and 11.
Hence, the only theorems for which proof is needed are Theorems 4, 9, 10 and 11.

Proof of Theorem 4. Assuming that &, is minimised at g,, uniquely, it follows
from Lemma 5 that ¢ is minimised at 6,:=(g,, %) umquely, and that, as
0oL () and as ¢, is bounded on the compacts, then in view of Eq. (3.11),
[[¢=0,ll,, <oo. Let A,eR,, let By(eR) be specified as in Theorem 3 and choose B
to be some real number that exceeds both B, and [[@0,] ., thereby ensuring that
0,c ®® and that Eq. (3.8) is applicable for || <Ao. Thus, if 6, is an element of
@‘B) at which @, is minimised, then

F(/I) = (151(91) = @;,( 0) (5.1)
and
F(0)=3(0,)< $(0,) (5.2)

Further since, by Eq. (3.7) and Lemma 6, one can find k<o such that
[PO)<kivoc 0P, it follows from Egs. (3.5), (51) and (52) that
|D(6,)— D(B,)| <2k{A] and therefore

lim &(0,)=9(6,). (5.3)

On the other hand, as ©®% is a compact, metrisable space, by Lemma 6, one can
choose a sequence of positive numbers {1}, tendmg to zero such that 0,
converges to an element ), say, of @®. Hence, as & is lower semi-continuous, by
Lemma 7, it follows from Eq. (5.3) that @(9’ )= @(8 }; and therefore 0; =0, as & is
minimised at 8, uniquely. Thus

lim 0, =6,. (5.4)
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As F is a concave function of 4, we see from Eq. (3.8) that so too is F. We
denote its left and right derivatives by F; and F, respectively. By Egs. (3.5), (5.1)
and (5.2),

F(L)—F0O) &0, )—P(0,)
A o A

n n

+%00,)270,)

from which it follows that

F(0)z limsup (6, ). {(5.5)
Moreover, it follows easily from Eq. (3.7) that the functional ¥ is continuous, and
therefore by (5.4) and (5.5),

F,(0)= ¥(0,) (5.6)

Similarly by considering a sequence {6, } of elements of @® corresponding to
negative numbers {4 }, one finds that

F0)=¥(6,) (5.7)
Since F is concave, it follows immediately from (5.6) and (5.7) that this function is
differentiably at 1=0, and that F'(0)=¥(6,). [

Proof of Theorem 9. Let 9y, be the system of N gravitating particles, whose
distribution among the cells C,, ... C, is given by g(e Py). The normal states of %y,
g
correspond to density matrices in #y ,: = ) #, (C,), where #, (C,) is the N -
r=1

particle subspace of the Fock space #/(C,), and N,=Npg,|C,|. In formulating % ,,
we shall generally use the same symbol to denote an operator in #y (C,) and its
canonical injection into #y .

The Hamiltonian Hy, (%) for 4, , corresponding to the truncated in-

Nuge
teractions v,, and h,_ specified in Sect. 4, is simply the restriction of Hy, (A1) to #y
Thus
g g
Hy,( =N % T, +3N 3} 1,0.JClIC|
r=1 rs=1
9
+IN Y b, AV AP, . IC, ], (5.8)

where T, corresponds to the operator in # (C,) representing the kinetic energy of
N, particles of unit mass in C,, ie.

N,
T,==3% 4 (59)
E

where Dirichlet boundary conditions are imposed; AY corresponds to the
operator in #y (C,) given by
AP=|C,[7" | @Px(a(N'?,x)AD)y, ; (5.10)

i

U, =0,,(C,Cy), {5.11)
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and

By =hfc,s..nc,). (5.12)
Correspondingly, the specific free energy of 4, , is

Fyud)=—(NB)™In Trexp(—BHy,, (1), (5.13)

the trace being taken over #}

In order that we may apply standard thermodynamical limiting procedures to
this formula, we now cast it into a form that expresses Fy,, (1) as the specific free
energy of an N-particle system occupying a volume proportional to N. To this end,

we define C,:=N'C,, #y ,:= @ Hy(C,) and H
Hy., given by =
Hy,po):=U(NY3,00"1 Hy,,, (A UN',0), (5.14)

where U is defined in Eq. (2.6). Thus, by Eqgs. (2.6), (5.8)+5.10), and (5.14), it follows
that

NugolA) to be the operator in

g ~

g
HN,LLQO Z T; N Z UrsQrQs

rs=1

+IN Z by, ADAPIC, | C, ], (5.15)

Frorg 'ry °

where T is the kinetic energy operator for N, particles of unit-mass in C,, with
Dmchlet boundary conditions,

f”lii):zlérrl j d3x('c(x))A(i))Nr, (5.16)

7(R%) is the group of automorphlsms of o/ corresponding to space translations,
and C™:=N'3C®, Thus, in view of Eq. (4.6),

Jim |EME =1, (5.17)
It follows immediately from Egs. (5.13), (5.14) and the unitarity of U that

FrugeW)=—(NB) ' In Trexp(— fHy,,,(A), (5.18)
where Tr denotes the trace over #j ,; and hence, by (4.9).

