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Abstract. The equations of motion of an artificial satellite are given in nonsingular variables. Any
term in the geopotential is considered as well as luni-solar perturbations up to an arbitrary power of
r/r’, r’ being the geocentric distance of the disturbing body. Resonances with tesseral harmonics and
with the Moon or Sun are also considered. By neglecting the shadow effect, the disturbing function for
solar radiation is also developed in nonsingular variables for the long periodic perturbations. Formulas
are developed for implementation of the theory in actual computations.

1. Definition of Nonsingular Elements

For I#m, e<1, the following set of elements is nonsingular
a = semi major axis
A=M+ o0+ Q
E=ecosd (®=ow+ Q) (1.1
n=esind
P = sin 1/2 cos Q
Q = sin I/2 sin Q.

Let y=V1—e¢?, c=cos I/2, s=sin I/2. For this set of elements, Lagrange’s planetary
equations are

. 2
a = ;’I-Zl R/l
i 2 1
=n—’-1—‘-lRa+ ———(5R5+77R,,)+ ond (PRp + QOR,)
= —— ' R, — L R, — —— n(PR, + OR))
na*(l + y) na®>" " 2nd?y Q
. 14 14
- — R, + L .
n na2(1 + y) nix; T na2 R‘: + 2na2y ﬁ(PRP + Q‘RQ) (1 2)
1 1 1
F= " 2na?y PR, = 4na*y Ro + 2na*y P1R; — CRy)
0 L OR, + — R, + —— L OR. — #R)
T T 2na%y <t dna?y 2nay e = )
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If the perturbations are given by a disturbing function R and a disturbing (non-
conservative) force F, in the above equations we must consider

oR or

R =— +F.=—
o + oo
where « is any element and r the radius vector. This form is necessary in order to take
into account nonconservative perturbations like atmospheric drag, radiation pressure,
etc. In rectangular inertial coordinates F=(X, Y, Z), r=(x, y, z) all we need are the
derivatives of the Keplerian x, y, z with respect to the set of elements a, 4, &, 5, P, Q.

Let u=w+f. Then we have

(1.3)

ox X 2 oz z

da a oa a oa a

ox a(lox : :
_87=;{;5;-—e(smcocosQ+coswstcosI)}
oy af(loy : :
-3-;-1_-);{;—a;—e(sma)st—coscocos.QcosI)}
0z _a 182+ -

7= 7 \r o € COs @ sin

0X . :

i —r{sin u cos 2 + cos u sin 2 cos I}

oy : :

3 = —r{sin u sin 2 — cos u cos Q2 cos I}

0z :

-az=rcosusml

ox ox ox 9y _dy dy 0z oz oz (1.4)
o ou 9\  o® ou ©6A  o® ou 04 ‘
ox _  0x 8y_x oy oz 0z
2Q ou QR T w92  ou
ox sinfox : :

5~ 7 au—a(coscocos.()—smcostcosI)
dy  sinf oy : :

e~ 7 7u a (cos w sin Q + sin w cos Q cos I)
0z sinf oz : :

e = au—-asma)sml

0X : : :

-87=rsmusm£231nl

0 : :

%:—rsmucosgsml

0z

37 = p SIn u cos 1.
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The above relations are valid if x, y, z are expressed in terms of (a, A, @, e, Q, I). The

derivatives with respect to &, 5, P, Q are easily found to be

ox 8x' N ox 1 .

52 =5gcosw—%-e-sma)
8x__ axsinc'z")+ ox 1coscT)

on  Oe oD e

ox ox 1 ox 1
=7 Z_ 2l
P 2o T ooy
ox ox 1 ox 1

2 =22 Zr 2

70 8Icst+aQScosQ

and analogous for y, z.

2. Development of Geopotential in Nonsingular Variables

(1.5)

We propose a form suitable for both numerical or analytical solution and necessary

to recognize possible resonances occurring with tesseral harmonics.
We begin considering the usual form of representation

R = z i élemm’

122 m=0p=0 ¢

where

al :
lepq = '(l:l_l.rl' Flmp(I)Glpq(e)(Alm COs ¥ impq + Blm S1n Wlmpq)'

In the above expression

U = Gmg,
a, = mean equatorial radius of @
Fy.p(I) = inclination functions (Allan, 1965)

Ge) = Xith=2P  (Plummer, 1960)

4 = Cim> [ — m even
"\ =S, [ — modd

B - Sims [ — m even
T \Ch, 1 — modd

and

l//lm,,q=(l—2p+q)l—qc'?)+(m+2p—l)[2—m9,

where 6 1s Greenwich sidereal time.

