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ON CHEN SURFACES IN A MINKOWSKI SPACE TIME 

Chorng Shi Houh 

M-submanifolds of a pseudo-Euclidean space E m+i are considered, 

A characterization for them is given. A theorem on M-submanl- 

folds contained in a de Sitter space-time S n or an anti-de 
s 

Sitter space-time H n is proved. A number of non-trivial 

examples of ~-sur faces in a Minkowski space-time ~ are 

studied. Some classification theorems are proved for M-surfaces 

contained in S 3 or H 3 I 

1. PRELIMINARIES. 

Let(E m§ , ,~)be the flat (m+1)-dimensional pseudo-Euclidean space 

of signature (s,m+l-s). The metric tensor ~ if no specified 

s 2+~m+idX2 where ~ mention is given,is ~=-Xldx i ~+i j (xl ~ 'Xm+l ) iS a 

rectangular coordinate system of E m§ Let S~={x~E~+i/<x,x>=l} 

={xeE~+I/<x x>=-l} where < , > denotes the inner product on 

E m+~ S ms and H m'.i are called the pseudo-Riemannian sphere and 

the pseudo-hyperbolic space with their center at the origin of 

m the E m+i For s=l S m is called the de Sitter space-time and H i s I 
m anti-de Sitter space-time. Both S i and H ml are pseudo-Riemannian 

manifolds of signature (l,m-!). Let M be an n-dimensional pseudo 

Riemannian submanifold of E m+i By definition each tangent space 
s 

T x(M) is a nondegenerate subspace of T x(Em+s i) and Tx (Em+s I ,~=T• 

eT~(M),where the normal space T~x(M) is also nondegenerate, If 
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induces a RJemannian metric on M then M is called a space-like 

submanifold. Let V be the metric connection on E m§ and V the in 
s 

duced metric connection on M. Let D be the linear connection in 

duced on the normal bundle T• Then for any vector fields X,Y 

tangent to M and any vector field ~ normal to M we have the fol- 

lowing Gauss formula and Weingarten formula VxY=VxY+h(X,Y)~ ?X ~= 

-A~X+Dx~,where h is the second fundamental form of M in E m+i, and 

A~ is the Weingarten map with respect to ~. A~ is a self-adjoint 

endomorphism of the tangent bundle T(M). h and A~ are related by 

(1.1) <h(X,Y),~>=<A~X,Y>. 

Let {e i ,e 2,.. . ,em+i} be a moving orthonormal frame in E m+Is along 

M, with {e i ..... e } being tangent to M and <ej,ej>=6j=• Let 

A e =A r for r=n+l .. m+l and h~ (i,j=l .... n) be defined by ,, i lj P 

D 

P 
(1.2) A re i=~jh ijej . 

We also use A r to denote the matrix (h~j): 

r 
(1.3) Ar=(hi j ). 

A r acts on TM according to (1.2). For A r and A s the matrix 

for the linear transformation A A r 
D 

(1.4) A Ar=(Z~jhijhjk)- 

A~ can be diagonalized only when M is space-like. For the second 

fundamental form h the covariant differentiation ~X h is defined 

by (VX h) (Y,Z)=Dx(h(Y,Z))-h(VxY,Z)-h(Y,VxZ),for X,Y,Z~TM. The 

Codazzi equation of M in E~ +i is (Vxh)(Y,Z)=(Vyh)(X,Z). 

A normal vector field ~ is said to be parallel if Dx~=O for any 

X~TM. If F is an endomorphism of TM, let Fij=<Fei,e3> then F is 

given by the matrix F=(Fij). The trace of F is defined by 

(1.5) TrF=2~iFii. 

By this definition and (1.4) we have 

(I.6) Tr(AsAr)=~(~j~i h~'h~ )'IJ j 1  

The mean curvature vector H of M in E m+i is defined by 
s 

(1.7) H=(i/n)Trh=(I/n)~6 h(e e ). 

M is said to be minimal if H=O and pseudo-umbilical if <H,H>w0 

and AH=II for some function l on M, where I is the identity 

transformation on TM. 
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Let M be a pseudo-Riemannian submanifold of S m (or of H ~ ) in 

E m§ . Let h, h' and h be the second fundamental forms of M in 
S 

E "+i of M in S m (or in H m ) and of S" (or H m ) in E m+1 tes- s t s s-{ S S - I  s 

pectively. Let x denote the position vector of M in E m+i , H and 

H' denote the mean curvature vectors of M in E m+1 and in S~ (or 
s 

in H~s_t ). Then the following relations are known (B-Y.Chen [2], 

Lemma I) :h(X,Y)=h~ (X,Y)+h(X,Y) ~ H=H'-x (or H=H'+x) , Ax=Ax=-I , 

where Ax denotes the Weigarten map of S m (or ~ i ) in Em+l 0 
S -- S 

By (I.I) and (Io2} we have h(e i ,ej )=Zc h~je r, 

<h(e i ,ej ),e >=h~j and h ~ ij are symmetric in i,j. 