Fo B D)= min [—(Nf)” Un Trexp(— BHy,, ()] (5.19)

This formula will be treated in Appendix 1, where it will be shown, by an extension
of the methods of [8], that the space-averaged observables A(‘) occurring in the
formula for H Nugol4) may be replaced by c-numbers satisfying a certain variational
principle in the formula for F Nag in the limit N-» o0, with the result that

9

lim o (2B 1)= mm{z 30, 0)ICI+3 Y v.0.0CIIC]

r.s=1

ril Gl

£
T
+ Z h,1 D a®|C
5K

(0.%)eR, xR*; Y 0/C) = 1}. (5.20)
1
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This effectively completes the proof of the theorem, since the definitions of &, and
@, (in Sect. 4, Pt. 4) imply that the R.HLS. of (5.20) is equal to min{®,,,(0)|0€ O ;} ;
while it follows from Egq. (4.10) that the L.H.S. of (5.20) is equal to
]\1{1-15}10 FN;zg(la .Ba l) [j

Proof of Theorem 10. It follows from Lemmas 6, 7 and Theorem 9 that for |4} <1,
and B> By, one can find elements 0,, 0,,, 0,,, of @@, 0 and 8® ~6, at Wthh
@A, @ﬁ 25 qanv respectively, are minimised. Since, by Theorem 9, F,(4,5,])

:@ggl(ﬁugl), it suffices for us to show that

Jim @,1,(0,.)=,,0,.) (5.21)

and that

uh_,r{}o ‘ﬁua(eux) = (i)a(gz)- (5.22)
Let 0, be the element of @, obtained by replacing ,, in each cell C, by its
mean value over that cell. Then it follows from the convexity of ¢ and our
definition of ©@® that 8, ,e©@®n6O,. Hence as 0,,, 0,,, are elements of O,
OPn6, at which @M, @ respectively, are minimised,

ngd>
ul(eul) =2 @ul(eggl) (523)
and
ugl(gugl) = éagl(g 01) (5.24)
Further, it follows from our definitions of @®), qﬁw cblw in Sect. 4 (iii) and (iv) that,

in view of the convexity of ¢ and the uniform boundedness of the elements of @¥
(by Lemma 7)

hm 1SUp @ul(ﬁ WS CDM(() (5.25)

ua)

and
D,,:(0)— @M (6), uniformly wrt 0 in @®, as gooo. (5.26)
Hence, by Egs. (5.23)-(5.26),
¢,,(0,)< lim inf B,,00,,)s lim sup ®,,00,,,)
= liﬁsgp B,,.(0,,)< lilggscgp B,.:(0,,0)= lirgnqsovalp $,,0,,)=8,,0,,),

from which it follows that (5.21) is valid. L
Finally it follows from Lemma 6 and our definitions of @, @,;, and @ that,
for any 0e ©®),

,6) - ,,0) =73 fd3xd3y€>ip( mx—=y)/ix—yl;

and therefore & (0= &,(0), uniformly with respect to fe @, as u— co. Equation
(5.22) follows 1mmed1ately from this result and the definitions of 8,, 8, as elements
of ©® at which &,, &,,, respectively, are minimised.
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Proof of Theorem 11. Since h is bounded, one can easily infer from Egs. (3.1}, (3.2)
that Fy(4, B, 1) is non-decreasing in f§, non-increasing in / and uniformly continuous
in A, for |A] < A,. Hence, it follows from (4.2), (4.3), (4.7}, {(4.8) that, given J, e >0, then
for sufficiently large u and g,

Fszg(’z‘ﬂ ﬁa E)_}_C(No Hs g)gFN(Z's ;Bv Z)
Z(1+2p7 ) (A B 6,1+ 8)—(1+2u™ %) "1 e(N, 1, ) (5.27)
where

lim Iim lim (N, g9)=0. {5.28)

pu—+ro0 g—>oo N—oo

By Theorems 9, 10 and the boundedness conditions obtained from Lemmas 6-8, it
follows from (5.27) and (5.28) that

F(A,B,h= ligl supFy(4, B, D)= li]}]n infFy(A, B, )2 F(A, p—6,1+¢). (5.29)
Thus, as J, ¢ are arbitrary positive numbers, it suffices for us to establish that
lijré (151_)m0 F(A,b—0,14+8)=F(4,p,1), (5.30)

in order to infer the desired result from (5.29).

Now, as Fy, (4, ,1) is concave in 7%, it follows from Theorems 9, 10 that the
same is true for F(4,f,]). Further, by Lemma 6 and Theorem 10, F(A,B,1) is
bounded for finite 7, and hence as it is concave in this variable, it is continuous
in § over bounded intervals that exclude the origin. Hence

lim F(%, f—5,1+8)=F(, B, 1+2) (5.31)

In order to pass to the limit ¢—0, we first note that, for g>0, a treatment,
parallel to that leading to Theorem 10, yields the result that

lim lim lim —(g7 'NB)™ ' In Trexp(— fH (1)

pro0g—w N—w

=min {@l(g, 0)oe L (Q); ae L (QF;0>0; | d3ng(x)=q} )
2

The L.HLS. of this equation may be seen from Theorems 9, 10, and our definition of
Fy,, to be gF(4, B,1). Hence it follows from Eq. (4.12) that

aF(Q,B,D<P,(0,0) if oeL (Q),aecL (@) 0>0,[ dxo(x)=4. (5.32)
2

Now let 2,(> Q) be a cube of side I+, and let ¢ be the Thomas-Fermi functional
obtained by replacing Q by @, in the definition of @,. Then, by Theorem 10,

