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Abstract. The equations of motion of an artificial satellite are given in nonsingular variables. Any 
term in the geopotential is considered as well as luni-solar perturbations up to an arbitrary power of 
r/r', r" being the geocentric distance of the disturbing body. Resonances with tesseral harmonics and 
with the Moon or Sun are also considered. By neglecting the shadow effect, the disturbing function for 
solar radiation is also developed in nonsingular variables for the long periodic perturbations. Formulas 
are developed for implementation of the theory in actual computations. 

1. Definition of Nonsingular Elements 

For  l # n ,  e < 1, the following set of  elements is nonsingular  

a = semi major  axis 

2 = M + m + ( 2  

- -  e C O S  c o  - -  0 9  

r/ = e sin (3 

P = sin 1/2 cos 12 

+ s (1.1) 

Q = sin 1/2 sin f2. 

Let ? = C 1 - e 2, c = COS 1/2, S = sin 1/2. 

equations are 

For  this set of  elements, Lagrange 's  

2 
d =  Rx 

na 

2 ? 1 
= n Ra 4 (~R~ + ~IR.) + 

na 2na z 2naZ? (PRp + QRo) 

7 ~Rx 7 R.  1 
= -- na2(1 + )9 na 2 2na27 

rl(PRe + QRQ) 

7 7 1 
= - n a 2 (  1 + 7)~Rx 4 Rr q na z 2naZ7 

~(PRe + QRo) 

1 1 1 
P = -- 2na2 7 PR~ -- - Ro -r POIR 4na27 2na27 r 

- 

�9 1 1 1 
Q = 2na2 7 QR~ q 4na2 7 R v + 2na2 7 Q(qRe 

- 
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If  the perturbat ions are given by a disturbing function R and a 

conservative) force F, in the above equations we must  consider 

disturbing (non- 

COR COr 
R= = Oe + F . ~ ,  (1.3)  

where e is any element and r the radius vector. This form is necessary in order to take 

into account  nonconservative perturbations like atmospheric  drag, radiat ion pressure, 

etc. In rectangular inertial coordinates F = ( X ,  Y, Z) ,  r = ( x ,  y, z) all we need are the 

derivatives of  the Keplerian x, y, z with respect to the set of  elements a, 2, ~, r/, P, Q. 

Let u=o�+f .  Then we have 

COx x 8), y ~z z 
COa a Oa a Oa a 

O x  _ a 

CO2 7 • 

CO2 y COu 

Oz a ( 1  Oz 

Ox 
COu 

e (sin 09 cos t2 

e (sin co sin I2 

t- e cos co sin I }  

+ cos co sin 1"2 cos I ) )  

- cos co cos s cos I ) }  

- r { s i n  u cos f2 + cos u sin f2 cos I} 

0y 
= - r { s i n  u sin t2 COu - cos u cos t2 cos I} 

~Z 

COu = r cos u sin I 

8x COx 8x 

CO~ COu CO2 

0y 0y 0y 0z 0z 0z 

&5 = 0U 02'  &5 = Ou 02 
(1.4) 

cox cox 

al2 = - y - COu 

Oy Oy Oz Oz 
- - -  X ~ ' ~ -  

COg2 COu COQ COu 

COx sin f cox 
Oe ~2 Ou a (cos co cos 12 - sin co sin t2 cos I)  

Oy sinfcoy 
8e ~20U a (cos 09 sin f2 + sin 09 cos f2 c o s / )  

0z sin f 0z 
0e = ~2 0u 

a sin co sin I 

COx 

COl 
= r sin u sin 12 sin I 

@ 
81 

= - r  sin u cos t2 sin I 

6qZ 

ol  
= r sin u cos L 
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The above relations are valid if x, y, z are expressed in terms of (a, 2, (5, e, s I). The 

derivatives with respect to ~, r/, P, Q are easily found to be 

Ox Ox Ox 1 
- cos & sin <5 

O~ Oe &5 e 

8x 8x 8x 1 
- sin (5 -~ cos & (1.5) 

Or/ Oe O~ e 

Ox 
a e =  2 

Ox 1 8x 1 
cos f2 sin f2 

91 c Og2 s 

Ox Ox 1 Ox 1 
- 2 sin f2 -t 

OQ OI c Og2 s 
cos f2 

and analogous for y, z. 

2. Development of Geopotential in Nonsingular Variables 

We propose a form suitable for both numerical or analytical solution and necessary 

to recognize possible resonances occurring with tesseral harmonics. 

We begin considering the usual form of representation 

where 

l l 
R =  ~ ~ ~ ~R,m,a,  (2.1) 

l / > 2  m = 0  p = 0  q 

Rtmpa - atita~+ 1 Fzmp(1)G,p~(e)(A,m COS ~btlmpq "~ Blm sin ~Zmpq)- (2.2) 

In the above expression 

It = G m ~ ,  

ae = mean equatorial  radius of  @ 

F~mp(1) = inclination functions (Allan, 1965) (2.3) 

G,p~(e) = XT._tf~4~ -2p (Plummer, 1960) (2.4) 

and 

Aim -" ~ Clm ' 1 - m even 
- Sl,,,, l -- m odd 

Szm, l -  m even 
Btm = Clm, l m odd 

(2.5) 

~,,.p~ = ( l -  2p + q)2 - q& + (m + 2p - l)g2 - mO, (2.6) 

where 0 is Greenwich sidereal time. 
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The exact D'Alembert  characteristics are 

(2.7) 

Gtx, q = eW~lKt,,q(7), (2.8) 

where Jtmp is a polynomial in c=cos  1/2, Ktpq a power series in 7= X / 1 - e  2, and 

a = m  + 2 p - I .  For q =  2 p - l ,  Ktp~ are expressible in closed form as functions of 7. We 

shall give expressions for Jim,, and Ktpq in due time. A particular term of R can thus be 

written in the following form 

lza~ jt, ,p(c)Ktpq(7)sl,lelql(At m cos Vt,,,p,1 + Btm sin ~r (2.9) Rtmpq = a t + i 

We begin by considering 

q > O ,  

so that we have 

e ~ exp ( iq~)  = (~ + i~7) q 

e ~ exp ( - iq&)  = (~ - i~l) ~ 

s" exp (ioc(2) = (P + iQ) ~ 

s" exp (-io~g'2) = (P - i Q) ~'. 

