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ON CHEN SURFACES IN A MINKOWSKI SPACE TIME

Chorng Shi Houh

are congidered,

A-submanifolds of a pseudo-Euclidean space E:*i

A characterization for them is given. A theorem on s#-submani-

folds contained in a de Sitter space-~time S: or an anti-de
Sitter space-time H} , is proved. A number of non-trivial
examples of dA-surfaces in a Minkowski space-time Ei are
studied. Some classification theorems are proved for H4-surfaces

contained in Si or H.

1. PRELIMINARIES.

Let(EZ*i,go)be the flat (m+1l)}-dimensional pseudo-Euclidean space
of signature (s,m+l-s). The metric tensor g, + if no specified

4 } is a

mention is given,is gé=—zjdxi2+ziiidxj3 where (x s

e
rectangular coordinate system of E i*{ Let Si={xeﬁz+ij<x,x>=i},

3:_i={X€E:+1f<x,x>ﬂ*i}, where < , > denotes the inner product on

E®*1, s® and H®
s s w1

the pseudo-hyperbolic space with their center at the origin of

are called the pseudo~Riemannian sphere and

EZ*‘. For s=1l ST is called the de Sitter space-time and HT the
anti-de Sitter space-time, Both ST and HT are pseudo-Riemannian
manifolds of signature (1i,m-1). Let M be an n-dimensional pseudop
Riemannian submanifold of E:*’. By definition each tangent space
T (M) is a nondegenerate subspace of Tx{E:"} and TX{Et*i}:TX{M}

@Ti{M},where the normal space T.{M) is alsoc nondegenerate. If g,
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induces a Riemannian metric on M then M is called a space-like
submanifold. Let 5 be the metric connection on Eﬁ*i and Vv the in
duced metric connection on M. Let D be the linear connection in
duced on the normal bundle T*(M). Then for any vector fields X,Y
tangent to M and any vector field £ normal to M we have the fol-
Jowing Gauss formula and Weingarten formula GXY=VXY+h(X,Y), §x§=

~AEX+DXE,where h is the second fundamental form of M in and

Em+ 1
£
A, is the Weingarten map with respect to f. AZ is a self-adjoint

endomorphism of the tangent bundle T{M}. h and Ag are related by

{1.1) <h(X,Y),E>=<AZx,Y>.
Let {ei,ez,..., m+1) be a moving orthonormal frame in Eﬁ*i along
M, with (el....,en} being tangent to M and <ej,ej>=aj=x1. Let
A_ =A for r=n+l,...,m+l and h;_ {i,j=1,...,n) be defined by
»
(1.2) A e, "25 h’
1585

We also use A to denote the matrix (hig):

- r
{1.3} Ar—(hij}.
Ar acts on TM according to (1.2}, For A and as the matrix
for the linear transformation A_A,

P s
{1.4) A_A =(Z¢, hthJk)

AE can be diagonalized only when M is space-like. For the second
fundamental form h the covariant differentiation Vxh is defined
by (Vxh)(Y,Z)=Dx(h(Y,Z))~h(VXY,Z)—h(Y,VXZ),for X,¥,ZsT™. The
EPY is  (Tyh) (Y,Z)=(Vyh)(X,2Z).

A normal vector field ¥ is said to be parallel if Dyt=o for any

Codazzi equation of M in

XeTM. If F is an endomorphism of TM, let Fij=<Fei'8j> then F is
given by the matrix F=(Fij). The trace of F is defined by
{1.5} Tr¥=%Ze F, . .
1 11

By this definition and (1.4) we have

E — s r

{1.86) Tr(A A )=% (¢, 51hthJ1).
The mean curvature vector H of M in E2+1 is defined by
(1.7) H=(1/n)Trh=(1/n)Z£1h(ei:e;).
M is said to be minimal if H=0 and pseudo-umbilical if <H,H>=0
and AH=AI for some function A on M, where I is the identity

transformation on TM.
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Let M be a pseudo-Riemannian submanifold of S: {or of H:~i} in
Et*i. Let h, h' and ﬁ be the second fundamental forms of M in
E?*', of M in S? (or in H?_ ) and of $¥ (or H?_ ) in E™' res-

pectively. Let x denote the position vector of M in EZ*‘, H and
H!' denote the mean curvature vectors of M in Ez*i and in Sg {or
in H:—x)‘ Then the following relations are known (B-Y.Chen [2],
Lemnma 1):h(X(Y}=h‘(X,Y}+g{X,Y}, H=H'-x {or H=H'+x)}, &x*&X2~I,
where ix denotes the Weigarten map of St {or Hm_l) in Ez*iu

E3

{ ] T r
By {1.1) and {1.2} we have h{ei,ej}«acrhijer,

<h(e, ,e ),e >=h’ and h'  are symmetric in 1i,j.
i J r 1 1]

2., A-SUBMANIFOLDS.