2.1)

2.2)

(2.3)
2.4)

(2.5)

(2.6)
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The exact D’Alembert characteristics are
Flmp = SlalJlmp(c) (27)
Gipg = elqlKlpq(y)a (2.8)

where J,,,, 1s a polynomial in c¢=cos I/2, K;,, a power series in y= V1—e2, and
a=m+2p—I. For g=2p—1, K,,, are expressible in closed form as functions of y. We
shall give expressions for J,,,, and K,,, in due time. A particular term of R can thus be
written in the following form

pa, . .
lepq = a'z_+1 Jlmp((:)I{lpq()/)Sl lquI(Alm COS Wlmpq + Blm S Wlmpq)° (29)

We begin by considering
qg > 0, x=m+2p—1>0
so that we have
e? exp (igd) = (& + in)*
et exp (—igd) = (& — in)*
s*exp (inQ) = (P + iQ)*
s*exp (—inQ) = (P — iQ)~.
Let us consider the expression
s'%e12 COS Wymve
which can be written as
Jelal =45l =([(¢ + (P — iQ) + (€ — i(P + iQ)] COS Oyppg —
—i[(€ + AP — iQ)* — (& — inY(P + iQ)]Sin Oymy),
where
Ompa = ({ — 2p + @)A — m0. (2.10)

Obviously for g >0, a >0, the exponents of e and s vanish, but we keep them in order
to treat the case g <0, a<O.

Let now
Rimpa = Real {(€ + in)*(P — iQ)*}
limpa = Imag{(¢ + in)(P — 1Q)"} 2.11)
so that
e!s'% cos Wimoe = Rimpa €08 Oimpa + Vimpg S10 Oppapy - (2.12)

We now evaluate the expressions for R and 1. We have that

€+ Hf(P = Q) = 3 3 (=L UG- P g

k U,
+ i Z Z (_1)n+u+l(z)(%n_i_l_u)fq—u”upa—Zn—1+uQ2n+1—u’

— Y 4
n=0 u=u;
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where
g+« k,=[q+oc—1
—_— 2 2 2 2
u, = max (0, 2n — a), u, = min (2n, q) (2.13)
uy =max(0,2n + 1 —a), u; = min(2n + 1,9q).
Thus
k Uus
Rimpg = ZO D (=)D G- )E P 2t ugan—u (2.14)
n= u=u1
and
k’ u;
impa = 33, (=1 Gy G P b ugI I (2115)
n=0 u=u]

By a shift of —=x/2 in the angle y,,,,, we also find
51 Sin Wimpe = Rimpg S0 Oimpa — Limpg COS Opmpa -

Thus, for g>0, a=m+2p—1>0, we have

'uaé gl —qglal —a
Rimpg = pEES| Jimpa(C)Kipg(P)e § X

X {lepq(Alm CO8s Hlmpq + -Blm SiIl Hlmpq) +
+ ﬂlmpq(Alm Sin Blmpq - Blm COS Hlmpq)}° (2.16)

Consider now g <0. We may write

E+ip?=E+ i =(2+ )N - in'? =

= e~2d(g — jp)lal,
Thus for ¢ <0, in the definition of R;,,, and [;,,, we must introduce the change
& —¢fe?
n— —nje*
q—> —q = |q|.

The corresponding factor in Ry, 18

eldl—4 — p2lal

so that, the above changes introducing a factor e~2!4!, that factor disappears. There-
for we can leave out the factor ¢'%~? for both g >0 and g <0 defining for g <0 the new
Rimpq and 0;,,,, by the changes

E—=>¢
n— —n (2.17)
q—|q| = —q.
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A similar reasoning applies for « <0. We see therefore that the expressions valid for
any q and « are

k us |
Rimpg = 20 2, (=1 (NG HE yupla — 2t gan (2.18)
n=0 u=u,

k’ 2
l]lmpq — z z (__1)n+u+léu(lgl)(lzo'ztl+1_u)élql-u”uP|az|-2n—1+uQ2n+1—u,

n=0 u=u;
(2.19)
where
_ T
P 1 Wl TP I U Bl el (2.20)
2 2 |
u; = max (0, 2n — |af), u, = min (2n, |g|)
u; = max (0,2n + 1 — |af), u, = min 2n + 1, |g|) (2.21)
o0, = 1, if g, a are both positive or negative '
0, = (—1)*if g or « is negative.
The final result is
ual :
lepq = T“ Jlmp(c)Klpq(y){lepq(Alm COS Hlmpq + Blm Sin glmIJQ) +
+ Dimpg(Aim S10 Oypy — Bip €OS 01ppg)}- (2.22)

3. Elimination of Short Periodic Terms

(a) No resonance with tesseral harmonics.
In this case, the short periodic terms are eliminated by setting the coefficient of A4
equal to zero, that is

so that
Hlmpq = —m@
i 2
N [-EIEICEY

u; = max (0,2n — |«|),  u, = min (2n, [2p — I|)
u; = max (0,2n + 1 — |af), u, = min 2n + 1, |2p — I|).
(b) Resonance with tesseral harmonics. We consider two types:
(b.1) (M + @) = r(2 — 0) (Nodal resonance), | (3.3)

where s, r are mutually prime integers.
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In this case the short periodic terms are eliminated by retaining only integers /, p, m
satisfying the conditions

0<p<l
| —2p =js (j= integer) (3.4
l1<m=jr<l
so that
Oumpa = (is + @) — jr (3.5)
o] = [j(r — s)|
- [lale b =9,y flale e =9l 1]
2 2

u; = max (0, 2n — |j(r — 5)|), u, = min (2n, |js|)
u; = max (0, 2n + 1 — |j(r — s))), u, = min 2n + 1, |js|).