Let us consider the expression 

slale  lal COS ~l/lmpq 

which can be written as 

a = m + 2 p - - l > O  

�89 + i r l ) ~ ( P -  iQ) ~ + ( ~ -  i~7)~(P + iQ) ~] c o s  O l m ; q -  

- i[(~ + i t l ) ~ ( P -  iQ) '~ - (~ - i~7)q(P + iQ)"] sin 0tmp~}, 

where 

Otmz, q = ( l -  2 p  + q)2 - mO. (2.10) 

Obviously for q > 0, a > 0, the exponents of e and s vanish, but we keep them in order 

to treat the case q < 0, a < 0. 

Let now 

so that 

Ntm,q = Real {(~ + i~7)q(P-  iQ) ~} 

D lmpq = Imag {(~ + i r l ) ~ ( P -  I Q )  ~} 

e la l s  lel c o s  ~/lmpq --- ~Xlmpq COS Olmpq + ~Irnpq sin Otmpq. 

We now evaluate the expressions for R and 0. We have that 

k u 2 
(~ + i t l ) q ( P -  i Q ) " =  Z 

n = O  U=l t  1 
I 

k '  U 2 

+ i 2  2 
n - ' O  U--U~ 

( - 1)" + ura.~:,~ - u ,,,,,~2. - , , ) ~  - "q"P~-  2.  +,, Q 2 ,  + 

1 a ~ _ u ) ~ a -  u ~ u p ~ -  2n - 1 + u Q 2 n  + 1 - u ( -  1) n+"+ (u)(2.+x 

(2.11) 

(2.12) 
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where 

Thus 

and 

k [ q + ~ ]  k'  
2 

ul = max (0, 2n - a), 
! 

u l = max (0, 2n + 1 - 

[ q + ~x-  1] 

u2 = min (2n, q) 

~), u~ = min (2n + 1, q). 

k 112 

Z Z 
n - ' O  U = U  1 

( - 1)" + ,,t,m,kulk2n - u ) ~  q -  u?~upot-  2n + u Qzn-  ,, 

t 

k '  u 2 

~zmpa ~ E (-1) "+"+lt'ar~ = ~.uJk2n + i - , , )~'l-"rl"P'~- 2 n  1 + u 

t 
n = O  U = U  1 

By a shift of - re /2  in the angle 

Clqlsl~ sin ~r "-" RImpq sin O~m~,q 

Thus, for q > 0 ,  o ~ = m + 2 p - l > O ,  we have 

liale J.m.~(c)Ktp~(7)etat-qs t ' t - "  x ~lrapq - "  at + i 

x (Rzmp,~(Al,,, cos 0lmp~ + Bzm sin 01mp~) 

+ Ot,,,p,7(At,,, sin 0tmp~ - Bzm cos 0~mpq)}. 

Consider now q < 0. We may write 

(~ + it/)" = (~ + it/) - I " 1 =  (~2 + r/2)-Ial(~ _ 

= _ i )l.w. 

Thus for q < O. in the definition of ~.mp~ and 

> : / e  2 

- - >  _ ~ / e  2 

q --> - q  = Iql- 

The corresponding factor in R l m p q  iS 

el~l-q __ e2lql 

Q2n+ 1 - u  

Vz,,rq we also find 

m Q lmpq COS Olmpq. 

+ 

i ~ )  It/I - -  

(2.13) 

(2.14) 

(2.15) 

(2.16) 

~lmpq w e  must introduce the change 

lmpq by the changes 

r/ > - r /  (2.17) 

q Iql  - - q .  

so that, the above changes introducing a factor e -2tql, that  factor disappears. There- 

for we can leave out the factor e Iql -q for both q > 0 and q < 0 defining for q < 0 the new 

RZmpq and 0 
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A similar reasoning applies for e < 0. We see therefore that the expressions valid for 
any q and ~ are 

k u 2 

~lmpq --- ~ ~ ( - -  1) n+ux'-'u~,t'lql'~[l~ .]k2n-- u ) ~ l q l - u l ~ u p l a t l - 2 n + u Q  2 n - u  (2.18) 
t l = O  U'- 'U 1 

! 
k '  u 2 

Dlmpq : ~ ~ ( - -  1) n+u+l'~uut/lqj'~/'l~lu ]k2n+ 1-u)~lql-ul~ u P l o t l - 2 n - l + u  

n - ' - O  u -- 1/~. 

Q ,2n + 1 - u, 

(2.19) 
where 

, ] 2  (2.20) 

ul = max (0, 2n - I 1), u~ = min (2n, [ql) 
u[ = max (0, 2n + 1 - l e [ ) ,  u; = min (2n + 1, Iql) 
J,  -- 1, if q, e are both positive or negative 

(2.21) 

J .  = ( - 1 ) "  if q or e is negative. 

The final result is 

Rlmpq - -  
l,a'~ 
a' + i Jtmp(c)glr,~(Y){Rtmp,~( Atm COS Otmpq -k- Btm sin O,mp~) + 

q- O lmpa( Alto sin Olmpq - -  Bl,,, cos Ozmpq)}. (2.22) 

3. Elimination of Short Periodic Terms 

(a) No resonance with tesseral harmonics. 
In this case, the short periodic terms are eliminated by setting the coefficient of 2 

equal to zero, that  is 

so that  

q =  2 p -  l (3.1) 

Olmpq "- ~ m O  

k= 
12p-tl + [~l 1] 

ul = max (0, 2 n -  [e[), Uz = min (2n, [ 2 p - / I )  

ul = max (0, 2n + 1 - [ e l ) ,  u; = min (2n + 1, 12p 

(b) Resonance with tesseral harmonics. We consider two types: 

(b.1) s(Nr + 60) = r ( g ) -  0) (Nodal resonance), 

where s, r are mutually prime integers. 

(3.2) 

- l l ) .  

(3.3) 
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In this case the short periodic terms are eliminated by retaining only integers l, p, m 

satisfying the conditions 

so that 

O <~p <~ l 

l -  2p = j s  ( j  = integer) 

1 < ~ m = j r < < . l  

(3.4) 

O,,,pq = ( i s  + q)2 -jrO 

Icr = [ j ( r -  S)l 

ul = max (0, 2n - Ij(r - s)[), u2 = min (2n, [js[) 

u; = max (0, 2n + 1 - Ij(r - s)]), 
! 