Let M be an n-dimensional pseudo-Riemannian submanifold of Ezéi,
Let ¥ be a normal vector field in T*(M) so that <&,¥><0. The
allied vector field al¥} of a normal vector feild ¥ is defined
by the formula

(2.1) a{g)=(|¢|/n)Ze Tr(a
where |£|=<¢,e>'7?, (e =t/|E|, e
mal basis for T-(M).

DEFINITION 1. A pseudo-Riemannian submanifold M in E™' is

Av)eP

n+ 1

, e } is an orthonor-

n+1 n+2 """ Tme

called an 4#-submanifold or a Chen submanifold if its mean
curvature vector H satisfied that H=0 or <H,H>=0 and a{H)=0.

The notion of an s#-submanifold in a pseudo-Riemannian manifold M
is defined similarly. Riemannian #-submanifolds were first con-
sidered by B-Y., Chen in [1] and developed by other authors ({for
example see [3]) and subseguently were called Chen submanifolds.
The definition given above is a pseudo~Riemannian version of
Chen's definition. The class of Chen submanifolds of a Rieman-

nian manifold contains all minimal and pseudo-umbilical sub~
manifolds which are said to be trivial Chen submanifolds {[3]).

Let M be an n-dimensional pseudo-Riemannian submanifold in Sﬁ(cr
n+1""'em+1} be an orthonormal frame

along M so that € ,...,8 are tangent to M and e

in Ht_i}. Let {e ,...,e ,e

o1 =% where x
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is the position vector of S: {or Hﬁ_i) in Ez*i. We denote ¢ =
. e - m = m
<e e >, (r=n+1,...,m+1), £= L e=1 for Ss and £=~1 for Hs—1'

If the mean curvature vector H'of M in ST (or in H)_ satisfies

)

<H',B'>#0,then we may choose en+1=H'/iH'i or H'=q'en+1 with |H'{
=a'#0.Then H=H'-zx=a'e  , +ce_, and |<H,H>]=|a’zan+1+a]=a2, az0.
Now for points of M at which a=x0, let
e;+i=(lja)H=(1/a)(a‘en+1+aem+1}, A;+1=Ae;+1,
Cpeg = (1/a) (e Ly mate )y A;+1=Ae;*1
Then
a(H)=([H|/n) (e Tr(A), A )e ve,  Tr(Bl Al del . o =wee .

Thus M is a Chen submanifold in EZ*‘ if and only if a(H)=0, that
ig Tr(A;+1AP)=O (r=n+2,...,m) and Tr(A;+1A$*1)=D. We define the
following operator A: T (M)—s Tt (M).

DEFINITION 2. %(5)=z<h(ei,ej),z>siejh(ei,ej), geTH (M) .

It is easy to show that A 1is defined independently of the
choices of the orthonormal frames {ei,...,en} in TM. By the
above definition for a normal vector §=Zcr%rer,

(2.2) Ag)=3c & ¢ £ hin(e

=Z£r£sErTr(ArAs)es.

e )=xe € £.£.¢ h" h® e
v d ros 1 jTriguigy s

Bgpecially if ¢=H, the mean curvature vector of M in EZ*‘ is
en+1=H/]H|, then A(H)=5n+1|H[Z£STr(A A e .

Since M is a Chen submanifold in EZ*i if and only if Tr(An+1As)=

n+1

0 for s>n+l, we have the following Lemma which is proved in [3]
for Riemannian case.

LEMMA. M, with <H,H>=0, is a Chen submanifold in E™! if and
only if g(H) is parallel to H.

