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The Gurarij spaces are unique

By

WoLrgaNG LUsKy

This paper is concerned with a problem mentioned in [2] and [4]. We show that
those Banach spaces, which are distinguished by the extension property given below,
are all isometrically isomorphic. For this purpose we investigate isometric embeddings
from I%, into I%™; n, m € N; where I, denotes the Banach space of all n-tupels with
the sup-norm. All Banach spaces in this article are over the reals.

Definition. 4 separable Banach space X is called Gurarij space if for an arbitrary
positive ¢, arbitrary finite dimensional Banach spaces ¥ > E and an arbitrary isometric
isomorphism (into) T : E—X there is a linear extension T : F—X of T with

G=alel SIT@] S +e)lz] forall zeF.

The dual space X* of a Gurarij space X is an abstract L space (c.f. [3] and also [2]).
Hence the following holds:

It E, FcX, Exl’, F a finite dimensional subspace, and & > 0, then there is
E-E, B li™ such that inf{|z —y||yeE} <e|=z| for all zeF ([2] Theorem
3.1).

Thus, since X is separable, X can be represented in the following way: Let BcX
with E~I%. Then there are E,cX, E,cEyi1, B, isometrically isomorphic to 1%,
n € N, such that X = U E, and E,, = E {[2] Theorem 3.2.). Consider the unit vectors

neN
0,...,0,1,0,...,0) of E,, denote them by e;,; 2=1, ..., n; where negative signs
and permutations are admitted and call {e; »|i=1, ..., n} an admissible basis of E,.
n
It is an elementary fact that there are real numbers ay, 4,...,@s, » With Z [ai, n [ =1
and an admissible basis {e;, ps1]i=1,...,n + 1} of Epyy with i=1
(*) €i,n= e, n+1+ Qi nen+1,ne1; S=1,...,n  ([6]).

Conversely such numbers define by (*) an isometry T : E, —E,4;. Hence X can be
described by an infinite triangular matrix 4 = (a;,,) Whose n’th column consists of
the numbers a;, ,; i=1, ..., n. Gurarij was the first one to prove the existence of a
separable Banach space satisfying the condition of the above definition ([1]). In [2]
Lazar and Lindenstrauss gave another proof depending on the techniques previously
described :

40*
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Consider an infinite triangular matrix A whose columns are dense in the unit ball of
1 with respect to the ly-norm. Then the elements a;, n; 1=1, ...,7; ncN; of A define
by (*) a Gurarij space.

It is easy to show that this Gurarij space has the following property (c.f. [2]
concluding remarks):

The set ex B(X*) of all extreme points of the unit ball B (X*) of X* is w*-dense in
B(X*).

Lemma 1. Let X be a Gurarij space and let EcX with EcI" . Furthermore let

{e1,n, +.., en,n} be an admissible basis of B and r1, ..., r, €R with z |r:] < 1. Then
there is an element D cex B(X*) with Dle;,n) =15 i =1,...,n. =1

Proof. Consider a representation X = UEm B CEpi1, B =12, meN,E,=E.
meN
We define by induction a sequence of subspaces Fp,cX with X =U Fpand alinear
functional @ on X.
For this purpose, take any E,, c X, By 2=, and an admissible basis {e1,m,...,em, m}
of E,,. Suppose that @ is already defined on E, with

L 1
D(e; <
zzl (ee.m)| = 14 6m

for some d, with 0 << 6, < 1/m.
Embed E,, into a Banach space Fp1 2212+ by

(1) ei,m=fi,m+1+¢(ei,m)(1+6m)fm+1,m+l; t=1,...,m;
where {f; m+1|? =1,...,m + 1} is an admissible basis of Fo.1. Extend @ to an
element @y,.1 of F¥ | by defining

1
2 D1 (fm+1, m+1) = T, D1 (fi,m+1) =0.

é
Choose ¢ > 0 with ¢ < —1—_}_"15— and find a linear extension Tpiy: Fpi1—X of
m

id: B — X with the property:
(3) A=y S [Twn@ = (A +e)]y] forall yeFp.i.

One may choose T';,41 such that there is in addition k(m) e N, k(m) = m + 1 with

Tom+1 Fm+1C Ei(m) - This is possible since|_) By is dense in X. Put i1 = Tmi1 F i1
keN
and extend @41 0 T,;H € F¥ . ; to a linear functional @ on Ej () with

<1 by (2)and (3).