U2 --- min (2n + 1, [jsl). 

(3.5) 

where 

O <~p <~ l 

2p - l = q - j s  

1 < . m = j r < . l  

where s, r are mutually prime integers. The short periodic terms are eliminated by 
retaining only integers l, p, m satisfying the conditions 

so that  

( j  = integer) (3.7) 

Olmpq = j ( S ~  --  tO)  ( 3 . 8 )  

= ]q + j ( r  - 

In both cases [ql is a free integer indicating the maximum power of e retained in 

Rlmpq  �9 

4. Development of Luni-Solar Potential in Nonsingular Variables 

The disturbing function due to the Moon  or Sun can be written as 

R '  = fl 'n'Zr 2 -;7 l Pt (cos g/), 

m ! 

fl' = , m' = mass of disturbing body, 
m I -1- m ~  

n' -- mean motion in longitude of the disturbing body, 

a' = mean distance of disturbing body from Earth, 

gt' = geocentric elongation of the satellite from the perturbing body, 

r '  = geocentric distance of perturbing body. 

(4.1) 

(b.2) s,~ = rO (longitude resonance) (3.6) 
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Using equatorial  coordinates (c~, j )  and (c(, 6') for the satellite and the perturbing 

body, we have 

cos ~u' = sin J sin 6' + cos J cos 6' cos (e - c~') 

and 

e ,  (cos = 
m=O 

(l - m) V 
em ( l  At- m);: Plm (sin fi)Plm (sin 6') cos m(e -- ~'), 

where eo = 1, era--2 for m r  
We define the harmonic coefficients 

, ffl__'n'_Z_(a') z+l ( , - m ) l  } 
Clm "- ~a ''-2 -7; F'm (l + m)i P,r,, (sin 6') cos me' 

t'" (a;) , a  t I - 2 
(l - m) V ) 

em (l + m) i Pzm (sin J') sin me' 

so that 
l 

R' -'-" ~ ~ R;m, 
I>_2 m=O 

where 

R;m = a z Plm (sin 6){C;m cos me + S;m sin me}. 

By the usual t ransformation to orbital coordinates we have that 

Pzm (sin 6){Cim cos me + S ; m  sin me} = 

p=O 
Ftmp(I){A'tm cos NZmt, -b B;m sin gtmp}, 

where 

~l/lm p -'- ( l -  2p)(o, )  .ql_ f )  + mI2 

and for 

I -  m e v e n :  A;m-- C ; m ,  B;m-- S~m 
l - m o d d :  A;m--- -S;m , B~m - -  C l m  

so that 
l l 

I > 2  m=O p=O 

where 

(a)' R;,,p = a z F l m p ( l ) { A ; m  c o s  gZmp + B;m sin ~belmp}. 

Using Hansen's  coefficients H~,q-- .,,Xl_2p+q , v l ' l - 2 p  we have that 

COS ~ sin ~r Hlpq(e) ~os sin ~ff lmpq 
q 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

(4.8) 

(4.9) 

(4.10) 
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where 

gZmz, q = ( l -  2p + q)2 - qc5 + (m + 2p - l)g2 (4.11) 

where 

l l 

l > 2  m = 0  p = O  q 

write 

(4.13) 

R'tmpq = atFtmz,(I)elqfLz,,q{A~,, cos ~tlm,, q + B~,,, sin ~l/Impq}. 

Proceeding as in Section 2, in terms of the nonsingular variables, one finds 

where 

R~mpq = atJtmp(C)L,pq()')(Ntmpq[A~m cos q~Ipq + B~m sin q~z~,q] 

+ 0u,,pq[A'~., sin ~b ~p~ - B~,,, cos ~blz, q]}, 

+ 

~z,q = ( l -  2p + q)2. 

(4.14) 

(4.15) 

R'tmp(2p-z) "- ctlJzmpLtp(zp-z){Rtmp(2p-t)A~zm -- Otmp(2p-oB~m}, 

(4.16) 

If there is no resonance with the Moon or Sun, the short periodic terms are easily 
eliminated by setting q -  2 p -  l. In this case the best form of the disturbing function for 
a numerical integration approach is given by 

(4.17) 

where A'~m, B~m depend solely on the coordinates of the perturbing body as defined by 
Equation (4.7). In case of longitude resonance with the perturbing body consider the 
expansions 

where 

and for 

Plm (sin 6 )  cos me' = 

Ptm (sin 6') sin me' = 

l 

E 
P ' = O  

Fu,,p,(I'){Az",,, cos 0t,,p, + B~'m sin 0zmp,} 

E Ftmp(I'){-Bt tm COS Otmp' + 
p ' = O  

Al"~ sin 0Zmp,}, 

0,, w, = ( l -  2p')(o9' + f ' )  + mg2'. (4.18) 

l - m even:  

l -  m o d d :  

At"m = 1, 

Az'm = 0, 

Bz' , = 0 

Bl" = 1. 

Therefore we find 

R~mpq - -  
p ' = O  

(4.19) 

R ' =  

and 

Hzpq = elqILzpo(?). (4.12) 

The functions Ltpq are power series in ~= ~ l - - e  2 o r ,  in case q = 2 p  l, they can be 
written in closed form in terms of ),. They will be given later in this work. We finally 
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where 

(a;) + Rlmpa p, -" f l '  n '2 
e,, ( l - m )  V. 

a ' I - 2  (l + m)i  atJtmpLtpq" 

�9 {~ Impq COS r ~t_ ~lmpq sin ~b~p,/p,}, 

where 

r = ( 1 -  2 p  + q)2 - ( l -  2p')(o9' + f ' )  -- mD'. 

We now consider the expression 

/ + 1  

oosq_ 2p')f' 
s in  = ~ G,p,q,(e') ~i~ (l - 2p' + q ' ) M '  

q' 

so that, finally 

(4.20) 

(4.21) 

(4.22)  

where 

and 

R~mpap'a' "-- f l '  n '2  
a z (l - 

a, l_  2 8m (1 + 
m)V 
m) i Jlmp(c)LtPq(~)Flmp'(I') • 

x Gtp,q,(e'){[~lmpq c o s  r "q- D lmpq sin q~t,wqr 

r ~--" ( l -  2p "[- q)2 -- ( l -  2p' + q')2' + q'(o' 

- - ( m  + 2 p ' - -  I)D' 

l l l 

R'= 5, 2 2 5. 22R;m,,,,,','. 
I ~ 2  m = O  p = O  p ' = O  q q '  

(4.23) 

(4.24) 

(4.25) 

The order of magnitude of any term Rlmpap, q, is given by 

2 a i-2 (l - m)!el,~le, l~, I sin 
(1 + m)! 