F(/I) ﬂ>l+8):é‘j(;)(g/1,s> 051,8): (533)
where (g, ,, @, ;) minimises &%, Let

q5,.= | d*x0; () (5.34)
Q
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and let (g, ., &, ,) be the restriction of (g, ,, «, ,) to £. Then it follows from (5.32) and
{5.34) that

0, FOLBDZD,@,,.%,.,). (5.35)

and hence, by Eqgs. (3.5+3.7), (5.29). (5.31). (5.33) and (5.35), together with our
definitions of &Y, g, , and @, ,,

OéF('Lﬁ7 l)_F(;L5ﬁ’l+8)§(1 "q,l,a)F(}“»ﬁ? l)

+ [ @xplo; 0,0, )+ [ Pxd®yo(x,y)e, (x)e,.)
2\ [eFaRe ]

+ A | @xp BPxphxg, . x )0l x ). o0 (x,). (5.36)
0%

In view of the uniform boundedness conditions given by Lemmas 7-9, it follows
easily from (5.35) and (5.36) that

lim F(4, B, 1+¢)=F(4,5,1)
and hence, by (5.31), we see that the formula (5.30) is valid. [

6. Proof of Lemmas

Proof of Lemma 5. In view of Egs. (1.1) and (3.6), it suffices for us to prove that, for
us to prove that, for goeR, and «y=(@, (A7, ..., D, (4%)),

P00s %)= Pol20) 6.1)
and

2,01} >Polee) for oy Fotg. (6.2)

Let us first prove (6.1). By Eqgs. (2.8) and (3.4),

P(205 %0) = Po(Q0)- (6.3)

Since ¢ is the closure of ¢, we can find a sequence {(g,, %,) in the interior of Dome,
the region where ¢ is finite, such that (¢, 2, )—(0,, %) and @lg,, 0,)— ¢y, %o} as
n—o0 [13, p. 52]. Hence, as ¢lp,, 0.,) Z¢4{e,), by Eqs. (2.8) and (3.4), it follows that

Pleo, %) Z lim sup 9o,
and therefore, in view of the continuity of ¢,

P00, %) Z Po(00)- (6.4)

On the other hand, < ¢, by definition of the closure of a convex function; and
therefore, by (6.3) and (6.4), Eq. {6.1) is valid.

We shall prove the inequality (6.2) firstly for the case where k=1 and then for
arbitrary ke Z . For the former case, we start by assuming that, contrary to (6.2),
there exists of == a,, in R, such that

@0, %6) = @olQo)- (6.5)

For definiteness we shall assume that of >4 the case o <« can be treated
analogously.
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It follows immediately from (6.5) that 0 : =(g,, 0p)e Dom @. Let € be the curve
o=al(g):=&,(A), which is continuous because of the w*-continuity of @, in ¢. Since
@lo, a(0)) = @y(0) [cf. (6.1)] it follows that € also lies in Dom@. Let ¢,,0, be two
positive numbers such that ¢, <g, <g,, and let 8,:={g,, a(g))) for i=1,2. We define
K to be the interior of the domain bounded by the curve ¥ and the lines
connecting 8, to 0, and 0, thus, as we are taking o to be greater than «,,

K—{eao>aigin<ale)+ 22 g—g) tor i-1.2).

0 i
Since 8, and € lie in Dom @, it follows from the convexity of ¢ that K CIntDom@;
and therefore ¢ and ¢ coincide in K [13, Theorem 7.4]. Hence as
(00, 3(0tg +05))e K, it follows that

Maos 300 +00)) = @l0g, 3 (0t +015). (6.6)
Further, as § 1s jointly convex in its arguments,
(0o %(O‘o +og)) = %@(QO: o)+ %@(Qo: o)
Z (o %), by (6.3) and (6.4);
and consequently, by (6.6),
?(20 3 (2t + %)) £ 900, %) 6.7

However, as the free energy density functional for the ideal Fermi gas at given
density is minimised at the unique state @, (cf. Appendix 2, Theorem A2.1), it
follows from Eq. (3.10) that (6.7) cannot be valid when o, #«,,. In other words, we
have established that the assumption of (6.5) cannot be valid with oy +a,, and
thereby proved the inequality (6.2) for the case when k=1.

In the case where k> 1, we define ¢, : R, xR—R {0}, for i=1, ...k, by the
formula

00,0 = {inf{f (@)In(w)=0; o(AD) ="} il JweS ()

mw)=0,c{A=0"; and =oo otherwise. ©8)

Hence by Egs. (3.4) and (6.8)
ple, )z o0, a9 a=(™, ..., a®). (6.9)

In order to reduce our proof of (6.2) to the one we have already carried out for
k=1, it suffices to show that

Ple, )z ¢(0,a"), (6.10)

where @, is the closure of ¢;. This we now do as follows. In the non-trivial case
where the L.H.S. of (6.10) is finite, we may choose a sequence (g, 2,)e Dom ¢ such
that (g, 2,)~(¢,) and (e, %) @(¢,%) as n—co. Hence

n

$lo,2)= lim o(g,,0,)= limsup (e, %) (by (69))
z limsup (o, o)) (as 9,2,

= @009 (by lower semicontinuity of ¢,). [
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Proof of Lemma 6. 1t follows from the lower semicontinuity of ¢ that ¢~ }(— oo, B]
is closed, and hence that @® is a closed subset of @. Let (g, a)e @®. Then by Egs.
(6.1), (6.2) and the definition of @),