(b.2) si=r0  (longitude resonance) (3.6)

where s, r are mutually prime integers. The short periodic terms are eliminated by
retaining only integers /, p, m satisfying the conditions

O0<p<l
2p —l=q — s (j = integer) (3.7)
l1<m=jr<li

so that
Oimpq = J(SA — rB) (3.8)
|| = |g + j(r — s)|.

In both cases |g| is a free integer indicating the maximum power of e retained in

Rinpg-
4. Development of Luni-Solar Potential in Nonsingular Variables

The disturbing function due to the Moon or Sun can be written as

a' 3 y -2
R = ﬁ'n'zrz(—,) > (—7) P, (cos v'), (4.1)
r 122 \F
where '
ml
' = ’ "= f disturbi d
p - — m mass of disturbing body,

n’ = mean motion in longitude of the disturbing body,

a’ = mean distance of disturbing body from Earth,

y' = geocentric elongation of the satellite from the perturbing body,
r

= geocentric distance of perturbing body.
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Using equatorial coordinates («, ) and (&', 0) for the satellite and the perturbing

body, we have

cos ' = sind sin &’ + cos d cos &’ cos (¢ — a')

and

P, (cos y') = z Em (= )' P,,, (sin 6)P,,, (sin ") cos m(ax — ),

"+ m)!

where e5=1, ¢,=2 for m#0.
We define the harmonic coefficients

’ /2 (q\ 1+1 . ' o
C = {ﬁ N, U=m b in 5')} cos ma’

a'lt—? \r’/ (l+ m)!

Sim = {i:;ri—’; [f,\ g ; m;' P,,, (sin 5’)} sin meot’

so that

=3 5 Rin

122 m=0

where

l
R, = d (%) P, (sin 8){C},, cos ma + S}, sin ma}.

By the usual transformation to orbital coordinates we have that

P, (sin 6){C},, cos ma + S;,, sin ma} =

l
= > Fimp(){A1m cOS Wimp + Bl SID Wy},

p=0

where

Wimp = (I — 2p)(@ + f) + mQ
and for

] —meven: A, = Cin, Bim = Sim

| —modd: A, = —Sim, Bim = Cin
so that

l l
R =73 >3 Rinps
122 m=0 p=0

where

lep = da (l‘) Flmp(I){Alm COS Wlmp + Blm SlIl Wlmp}°

Using Hansen’s coefficients H,,,= X{:'5,??,, we have that

l .

r .

cos co

(a) sin Yimp = z Hlpq(e) sui Y impq >
q

4.2)

(4.3)

4.4)

(4.5)

(4.6)

@.7)

(4.8)

4.9)

(4.10)
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where

Wimpa = U —2p + Q)L —q&d + (m + 2p — DQ (4.11)
and

H,pq = €' 9'Lipg(y). 4.12)
The functions L,,, are power series in y=+'1—e? or, in case g=2p—I, they can be

written in closed form in terms of p. They will be given later in this work. We finally
write

l | .
R=3 35 53 R | (4.13)
q

122 m=0 p=0

where |
R;mpq - alFlmp(I)elqiLlpq{A;m COS l//lmpq + Bl,m Sin Wlmpq}' (414)

Proceeding as in Section 2, in terms of the nonsingular variables, one finds

Rimpg = @ imp(C)L1pg(PAR 1mpalAlm COS $1pq + B sin Dipg] +
+ limpalAm SI0 @ 15 — Bl €OS By}, (4.15)
where
biva = (L — 2p + q)A | (4.16)

If there is no resonance with the Moon or Sun, the short periodic terms are easily
eliminated by setting g=2p — /. In this case the best form of the disturbing function for
a numerical integration approach is given by

’ — oyl ! ’
lep(2p—l) - aJlmlep(Zp—l){[lep(Zp—l)Alm - ulmp(2p—l)Blm}a (417)

where A;,,, B;, depend solely on the coordinates of the perturbing body as defined by
Equation (4.7). In case of longitude resonance with the perturbing body consider the
expansions

P, (sin 6") cos ma’ = Fip(IN{A}n €08 O,y + Biy sin 0,,,,.}

P,, (sin &") sin ma’ = Fimp(IY{— By €08 Oy + Ajy sin 6,03,

1
>,
p’'=0
o
2.
p’'=0
where
Oy = (I — 2P )" + ) + mQ’. (4.18)
and for
| — meven: A}, = 1, By, =0

| —modd: A7, =0, B, =

Therefore we find

1 .
R;mpq = 20 R;mpqp’a | (4.19)
p =
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where

