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The Gurarij spaces are unique 

By 

WOL~FGAIWG LusKY 

This paper  is concerned with a p rob lem ment ioned  in [2] and [4]. We  show t h a t  
those Banach  spaces, which are dist inguished by  the  extension p rope r ty  given below, 
are all isometr ical ly  isomorphic.  Fo r  this purpose  we inves t igate  isometric  embeddings  
from/~oo into l~+m; n, m e lg; where/~oo denotes the  Banach  space of all n- tupels  with 
the  sup-norm.  All Banach  spaces in this article are over  the  reals. 

Definition. A separable Banach space X is called Gurarij space i/ ]or an arbitrary 
positive e, arbitrary finite dimensional Banach spaces F o E and an arbitrary isometric 
isomorphism (into) T : E - - .  X there is a linear extension T : F---> X o] T with 

( 1 - ~ ) n x n  <] [T(x) [ [  < ( l + e ) ] I x t [  /or all x e F .  

The  dual  space X *  o f a  Gurari j  space X is an  abs t rac t  L space (c.f. [3] and  also [2]). 
Hence  the  following holds: 

I1 E, F c X, E ~--- 1 n ,  F a ]inite dimensional subspace, and e > O, then there is 
n+~ i n f { ] ] x - -  y = e I] x H ]or all x e F ([2] Theorem $ o E, $ __= loo such that H ]Y e $ }  < 

3.1.). 

Thus,  since X is separable,  X can be represented in the  following way :  Le t  E c X  
with E--~_/m~. Then there  are E n c X ,  E n c E n + l ,  En  isometr ical ly  isomorphic  to l ~ ,  
n e Ig, such t ha t  X =- QJ  En and E m :  E ([2] Theorem 3.2.). Consider the  uni t  vectors  

n e ~  

(0 . . . .  , 0 ,  1, 0 . . . . .  0) of  E n ,  denote  t hem by  ei, n; i ~ 1 . . . .  , n;  where negat ive  signs 
and  pe rmuta t ions  are admi t t ed  and  call {ei, ~ [ i ---- 1 . . . . .  n} an admissible basis of En .  

n 

I t  is an  e lementa ry  fact  t ha t  there  are real number s  al ,  n . . . . .  an, n with ~. [ a~, n ] < 1 
and  an  admissible basis {e~,n+l]i -~ 1 , . . . ,  n ~ 1} of  En+l with ~=1 

(*) e,, n -=- el, n+l A- a,, n en+L n+l ; i = 1 . . . . .  n ([6]). 

Conversely such numbers  define b y  (*) an i somet ry  T :  En-+En+x.  Hence  X can be 
described by  an infinite t r iangular  ma t r i x  A = (a~, n) whose n ' t h  column consists of  
the  numbers  ai, n; i---- 1 . . . .  , n. Gurari j  was the  first one to prove  the  existence of  a 
separable  Banach  space satisfying the  condit ion of the  above  definition ([1]). In  [2] 
Laza r  and  Lindens t rauss  gave ano ther  proof  depending on the  techniques  previously  
described:  

40* 
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Consider an infinite triangular matrix A whose columns are dense in the unit ball o] 
ll with respect to the ll-norm. Then the elements al, n ; i --~ 1 . . . . .  n ; n e N; o/ A define 
by (*) a Gurarij space. 

I t  is easy to show that  this Gurarij space has the following property (c.f. [2] 
concluding remarks) : 

The set exB(X*)  o /a l l  extreme points o] the unit ball B ( X * )  o] X *  is w*-dense in 
B (X*) .  

Lemma 1. Let X be a Gurari] space and let E c X  with E~---l~. _Furthermore let 

{el, n . . . . .  en, ~} be an admissible basis o / E  and r l  . . . . .  rn E P~ with ~ I r, l < 1. Then 
there is an element C e e x B ( X * )  with qS(e~,n) : r~; i = 1, . . . , n .  i=l 

P r o  o f. Consider a representation X = U E m ,  Em c Era+l, Em_~ l~ ,  m e I~, En = E.  