Pole() = Plo(x), ux)) =B for xae. in Q. (6.11)

Since the function ¢, :R, —R is bounded on the compacts, continuous, lower-
bounded and tending to oo at oo, it follows from (6.11) that 3g,eR, such that
o(x)<Bfor xa.e.in Q,ie. ||, S0p It also follows from (6.11) that, for xa.e. in 2,
(o(x), alx))e Domgo and hence belongs to the closure of Domg. Therefore, by Eq.
(3.4), o9, 114D for i=1,...,k. Thus, we have proved that ®® is a closed
subset of the ¢ compact metrlsable space

OP:={0=(0;a,..,ae O] o], L05: 0P, S 49| for i=1,.. Kk},
and is therefore itself compact and metrisable. [

Proof of Lemma 7. 55 is defined by Egs. (3.5)+3.7). It follows from the uniform
boundedness of the elements of ®P (cf. Lemma 7), together with the fact that
ve L,(2%) and h is bounded, that the contributions to é N ngen by A¥ and by the
last term on the R.H.S. of (3.6) are both continuous. Hence, in order to establish
the lower semicontinuity of &,, and likewise of (13# ,» it suffices for us to prove that

the mapping 6(e ©®)— [ d*x@(0(x)) possesses this property.
2

For this purpose, we resolve Q into cells, Cy, ..., C,; and, for 0¢ 0P, we define
0, to be the element of O® obtained by replacmg # in each cell C, by its mean

value, 6., over C,. We then define
G(O)= | d*xp(B(x)) (6.12)
Q
and

G,0)= [xi0,0) = 3. 4)IC (6.13)

Since the elements of @® are uniformly bounded (cf. Lemma 7), it follows that the
mapping §—0, is continuous. Hence, by (6.13), as ¢ is lower semicontinuous, so
too is G,

By Lusin’s theorem, 0,(x) converges pointwise to 6(x), except on a set of
arbitrarily small measure, as g— co. Hence, as ¢ is bounded and lower semicon-
tinuous, it follows from Egs. (6.12), (6.13), together with Fatou’s lemma, that

lim inf G (6) = G(0) (6.14)
g0

On the other hand, as ¢ is convex, we see from (6.12), (6.13) that G (6)< G{6).
Therefore, Eq. (6.14) implies that G is the supremum of a family {G,} of lower
semicontinuous functions on @® and is therefore itself lower semicontinuous. [

Proof of Lemma 8. Our method here is an extension of that used in Ref. [5] for the
proof of the uniform boundedness of the density.

We shall employ the following notation: o:=(gg,4,6,0, with |i]<4,,
Be(B,, B,), lelly, 1,); (@,.8,) denotes an element of @, at which @, , is minimised;
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(@or &,,) denotes the value of (g,, @,) in the cell C,;and v,, b, _,, areas defined by
Egs. (5.11), {5.12). Thus, the increment 4, in the value of <13 " when its argument is
changed from (g, ,) due to increments [C J"ttand — 1C I 't in the densities in
Cw C,,, respectively, is non-negative. Hence it follows from the definition of (IDM 2

in Sect. 4(iv), together with the convexity of ¢ and Egs. (3.5}+(3.7), (5.11), (5.12),
that the inequality tliglo 4,/t 2.0 yields the following result:
CD‘(Q—*— )(éo‘r;5 &-ari) + Z vnséa’slcsi

—Z @Fgﬁ )(ém'z’ &arz) + Z vrzséas IC } > (6‘15)
S S

where ¢${*’ denote the right and left derivatives, respectively, of ¢ w.r.t. 0. Since this
result is valid for all pairs of cells C, , C, , it follows that

LSS 14

Inln [go( y )(ch’ &0‘?‘) + Z UYSQGSICS[I
2 max [§7 @y For)+ D 0rsoslCill
8

and hence, there exists a quantity #,, independent of r, such that

O N B) 27, 20 0 Byy),  fOr 7=1, .09, (6.16)
where
ﬁ(}"’::ﬁﬁ" Zvrséas' (6'17)

L1kew1se by considering the increments in & .o When o is changed from &, to
%,,* t in the cell C, only, and leaving ¢ unchanged at g,, we find that

(/)E*)(w, Fg) Z VD 2 PNy ) » (6.18)

where ¢,*)denote the right and left derivatives, respectively, of ¢ w.r.t. o, and

?ffi—/l Z 5rr,hn rkﬂaffﬁ,lcl (6.19)

.....