S A N L P

AR 1mpq €OS Dipapr + limpy SIN Pipants (4.20)

where

Pimpar = (U — 2p + @)A — (I — 2p" )" + f) — mQ'. (4.21)
We now consider the expression

a\'t?! ‘
() =22 = 3 Guale) 20 = 2 + O @22)

so that, finally

’ 1.7 al l - m /
lepqp’q ﬂ 2 /l 2 Em El ;' Jlmp(c)Llpq(Y)Flmp'(I) X

X Glp’q’(e ){lepq COS ¢lmpqp’q’ + I]lmpq sin ¢lmpqp'q’}9 (423)
where

Simpara = U =20 + A — (I = 29" + q)V +q'd" —
~ w2 - 0e (4.24)

and

R = Z Zl é i ZZR;mpqp'q“ (4-25)

l1>2 m=0p=0p'=0 g q’

The order of magnitude of any term R;,,,,, . 1S glven by

o ( ’)z(a’)l : g n m;: elqlellq'l(Sin g)lmﬂp—“(sin g)lm”p'_”,
| (4.26)

For a term R,,,, in the geopotential, it is

n*a ( ) vV C2, e'q'(sm ;)Im+2p-ll. (4.27)

5. Elimination of Short Periodic Terms

If no resonance occurs with the Moon or Sun, short periodic terms are eliminated by
setting in Riupepra’

If resonance in longitude occurs of the type

sh = r} (r, s integers) (5.2)
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then short periodic terms are eliminated by retaining only integers /, p, g, P, q
satisfying the relation

I—-2p+qr=U-2p + q')s. (5.3)

6. The Inclination Functions F,,, and J,,,,

They can be defined by

J2

Fimp = Z g C3lmm=2p=2]gm—1+2p+2] (6.1)
.-f=j1
where )
. (I + m)! (2] — 2p 2p
1 = (—1)F —1y .
o = 0 s V5 ) - ) 2
k = integral part of [l _2 m] )

j1 = max (09 —a)a
j» = min (2] — 2p, | — m),
«=m— [+ 2p,

= §in ! c = COS !
X R
Following definition (2.7) and noting that the exponent of ¢ in (6.1) is 2]—a—2j, we

obtain

Jlmp — z i]mp 21—a—2jSa—|a|+2j (6.3)
J=J1
or
Jimp = z J A =a=2(] — B)i+@=lab/2), (6.4)
Jj= J1

Note that J,,,, is a polynomial in c¢=cos /2, of degree 2/— || <21

Recurrence relations for the computation of these functions will be discussed in a
separate paper.

The partial derivatives necessary in the integration of Lagrange’s equations are

aJlmp . 8Jlmp 36’ . 8Jlmp
oP  oc oP 2P oc (6.5)
0 imp aJ,,,,,,
T 20 (6.6)
If
(I + m)!

lmp — ( l)k 2lp!(1 _ p)! i]mp (6‘7)
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then
Jlmp - Z lmp 21—a—2j(1 — c2)j
' J=J;
and
aJ,,, s | o
Ilmp — z mPCZI—a—ZJ—l[(ZI _ a)SZJ_ _ 2]521——2]‘
J=Ji ‘

7. The Eccentricity Functions G;,, and K, |

We begin considering the definition of Hansen’s coefficients (Plummer, 1960)

r\" , | nm s
(5)" exe ) = = Xy exp in),
J .
where, for j>m: |
—m . U] © j—m+k k (1)
nm __ (_ p\li—mlH—n— att1l—lj—m
XJ ( e) 2 (1+y) kgo o o r't' X

(6.8)

(6.9)

(7.1)

n—m+1 n+m+ 1\[j\"" rtt—k(1 _ kl
X(j-—m+k—r)( k-t )(2) Lyl =)

and, for j<m:

1)t

| . w —j+m+k k (—
xpm = (—epmmigmri(1 4 gprimuom 55 5 €
| k=0

n+m+1 \(n—m+ 1\/j\" otk
X(m—j+k—r)( k-t )(i) (L+ =

where

y = V1 — e

The definition of the G;,, functions is

(g)l+1 exp [i(l — 2p)f] = 2, Gipgexp [il — 2p + q)M]

so that

l-1,1-2p
Glpq - Xl 2p+q

),
(7.3)

(7.4)

(7.5)

(7.6)

for |I=—n—1, 2p=—n—m—1, g=j—m, in Equation (7.1), or n=—1-1, m=I[-2p,
j=1-2p+q=m+q. We see therefore that G,,, is factored by e'?! and the remaining

factor (K;,,) is a power series in y=V'1 —é2.
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Making use of the expressions for Hansen’s coefficients we find
__ lal |
Glpq‘ - € Klpq’ (7.7)

where, for ¢>0:

o [g]|+k k ( l)r 2p — 2]
K — 1'4912i(1 + —1—lql )
g = (—1)"2%( y) kzo rzo tZ i (lql tk— 7 X

" (k—;?-p) (1 - 25 + q)r+t(1 I () & (7.8)

4

and, for ¢>0:

@ lal+k k(1) —2p
K, = (= D921 + y)~i-ld I ( ' )
g = (—1)"'2%( ?) _k=0r§0t§O rlt! |4|+k—r,x

y (2]pc : :;_1) (1 ~ 25 + q)’“(l T () (7.9)

For j=0, n<0 and n+m odd, we have:

¥ —n — 2\ (2k + |m]
Ymm — pli—ml,2n+3 n
A Pl A [

—n—1— |m|

x 2-2k=Iml(] . 2y k' = 3 (7.10)
so that, for g=2p—1,
Giozo-1p = €7 Kipap-1y, (7.11)
where
p=l I -1 2k + |2p — |
K, = -2I+1
ap=n =7 2 (2k + 2p — 1|)( k ) 8
x 27 2k=120=1(] — 42)k (7.12)
and
— 2p —
p = - | 5 / (always integer). (7.13)
The following derivatives are necessary:
3Klpq — aI<lpq 3)) — _é aKlpq
74 dy o¢ y 0y
(7.14)

0K pg __h aI<lp¢1

on y Oy
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where, for ¢>0:

OKipq _ (=1 —lq) lal +i

k
— K, Clbl7e] —-1-l4l
oy 1+ wa + (ZDE2AL+2) Z r=0 tzox

( (=0 ( 2p -2 —2p\ (1 — 2p + ¢g\"**
it (e e o)) (55
X (1 4+ py*=*r +t — A — p) — k(1 + A — P
(7.15)

for g<O0:

0K,y (—=1-=lq) o |al+k k
= K.+ (=D9241 + p)=-i-lal X
ay 1 + y lpq ( ) ( y) ey Syt t;)

><(—1)‘( —2p )(Zp—Zl)(l 2p + q)’“x
rit! \|lg| +k—r/\ k—1¢ 2

X (1 +py* ==Y + ¢ — )1 — ) — kA + »)A — »)*'];

(7.16)
and for g=2p—1I:
OKip2p-1) _ —2/ + IK —zz+2p§1 I—1 )
oy Y tp(zp=b 2k + |2p — [
X (Zk + Izp - l|)2—2k—|2p—llk(1 _ yZ)k—l. (7.17)

8. The Eccentricity Functions H;,, and L,,,

In terms of Hansen’s coefficients we have the definition
H,,, = X{25% (8.1)

According to Equation (4.10):

(g) exp [i(l — 2p)f] = 2 Hi,,exp [i(l — 2p + @)M]. (8.2)
Also

Hypg = 'Ly, (), (8.3)
where

y= VI= &

Comparing with

(f)n exp (imf) = % XPmexp (iiM) (8.4)

a
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the relationships are in Equation (8.1):

n=1

m=1[-2p

j=1-2p+gqg
or

l=n

2p =n—m

q=Jj—m.

It is seen that, in opposition to the G,,, functions n—m should be even and n>0.
Equations (7.2) and (7.3) are still valid, so that for ¢g>0:

Lipg = (= 1)4271K(1 4 pyi+i-tal 5 MZH‘ i “(—l)r( T ) g

k=0 =0 o rlit! \|gl +k—r
% (21 _;;2_‘_D,+ 1) (l B 25 " q)m(l + L = ) (8.5)
and for ¢<O0:
L = (=023 4 pyeiin 3750 5 CA (M7 2+
(T ) ) T rea - 8.6)

For j=0 and n>0 we have

o (_e)lml(l 4 y)n+1—lml n+1—|m| n 4+ 1 — lml

Xo" = on+1 kgo k ) X

n+ 1+ |m| l—y)"

x( im| + k )(1+y 6D
so that

(_e)IZp-—ll(l + y)l+1—I2p—l| l+1—|2p~-1| ] — 2p —] + 1

Hipp-1y = 2i+1 z | k | X
k=0
I+ 2p = I| + 1)(1 - y)"
X([Zp—l|+k 1+ p (8:8)

and therefore

(—1)i2p=H(] 4 p)i+1-ize—1 1+1-120-1] /] _ 20 — 1] + 1
Lipp-1 = yi+1 Z k X

k=0

l+|2p—l|+1)(l—y)k
X( 20— 1 +k J\T+y 8.9)
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For the derivatives, we have, as in Equation (7.14),

aLlpq _ _§ 8Llpq

o¢ y oy (8.10)
OL,,, __n aLlpq.
on y oy
Indicating by a prime the derivative with respect to y, we find that,
’ l 1 _ © [ql+k k
Llpq _ + lqlLlpq + (_l)lqlz—l-—l(l + y)l+1—|4| Z Z X
1 + vy k=0 r=0 t=0
X Cigg(l + Y4710 + 1 + )1 — ) =
~ K1+ )0 - ) (811
where, for g>0
wr (D 2p+1 2] — 2p + 1) (l — 2p + q)’“ 2
= 12
Cize rit! (|q|+k—r)( k—t 2 (8.12)
and for g<0
e (=D (21— 2p + 1\ (2p + 1) (l — 2p + q)'”
= -7 - .1
Cira rit! (Iql+k—r k —t 2 (8.13)
Ifg=2p—1,
, (+1 = [2p — I]) (=D)27(1 + 7)i=t-tro
Llp(2p—l) = 1 +| Y I Llp(2p—l) _ L X
trl=i2e-b S — 2p — 1|+ N[+ [2p = 1] + 1
A k( k )( |2p+l|+k)><
1 — p\k-1
9 (1 . y) . (8.14)

Recurrence relations for the Hansen coefficients and their derivatives will be presented
in a separate paper.