We define by induction a sequence of subspaees _Fro c X  with X = U_Fro and a linear 
functional ~ on X. 

For this purpose, take any Em c X ,  Em ~--- l~  and an admissible basis {el, m,.- . ,  era, m} 
of Era. Suppose tha t  r is already defined on Em with 

1 
I l < 

i= i  -- l + ~ m  

for some ~ with 0 ~ ~ ~ l/re. 
Embed Em into a Banach space/~r~+i ~ l~ +l by 

(1) e~,m =-/~,m+l -{- r m) (1 -~- C~m)/m+l,m+l; i ----- 1 . . . .  , m; 

where {/i,m+l]i---= 1, . . . , m  q-1} is an admissible basis of i~m+l. Extend r to an 
element Cm+l of-P*~+l by defining 

1 
; (2) r  re+i) ---- 1 + ~ r  re+i) 0.  

Choose e > 0 with s ~ 1 q-8------~ and find a linear extension Tm+i:2~m+i--+X of 

id :Em -+ X with the property:  

(3) (1 -- e)ItyH ~ II Tm+i(y)]t ~ (1 q- s)]lyl] for all y e i ~ + i .  

One may choose Tm+i such that  there is in addition k (m) e N, /c (m) i m q- 1 with 
Tm+i -~m+i c E~(m). This is possible since ~.J Et~ is dense in X. Pu t  _Fm+i = Tm +i i~+ i  

kel~T 
- 1  and extend ~m+i o Tm+l e_Fm+l to a linear functional ~ on Ek(m) with 

1 1 
fl �9 tl < li 1] < = 1 - - s  = ( 1 - -  e) (l q- Sm) ~ 1  by (2) and(3) .  

n 

Starting with m = n, ~5 (e~, n) = r,, 8n such that  ~. I r~l < 1 i=~ 1 ~- (~n ' we then obtain 
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by induction an increasing chain of subspaces F m c X  where m runs through a sub- 
sequence of 1~, such that  X = O Fm holds. By  this construction an element 
r e ex B(X*) is defined: Indeed, let: 

(4) r = 1/2x* + 1/2y*, where x * , y * e B ( X * ) .  

~ t  Q > 0 a n d  ~eU~'m ~th ll~ll < l ,  say x =  ~2~Tm(/,,m) for some me~ 

with 8,n-i~ ~, henc~ for some 0 ~ e<: I + O,n-i : 

1 1 1 

[~"1 < i-~ 

by (3). Then by  (2): 

~(Tm(/~,,,D) (r  o Tj. ~) ~' = (m(l*,m)) = r = 

0 i ~ m ,  
1 

l+~m-i i = m .  

Since 

for all 0,~{1, - -  1,0}; i =  1 , . . . , m - -  1; Om~ & l ,  and 

1 
I - -  q < - -  ~ CS(Tm(Im, m)) < 1, 

= I+Q-- = 

it  follows by  (4) tha t  

1 - - 3 ~ x * ( T m ( ] ~ n , m ) ) ~ l  + ~  and 

7~ 
l ~ ( x ) -  z*(~) l -<_ 1 - q  " 

Thus 

Ix*(T,n(fLm))l <_ 4~. 
i = l  

Since ~ and x were arbitrarily chosen, ~ = x *  holds, hence ~5 e exB(X*)  and our 
assertion follows. | 

Lemma 2. Under the assumption~ oi Lemma 1 there i8 an admissible basis 

{e~,n+leX]i = 1 , . . . , n +  1} 

o] l~, +1 with eLn=eLn+i +r~en+i,n+i; i =  1 . . . . .  n. 