The definition of the operator ; and the Lemma remain valid when
we consider M as a submanifold of a pseudo-Riemannian manifold M
instead of E2+1. Now let M be a submanifold in 82 (or H§~1) in
E?"!.  We have an operator A for M in E?*!. Let the operator of
M in Sﬁ {or Hg_i) corresponding to A of M in Et*i be A'. Let h,
h' and ﬁ be those considered in section 1. Let {e

?

(e e

=-X} be the orthonormal frame along M considered

n+ 1

,..,em,em+1

above., Then we have h(ei,ej)=h‘(ei,ej)+h(ei,ej}, where h(ei,ej}



44 Houh

=—e<ei,eJ>x. From this relation it is easy to see that the Wein-

garten's map A' =A' of M in S® (or in H* .) and & of M in
r eP s s-1 r

EE*i satisfy

(2.3) Ar=A; {n+l<r<m}, Ah+1=I=identity.

Now we can come up with a relation between A(H) and A(H?)* In
fact taking H'=|H‘}en+1=a'en+i,H=H‘—£x=H’+eem+1, A(H)=£(a'an+ﬁ+e
em+1)=2::i£n+1£sa'Tr(An+1As)es+2i:i€sTr(Am+1As)es=a‘Tr(Ai+i)en+1
+ Z::;a'£n+1£sTr(An+lAs)es+ Eppe EQ'TT(A e ¢+ Eﬁ:iﬂsT'(As)eg
Since H'=(1/n)2€ih‘(ei,ei)=(1/n)2?+1erTr(A;)eP, we have Tr{A;)=O
for r=n+2,...,m and Tr(An+1)=Tr(A;+1)=nan+1a‘. Thus A(H)=a'Tr
(Ai*i)en+1+Zﬁ+2£n+1ssa‘Tr(An+1As)es+n£a'zem+1+nH'+neem+i, On the

Y _ 2
other hand A(H')—Zn+15n+1esa‘Tr(A;+1A;)es— a'Tr(Ar“l+1 )en+1+£n+i

n+ 2

(2.4) A(H)=(A'(H')+nH')-ne (a'?+1)x.
Thus if A(H) is parallel to H=H'~ex then g'(H') is parallel to

z® a'e Tr(A' _A'}e . We then have
s n+ 1 i s

H'. We have the fcllowing theorem.

THEOREM 1. Let M be a (pseudo-Riemannian}) submanifold of 52
(or HY_ ) in EX*'. If M is a Chen submanifold in E™' then M is

a Chen submanifeold in Sz {or Hz_i).

3. EXAMPLES OF A-SURFACES IN E:.

In Gheysens, Verheyen and Verstraelen [{3], a series of examples
of A-surfaces in E' is given. Here we consider some examples of
their pseudo-Riemannian version.

Example 1. 1In Ei with go=—dxf+dxg+dx§+dxz, let £{u), gi{u) be
differentiable functions satisfying f'z—g'2>0 and a(v), B{v) are
differentiable functions. Let M be the surface in Ei given by
(3.1 x(u,v)=(f(u)cha({v),f{u)sha(v),g{u)cosB(v),gl{u}sind{v)).
Consider the following orthonormal frame {ei,ez,es,e4} along M
so that e ,e,=TM:

e,=(1/(f'?~g'?)*”?)(f'cha, f'sha, g'coss, g'sing), <e ,e >=-1,

e,=(1/(f?a'?+g’8'?)'”?)(fa'sha, fa'cha, -g8'sing, gB'cosd},
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<e,,e,>=1,
e3=(1/(f'2—g‘2)1/2)(g'cha, g'sha, f'cosg, f'sing), <e,,e >=1,
ei=(1/(fza'2+ng'2)1/2)(gB'sha, gB'cha, fa'sing, -fa'cosg},
<e4,e4>=1.
By straightforward computation we found that h;j are given by
the following expressions:
hy,=(f'g''~g'£' ")/ (£'2-g'?)372, n} =0,
h§2=(—fg'a'2—f'gﬁ'2)/(f’z-g'2)1/2(fza'2+g23'2), hi1=0'
h:2=a‘B'(gf'—fg')/(f'z—g'z)1/2(f2a'2+g23'2),
h§2=fg(a"B‘—a'B")/(fza'2+g23'2)3/2.
If a, 8, satisfy a''B'-a'f''=0 then hj =0, H=(1/2){-h(e ,e, )+
h(ez,ez))=(1/2)(—hii+h§2)e3. Hence e, is the direction of H. For
this situation Tr(A3A1)=0, so M is a Chen surface.
The following are special cases of example 1.
Example 1A. In example 1 let f(u)=u,g(u)=1,a(v)=8(v)=v.Then £'%-
g'?=1>0,x(u,v)=(uchv,ushv, cosv,sinv) and hil=0,hfz=0,hgz=—1/(u2+
1), h‘:1=0,h:2=1/(u2+1),h;2=0 H=(1/2)3¢ h(e, ,e )={-1/2(u’+1)}e,.
This Chen surface in Ei is neither minimal nor pseudo-umbilical.
Example 1B. In example 1 let f(u)=shu, g(u)=chu, a(v)=B(v)=v,
Then £'2-g'?=15>0, x(u,v)=(shuchv,shushv,chucosv,chusinv) and
hi, =1, h},=0, b} =-1, b} =0, h! =sech2u, h¢ =0,
H=(1/2)Zeih(ei,ei)=—e3.
Since A,=-1, this Chen surface is pseudo-umbilical but not mini-
mal. Furthermore, <x,x>=1, s0 Mcschi. The matrix A, has double
eigenvalue with repect to the induced metric in M,
Example 2. 1In Ei with go=dxf+dx§+dx§—dxz, let f(u),g(u) be dif-
ferentiable functions satisfying f'z—g'2>0 and a(v),B8{(v) are
differentiable functions. Let M be a surface in Ei given by
{3.2) x(u,v)=(f(u)cosa(v),f(u)sina(v),g(u)shd(v),g(ujchs(v)).
Consider the following orthonormal frames (el,ez,es,e4} along
M so that e, ,e,< ™:
e, =(1/(£'?-g'?)*?)(f'cosa,f'sina,g'shf,g'chg), <e ,e >=1,
ez=(1/(f2a'2+g28'2)1’2)(—fa'sina,fa'cosa,gB'chﬂ,gB'shB),
<e2,e2>=1,

e3=(1/(f’2—g'2)1/2)(g'cosa,g'sina,f'shﬁ,f'chB), <e, ,e;>=-1,
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e4=(1/(f2a'2+g23‘2)1/2)(gB’sina,—gB'cosa,fa‘chﬁ,fa‘shﬁ)5
<e, ,e, >=1.
By straightforward computation we found that h:d are given by
the following expressions:
hy, =(f'g''=g'£'")/(£'?-g*?)*?, n} =0,
h,=(fg'a'?+gf'8'?)/(£12-g' 2y 2 (F2ar?+g’s?), ni =0,
hj,=a'B' (fg'~gf')/(£'2-g'?)1 2 (£2a 249?312,
hf, =fg(a'g''~a''8")/(f2a'?+g?p12)%7 2, .
If a, 8 satisfy a'8''-a''8'=0 then h} =0 and H=(1/2)x
(h(el,e1)+h(e2,ez))=(1/2)(hfi+h;2)e3, thus Tr(A3A4)=O and M
is a spacelike Chen surface in Ei.
The following are special cases of example 2.
Example 2A. 1In example 2 let f(u)=u, g(u}=1, a(v)=8{(v)=v. Then
f'z—g‘2=1>0. x{u,v)={ucosv,usinv,shv,chv}, h21=0, h22=0, h;2=1i
(u2+1), h¢1=0, h:2=—1/(u2+1), h;2=0. This is a spacelike Chen
surface in Ei, neither minimal nor pseudo-umbilical in Ei.
Example 2B. In example 2 let f(u)=shu,g(u)=chu,a(v)=3{(v})=v, then
f'z—g'2=1>0. x(u,v)=(shucosv,shusinv,chushv,chuchv),hf1=0,h22=0,

h32=1,hjl=o,h§2=~sech2u,h;2=o, H=(1/2)(h{e, ,e, )+h(e, e, ))=-e

2 3°
Since A =1 this spacelike Chen surface is pseudo-umbilical but
not minimal in Ei. Furthermore since <x,x>=—1,MCHgCEi.The matrisx
A has double eigenvalues with respect to the induced metric in
M. Let H' be the mean curvature vector of M in Hg. For this

example x=e, and H=H'-x=-e,, thus H'=0 and M is minimal in Hg.