9. The Functions R;,,,, and [;,,,,

They are defined by (2.18) and (2.19). Expressions for the derivatives are easily found
using Equations (2.11) in the form

2Rympg = (& + im)*(P — iQ)* + (& — ipA(P + iQ)" 9.1)
2ilypq = (€ + )P — iQ)* — (& — (P + iQ)* 9.2)
together with (2.17).
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Distinction must be made of the cases ¢>0, <0, «>0, a<0. We easily find that

OR e

20t |q[Rimme
oR

al;;pq = —qlimpa’

(9.3)

ol
_'élg_pq = lqlﬂlmpq'
ol

alﬂpq = qumpq’a

where
g =19" 1 (>0
g+ 1 (g < 0)

0

R;;pq = Ialle’pq
R,

alqu = s 9.4
ol

aleq == lalﬂlm’pq
ol m

where

,_{m—l (¢ > 0)
m—m+l (<0

a=m+ 2p — 1

In order to obtain recurrence relations we observe that Equations (9.1) and (9.2) may
also be written as

(& + AP — iQ)* = Ry, + ily,
(é — lﬂ)q(P + iQ)a = Rqa — il]qaza
where the indices of R, [ have been compressed for simplicity of notation, and when ¢

and/or o are negative the changes (2.17) must be considered.
We have the following recurrence relations:

(9.5)

Rl m,p,q+1 — élepq - ﬂﬂlmpq
S >0 9.6.1
l]l,m,p.q+1 = ”lepq + ﬂ]lmpq (q ) ( )
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(62 + ”Z)Rl,m,p,q—l = élepq - ﬂﬂlmpq

<0 9.6.2

(52 + ”z)ul,m,p.q-—l - ”lepq + iulmpq (q ) ( )
(éz + ”2)R1+1 m,p,q — élepq - nﬂlmpq

S o« =0 9.6.3

(62 + ”2)u1+1,m,p,q = ”lepq + é”lmpq ( ) ( )

(éz + ”2)R1+1,m,p,q = lempq + nl]lmpq (OC < O) (964)

(éz + ﬂz)ul+1,m,p,q = _”lepq + éulmpq

Rimes,pa = CRimpg + tllimpa () (9.6.5)

ul.m+1.P.q = _anmpq + éulmpq

Ri,m+1,5,a = SRimpg = Mimpq (x < 0) (9.6.6)

|]l,m+1,p,q = anmpq + éﬂlmpq

Ry mpit.a = (€ = 1) Rimoa + 27 imna
T x>0 9.6.7
nl'm’P'*'l»q = (62 - ”z)nlmpq - zfanmpq ( ) ( )

Ri,m p+1,q4 = (£ — 1) Rimpa — 2EN01mpa
o @ <0 9.6.8
ﬂl,m,p+1,q = (52 - 772)|]lmpq + vzéﬂlepq ( ) ( )

Equations (9.6.1) through (9.6.8) are all recurrence relations necessary for R and [.
For the derivatives, no recurrence relations are necessary in view of Equations (9.3)

and (9.4).
10. Short Table for J,,,

I
la| =|m+2p—1| Jimp(€),  c=cos 3

S
S

W WwwwbhbroNhhdhhboDdDDDdbDDDDN
_ O O O O DN MNDNME=m OO O
O WP M= O Mm O ONN=O
N Wk = WP NN WA= = DNDNODN
W
N
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[ mp || =|m+2p—1| Jimp(€)s c=cos§
3 1 1 0 —9¢2 4 30ct — 24506
31 2 2 2_,_15 2_ 454
31 3 4 15,2

3 20 1 150

32 1 1 30¢® —45¢°

3 2 2 3 15¢—45¢°

3 2 3 5 _15¢

3 30 0 15¢°

3 3 1 2 4504

3 3 2 4 4502

3 3 3 6 15

4 0 O 4 354

4 0 1 2 150235044 35:6
4 0 2 0 3_15,24135:4 1056
4 0 3 2 15235044358
4 0 4 4 3504

4 1 0 3 35,5

41 1 1 —25¢34+135¢5—70¢
4 1 2 1 15,4 135:3_ 31551 1057
4 1 3 3 15c_ 1053 4 70c5
41 4 5 353

4 2 0 2 — 1956

4 21 0 —45c% 4 45¢5—30c"
4 2 2 2 180243156 315¢8
4 2 3 4 1541052~ 210¢*
4 2 4 6 —195.2