P r o o f .  Consider ~ i ,  . . . ,  On e ex B(X*) with 

r  = i = j  i , j = l  . . . . .  n .  
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Such elements exist  b y  the  theorems of  H a h n - B a n a c h  and  Krein-Milman.  L e m m a  1 
yields a @ e e x B ( X * )  with ~)(e~,n)= r~; i = 1, . . . , n .  Le t  H be the  absolutely 
convex hull of  the  q~, 1 ~ _ i g n  and ~5. Define g : B ( X * )  ---> [0, r by  

1 --~=10t.= x*(e~,.) 
g ( x * )  - -  r a i n  - 

1 --  ~ O~ r~ 
i = 1  

Ot ~ q- 1, i ----- 1 . . . . .  n ] .  

Then  g is w*-continuous,  concave a n d / ( x * )  ~ g(x*) for all x* e H,  where  / : H - ~ ] R  
is the  affine funct ion with  ] (4 - r  ----- 0; i ~ 1 . . . .  , n;  ](~= ~b) = • 1. 

Thus,  by  [2] Theorem 2.1, there  is an e lement  e e X with  

x*(e) ~ g ( x * )  for all x * e B ( X ) *  , 

x* (e) ---- / (x*) for all x* e H .  

An e lementa ry  compu ta t ion  shows t h a t  e~, n - -  r~ e; i --~ 1, . . . ,  n;  and e are the  elements  
of  an admissible basis satisfying the  desired condition. | 

Corollary. Let X be a Gurari] space, E_~_ ln~, F ~ ln~ + 1 such that E c F and ex B (E) r~ 
n ex B(_F) ----- 0 .  Then any linear isometric operator T : E--->X can be extended to an 
isometric isomorphism (into) ]' : F --~ X .  

P r o o f .  We  m a y  E ident i fy with a subspace of X and regard T as the  ident i ty  
i d :  E --> Z .  Consider admissible bases {ei, n 14 ~ n} and {/~, n+l ]i ~ n -~ 1) of  E and 
P respect ively  wi th:  

e~,, ----/~, n+l + r~/n+l, ,+1; i ~-- 1 . . . . .  n .  

F r o m  our assumpt ion  on E and F we infer ~ [rt[ ~ 1. Hence  there is an admissible 

basis (el, n+l e X [ i =< n ~- 1) of  l~  +~ with  e~, n -~ el, n+l -+- r~ en+z, n+l, i ~ n, b y  
L e m m a  2. Then  we obta in  our extension b y  sett ing T(/n+l, n+l) = en+l, n+l. | 

Remark .  The  above  Corollary is not  t rue  in general  wi thout  the  assumpt ion  
ex B (E) n ex B (F) ~-- 0. The  following example  m a y  i l lustrate this : Consider a smooth  
po in t  e e X ,  [Iell = 1 (i.e. there  is only  one ~b e e x B ( X * )  wi th  r  = Hell = 1, such 
an e exists b y  [7] Proposi t ion 8.4). E m b e d  the linear span  E of  e into F ~ l ~  b y  
set t ing e = el,2 + e2,2 where {el,~, e2,2} is an admissible basis of  F .  Then  the  iden t i ty  
f rom E into X cannot  be extended to an  isometr ic  i somorphism T f rom E into X.  
Indeed,  otherwise two different e lements  r e e x B ( X * )  would exist  wi th:  

{~ i ~ ] ,  i , j = l , 2 .  �9 ~ (T (e j , 2 ) )  = i = j 

Hence  ~1 (e) ~-- ~52 (e) ~-- 1, a contradict ion.  

Theorem 3. Let X and Y be Gurarij spaces. Then there is an isometric isomorphism 
/rom X onto Y. 
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P r o o f .  W e  const ruct  a sequence of  admissible bases of/n~, ~[e(i)~,n s X l i = l ,  . . . ,  n}  
and ~,~,n[~('i) ~ y [ i ~ 1, . . . ,  n}, ~ => n, n ~ 1~, wi th  the  following proper t ies  : 

There are a~, n ~ ,  i < n, n e 1~ such t h a t  

Ela,, l<l, 
i=J. 

e(D _ ~(J) i , n  - -  ~i,n-? l - ~  

/q) _ ~(J) 
z ,n - -  l i , n + l  2 r  

e (j) - -  e(. i+1) I 

q)  - -  t(.J + ~) 1 

[ n e I~} and  

(5) 

(6) ai, n e(nJ)+ 1,n+ 1 and  

(6') ai, n/(ni)l,n+l i----1 . . . .  , n ;  ] > n ~  l ;  n e ~ ,  

(7) ~ :/2J, 

(7') <~1/2J,  i = l  . . . . .  n;  j > n ;  n z ~ .  