2. ~-SUBMANIFOLDS. 

Let M be an n-dimensional pseudo-Riemannian submanifold of E m+~ 

Let ~ be a normal vector field in T• so that <~,~>~0. The 

allied vector field a(~) of a normal vector feild ~ is defined 

by the formula 

(2.1) a(~)=(l~ I/n)~rTr(A,+Ia r)e r 

where I~ J=<~,~>I/2 , {en+l =~/I~ I , e +2 ..... em+i } is an orthonor- 

mal basis for T• 

DEFINITION i. A pseudo-Riemannian submanifold M in E m+1 is 
s 

called an M-submanifold or a Chen submanifold if its mean 

curvature vector H satisfied that H=O or <H,H>~O and a(H)=O. 

The notion of an M-submanifold in a pseudo-Riemannian manifold M 

is defined similarly. Riemannian M-submanifolds were first con- 

sidered by B-Y. Chen in [I] and developed by other authors {for 

example see [3]) and subsequently were called Chen submanifolds~ 

The definition given above is a pseudo-Riemannian version of 

Chen's definition, The class of Chen submanifolds of a Rieman- 

nian manifold contains all minimal and pseudo-umbilical sub- 

manifolds which are said to be trivial Chen submanifolds ([3]). 

Let M be an n-dimensional pseudo-Riemannian submanifold in Sm(or 

in H~s_i). Let {e i ..... en,en§ I ..... em+l} be an orthonorma! frame 

along M so that e i ..... e n are tangent to M and em+l=-x~ where x 
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iS the position vector of S m (or H m ) in E~ +I We denote 6 = 
S s-1 r 

<e r er> (r=n+l ,m+l) ~=~m+i ~=i for S m and a=-i for H m 

If the mean curvature vector H'of M in S m (or in H m ) satisfies 

<H' ,H'>~0,then we may choose Sn+I=H'/IH'I or HW=c~'en+1 with IH'I 

=a'~0.Then H=H'-6x=~'e +i+6em+ i and l<H,H>l=la'2~n+1+~ I=<~ 2 , ~>-00 

Now for points of M at which ~0, let 

e' =(I/ct)H=(i/a) (ct'en+l+~em+ i ), A' =A e 
n+ i N+ I ' 

n+l 

e' =(I/ct)(6 +len+~-c~'em+ ~ ) A' =A e 
n%+i 

Then 

a(H)=(IHl/n)(7~s )e +6' .Tr(A' A' )e ~ ~' =• 
P m+ 1 n+ I. ra~ 1 m§ ~ ' m+ I ~m+ 1 

Thus M is a Chen submanifold in E m+i if and only if a(H)=0 that 0 

is Tr(A'n+i At)=0 (r=n+2 ,... ,m) and Tr(A'+,AI+ ~ )=0 . We define the 

following operator A: T• 

DEFINITION 2. A(~)=E<h(es ),~>6i6jh(e i ,ej ), ~cT• 

It is easy to show that A is defined independently of the 

choices of the orthonormal frames {e i ..... en} in TM. By the 

above definition for a normal vector ~=Ecr~:re ~, 

r ~ r )=F~- a a s ~ h~ h~.e ( 2 . 2 )  A(~)=~M ~ i ~ . j , r h i j h ( e i  e j  r s ~ j r la *J s 

=Z~ ~ ~ . r T r ( A r A  ~ ) e  . 

E s p e c i a l l y  i f  ~ = H ,  t h e  m e a n  c u r v a t u r e  v e c t o r  o f  M i n  E m+i i s  
s 

e n + l = H / I H ] ,  t h e n  A ( H ) = 6  +~ ] H [ ~ : s  ) e  s .  

Since M is a Chen submanifold in E m+t, if and only if Tr(An+~A )= 

0 for s>n+l, we have the following Lemma which is proved in [3] 

for Riemannian case. 

LEMMA. M, with <H,H>#0, is a Chen submanifold in E m+l if and 
s 

only if A(H) is parallel to H. 

The definition of the operator A and the Lemma remain valid when 

we consider M as a submanifold of a pseudo-Riemannian manifold M 

instead of E m+1 Now let M be a submanifold in S m (or H m ) in 
e ~ s-i 

E m+1 . We have an operator A for M in E m+i Let the operator of 
S e 

M in S m (or H m ) corresponding to A of M in E m+1 be A' Let h, 
S S--I S " 

h' and h be those considered in section I. Let {el,...,en,en+1, 

.... em,em+i=-x} be the orthonormal frame along M considered 

above. Then we have h(e i ,ej )=h' (e i ,ej )+h(e i ,ej ), where h(e i ,ej ) 
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=-6<ei,ej>x. From this relation it is easy to see that the Wein- 

garten's map A' =A ~ of M in S m (or in H m ) and A of M in 
P ep S S--I p 

Em+t satisfy 
s 

(2.3) Ar=A ~ (n+l<-r<-m), Am+ i =I=identity. 