1

Starting with m = n, @ (e;, ») = ¢, Oy such that Z |75] < ———— we then obtain

1—]—6"
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by induction an increasing chain of subspaces F,,c X where m runs through a sub-

sequence of N, such that X =|_JFp holds. By this construction an element
@ cex B(X*) is defined: Indeed, let:

4) D =1/22* 1 1/2y*,  where 2%, y* e B(X¥).
Y

m
Let 0> 0and ze| JFn with |z] <1, say 2= 3 4 Tn(fi,m) for some meN
i=1
5m—1 .
1 + 5m—1 )
1 1

1
<
llil.—.l__e < 1_(5m_1<1_9

with d7,-1 << g, hence for some 0 < e <

by (3). Then by (2):
D(Tmft,m) = (Pmo T ) (L'n(fi,m)) = Pm(fi,m) =

0 i =m,
= 1
T t=m.

Since

m
1 —eé“ zeiTm(fi,m)» =149

i=1
forall §;e{l,—1,0}; i=1,....m—1;0,= 41, and

{— o — S O(Trlfmm) <1
_92"- 1+9= m(m,m): )

it follows by (4) that
m

-1
1—30L2*(Tu(fmm) 140 and D |2*(Talf,a)| <4e.
2
Thus
70
D(2) — 2* ()] < — .
[ P@) x(x)i__l_g

Since ¢ and 2 were arbitrarily chosen, @ =2g* holds, hence @ ¢ ex B(X*) and our
assertion follows. J

Lemma 2. Under the assumptions of Lemma 1 there is an admissible basis
{es,nrneX]i=1,...,n 41}
of I with e; p == €5, n41 + T1€ns1,n+1; t=1,..., 0.
Proof. Consider @, ..., D,cex B(X*) with

0 =7,
@i(ej.n)={1 'l:=j

1,j=1,...,n.
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Such elements exist by the theorems of Hahn-Banach and Krein-Milman. Lemma 1
yields a @ cexB(X*) with D(e;,n)=1i; 1=1,...,n Let H be the absolutely
convex hull of the @;, 1 <i<n and @. Define g: B(X*) — [0, oo) by

1 ——.Z 0;2* (e, n)
g(x*) = min =i = +1,i=1,.

1 — 2627"
=1

Then g is w*-continuous, concave and f(z*) < g(z*) for all z* € H, where f:H >R
is the affine function with f(+@;) =0;¢=1,...,n; f(+= D)= + 1.
Thus, by [2] Theorem 2.1, there is an element ¢ € X with
z*(e) S g(z*) forall z*e B(X)*
*(e) = f(x*) forall x*eH.

An elementary computation shows that ¢; , —rse;i=1, ..., n; and e are the elements
of an admissible basis satisfying the desired condition. J

Corollary. Let X be a Gurarij space, Ec<l?,, F ol such that ECF and ex B(E) N
Nex B(F)=0. Then any linear isometric operator T : E—X can be extended to an
isometric isomorphism (into) T:F —X .

Proof. We may F identify with a subspace of X and regard T as the identity
id : F — X. Consider admissible bases {e;, 5|7 = n} and {f;,ns1]i <n+ 1} of Eand
F respectively with:

e, n="fi,n+1+ Tifnt1,n+1; t=1,...,7m.

n
From our assumption on E and F we infer > |r;| < 1. Hence there is an admissible
g=1
basis {e;,nr1€X|i < n+ 1} of IZH' with e, 4= ¢ n+1+ ri€nt1,ne1, 1 =n, by
Lemma 2. Then we obtain our extension by setting T fo+1, ns1) = €ps, ne1- |

Remark. The above Corollary is not true in general without the assumption
ex B(E) N ex B(F) = . The following example may illustrate this: Consider a smooth
point e € X, | e| = 1 (i.e. there is only one @ € ex B(X*) with @ (e) = |le| = 1, such
an e exists by [7] Proposition 8.4). Embed the linear span E of e into F<I2 by
setting e = ey 2 - 2,2 where {¢1,2, e 2} is an admissible basis of F. Then the identity
from E into X cannot be extended to an isometric isomorphism 7' from F into X.
Indeed, otherwise two different elements @12 € ex B(X*) would exist with:

@i(T(ej,z))={(1) A i,j=12.

=19

Hence @1(e) = @Pa{e) = 1, a contradiction.