I.~2) Im+2p'-ll 
sin 

(4.26) 

For  a term Rlmpq in the geopotential, it is 

n2a  (sin ) Im+2p--ll 
(4.27) 

5. Elimination of Short Periodic Terms 

If no resonance occurs with the Moon or Sun, short periodic terms are eliminated by 
setting in R~mpqp,~, 

q = 2 p -  l. (5.1) 

If resonance in longitude occurs of the type 

sit = r2' (r, s integers) (5.2) 
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then short periodic terms are eliminated by retaining 
satisfying the relation 

( l -  2p + q)r = ( l -  2p' + q')s. 

only integers 19 p, q, p', q' 

(5.3) 

6. The Inclination Functions Fire p and Jlmp 

They can be defined by 

J2 
Flmp -- ~ Fimp ca t -  

J=Jl 

m -- 2 p  -- 2jsm - l + 2p + 2j 
9 

where 

Flmp = ( -  1) 
(l + m) t 

2~p !(l - p) t 
( - 1)J (21 - 

(6.1) 

k =  integral part of [ 1 -  m] 

]1 = max (0, -~) ,  

j2 = min ( 2 1 -  2p, l -  m), 

~ = m - l + 2 p ,  

I I .  
s = sin ~, c = cos 

2p ) (6.2) 
m - j  

Following definition (2.7) and noting that the exponent of c in (6.1) is 2l -o~-2j ,  we 
obtain 

J2 
Jlmp -'- ~ Fimp c2t 

J=Jl 

--ot--2Jsot-- I~l + 2 j  (6.3) 

o r  

Jz 
Jtmp -- ~ FJtmp c2l-~-  2j( 1 

J=J1 
- c2) j+('-1"l)/2)). (6.4) 

Note that Jtmp is a polynomial in c=cos 1/2, of degree 2l- l~[  ~< 21. 
Recurrence relations for the computation of these functions will be discussed in a 

separate paper. 
The partial derivatives necessary in the integration of Lagrange's equations are 

OJlmp .._ OJlmp ~C = - 2 P  OJzmp (6.5) 
OP Oc OP Oc 

If 

OJ~mp = - 2 Q  oJz,,,p. (6.6) 
~Q ac 

(l + m)] F]mp J]mo - -  ( - -  1) k 2ZpIO - p)! (6.7) 
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then 

and 

-/2 

Jlmp -- 
.i=31 

j/mpC21 - ~- 2 J ( 1  - C2) j 

O&mp 
ac 

m 
J 

J2 
j/mpC2l - tz- 2 j -  1 [ ( 2 1  __ ~ ) s 2 j  __ 2js2J - 2 ] .  

d=Jt 

(6.8) 

(6.9) 

7. The Eccentricity Functions Gtp a and K~pa 

We begin considering the definkion of Hansen's coefficients (Plummer, 1960) 

( r ) "  exp (imf) = ~ X]" 
J 

m exp (ijM), (7.1) 

where, for j > m: 
oo 

x ; , m  ._ (__e)lj--ml2-n--l(1 + ~)n+ l - l j - m l  
k = O  

j -m+k  k (__ 1)r 
x 

• 
j n - - m  

- - m +  
k-r+l ) ( n  + m + 1 ) ( ~ ) ' + t ( l k _ t  + ?)r+t-k(1 _7 )k  

(7.2) 

and, for j < m: 

- j+m+k ~ (__ 1)t 
x ; , m  __ ( _ _ e ) l j - m l 2 - n - l ( 1  + y ) n + l - l j - m l  ~ >( 

k=o r=o t = o  r !t  ! 

where 

• ( n + . m + l  ) ( n - m +  1)(~)'+t(1 +~,)r+t_k(l_y)k 
m - - j + k - - r  k - t  

(7.3) 

y =  V'I - e  2. (7.4) 

The definition of the Glp q functions is 

(a)  t+l exp [i(l- 2p)f] = ~ Gzpq exp [i(l- 2p + q)M] 
q 

(7.5) 

so that 
Glpq v - - l - l ,  l - 2 p  

- -  ~ , x / _ 2 p  + q (7.6) 

for 1= - n -  1, 2p = - n -  m -  1, q = j -  m, in Equation (7.1), or n = - 1 -  1, m = l -  2p, 
j=l-2p+q=m +q. We see therefore that Gtp~ is factored by e j~l and the remaining 
factor (K~p~) is a power series in ~,= a / 1 - e  2. 



THE EQUATIONS OF MOTION OF AN ARTIFICIAL SATELLITE IN NONSINGULAR VARIABLES 203 

Making use of the expressions for Hansen's coefficients we find 

Glp  q -" e l q l K l p q ,  (7.7) 

where, for q > 0: 

K~pq--(-1)'q'U(1 + y)-t- 'q' ~ ,q~+k~ ( - 1 ) '  ( 2 p - 2 l  ) 
~ = o , = o , - o  ~ i i  Iql + k -  r • 

+q)+, 
x $ (1 + ),)"+'-k(1 (7.8) 

and, for q > 0: 

Kip. = (--1)'q'2l(1 + 7) - l - ' ' '  ? o 7 o  ~o = = , =  ; . , i i  [q l+k-  
• 

X 
(,- 2p + q ) , + t  y),+t (1 + -k( 1 - 7Y'. (7.9) 

For j =  0, n < 0 and n + m odd, we have: 

n - 2  k + ] m  g ~ , m  - -  e l j - m l ~ 2 n +  3 • 

k-o + [m k 

x 2 - 2 k -  Iml(1 
_ y2)k, k ' =  - n -  1 - I m l  

2 
(7.10) 

so that, for q=  2 p -  1, 

G l p ( 2 p -  o "-  e l 2 p -  llKlp(2p- I) (7.11) 

where 

p x( ,_1 
Kzp(2p- t) = Y- 2t + 1 

~-o 2k + I E p -  II 

-,I) 
• 

X 2-2k-12v-t l (1  -- 7e) k (7.12) 

and 

t - 12p - 11 (always integer). p' = 
2 

(7.13) 