Since Po and therefore ¢ is lower-bounded [cf. Eq. (6.2)], and since (g,.7,)
minimises cpu 4 it follows that (Qm, ,,)eDom ¢ C Cl(Dom¢), and consequently, by
(3.4), |9 < HA“’H Hence, in view of the boundedness of & and J, it follows from
(6.19) that one can find a finite constant b, independent of o, i and r, such that

'y(1)| <b . (620)

Let v, , be the real-valued functions on R, x R¥and R¥, respectively given by
the equations

k
wln, y)=inf[@(o,0)—ne—y.ol;  y.o= Yy (6.21)

i=1

and

wolm)= inf[go(e)—nel. (6.22)
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It follows easily from these definitions that v is jointly concave in its arguments;
and that p,, which is the Gibbs free energy for the ideal Fermi gas at chemical
potential g, is a concave function. Further,

Yol =1y(n,0) (6.23)

since, by (6.1) and (6.2), @,(0)=inf@{e, «); and, as the infinum in (6.21) is unaffected

by the restriction that («, ¢)e Dom@, and thus that || <[ AP}, it follows from
(6.21)(6.23) that

k
w01, y)—wolml = ‘221 O 4% (6.24)

In view of (6.18) and (6.19), it follows from the convexity of ¢ that, when (n, y)
=(#,, 7,,)» the infinum on the R.H.S. of (6.21) is attained for (¢, %) =(g,,. &,,); and
that

Y1, V=W s Vo) £ — 1= 1,00 — V= T )s Oy -

Hence, as w is jointly concave in its arguments, (—g,,, —4,,) is tangent to y at
(11, V,»), and therefore

A g Vo) S8 = = [ Tor)» (6.25)

where ') are the right and left derivatives, respectively, of v w.r.t. 7.
Now, by (6.20) and (6.24), one can find a finite constant ¢, independent of ¢ and
r, such that

f(, ¥, — polml <cVneR.

Thus, choosing p to be some positive constant,

W+ P, Vo) =91 o) _ ol +P)—Wolr) 2.
p p p’

and hence, in view of the convexity of y and vy, as well as the differentiability of
w05

W01, o) > w0l + p)—2¢/p (6.26)
where v}, is the derivative of y,. Similarly,

Wy 11, Fo) <woln —p) +2¢/p. (6.27)
Therefore, by (6.25)-(6.27),

or <—Woln+p)+2¢/p (6.28)
and

2or> —Woln—p)—=2¢/p. (6.29)

It may now be seen that one can adapt the argument of [5, Sect.4] to infer
from Egs. (6.17), (6.28), (6.29) and the behaviour of y(n) ( ~—#>?) for large #, that
@,, is uniformly bounded w.r.t. o and r. Specifically, one can do this by using the
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arguments of that article to show first that (6.17) and (6.29) imply that 7, has a
finite upper bound; and then inferring from this result and Egs. (6.17), (6.28) that
0., is uniformly bounded.

In order to establish a similar result for ¢(g,,, &), we note that @M , cannot be
decreased if its argument is altered from (g,, %,) by changing %,, to @,_(A). Hence,
it follows from the definition of & _,, as given in Sect.4(iv) together with Egs.
(3.5)+(3.7), that, in view of (6.1),

ugar

(pO(am‘) g (ﬁ(éar’ &0'1‘) + J_Ja-r ' (&a’r - CT):}W(A)) .

Thus, in view of the uniform boundedness of 3, [cf. (6.20)] and &,,, we can find a
constant d, independent of ¢ and r, such that $(g,,, &,,) <@(g,,)+d; and therefore,
as @, is bounded on the compacts and g,, is uniformly bounded, it follows that
(0., 0,,) is uniformly upper bounded. [

Appendix 1: Mean Field Theory

In order to avoid inessential notational complications, we confine our derivation

of the formula (5.20) to the case where g=2 and h,,, =0 except whenr, =1,r,=2.

The full proof of (5.20) for the general case can be carried out analogously.
Thus, we replace the formula (5.15) by the following simpler one:

Hy ,=T,@L+1,®T, + NAP®AP + Nvg,0,, (A1.1)

where v=0,,, |C,|=|C,|=1 and 4 is absorbed into A{"®AY. Equation (4.9) can
now be expressed in the form

Fy=min{N~' Tr(61né+Hy )locPy; 5Dy ,}, (A12)

where Py is as defined in Sect.4(iv), Dy, denotes the set of density matrices in
Hy. » B s taken to be equal to 1 and the parameters y, [ are omitted. We define Fi’
to be the corresponding quantity when the density matrices are restricted to those
without intercellular correlations, ie.

FQ=min{N "' Tr(¢In&+6Hy )loePy; §=6,07,6Dy )} (A1.3)
the trace in this expression attaining its infinum, as it corresponds to a lower

semicontinuous function on a compact set (cf. [12]). We shall now establish (5.20),
for the model treated here, in two stages. In the first of these, we shall prove that

Jim (Fy—F)=0; (AL4)
and in the second we shall show that

lim FO =min{®(e;, 0,5 @;,%,)l01,0,6R. 5 0, +0,=1;a,,0,€R},  (ALS)
with

D(01,055 %4, 0%0) = P01, 1)+ P05, @) + a1y, +00,0, - (A16)

Equations (A 1.4)-(A1.6) imply the desired result, corresponding to (5.22).
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Stage 1. 1t follows immediately from (A 1.2) and (A 1.3) that
FysFO. (A17)

In order to obtain an upper bound for F{¥’— F, we first note that the values of &,
¢, for which the minimum in (A 1.2} is achieved, satisfy the relation