4. A-SURFACES IN si’ {OR IN Hg) IN E‘:
In this section we consider a Chen surface M in Si {or in Hg) in
Ei. First let M be a surface in chEi. Then M is spacelike and
the .ie2n curvature vector H' of M in Hg is also spacelike. Let
H'=a'e3 and e, =-X. Then there is an orthonormal frame {el,ez}

along M with <e ,e >=<e,,e,>=1 s0 that A, is diagonalized:
3
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A, =A_ =[a 0 }, A =A_ ={1 0], <e, e, >=-<e, ,e >=1
5 10 1

The mean curvature vector H of M in Ei is H=H’~e4=a'e ~e4=(1/2)(

3

a1+a2)e3—e4. Since our attention is on non-minimal Chen surfaces

in E:, we may assume that <H,H>»0. Then ]H1={(1/4)(a1+a2)2-1}1’3
=0, Let H*=e3—(1/2)(a1+a2)e4. Then H' is perpendicular to H
and |H[=|H"|. Let e],e/ be the unit vectors in the directions
of H and H'. H=|H|e/, H'=[H'|e/. Then {e],e/} is an orthonormal

frame in TH{M) with <e],el>=-<e!,e/> and

Aj=A_, =(1/]H|)[(1/2)a (a, +a,)-1 0
€3
8] (1/2)a2<a1+a2)—1 ,
A;=Ae;=(1/|H|)[(1/2)(a1~a2) 0
0 (1/2){a,-a, )] .

The condition for M being a Chen surface is Tr(AgA;)=(1/4)x

2" 37 =0, If a, =a,
then M is umbilical in Hg. For this case let a=a, =0, . Using the

Codazzi eguation (?e h)(el,e2)=(§e h)(el,ei) for the frame {ei,
1 2

2 - s - =
<a1~a2) (ai+a2)-0‘ That is o, =ia If a, =—a

92'93'94} we obtain that the connection form mg(e2)=0, ez(a)=0.

Using the Codazzieguation (Ve h)(ez,e2)=(Ve h)(el,ez) we obtain
1 2

that w§<e1)=0 and ei(a)zo, Thus o is a constant and e, e, are
parallel in the normal bundle., Hence H is parallel in the normal
bundle. Furthermore 5=(1/1H§)(a2~1}1 shows that M is pseudo-
umbilical in El’ By the Limma 2 in [2] we conclude that M is
minimal in Hg.Next let M be a spacelike surface in S§CEj. Let
H'=a'e, be the mean curvature vector of M in Si and e, =-x. Then

H' is timelike and A=A is diagonalized:
3

A3= a, 01, A4= i 0], <e3,e3>=—1, <e4,eé>=1.
o] a o] 1
2
The same argument as above yields that M is minimal in Sf. We
now have the following theorem,
THEOREM 2. M is a spacelike surface in S] (or in H) in El.

Then M is minimal in 8} (or in HJ) if and only if M is a
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Chen surface.
Now consider a surface M which is pseudo-Riemannian with signa-
ture {(1,1) so that MCSiCEi. The mean curvature vector H' of M in

Si is spacelike. Let H'=a'e3, e, is a unit vector. A3=A93 may

not be diagonalizable. However according to Petrov [4], As can
be put into one of the following three forms with repect to an

orthonormal frame {91'82} on M with the given inner product.

Case 1. A3= o, 01, a, =a, , <e1,el>=—<e2,e2>=-1,
0 a,

Case 2. A3= 0 al, <e1,e1>=<e2,e2>=0, <e1,e2>=1,
Lo 0

Case 3. A3= a 31, B=0, <e1,e1>=—<e2,e2>=1.
B —0L )

These cases are devided according to the eigenvalues of A, with

respect to the induced pseudo-Riemannian metric in M. The case 1

is for A, having two different real eigenvalues a, and a,. The

1
case 2 is for A, having a realdouble eigenvalue a and the case 3
is for A, having complex eigenvalues a+gi.
When case 1 takes place we have
- =f_ 1 - =
A3— a, 0], A4 1 0?’ a, =a,, <e ,e >=-<e, ,e > 1.
0 a, 0 1j

H'=(1/2)(—a1+a2)e3, a'=(—a1+a2)/2, H=a'e3+e Now let e;=H/iHi=

.