The following derivatives are necessary: 

0K,.q 0K,.. a~ r 0K, p~ 
_ . .  . _ - -  

~r o~ �84 o~ ~ o~ 

0r/ y ~y 

(7.14) 
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where, for q > 0: 

OKtp. 
07 

( - Iql )  K~p. + (--1)lql2'(1 + y) -t-I"l • 
= u ~ ~=o  ~=o , = o  

x {Iq 2l "+' 
X 

x (1 + 7)'+'-k-X[(r + t -  k)(1 - 7) k - k(1 4- 7)(1 - 7)k-i]; 

(7.15) 

for q<O: 

OK,..= ( - I q l )  K, pq + (-1)Jql2t(1 + 7) -t-I"j x 
0~ ~ 7 k=o ~=o ~=o 

( - 1 ) '  -2p r) (2Pk - ~l) (l - 
x r.vTi ( [ q l + k -  

+ q)r+t 

x (1 + 7) '+'-k-~[(r + t -  k)(1 - 7) ~ - k(1 + y)(1 - 7)k-i]; 

(7.16) 

and for q=2p-l: 

O K l p ( 2 p -  l) 

07 

p l (  , 1 ,) -21  + 1 - 2 7  - 2 / + 2  x 
7 Klp(2p-I) k=OZ 2k + 12p-  l 

x ( 2 k +  Ik p - l[)2_2k_12p_llk( 1 _ e2y,- i. (7.17) 

8. The Eccentricity Functions H~p~ and Lzpq 

In terms of Hansen's coefficients we have the definition 

Hlpq v ' l ,  1 - - 2 p  
--- .ZX l _  2 p + q  , (8.1) 

According to Equation (4.10): 

( r ) '  exp [i(l- 2p)f] = ~ H, pq exp [i(l- 2p + q)M]. 

Also 

where 

Hip. = et"lLlpq(7), 

7 =  V'I - e  2. 

(8.2) 

(8.3) 

Comparing with 

a)" exp (imf) =Zx ' 
J 

m exp (ijM) (8.4) 
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the relationships are in Equation (8.1): 

or 

n = l  

m =  l - - 2 p  

j=l-2p+q 

l = n  

2p=n-m 
q = j - m .  

It is seen that, in opposition to the Gtpq functions n-m 
Equations (7.2) and (7.3) are still valid, so that for q> 0: 

should be even and n>0. 

~ ' ~ k  ~ (--1)~ ( 2 p + l )  
Llpq -- ( _  1)lql2-t-~(1 + y)t+~-Iql x 

~=o , = o  , = o  r f i i  I q l + k - r  

x ( 2 l -  2P t - t - k -  1)(Z-2p+q) ~+'(12 + 7)r+'-k(1 - 7) k (8.5) 

and for q<O: 

Ltp~ = ( -  1)!"12-2/-1(1 + 7) l+l- lql  X 
k=o ,=o ,=o q[ + k -  r 

x _ ~ (1 + 7)'+t-k(1 - 7) k. (8.6) 

For j =  0 and n > 0 we have 

X~) m .__ (__e)lml(1.k_~)n+l-lml2 n+l n+ l-Imlk=o~ (n + 1 - [m[) x k  

X 
Iml + k + 

so that 

Hl~(2p -  l) = 
(_  e)lZv- zl(12/+1+ 7)/+ 1-12p-/I l+l-lZp-llk=o~ (1--[2p k- 

and therefore 

Ltp(2p- t) 
(--1)I2p-zI(1 -t- ~)l+l--]2p--l] / + l - 1 2 p - / I  

2t+l k = O  

X 
(,+ , +1)(1 

12p-Zl + k  ] ~  " 

z -  2 p -  
k 

zi + 

Zl + 

(8.7) 

1) x 

(8.8) 

1) x 

(8.9) 
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For  the derivatives, we have, as in Equation (7.14), 

OLzpq ~ OLzpq 

cOLz~,q = ~1 cOLlpq 

&l 7 07 

(8.10) 

Indicating by a prime the derivative with respect to y, we find that, 

+l k , l 1 - [q [ '  Ltpq + ( -  1),q,2-t-.(1 + y)/+l- lql  x 
Llpq = + Y I,=o ,=o t=o 

r .m r. y),+.+k- k)(1 - x ,--lpqV* + ~[(r + t + _ y)k 

- k (1  + y)(1 - 7) k -  ~], (8.11) 

where, for q > 0 

lpq = r! t  ! [qi + k -  r k -  t 2 
(8.12) 

and for q < 0 

' " " -  r Y i i  ql + k -  - 2 " 
(8.13) 

I f  q = 2 p - l ,  

LtIp(2p- l) = 
( l  + 1 - 12p - l I) L,~(2~_,, - 

l + y  

( -  1)'2P-zI(1 + 7) l - l - 1 2 p - l l  

2 z 
• 

• 
Z+l-12P-Zl  

2 
k = l  k 12p+ + k  x 

(1 
x i 7  (8.14) 

Recurrence relations for the Hansen coefficients and their derivatives will be presented 
in a separate paper. 

9.  T h e  F u n c t i o n s  [~lmpq a n d  D~mpa 

They are defined by (2.18) and (2.19). Expressions for the derivatives are easily found 
using Equations (2.11) in the form 

2N,,npq = (~ + i t l ) q ( P -  iQ) ~ + ( ~ -  irl)q(P + iQ) '~ 

2iUmpq = (~ + i~7)q(P iQ)" - (~ - i~7)q(P + iQ) ~ 

(9.1) 

(9.2) 

together with (2.17). 
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Distinction must be made of the cases q > 0, q < 0, ~ > 0, ~ < 0. We easily find that 

~Impq -[qlR,m,,." 

~ Impq 
- -  - -  q [l t m r ,  ~, 

~ lmpq 
= Iql  D , . . . .  

(9.3) 

~ lmpq 

~J7 
- -  q R t m p , t '  , 

where 

q , = { ~ -  1 + 1  
( q > O )  
(q < O) 

~ l m p q  
OP 

ORlmp~ 
aQ (9.4) 

l] lmpq 

~P 
= 

~ Impq 
eQ --- O~im,pq 

where 

m , = ~ m -  1 ( ~ > 0 )  
, + 1  ( ~ < 0 )  

0~=m + 2 p  /. 