Theorem 3. Lef X and Y be Gurarij spaces. Then there is an isometric tsomorphism
from X onto Y.
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Proof. We construct a sequence of admissible bases of I, {e/) € X |i=1, ..., n}
and {{heY|i=1,...,n}, j =n, neN, with the following properties:

There are a;, €, ¢ < n, neN such that

7
(5) Z|“i,nl<13

i=1
(6) &=l +anefliagy and
(6") =it + i, 0fanry t=1,...,mj=n+1; neN,
) | — i) < 1727,
7’ 0 — D <127, i=1,...n; j=n; neN.

i 7

Let {x,cX|neN} and {ypc Y |neN} be dense in X and Y respectively. Take
some e(ll,ieX3 I e(lli “ =1, and fg.l,% €Y, | ]‘(11,3 | = 1.

Assume, that {ef),|i <k}, {f/}|i <k} are already defined for k=1,...,m
k =<7 < m such that (5)—(7") hold.

Let Ey, and Fp, be the linear span of {e{™|i=1, ..., m} and {f(m)|z= 1,...,m}

respectively.
(I): Consider EpmipeI™? with By CEpipcX and
(8) inf{lzx— 2| |2€Emip} S Um|ag] forall k=1,...,m
Hence there are Ep.1 C - CEpip With Epep o I%7%; k=1, ..., p; EncEpn

([6] Lemma 3.2).
STEP (m + 1): Take an admissible basis {1 |i <m + 1} of Epsy with

9) o™ = et Loppefmtl 1, i=1,...,m

where Zl“l <1.

i=1
If ;=0 for all ¢ <m then put
et — o j=1,...,m

Otherwise, assume w.l.g. 7, =0 and set
(10) emil) = ) — rpf22melril) L, M) =) 1 <i<m—1.
Of course, by (9), {/%V]i <m} is an admissible basis and
[ — e <ifzm<iem, 1<ism,
Furthermore, (6) holds for n =m, j =m - 1 and
Gm=ri; 1SiSm—1; amm=rn(l— 1/22m)
by (9), (10). Put .

ei”:ntl)—“92","7:1)‘{*ai,m—16%$1), 1<ism—1,

m+1) _ (m+1 m+1
9(1,1 )—~e<1’f§ )“{‘“1,16(2,2 .
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Now continue with STEP(m+-2) — that means, proceed in analogy to STEP(m-1)
with Ky instead of Ep.y —, then with STEP (m +3),.. STEP (m+ p).

This procedure yields a;, m;eR; 0 <j < p — 1; with Z { a;, m.;.]] <1 and ad-
missible bases

{D]i=1,..,r}; r=1,...m+p; m+-1<j<m+tp
such that (6) and (7) hold.
(II): Now consider F,, and set
=1 1<5i<k; 1=k<m; m+1=<j<m+p.
Extend the linear injection, which maps e(m“’) onto ﬂff,”n“’), 1 < =m, to an isometric

isomorphism 7' from Ep+p into Y. This is possible by (5), the above Corollary and
induction. Set

[mie=T(mP), 1Sk<p, m+k<j<m+p.
Hence (6’) and (7’) are established for all
1, 1<i<k; 1Sk<m+p; k=<j<m+p.

Then proceed in analogy to (I):
Consider T Ep+pCFmipt1C* CFmiprgCY, Frpipyox IntPHis | <4 <gq; with

(11) lnf{llyk—y[IIyEFM+p+q}< []yk” k=1:"'3m+1’-

m-{-P
The same method as in STEP (m +1),...,STEP (m - p) is applicable for Fospsis-oos
Fpipiq instead of By, ..., Emep , which yields
i, 1SiSk1sksm4p+gmtptisjsm+ptg
such that (6') and (7’) holds.
Finally put
e =emtD, 1<i<k; 1Sk<m+p;m+p+l<j<mtptgqg

and extend the linear operator which maps fi%#+% onto {29, 1 <i<m+p,to
an isometric isomorphism 8 from Fpipiq into X, Define

e =SEWTHD), 1Sism4p+k; 1<k=g;
mtpt+ks=jsmtp+gq.

Replace By, by Epmyprg=SFpiptq and begin with (I). Put

e, n = lim ¢{’) fon=Imf; 1<i<n;neN.