Le t  {x~ z X {Yn e Y ] n e ~ )  be dense in X and Y respectively.  Take  
(L) e X,  n A1)fl = 1, and  f(1) 1[ ]l,l(1) [I = 1. some el, , ~I,i Ii,I E Y, 

Assume, t h a t  Ce (j) i < k), I~(i) i ~ k) are a l ready defined for k----l, m; i ,k  ~ -  LI i ,k  ~ �9 �9 �9 

k ~ ] < m such t h a t  (5)--(7 ' )  hold. 
Le t  E m  and  Fm be the  linear span of  (~e(-~)li,,~nj = 1, . . . ,  m)  and  {/!~)] i---- 1, . . . ,  m)  

respectively.  
(I) : Consider Em+p ~--- l ~  +~ with  E m  c Em+p c X and 

(8) i n f { ] I x ~ - x [ I ] x ~ E m + v ) < l / m I l x k l ]  f o r a l l  k = l , . . . , m .  

Hence  there are Em+l  C ' " c E m + v  with E m + ~ - - l m + ~ ;  k = l  . . . . .  p ;  E m c E m + l  
([6] L e m m a  3.2). 

S T E P ( m  -ff 1): Take  an admissible basis { e ~ + ~ l i  ~ m -ff 1) of  Em+l with 

(9) e(m) __ , , (re+l)  . ( re+l)  i = 1, . . . , m ' ~  
z ,m - -  ~ i ,m+ l "-f- ?'t e m +  l , m +  l , 

where ~ l r t l  <= 1 .  
i = l  

I f  ri -= 0 for  all i ~ m then  pu t  

e (.re+l) e (.m) i ~ 1, . . . , m  z,m = z,m , 

Otherwise, assume w.l.g, rm ~ 0 and set  

e ( r e+ i )  e(m) _ " ~ 2 m  ~(m+l)  . ~(m+l)  e(.m) 
( 1 0 )  m , m  = m , m  r m ] z  ~ m + l , m - ~ l ,  Vi ,m = ~ , m ,  

~e (re+l) i Of course, b y  (9), t i,m ~ m )  is an admissible basis and 

e(m+l) e('m) II <~ 1/22m < 1[ 2m 1 < i < m 

Fur the rmore ,  (6) holds for n : m, ] = m q- 1 and  

al, m = r i ;  l ~ { - - ~ m - - 1 ;  

b y  (9), (10). P u t  

e ( m + l )  e (m+l )  e ( re+l)  i ~< { --< m - -  1 
i , m - 1  ~--- i ,m  ~ a i ,  m - 1  m , m  , 

e ( m + l )  e ( m §  ~(m+l)  
1,1 ~ 1,2 "~ ai ,  i ~2,2 �9 

l < _ i < _ m - - 1 .  

am, m -~ rm (1 - -  1/2 TM) 
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Now continue with STEP(m-~2) -- that  means, proceed in analogy to STEP(m~ I) 
with Era+2 instead of Em+l -- ,  then with STEP (m ~- 3), . . . ,  STEP (m ~- p). 

m + i  
This procedure yields a~,m+SeR; 0 H ] ~ p  --  1; with ~la~,m+jl < 1 and ad- 

missible bases i=l 

e(.J) ~,rli = 1 , . . . , r} ;  r----1 . . . . .  m-{-p;  m ~ l < : j H m + p  

such that  (6) and (7) hold. 
(II): Now consider Fm and set 

(i) ~ (~ ) .  l ~ _ i < k ;  l ~ - - k < m ;  m + l ~ _ j ~ _ m + p  i , k  ~ -  J i ,  k ~ - -  - -  _ _  _ _  �9 

Extend the linear injection, which maps -(~+P) onto ~-m+~) 1 --~ i _~ m, to an isometric 
isomorphism T from Em+p into Y. This is possible by (5), the above Corollary and 
induction. Set 

(i) ~,/o(m+p)~ 1 ~/c__~p, m - ~ l c H ] ~ - - m - ~ p .  