In order to obtain recurrence relations we observe that Equations (9.1) and (9.2) may 
also be written as 

(~ - i~7)~(P + iQ)  ~ = Rq, - iDq, 
(9.5) 

where the indices of ~, U have been compressed for simplicity of notation, and when q 
and/or ~ are negative the changes (2.17) must be considered. 

We have the following recurrence relations: 

~l ,m,p ,q+l  

~l,m,p, q + l  

= ~ I m p q -  17~lmpq 

-" ~ l m p q  "3t- ~lmpq 
(q I> O) (9.6.1) 
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(~2 ~_ l ] 2 ) ~ l , m , p , q _ l  : ~X lmp  q __ l]~lmp q (q < 0) (9 .6 .2)  
(~2 + q2)UZ.m.~.~_ ~ = ~RZm,, + ~D~mp, 

(~2 ~t. / ]2)~/+ 1, m, p, q -- ~ I m p q  --  l]~lmpq 

(~2 .31_ i~2 )~ l+l ,m ,p ,q  ~ ] ~ I m p q  "Jr- ~ l m p q  
(a I> O) (9.6.3) 

(~2 7t - l~2)~l+l,m,p,q ~_. ~Impq "31- l~Ilmpq (~ < 0) (9 .6 .4 )  
(~2 + ~ 2 ) 0 , + x , ~ . . . "  = _ ~ a , . . .  + ~n ,~ . .  

~l ,m+ l ,p,  q 

~l,m+ l ,  p, q 

"-- ~ l m p q  "Jr- l]~Impq 

"-- - -  q~ lmpq  "31- ~ lmpq 
(~ I> O) (9.6.5) 

~ l , m + l , p ,  q --- ~ I m p q  - -  ~ l m p q  ((~ < O) (9 .6 .6)  
O1, m + 1, p, q = r lRtmpq + ~0 Izp~ 

~ l , m , p + l ,  q 

~ l , m , p + l ,  q 

__ (~2 __ l~2)~impq .q_ 2~TDtmp q (ix ~ O) (9 .6 .7 )  
__ (~2 _ r/2)ntmp~ _ 2~17Rtmp q 

~ / , m , p + l , q  "- (~2 _ l~2)~Impq_ 2{~/0,m,q (a < 0)  ( 9 . 6 . 8 )  
~l ,m,p+ l ,  q - -  (~2 __ l~2)Ulmpq .at_ 2~ l ]~ imp  q 

Equations 

For the 

and (9.4). 

(9.6.1) through (9.6.8) are all recurrence relations necessary for R and D. 

derivatives, no recurrence relations are necessary in view of Equations (9.3) 

10. Short Table for Jlmp 

1 
1 m p Io~l--Im+2p-ll J~,,,p(c), c - - c o s  

2 0 0  2 

2 0 1 0 

2 0 2 2 

2 1 0 1 

2 1 1 1 

2 1 2 3 
2 2 0  0 

2 2 1 2 
2 2 2  4 

3 0 0 3 

3 0 1  1 

3 0 2 1 

3 0 3 3 

3 1 0  2 

C 
�89 + 3c 2 -  3c 4 
3c2 

3c a 
3 c - 6 c  a 

3c 
3c 4 

6c 2 

3 
__ 5C3 

-3~+V-c~ 
3 c -  

Sea 

_ _  .1.5.C4 

_~S-cS 

~-c ~ + ~ c  ~ 
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I 
l m p = [m + 2 p -  11 J mp(C), c = cos  

3 1 1 0 _ %2 + 30c 4 _ . ~ c  6 

3 1 2 2 -3+-~-c2 -*@c*  

3 1 3 4 - -~-c  2 

3 2 0 1 15c a 

3 2 1 1 3 0 c a - 4 5 c  5 

3 2 2 3 1 5 c - 4 5 c  a 

3 2 3 5 - 1 5 c  

3 3 0 0 15C 6 

3 3 1 2 45c 4 

3 3 2 4 45c 2 

3 3 3 6 15 
4 0 0 4 3~c4 

4 0 1 2 �89 

4 0 2 0 3_8_ ~ -c2 + !a_SSc4___a o 5 c 6 

4 0 3 2 ~S--c2--~S-c4+-a-~-c6 

4 0 4 4 3Sc* 8 

4 1 0 3 - - ~ c  5 

4 1 1 1 - 2 5 c  a + a @ c  s - 7 0 c  7 

4 1 2 1 _ 15 c + la_~Sca_ a 1__~Sc5 + 105c 7 

4 1 3 3 _~5__ c _  1 o__ASca + 70c s 

4 1 4 5 a~ca 
4 2 0 2 --10----fi5C6 
4 2 1 0 - - ~ c  4 + 45c 6 -  30c s 

4 2 2 2 - - ~ c  2+315c 4 - 3 1 5 c  6 

4 2 3 4 - - ~ + 1 0 5 c 2 - 2 1 0 c  4 

4 2 4 6 -l~ 

4 3 0 1 105c 7 

4 3 1 1 315cS-420c  7 

4 3 2 3 315c a - 6 3 0 c  5 

4 3 3 5 - 105c+420c a 

4 3 4 7 - 1 0 5 c  

4 4 0 0 105c 8 

4 4 1 2 420c 6 

4 4 2 4 630c 4 

4 4 3 6 420c 2 

4 4 4 8 105 
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11. Short Table for Klpq (Kip.= KI, 
1 

1 p q 1 p q Klpq 

~ m p p  

2 0 - 2 2 2  2 0 

2 0 - 1  2 2 1 ---!2-2+-~6e2+ .... 
1 3 ~4  2 0 0 2 2 0 1 - ~ e 2 + i - g ~  +.- .  