4 3 0 1 105c7

4 3 1 1 315¢5—420c”

4 3 2 3 315¢%—630c°

4 3 3 5 —105¢+420¢3

4 3 4 7 —105¢

4 4 0 0 105¢8

4 4 1 2 420c°

4 4 2 4 630c*

4 4 3 6 420c2

4 4 4 8 105
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11. Short Table for K;,, (K,,,=K; ;1_,. -2

I p aql p ¢ Kipa

2 0 -2 2 2 2 0

2 0 -1 2 2 1 —3+7e*+
20 022 0 1—3e?+12e*+
20 122 -1 T—122e* +

2 0 22 2 =2 L1 _1l5.24
21 =221 2 e
21 -1 21 1 3+2%e*+

21 021 o0 (1—e?)~32
30 -233 2 t+45e?+-
30 —-133 1 —1+35e2+ -
30 033 0 1— 662+ 422 e* + -
30 133 -1 5—222 4+
30 233 =2 127 3065521 ...
31 -2 32 2 42?4
31 —-132 1 (1—e?)=5/2
31 032 0 14+2e2+257e* 4+
31 132 -1 3+4e+
31 232 =2 ¥ +ige’+-
4 0 -2 4 4 2 1—1le24 -

4 0 -1 4 4 1 —3 475024
40 044 0 1—11€?+182%* + -
4 0 1 4 4 -1 13 _I85e2 4.
4 0 2 4 4 =2 5132124 ..
4 1 -2 4 3 2 3(1—e?)~7/2

4 1 -1 4 3 1 1433024 .
41 043 0 14+e2+$3e* -
41 1 43 -1 e

4 1 2 4 3 =2 331122+

4 2 =2 4 2 2 5+157e2+

4 2 -1 4 2 1 5+4352e*+

4 2 4 2 0

(1+3e®)(1—e*)"7/2
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12. Short Table for L,;,, (Li,u=L; -, -5

211

I p gl p ¢ Lipg

2 0 -2 22 2 5

2 0 -1 22 1 _343%24..
20 022 0 1 — 3242364 4
20 12 2 -1 ] —122 4 oo
20 222 =2 ] —3e2 4o
21 -2 21 2 —14le2q.e
21 -1 2 1 1 —1+Le?4 -
21 021 0 1 +3¢2

30 -233 2 T —tee +

3 0 -1 3 3 1 ——-g—-}-34—382+...
30 033.0 1 —6e?+581et 4 -or
30 133 -1 3_51524 ..
30 233 =2 151352
31 -2 32 2 1y 7 ey
31 —-1 32 1 5 15,2
31 032 0 142e2— 123044
31 132 -1 SE RPN
31 232 -2 —3+15e®+
40 -2 4 4 2 14—137¢2 4

4 0 -1 4 4 1 —6—23e2+
40 044 0 1—11e2+253¢*+ -
4 0 1 4 4 -1 2—63e2 4 e

4 0 2 4 4 -2 3—2le*+

4 1 -2 4 3 2 211 21,2

4 1 -1 4 3 1 —~4—3¢% 4

4 1 0 4 3 0 1+e2—L132e% -
4 1 1 4 3 -1 32 —2e* 4 -

4 1 2 43 =2 _143Te2 4
4 2 -2 4 2 2 L —Le? 4

4 2 -1 4 2 1 —2—2e% 4

4 2 4 2 0

1+ 5%+ 126t
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13. Short Tables for R,,,,; limp, (@a=m+2p—1)

q «® lepq ﬂlmpq

0 0 1 0

0 1 P -0

0 2 P2_Q? —2PQ

1 0 ¢ 7

1 1 ¢P+40 nP—&Q

12 &P*—Q%+24PQ n(P*— Q*)—2,PQ

2 0 &—p 2¢n

2 1 PE&—n»+20¢&y O(&?—n*)+2P&y

2 2 (E-)P*=-Q)+4EnPQ 2L —n)PQO+2P*— QDén
0 —1 P | o)

0 -2 P2-Q? 2P0

1 -1 ¢P—50 nP+¢0

1 =2 {(P*—0*)—-24PQ n(P*— Q*+2LPQ

2 —1 P(E—-n?)-20¢%y — Q(&*—n?)+ 2Py

2 =2 (&= P*—-Q))—4lnPQ 2 —nH)PQ+2P>*— 0%en
-2 0 &-w —2n

-2 1 P(E—n*-20¢n Q(&*—n*)—2P%n

-2 2 (- )P*—-0*)—4inPQ 2L —-n)PQ—-2P*— 0%y
-1 0 ¢ —1

-1 1 &P—nQ —nP—-¢0

-1 2 &P*-0%)-29PQ —n(P*— Q) —2LPQ

-2 —1 P(E—-n»)+20¢ — O(&*—n*)—2P¢y
=2 =2 (- )(P*-0)+4nPQ  2AE—nHPQ—-2(P>*— 0y

—1 EP+ny0O
—2 ¢{(P?— 0% +2nPQ

—nP+E£Q
—n(P*— Q*)+2LPQ

Note that the H;,,, G,,, were obtained directly from Cayley’s tables considering that