& =exp(— Hy ,)/Tr(idem). (A1.8)
Let
¥ 5,05, (AL9)
where
§,=Tr,5; &,=Tr,& (A1.10)

and Tr, is the partial trace over JZ( c=a Qt((ﬁ’ ). It follows from (A1.1)-(A1.3) that
FO<N~'T1(6'Ind' +5 Hy, )

2
“H Y Trf8,Ing)+Tr(d Hy )
i=1

<N ' TrGIns+5H x.o (subadditivity of entropy)
ie.
FO<Fy+ N 1T(@ —5)Hy ). (AL11)
In order to utilise the techniques of [ 8], we introduce the “perturbed Hamiltonian”

Hy 0):=Hy ,+Nx; AD®I, + Nx,[, @ AP ; x=(x;,x,)eR?; (AL12)

and we define Fy(x), FiP(x), &(x), &(x), o,(x) to be the quantities obtained on
replacement of Hy , by Hy (x) in the formulae for F v F©, &, &, &, respectively.
Hence, by (A1.1), (Al 7 and (A19-(A1.12),

0= FQ(x) — Fy(x) S Tr(8'(x) — () (AL @ 49)
= %«“2(11) - <1"i(11)>& 1(x))®’§‘(22)>&(x) - % /1(11)®(;1(22) - <-"~1{22)>&2<x))>5(x) .
Therefore, as Eq. (5.16) implies that | AP} < AP, we see that
0 FP) - Fy(x)sc ig ] YAP— APy, Y2 (A1.13)

where ¢ is a constant, chosen to exceed Z(I(A(“ I+ 1A?]). In view of Eq. (5.16), one
can easily find a subset &/, of &7, that is dense in /, such that {A“’} satisfy the
conditions corresponding to [8; Eq 71 for all AD, A‘Z’eﬂ Consequently for
such AW, 4% Eq. (A1.12) is amenable to the same treatment as a similar formula
in [8], and may thus be shown to imply that

0 FO()~ Fy(x) Sy, N~ Y~ AFy(x))12 49, N™ (= AF\()PP,  (A114)

where y,, v, are finite positive constants, and 4 is the two-dimensional Laplacian;
and thence that Eq. (Al.4) is valid. This result is extended by continuity to
arbitrary AN, AP e of,.
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Stage 2. Let &5, ®&, and g™ correspond to the values of the density matrix and
particle distribution, respectively, at which the Trace in (A 1.3) is minimised. Then,
if &, is any other density matrix in J#, the replacement of ; by ¢ cannot decrease
the value of that Trace. Hence, using (A1.1)

Tr@;In6,+ 6T+ 7 AD) < Trf)In & + 5T+ 5 AP)), (AL15)
where
O =Tr,@,4%);  7=Tr,3,4). (A1.16)

(A 1.14) constitutes a variational principle, from which it follows that
&,=exp—(T,+ ™ A9)/Tr(idem). (AL17)

Thus, by (Al.1), (A1.3) and (A 1.16),

FP= 3 (@, 5805+ 8050 +02"5 (ALLY)
i=1,2
where
Py@™, y)= —InTr,exp— (T, + y,AP) (A1.19)
and
™ =Tr(5,A9). (A1.20)

It follows from these last two equations that y, is concave in y; and that

wn@, y) — @™, V) S (v, - 7)™ (A1.21)

By (5.16), (A 1.20) and (A 1.21), the sequences {g™}, {&™} and {7\™} are uniformly
bounded, as N runs through Z ., and therefore have accumulation points g,, &; and
¥, respectively. Correspondingly (cf. [ 10; Proposition 3.5.107), {p @™, ™)} hasan
accumulation point y(g,, ¥;), where v is the thermodynamic potential defined by
the formula

W@, y)= lim @™, y); (A122)
or equivalently [12],
W(@ y)=min{f(w) + y;0(A9)|we H(); n(w) =07},
ie., by Eq. (3.4),

(©;, y;) =min{@(@; o) + y; 0| ;€ R} (A1.23)
It follows from (A1.21), (A1.22) that

W(@s y) — v(0s V) S~ 7% 5 (A1.24)
and from (A1.18) and (A1.22) that {F{’} has an accumulation point, namely

FO= 3 0@ 3) =) 8,5, +02,2,- (A1.25)

It now remains for us to prove that F® is equal to the R.H.S. of (A1.3).
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Let 4, be the convex set given by {o,e Rlw(@;, ;) — w(@; V) S (v, — V), Vy;e R}
corresponding to the set of tangents to y(g, -} at ¥;; and let £(4,) be the set of
extremal elements of 4, Then since by (A1.24), #,e 4, we may write

Gy= ) ;% ¢;>0; Zc =1;8,e6(4) (A1.26)
i

Further, by [9; Theorem 1], as &;e&(4,), there exist sequences {J;;,}, {3},
converging to y,, &, respectively, such that (g, y;) is differentiable w.r.t. y; at y,;,
and that the resultant differential coefficient is &, . On the other hand, one may

ijnt

infer from (A 1.23) and the concavity of y that when ;= Yi;» the term on the
R.H.S. of that equation is minimised at v (g, ;;,): =%;,, where y, denotes the
derivative of y w.r.t. its second argument. Hence, by (A1.23)