2 0 1 2 2  - 1  ~-~263-e2+-.- 

2 0  2 2 2  - 2  17 

2 1 - 2  2 1 2 

2 1  - 1 2 1  1 

2 1 0 2 1 0 

3 0 - 2 3 3  2 

3 0 - 1  3 3 1 

3 0  0 3  3 0 

3 0 1 3 3 - 1  

3 0  2 3 3  - 2  

3 1  - 2 3 2  2 

3 1 - 1  3 2 1 

3 1 0 3 2 0 

3 1  1 3 2  - 1  

3 1 2 3 2 - 2  

4 0  - 2 4 4  2 

4 0 - 1 4 4  1 

4 0  0 4 4  0 

4 0  1 4 4 - 1  

4 0  2 4 4  - 2  

4 1  - 2 4 3  2 
4 1 - 1  4 3 1 

4 1  0 4 3  0 
4 1  1 4 3  - 1  

4 1  2 4 3  - 2  
4 2  - 2 4 2  2 
4 2 - 1  4 2 1 
4 2 0 4 2 0 

1~5e2 
2 - - - -  "[" ~176176 

9 + �88 2 + ... 
2 '7 ~2 

+ T ~  + " "  
(1 --e2) -a/2 

~ + ~ 8 e 2 +  .-- 

--1 + �88  .-. 

1 -- 6e 2 + -46~3-e4 + "" 

5 -  2 2 e  2 + ... 

1 2a 7 a 4~ ~ 5e2 + . . .  
1 1  4 9 . . 2  8 + : i ~ e  + " "  

(1 -eZ) 
1 + 2e 2 + ~-~e 4 + . . .  
3 + 11e2 + . . .  

3 9 ,o2  V-+ o +"" 

3 7 5,~2 
- - ~ + T ~  +""  
1 -- 1 1 e z + 1 9___99 e4 + ... 

~3_ _ 7_66_S_e z + ... 

5 1  3 ~ 1 e 2 + . . .  

�88 --e2) -7/2 
3 3 ,02  �89 +... 

6 5  ^ 4 ~  1 +e2+x-6r  -r"" 

9 - - ~ 6 e 2 + . . .  

y - 12-~9-e2 + ... 

5 + 1--i-~25-e2 + "'" 
~-b 13-~e2 + "'" 

(1 + 3e2)(1 - e 2 )  -7/2 
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12. Short Table for Llv~ (Lzv~ = L l ,  z-p, -q) 
| 

l p q l p q Lzv~ 

2 

2 

2 

2 

2 

2 

2 

2 

3 

3 

3 

3 

3 

3 

3 

3 

3 

3 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

4 

0 - 2  

0 - 1  

0 0 

0 1 

0 2 

1 - 2  

1 - 1  

1 0 

0 - 2  

0 - 1  

0 0 

0 1 

0 2 

1 - 2  

1 - 1  

1 0 

1 1 

1 2 

0 - 2  

0 - 1  

0 0 

0 1 

0 2 

1 - 2  

1 - 1  

1 0 

1 1 

1 2 

2 - 2  

2 - 1  

2 0 

2 2 2 

2 2 1 

2 2 0 

2 2 - 1  

2 2 - 2  

2 1 2 

2 1 1 

2 1 0 

3 3 2 

3 3 1 

3 3 0 

3 3 - 1  

3 3 - 2  

3 2 2 

3 2 1 

3 2 0 

3 2 - 1  

3 2 - 2  

4 4 2 

4 4 1 

4 4 0 

4 4 - 1  

4 4 - 2  

4 3 2 

4 3 1 

4 3 0 

4 3 - 1  

4 3 - 2  

4 2 2 

4 2 1 

4 2 0 

A 
2 

3 3 9 ~2 - -+-~e  +..-  
2 3 ..4 1 - Se2  + T ~ e  + "'" 

1 - �89 + ... 

1 - { e  2 +-'" 

__ 1 q._ l _ ~ e  2 + . . .  

- 1 + le2  + .-- 

1 + % 2  
57 65,92 
- 8 - - -  T ~  + " "  

9 ~ e  2 - ~ - +  + ... 

1 -  6e 2 + - ~ e  4 +-. .  
3 ZgZe2 ~---  + . . .  

15 _ W _ e  + . . .  

1•  + . . .  

1 + 2e 2 1 2 3 _4. - -  -i-ff~er + "'" 

- � 8 9  
3 +  I 1 - 2  

T-6e + " "  

1 4 -  1 ~__Ze2 +. . .  

- 6 - -994-%2 + "'" 

1 - 1 1 e 2 + 2-~3-e4 + .-. 

2 _ ~ Z e  2 + . . .  

3 - 2 1 e 2 + . . .  

- 4 -  3e 2+..-  

1 + e 2 - ~Z~e4 + ..- 
3e2 _ 9e4 + ... 
_�88 3 7 _ 2  

~-~e + " "  

�89 T~ze 2 +-. .  

- -2 - -9e  2 + ... 