(n =1

Hlpq = X;l'm< m= [ — 2_p

J=m+gq

(m = —1]—1

Gipg = X}lmﬁ m=1[-—2p

\j=m+q'
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14. Solar Radiation

Let the force per unit mass of the satellite be ¢ and the unit vector from the Earth to
the Sun’s position be 7. The force due to radiation pressure is then, per unit mass,

F == ""O'f@
and the disturbing function, in absence of shadow is
RP = —oig-T,

where r is the radius vector of the satellite. If y’ is the geocentric elongation of this
from the Sun

R? = —or cos y.

Transforming to orbital elements and observing that the average value of (r/a) cos f
with respect to the satellite’s mean anomaly is —3e, we find, for the long periodic part
of RP,

R = 30a{2V'1 — P2 — Q> (4P — £Q)sinesin v +
+ [E1 — 20%) + 24PQl cos v’ + [n(1 — 2P2?) +
+ 2EPQ] cos e sin u'}, (14.2)
where

u' = fo + we
¢ = obliquity of the ecliptic.

If the eccentricity of the Sun is neglected, A, can be substituted for ' and

Ao = 2797041 4 0°985 647 4(¢t — 1975.0),

where ¢ is days.
The partial derivatives are easily found

OR 1 _

% at

oR

71 =0

OR 3 > 5 : .,

3 =30a{—2V1 — P> — Q?> Osinesinu’ +
+ (1 — 20Q* cosu + 2PQ cos ¢ sin u'}

7

5573 =3ga{2V'1 — P> — Q?>Psinesinu’ +

+ 2PQcosu’ + (1 — 2P?) cos ¢ sin u'}
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Zﬁ 3ga{—(1 — P2 — Q%) 2[y(1 — Q%) — £PQ]sinesinu’ +
+ nQcosu’ + (EQ — 2nP) cos ¢ sin u'}
g—IQS = 3oa{—(1 — P?> — Q*)~Y?[&(1 — P?) + nPQ]sinesinu’ +

+ (yP — 2EQ) cosu’ + EP cos e sin u'}. (14.3)

If short periodic terms are to be included, the elliptic expansions necessary to develop
(14.1) are simply given by

Coosf= —et 3 2 Uiske) = Jus (k)] cos kM

%sin Fe T @ 3, 7 Wi-a(ke) + Jiys(ke)] sin kM,
k=1

where J,(ke) is Bessel’s function.

15. Linear Perturbations by Tesseral Harmonics

It is supposed that mean values &, 7, &, 7, P, O, B, O, a, A are available either from

observations or as given by the leading zonal harmonics. Under these circumstances

one can easily write the perturbations in the nonsingular elements due to a particular

term R,,,, pertaining to a tesseral harmonic (/, m). This is readily achieved by trans-

forming the well known results in Keplerian elements to the nonsingular elements.
Let us define:

a4 = mean semimajor axis,

1 = mean motion,

«=m-+ 2p — I,

Kjpe = 0Kypl0y, y=V1-— e, (15.1)

I
Jimp = O imploc, ¢ = C0S 5>

Ormpa = (L — 2p + q)A — mb),

and
Slmpq = lepq(Alm COS Hlmpq‘ + Blm Sil’l lepq) +

T []lmpq(Alm sin Hlmpq — Blm COS Hlmpq)a (152)
Tlmpq - lepq(Alm sin olmpq - Blm COS Hlmpq) -
- l]lmpq(Alm COS elmpq + Blm sin elmpq)n (153)
i PO- OP

Dimpa = (I — 2p + Q)7 — + == — mb. (15.4)

52 —2 P2 Qz
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The linear perturbations due to R,,,,, are given by

_(a\' _, ||
5lllmpq =N '5_" Dlmqulpq E‘j; + 2(l -+ 1) Jmp —
1 — ¢,
- }T,,,,M (15.5)
5almpq = 21’161( ) (l — Zp + q)DlmqulmpKlpqSlmpq (156)

] _ _(a.\".._
ééélmpq + 77577lmpq = n(g) Dlm;qy[(l _ 2p + q)y _ (l — 2p)] X

X JlmpKlpqSlmpq (1 57)

PoPyyy + 00Qumpy = 1 ( )D Lt = ) = 5 = ml »

X J lmpKlpqSlmpq (15-8)
EMimpq — M0 1mpq = ﬁ( ) Dy, [(VIGII + 2IO(')J K, —
Impq Impq a lmpq 2y ImpfXipg
e*(1 — )

S 1mpKipg — e

Jl’mpKlpq:l Tlmpq (1 5°9)
Pélepq - QJlepq = 741Iﬁ< ) Dlmpq ('“IJlmp _

1 — ¢?
c

———

Jl’mp)Klqulmpq‘ (1510)
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