(g, &ijn)ZU)@ia yijn)—yijn&ijna (A1.27)
and therefore, by (A1.26), (A1.27)
W0, V)~ Vit = nlgg Z C}'@(@ia &ijn
j

> lim sup ¢ (éi, Y¢d; jn) (convexity of @)

> lim sup (P (Qv 2 ¢ atjn) (&S @ ; @)
=2¢(@,%) [by (A1.26) and lower semicontinuity of @]
Hence, by (A1.6) and (A1.25),
FO28(@,,0,59,,8,). (A1.28)

Let ¢":R, x R—Ru{co} be defined so that, for fixed ¢, §'(o, ) is the closure of
olg, *); and Iet @, @ be the function obtained by replacing ¢ by ¢, ¢’ in the definition
of @ in (Al. 6). It follows easily from these definitions that ®= ¢ =& and that the
minimum of & may be replaced by the infinum of &, and thus also by the infimum of
@',in{A1.6). Hence, in view of (A1.28), we see that the desired result will be established
if we prove that, for arbitrary fixed ¢,,0,>0, with ¢, +¢,=1,

min &(g,,0,; g, ) 2 F® (A1.29)

d1sa
Let &'(0,,0,; -) attain its minimum at (&,,&,). Then, defining

Pi=0,;9,=0,, (A1.30)
it follows from our definition of & that ¢'(g,,;)+ $;o; is minimised at &, Thus

(s, &) + 9,8, = min (§(e,, o)+ ;) = inf(@le, o) + Fier)

=y(e,¥), by (A123).
Hence the L.HL.S. of (A1.29) is equal to
Y. (wley9)—9,8)+d; 8, +v0,0, (A131)

i=1,2
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Again we use [9; Theorem 1] and approximate y,4, arbitrarily closely by 7.,
Y Calye With Gy =100, ), €4 >0, Y cy=1. Thus,
k k
W, )= 382 Y culwles ) — Tl —e, (A132)
k
where ¢ may be made arbitrarily small by choosing {,,} sufficiently close to ¥,
Further [cf. (A1.22)]
wlep Py = lim py(e™, 9,); with  lim ¢f¥=g,. (A1.33)

Hence, as y(g;, -) is differentiable at ,, and (o

N -yis differentiable at all points,
it follows (by Lemma 3) that

Jim a5 = d, (A1.34)
with

AR =y (05 8- (A1.35)
Consequently, by (A1.19) and (A1.32)-(A1.35),

(e, §)— 58,2 lim N™' ) cy Tr(6,Iné,+6,T)—¢, (A1.36)

m .

where

Gy =exp—(T;+ 9 AP)/Tr, (idem), (A1.37)
and thus

Tri6, AP) =, (A1.38)

where Tr, is the Trace over the Ng{V

1

particle subspace of %(éi). Putting 4,
=3 ¢ 6y, it follows from (A 1.36), together with the convexity of Tr/(&,Iné,) in &,

k
that
(e, )2 limsup N~ * Tr(8;1n6,+6,T) —e. (A1.39)
Thus, by (AL1), {(A1.38) and (A 1.39), the expression (A1.31) is not less than
limsup N~ Trén6+6Hy )—e, with 6=6,06,

Consequently, by (A1.3) and our definition of F* as a limit point of {F{}, the
expression (A 1.31) cannot be less than F(®—¢; and, as ¢ is arbitrary, this means
that (A1.29) is valid. [

Appendix 2

For geR_, we define 4,:={we X ()| f(w)=4(0); n(w)=g}, corresponding to
the set of translationally invariant equilibrium states of the ideal Fermi gas. We
shall prove the following theorem.
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Theorem A2.1. A, consists of a single element, and this satisfies the K.M.S.
conditions with respect to the free evolution of the ideal Fermi gas.

Our proof of this theorem will be based on constructions, analogous to those
made for lattice systems in [9]. Thus, we first resolve R® into (half-open) cubes,
whose centres are the sites of the lattice Z2, and define % to be the set of bounded
subsets {Y} of R3, formed by unions of finite numbers of these cubes. We then
define # to be the set of mappings b from # into the self-adjoint elements of &/
such that (i) H(Y)eL(Y)WYe%; (i) b is covariant w.r.t. space translations, ie.
B(Y+n)=tn)Y)WYe¥, neZ3, where t(R?) is the group of automorphisms of =/
corresponding to space translations; and (iii)

lpl:= OZY [6(Y)] < 0. (A2.1)
The set 4, equipped with the norm | - |, is thus a separable Banach space. For Ye%,
we define H(Y) to be the operator in #(Y) corresponding to the Hamiltonian for
an ideal Fermi gas in Y, with Dirichlet boundary conditions; and we denote the N-
particle component of H(Y) by H(Y). We define the local perturbative
Hamiltonian, U,(Y) (e #(Y)), corresponding to the “potential” b, by the formula

UyY)= 3 B(Y), (A22)
Y'Y

and define the free energy density functional %, : #—R by the following formula,
of standard type:

F (b)= — i -1 - 2.