Hence (6') and (7') are established for all 

(i) 1 _ ~ i _ ~ ;  1 _~/c < m - ~ p ;  ] c < ] < m ~ p  

Then proceed in analogy to (I): 
Consider TEm+~ CFm+p+i c . . .  Ci~m+~+q C Y, Fm+l~+]~-.~/m+p§ 1 ~ ] ~ q; with 

1 
(11) inf(Hy~--yIl  ]y~.Fm+~+q} ~ - - - - [ ] y ~ [ [ ,  Ic= 1 . . . . .  m d - p .  

m d - p  

The same method as in STEP (m ~ 1) . . . . .  STEP (m-~ p) is applicable for Fm+p+i, . . . ,  
lvm+~+q instead of Em+i . . . . .  Em+~ , which yields 

](J) 1 ~i--~/c;  l ~ _ ; r  m + p + l H ] ~ - m d - p ~ q  i , k ~  

such that  (6') and (7') holds. 
Finally put 

and ex~end the linear operator which maps ~/m++r+q) onto ~(m +~ +a) 1 ~ i __~ m -~ Io, to 
~ i ,  m d - p  

an isometric isomorphism S from Fm+~§ into X. Define 

e (i) .~ ,~(~+~+q)~ l < i < m ~ - 1 o ~ k ;  1 ~ / r  i , m §  ~ " - ' ~ l i ,  m § 2 4 7  ~ - -  - -  

m J~ p + lc g ~ g m -~ p -{- q. 

Replace Em by Em+p+q ~ SFm+~+q and begin with (I). Put  

e~, n ~ Jim ,~(.1) /l, n --- nm Ji, n , 

I t  follows by (6), (6'), (7), (7') that  (e~, n I i _~ n), (h, n [ i H n) are admissible bases 
and that  

e ~ ,  n ~ e t ,  n+l  21- a ~ ,  n en+l ,  n + l ,  

/~,,=/~,n+iJ[-a~,n/n+l,n+l; l g i  ~--n; n e l q .  
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(7), (7'), (8), (11) imply that  (e~,~[i = n ;  n e ~ )  and { /~ ,n [ i~n ;  n e ~} span a dense 
subspace of X and Y resp. Thus the linear operator R : X--> Y with _R (el, n) ~-- fi, n, 
i = 1 . . . .  , n, n e ~ ,  is bijective and isometric. | 

Corollary. Let X be a separable Banach space such that X *  is an abstract L-space. 
Let G be the Gurarij space. Then there is an isometry T :X-->G and a contractive 
projection P : G --> T X such that the following hold: 

(i) P * ( B ( ( T X ) * ) )  = conv(F u - -F)  where F is a /ace  of B(G*) and P* is the 
adjoint mapping. 

(ii) (id --  P) (G) is isometrically isomorphic to G. 

Proof .  In [5] and [8] it  was shown that  there is a Gurarij space G, an isometry 
T : X--~G and a contractive projection P : G--> T X  such that  (i) holds and (id -- P) (G) 
is a Gurarij space too. Our Corollary follows then from the preceeding Theorem. | 

Acknowledgement. I would like to express my appreciation to Prof. B. Fuchs- 
steiner for his helpful advice. 

Addendum, 10. 1. 1976. 

The purpose of this addendum is to relate the concept of the Gurarij space to 
Mazur's problem of rotations in separable Banachspaces. 