(a'e3+e4)/(a'2+1)1/2, e;=(63—a'e4)/(a’2+1)1/2. Then
Ae,=1/(a'2+1)“2'(1/2;a1{~a1+a2)—1 0 i
3
0 (1/2)a, (o, +a,)+1],
- ' 2 1,3
Ae;—l/(a +1) (1/2)(a1+a2) 0
L o} (1/2)(a1+a2)

Suppose M is a Chen surface; then Tr(Ae,Ae,)=O. This implies
3 %4

that (az—ai)(a1+a2)2=0. Thus we have a1=—a2=—a'. Again we apply

the Codazzi equation (V h){e ,e )=(¥ h){e ,e ). Noticing that
e2 1 i e~1 2 1
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w§=wf for this case where wf is the connection form for M, we

obtain that e (a, )=0 and oj(e,)=0. Similarly from (Velh)(ez,ez)
=(V@2h)(e1,e2) we obtain e, (a, )=0 and o (e, )=0. Hence a , o' are

constants and H=a'e +e  is parallel in the normal bundle. A_,=
3

(a'?+1)172%1 implies that M is pseudo-umbilical in E:. Again by
Lemma 2 of [2] we conclude that M is minimal in Si.

When case 2 takes place we have

A =[0 a

3 , <e1,e1>=0, <e1,ez>=1, <e2,e2>=0.
a 0

We use a new orthonormal frame (e;,e;} along M so that e;=
172 _ 1/2 _ = tyme
{1/2 ) (e, +e, ), e;—(l/z ) (e, ez). Then <e;.e;> 1,<e£,e2> 1.

With respect to this frame let the Weingarten map in the direc-

tion e, (the direction of H') and e, be Ks and K;. Then
B, =[a+1/2 —1/2], A§=[1 o], <e/.,el>=-<e], e >=1.
-1/2 -a+1/2 0 -1
With respect to the frame (e;,e;} we find that H=ae3+e4. Thus «
is the mean curvature of M in Si. Let e]=H/[H| and e;=(e3—ae4)/

[H], |H|={a?+1)17%2. Let A, and EI be the Weingarten maps in the
directions of e; and e; with respect to the frame {e;,e;}. Then
Ej=1/(a®+1) 2 fa(a+1/2)+1  -(1/2)a}, B/=1/(a®+1)'"%(1/2 -1/2].
[—(1/2)a a(—a+1/2)—1} [—1/2 1/2]

By (1.6) we obtain Tr(E;B¥)=O. This shows that M is a Chen sur-
face. That is if M:SfCEﬁ, M is a pseudo-Riemannian surface with
signature {(1,1) and A, has real double eigenvalue, then M is a
Chen surface.

When case 3 takes place we have

A3= qa, Bl1, B=0, A4= 1 o}, <e1,e1>=—<e2,e2>=1.

3 -a 0o -1
H=(1/2)(h(e1,ei)-h(ez,ez))=ae3+e4. So a is the mean curvature
of M in si. Let H'=e -ae,, e;:H/|H|=(1/(a2+1)1’2)(ae3+e4),
e =H'/|H' |=(1/(a’+1)*"?} (e, ~0e, ). Then

2
a“+1 afB 0 B
A, =1/(a?+1)"? 2 |0 A, =1/(a?+)t? -
3 ad -a“-1 €4 B o

By (1.6) Tr(Ae,Ae,)=—2aBZ/(a2+1). Hence if M is a Chen surface
3 %4
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then a=0. M is minimal in S§a
Combining the above results we have the following theorem.
THEOREM 3. Let M be a pseudo-umbilical surface of signature

(1,1) in Sfmﬁi, e, be the direction of the mean curvaturs

vector of M in Si. If A_ has a double eigenvalue then M
3

is a Chen surface. If A  has two different eigenvalues and M
3

is a Chen surface then M is minimal in Sz*

Example 1B in section 3 is a Chen surface in S]<E! which is

pseudo-umbilical in E; but not minimal in 8. A has duble
3

eigenvalue.
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