Fb)=—, im  (BIY) InTryexp—BH(Y) + U, (), (A23)
where Try denotes the trace over the N-particle subspace of #/(Y). Let PA)
denote the set of Z>-invariant states on .7, f the free energy density functional on

(o) - defined analogously with f - for the ideal Fermi gas; and, for be B, let f, be
the “perturbed” free energy density functional on %(s#) given by

o) =fw)+ 3 200
DeY in

It follows from arguments parallel to those of [9] that #(b) is the minimal value of
> and that the (convex compact) set of states 4, , at whlch 1, attains this minimum
are those elements, o, of #(#) corresponding to tangent planes to S, at b, ie.
those for which

Fb+b)-F < ¥ L0 “}(bm)

Oe¥ l

Let 7, be the subalgebra of .o/ on which I}ifr}r{l_% [H(Y), -] exists. Then the time

(A2.4)

\bed. (A2.5)

evolution of the ideal Fermi gas corresponds to a group y(R) of automorphisms of
o, whose generator ¢ has , as a core and is given by (cf. [15]):

o(A)= }iTrIIzlz i[H(Y), AjVAeo,. (A2.6)
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Correspondingly, the KMS conditions for a state w of the ideal Fermi gas may be
expressed in the following form [16]:
—iw{A*8A)= glw(A* A), s(AAY)), (A2.7)
where
ulnu—ulnv for w,0z0;u+0v>0
ot~

for u=v=0. (A2.8)

Proof of Theorem A2.1. Let 4, be the subset of elements of # at which &, has a
unique tangent plane Then (cf 9, 8, is dense in %, and the extremal tangent
planes at 0 are given by limits of those for sequences of clements b(e;%"o) that
converge to 0. Further, for be&,, the unique element @, of 4 op 18 given by the
formula

ByA)=_lim  oM(A,)\VAec,, (A29)

Y1R3;N/|N|-¢
where

) =Try(( - Yexp— BIH(Y) + U (V) Trylexp— fH(Y)+ U,(Y)),  (A2.10)
Ay=YI"' Y 4 Ap=1(DA4; (A2.11)

leY

and Y is the set of elements ! of Z3 such that ©(l) Ae «(Y). Since w{) is a Gibbs
state on £/(Y), it satisfies the KMS condition w.r.t. the automorphisms of that
algebra, for which the generator is

Oy =i[H(Y)+ Uy(Y), -]1. (A2.12)
Thus

—I0f)(A* by , A) Z g A* A), 0 HAA®)). (A2.13)
It follows from (A2.2) that, for Ae.2/(Y,),

LU, A= 3 IB(Y), ALl (as #(Y) (YY) if YnY =6)

Y'nYo*¢

=2Y,l 3 16(Y)] 14l

OeY’

=2Yol |4l 1], by (A21);
and hence, by (A2.6) and (A2.12),
lim hm Oy (A)=06(A)VAe s, . (A2.14)

b—~0 Y
Thus, as 6 commutes with ()), it follows from Eqgs. (A2.9), (A2.14) that if & is the
w¥-limit of &,, as b—0, then

lim lim Y|~ 1Zw(m (Af Sy 4 A)=@(A*SA),VAe o . (A2.15)

b0 YiR%:NI|Y |-
Hence, by (A2.13) and (A2.15),
—im(A*6A)= lim limsup |¥]|™* Z g AF A, 0N A,AP),VAe o,

b0 Y1 R N/|Y] o

(A2.16)



Equilibrium States of Gravitational Systems 27

Now as }%1}33 |¥1/1Y|=1, and as the function ¢ is jointly convex in its arguments and

possesses the property that, for u,—u and v,—v, iminf g(u,, v,) 2 g(u, v), it follows
from (A2.9)(A2.11) and (A2.16) that

— i A*3A) 2 g(@(A* A), o(AAF)Y Ae o,

and therefore @ satisfies the KMS conditions.

Let o/(D.27) be the gauge-dependent C*-algebra of the CAR over I*(R®), and
let @, be the unique (cf. [17] KMS state on o/ corresponding to chemical potential
u. Then, as ¢ is a KMS state on 7, it follows [ 18] that we may express it in the form

B= [ dm(wé, (A2.17)

where m is some measure over R. Thus, as @, is R3-translationally invariant (cf.
[17]), then so too is @. Since the functionals n and f are affine, it follows from the
definition of ¢,(g) as the minimal value of f for translationally invariant states of
particle density ¢ that

o= { dm(wny(n) (A2.18)
and
Pol@)= [ dm(p)wo(p) (A2.19)

where the functions n,, p, represent the densities of particle number and free
energy, respectively, and are given by the standard formulae

)= [ e B —0)+117) (A2.20
and
Poli)= 5 § K~ B In(1 +exp— BUER? — )+ (1 + exp R — ) .
(A2.21)

From (A 1.20), one infers easily that the function n, is single-valued and invertible;
and thus, in view of the equivalence of ensembles [10],

Pole)=woln, '(0))- (A2.22)
Hence, by (A2.19),

Po(0)= [ dv(@)po(e) (A2.23)
where
dv(ny(p))=dm(y). (A2.24)

Further, one can infer easily from (A2.20)~(A2.22) that ¢, is strictly convex in g;
and consequently, by (A2.23), v must be the Dirac measure, with support at ¢.
Hence, by (A2.17) and (A2.24), @ =G, 1(,- Thus, we have proved that @, is the
unique extremal element, and hence the unique element of 4, ;. Therefore as this
state is also R3-translationally invariant, it follows that it is the unique element of
4

o
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