Mazur's Problem. Let X be a separable Banachspace with the following property: For 
any x, y ~ X ,  ][x][ ---- ][Y]I -~ 1, there is an isometric automorphism T :  X--> X with 
T (x) -~ y. Is  X then a Hilbertspace ? 

We show: 

Theorem. Let G be the Gurari] space and let x, y ~ G be smooth points of the unit 
sphere of G. Then there is an isometric automorphism T : G --> G with T (x) -~ y. 

R e m a r k s .  (i) The above Theorem includes a weaker property of G shown by 
Gurarij ([1]). 

(ii) Notice, tha t  the set of smooth points is dense in the unit sphere of G, but G 
is not reflexive. Hence G cannot be a Hilbertspace. 

(iii) The assumption, x, y being smooth points, cannot be omitted since the 
unit sphere of a separable Banachspace X with Mazur's property dearly consists 
only of smooth points whereas the unit sphere of G has no smooth points. 

P r o o f  o f  t h e  T h e o r e m .  The proof of the above Theorem is a modification of 
the proof of Theorem 3. We retain the numeration of this proof. Again, we construct 

/b a sequence of admissible bases of l~,  

Q(J) e G I i 1 . . . . .  n) and (J) = ( / i , ,~eGli=-I  . . . . .  n}, j>_n, h e i r ,  

such that  (5), (6), (6'), (7), (7') hold. 
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Now, we require in addi t ion:  

e(S) ~(]) for all ?" 1,1 = X ,  I1,1 = Y 

We proceed with (I) and S T E P  ( r e + l ) :  We assume tha t  E m ~ F m _ ~ l ~ '  already 
have been defined and find suitable Em+l c "'~ c Em+~ with Em+e ~ l~ +k,/c = 1, . . .  ,2, 
and EmcEm+l .  First ly,  we consider Em+l ( S T E P ( m +  1)): We take an admissible 
basis { e ~ + ~ l i  ~ m + 1} of  Em+l such t ha t  (9) holds. 

:Now, in the case tha t  ~ j r~ ] = 1, our per turbat ion  differs slightly f rom tha t  above:  
Induct ion  yields ~ 1 

e(m) ~(m) x-~ ]c e (m) x =  1,1 =~1,m ~ 2.  ~ j,m 
]=2 

~ ~(m+l) 7. ~(ra+l) m + l , m + l  - o1,~+1 + ,~j~.,~+~ + rl + ~ j r j .  d '~+n 
j=2 j=2 

where I k~l < 1, 2 ~ i ~ m, since x is a smooth point.  Similarly, I rl  I < 1, hence 
there  is an r~ # 0, 2 _~ k ~ m. Assume w.l.g, t ha t  rm~=O and replace (t0) by  

e(.~+l) _(m) ~(~+l) where k ,m  ~ -  Vk,m - -  a k ,  m ~ m §  

az ,  m = r l  -~- 2 -gin km rm, a~, m "~ ri,  2 <-~ i ~ m - -  1 ,  

am, m = (1 - -  2-2m)rm.  

m 

Hence < 1. 

Our definition of the ai, m yields 

e(m+l)  e(m§ f f  ~. e(m+ i)  
1,1 -~- 1,m ~ ? j ,m 

]=2 
m 

~(m+l) ~(m+l)  
- -  ~ l , m + l  + ~k] + - -  ~j ,m + l 

Vl, l ~ -  r l ~ - 2 - 2 m ~ m r m ~  - ~ ] r  = X ,  

]=2 ] 

since the 7r i depend only on hi, ~, i g k g m ~ 1. 
Now, the rest  of  this proof  is a mere adopt ion of the  corresponding proof  of Theo- 

rem 3, which we do not  repeat  here. So we obtain admissible bases {el, n e G I i <: n}, 
{]~, n e G I i -< n} such t ha t  in addit ion to the  required propert ies 

= l i r a  4!)1 = = lira/( )  = y 

hold. The linear operator  T : G -~ G defined by  

T(e~,n) /~,n, i = 1 . . . . .  n, h e N ,  

proves our Theorem. | 
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