1 + 5e 2 + - ~ e  4 
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q 

13.  S h o r t  T a b l e s  for  ~Imp~l, ~ lmpq ( a  "--" m + 2 p -  l) 

O~ ~Impq D lmpq 

0 0 

0 1 

0 2 

1 0 

1 1 

1 2 

2 0 

2 1 

2 2 

0 - 1  

0 - 2  

1 - 1  

1 - 2  

2 - 1  

2 - 2  

- 2  0 

- 2  1 

- 2  2 

- 1  0 

- 1  1 

- 1  2 

- 2  - 1  

- 2  - 2  

- 1  - 1  

- 1  - 2  

1 

P 
p z _ Q 2  

~P+ ~TQ 
~(p 2 _ 0 2) + 2r/P O 

~2__ 112 

p ( ~ 2 _  ~/2) + 2Q~r/ 

(~2 _ ~/2)(p 2 _ Q2) + 4~r/P Q 

P 
p 2 _  Q2 

 P-qQ 
~(e 2 _ Q2) _ 2~le Q 
P (~z - ~lz) - 2 Q~ I 

(~2 _ r/2)(p z _ Q2) _ 4 ~ / P  Q 
~2__/~2 

P(~:2- rf)- 2Q~r/ 
(~2 _ r ] z ) (p  2 _ Q2)  _ 4 ~ / P  Q 

C e - q Q  

~(p  2 _ Q2) _ 2~/PQ 

P (~z - ~12) + Z Q~I 
(~2 _ ~/2)(p 2 _ Q2) + 4~IP Q 

CP+qQ 

~(p 2 _ Q2) + 2r/P Q 

0 
- Q  

- 2 P Q  

rl 

~TP-~Q 
~7(P 2 _ Q2) _ 2~P Q 

2 ~  

O(~2 _ qz) + 2P~l 
_ 2 (~2  _ ~/2)(p Q + 2 ( P  2 _ QZ)~rl 

Q 

2PQ 

~P+~Q 
r/(P z _ 0 2) + 2~P Q 
- 

2(~ 2 - r/z)P Q + 2(P 2 _ QZ)~r/ 

-2 I/ 
Q(~2-  ~Ie)- ZP~ I 

- 2(~ z - r/z)P Q - 2(P 2 _ Q2)~r/ 

- r /  

- ~ I P - ~ Q  
- r / (P 2 _ Q2)  _ 2 ~ P  Q 

_ Q(~Z_ qz) _ 2P~I  
2 ( ~  2 - r /z)P Q - 2 ( P  2 _ QZ)~q 

-~TP+~Q 
- ~7(P 2 _ 0 2) + 2~P Q 

N o t e  tha t  the Hlp~, Gzpq were ob ta ined  

~n= 1 

Hzp~= x]'m, m =  l -  2p 

, j = m + q  

f ~  = - l -  1 
Glpq = X] "m = 1 -  2p 

L J = m + q .  

directly f rom Cayley 's  tables cons ider ing  tha t  
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14. Solar Radiation 

Let  the force per unit  mass of  the satellite be a and the unit vector f rom the Ear th  to 

the Sun's posit ion be fo- The force due to radiat ion pressure is then, per unit  mass, 

F - -  - - r  

and the disturbing function, in absence of  shadow is 

R p : - -  aPo" r, 

where r is the radius vector o f  the satellite. If  ~ '  is the geocentric e longat ion of  this 

f rom the Sun 

R p = - a r  cos ~. 

Transforming  to orbital  elements and observing that  the average value of  ( r /a )  cos f 

with respect to the satellite's mean  anomaly  is - ~ e ,  we find, for the long periodic par t  

of  R p, 

/~ - -32aa{2V'l - p2  _ Q2 0/P - ~Q) sin e sin u' + 

+ [~(1 - 2 Q2) + 2~TPQ] cos u' § [17(1 - 2p2) + 

where 

+ 2 ~ P Q ]  cos e sin u'}, (14.2) 

u' = f o  + coo 

e = obliquity of  the ecliptic. 

I f  the eccentricity o f  the Sun is neglected, 2o can be substituted for u' and 

2o = 279~ + 00.985 647 4(t - 1975.0), 

where t is days. 

The partial  derivatives are easily found 

~ 1 -  
~ . - . R  

~ a  a 

~k 
= 0  

~2 

= 3 a a { -  2a/1 - P 2 _ Q2 Q sin e sin u' + 

+ (1 - 2 2  2) cos u + 2 P Q  cos e sin u'} 

c3/~ p 2  Q2 u' oj/ = ~ a a { 2 a / 1  - - P sin e sin + 

+ 2 P Q  cos u' + (1 - 2p2) cos e sin u'} 
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OP 
- 3 a a { - ( 1  - p2 - QZ)-I/z[rl( 1 - ~PQ] sin e sin u' + 

+ ~/Q cos u' + (~ Q - 2r/P) cos e sin u'} 

oQ 
- 3 a a { - ( 1  - p2 - Q 2 ) - 1 / 2 [ ~ ( 1  - p2) + ~IPQ] sin e sin u' + 

+ O/P - 2~Q) cos u' + gP cos e sin u'}. (14.3) 

If short periodic terms a re  to be included, the elliptic expansions necessary to develop 
(14.1) are simply given by 

r 
- c o s f  = - 3e + 
a 

~: [Jk-l(ke) -- 
k = l  

Jk + l(ke)] cos k M  

[ sin f =  2V/1 - e 2 
a 

oo 1 
-~ [ 4 -  l(ke) + 4 + ,(ke)] sin kM,  

k = l  

where Jk(ke) is Bessel's function. 

1 5 .  L i n e a r  P e r t u r b a t i o n s  b y  T e s s e r a l  H a r m o n i c s  

It is supposed that  mean values ~, g/, ~, ~,/5, Q, if, L), tT, i a re  available either from 

observations or as given by the leading zonal harmonics. Under  these circumstances 

one can easily write the perturbations in the nonsingular elements due to a particular 

term Rtmpq pertaining to a tesseral harmonic (l, m). This is readily achieved by trans- 

forming the well known results in Keplerian elements to the nonsingular elements. 

Let us define: 

and 

a = mean semimajor axis, 

= mean motion,  

~ = m + 2 p - l ,  

Y-- ~ 1  - e  2, 

I 
J~mp = OJlmp/0r r -- COS i '  

O l m p q  "-- ( 1 -  2p + q)2 - mO, 

Slmpq "- ~impq(~41m COS Olmpq "a t- Bz,,, sin 0zmpo) + 

"71- H lmpq(Alm s i n  Olmpq - -  Blm COS Olmpq), 

Tlmp~ = Rtmp~(Alm sin Otmp~ - Bt,,, c o s  Otmpq ) - -  

--  U lmpq(Alm COS Olmpq -t- Blm sin Ot,np~), 

D,,,,p~ = ( l -  2p  + q )~  - q ~ - 77~ ff  Q - O f f  + - mO. 

(15.1) 

(15.2) 

(15.3) 

(15.4) 
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The linear perturbations due to R l m p q  a r e  given by 

(a__s ~ [ 1 ~- 1)]Jmp 

1 - c2 ' ~'~Tl 
Jlmp mpq s 

(a:) 6azm.~ = 2 ~  _ ( l -  2p + q)Dzmp~JzmpKtvqStmp~ 

- -  O t m p q ~ [ ( l -  2p + q)y  - ( l -  2p)] x 

x Jzm K  .Slz . 

P(~Ptrnpq Jr- 06Qlmpq 1~ -1 - -  Dlmpq-~ [ ( / -  2p)(c  2 - s z) - m] x 

x Jlm Kz,.Szm,. 

2 , e2(1 - c 2) , ] 
- e Jt,,,pK~p~ - 27c Jt~pKtpq Zlmpq 

1( 
Pc~Qtmpq O(~Ptmpq �88 -1 -- -- Otmpq ~ [o~[Jtmp - -  

1 - c 2 \ 

(15.5) 

(15.6) 

(15.7) 

(15.8) 

(15.9) 

(15.10) 
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