1,7 2
j—>o00 j=>00

It follows by (6), (6), (7), (7') that {e;,»|i < n}, {f;,n|? < n} are admissible bases
and that

€, n =€, n+l+ i, nln+l, n+l s

fon="fi,nnn+ i, nfrs1,041; 1=9=n; neN.
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(7). (7'), (8), (11) imply that {e; »|¢ <n;n e N} and {f;, »|7=<n; n € N} span a dense
subspace of X and Y resp. Thus the linear operator R:X —Y with R(e;, n) = fi,n,
t=1,...,n, neN, is bijective and isometric. ||

Corollary. Let X be a separable Banach space such thot X* is an abstract L-space.
Let G be the Gurarij space. Then there is an isometry T :X— G and a contractive
projection P:G — T X such that the following hold:

(i) P*(B((TX)*)) = conv(F U —F) where F is a face of B(G*) and P* is the
adjoint mapping.

(i) (id — P) (G) s isometrically isomorphic to G.

Proof. In [5] and [8] it was shown that there is a Gurarij space G, an isometry
T : X —@ and a contractive projection P : ¢ — T X such that (i) holds and (id — P) (@)
is a Gurarij space too. Our Corollary follows then from the preceeding Theorem.

Acknowledgement. I would like to express my appreclatlon to Prof. B. Fuchs-
steiner for his helpful advice.

Addendum, 10. 1. 1976.

The purpose of this addendum is to relate the concept of the Gurarij space to
Mazur’s problem of rotations in separable Banachspaces. :

Mazur’s Problem. Let X be a separable Banachspace with the following property: For

any r,ye X, |z| = |yl = 1, there is an isometric automorphism T :X—>X with
T(x)=vy. Is X then a Hilbertspace ?
We show:

Theorem. Let G be the Gurarij space and let x, y € G be smooth points of the unit
sphere of G. Then there is an isometric automorphism T : G — G with T (x) = y.

Remarks. (i) The above Theorem includes a weaker property of G shown by
Gurarij ([1]).

(ii) Notice, that the set of smooth points is dense in the unit sphere of G, but @
is not reflexive. Hence G cannot be a Hilbertspace.

(iii) The assumption, z,y being smooth points, cannot be omitted since the
unit sphere of a separable Banachspace X with Mazur’s property clearly consists
only of smooth points whereas the unit sphere of @ has no smooth points.

Proof of the Theorem. The proof of the above Theorem is a modification of
the proof of Theorem 3. We retain the numeration of this proof. Again, we construct
a sequence of admissible bases of I%,,

e(’LeGlz—l ,n} and {{heGli=1,...,n}, j=n, neN,

such that (5), (6), (6"), (7), (7') hold.
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Now, we require in addition:
&=z, fl=y forallj.

We proceed with (I) and STEP (m+1): We assume that Ep,oe Fpoel™ already
have been defined and find suitable Epi1 C -+ * C Epip With By o %5, k=1,...,p,

and B, CEp41. Firstly, we consider Epi1 (STEP(m<41)): We take an admissible

basis {e{"1]i <m+ 1} of Epmi1 such that (9) holds.

Now, in the case that z | ;] =1, our perturbation differs slightly from that above:
Induction yields i=1

m
x = e = (™ + Z Ky )

m

~ il o+ SHei+ (ot Sk desie
j=2 j=2

where |k;| <1, 2 <j < m, since z is a smooth point. Similarly, |r1]| < 1, hence

thereis an 7, == 0, 2 < k < m. Assume w.l.g. that 7, ==0 and replace (10) by

(m+1) __ (m) (m+1)
€hm = Ckm — Xk, mCmtd, m+1 where

A, m="r1+2"kpry, Gm=r, 2=i=m—1,

Am,m= (1 — 272m) ry, .

m
Hence >lanm| <.

=1

Our definition of the a; ,, yields

e(m+1) — e('m+1) + Zk e('m‘i-l)
]_

(m+1 +
m+)1 + Zk] egrr:n+1 +
j=2

m
+ (7'1 + 2_21” km Tm + Z k] Tj - 2—27]‘! km Tm) em:11)m+1—— eg:mj? =x,

=2

since the k; depend onlyon a;,%, 1 Sk <m — 1.

Now, the rest of this proof is a mere adoption of the corresponding proof of Theo-
rem 3, which we do not repeat here. So we obtain admissible bases {e;,» € G|i < n},
{fi,n€@] ¢ < n} such that in addition to the required properties

ai=lme =2, hi=limffi=y
jro0 j—on

hold. The linear operator T : G — @ defined by
T(es,n) =fi,n, t=1,....,n, neN,

proves our Theorem. |
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