Now we can come up with a relation between A(H) and A(Hr)o In 

fact taking H'=IH' len+l=a'en+i ,H=H'-6x=H~+~em+ I , A(H)=~.(a~en+1+6 

era+ I ") _~m+ I _  n+ I ~ n+ i ~sa'Tr(An+iAs ,~ es +7"m+n+ll C sTP (Am+ i As ) es =~ ' Tr (A2n+ i ) an+ i 

+ 7'~:~a'~n+lasTr(An+IAs)es + 6,+~6a'Tr(An§ )era+l+ 7'm§ 6sTr(As )as" 

Since H'=(I/n)Z6ih' (e i ,e i )={i/n)Z~§ )er. we have Tr(A" )=0 

a' Thus A ( H ) =e ' Tr for r=n+2 ..... m and Tr(An+ i )=Tr(An'+l )=n~n+ i . 

(A2n+ I ) an+ I +7.~+ 2 ~ n§ I ~ s a' Tr (An+ i As ) es +n~a' 2 em+ t +nil' +n~ as§ i . On the 

other hand A(H')=Z~+I6n§ i)es= a'Tr(A~+ 12 )en+1+~n+i 

~m 2a,6sTr , A n . n+ (Ant 1 s ) es We then have 

(2.4) A(H)=(A' (H')+nH')-n~ (a'2+l)x. 

Thus if A(H) is parallel to H=H'-6x then A' (H') is parallel to 

H m . We have the following theorem. 

THEOREM I. Let M be a (pseudo-Riemannian) submanifold of S m 
s 

(or ~ i) in E m+i If M is a Chen submanifold in E m+1 then M is 
-- $ S 

a Chen submanifold in S m (or H m ) 
S S--~ " 

r 
3. EXAMPLES OF M-SURFACES IN E~ . 

In Gheysens, Verheyen and Verstraelen [3], a series of examples 

of M-surfaces in E 4 is given. Here we consider some examples of 

their pseudo-Riemannian version. 

2+ 2+ 2+ 2 r with go=-dxl dx 2 dx 3 dxr let f(u)~ g{u) be Example 1. In E t 

differentiable functions satisfying f'2-g'2>0 and a(v), B{v) are 

r given by differentiable functions. Let M be the surface in E i 

(3.1) x(u,v)=(f(u)cha(v),f(u)sha(v),g(u)cosB(v),g(u)sir~3(v)) . 

Consider the following orthonormal frame {e i ,e 2 ,e 3 ,er ) along M 

so that e i ,e2~TM: 

el=(1/(f'2-g'2)I/2)(f'cha, f'sha, g'cos~, g'sinB), <el ~e1>=-l, 

e2=( i/(f2a,2+g2/~ ,2 )I/2 ) (fa'sha, fa~cha, -gB 'sinB, g~ ~cosB ) 



Houh 45 

<e 2 ,e2 >=I, 

e3=(i/(f'2-g'2)I/2)(g'cha, g'sha, f'cosB, fWsinB), <e3,e3>=1, 

er (gB'sha, gB'ch~, fa'sinB, -fa'cosB), 

<e 4 , e 4 >=I . 

By straightforward computation we found that h. ~, are given by 
ij 

the following expressions: 

3 ,g, ,_g, , , 2 ,2 3 / 2  3 =0, 
hli=(f f )/(f' -g ) , hi2 

4 h32=(-fg'a'2-f'gB'2)/(f'~-g'2)I/2(f2a12+g2B'2), hl1=O, 

h~2=aIB,(gf,_fg,)/(f,2_g,2)I/2 (f2a,2+g2 B,2), 

h~2=fg(a' 'B 1-a'B' ')/(f2a'2+g2B'2)3/2 

If a, B, satisfy a''B'-aIB''=O then h~2=0 , H=(1/2){-h(el,el)+ 

h(e2'e2 ))=(I/2)f-h3" - 1 1  +h3-22)e3 . Hence e S is the direction of H. For 

this situation Tr(A3A 4)=0, so M is a Chen surface. 

The following are special cases of example I. 

Example IA. In example 1 let f(u)=u,g(u)=l,a(v)=B(v)=v. Then f~2_ 

3 =0, 3 =0 3 =_i/(u2+ g'2=l>0,x(u,v)=(uchv,ushv,cosv,sinv) and hll h12 ,h22 

I), h~i=0,h~2=I/(u2+ �94 ) ,h~2=0 .H=(i/2)Z~ih(e t ,e i )={-i/2(u2+i) }e 3 . 

4 is neither minimal nor pseudo-umbilical. This Chen surface in E i 

Example lB. In example i let f(u)=shu, g(u)=chu, a(v)=B(v)=v. 

Then f'2-g'2=l>O, x(u,v)=(shuchv,shushv,chucosv,chus~nv) and 

3 =i 3 =0 3 r h~2=sech2u, h 22=0, h / i  , h i  2 , h 2 2 = _ i ,  h l i = O ,  4 

H=(1/2)~6ih(es ,e i )=-e 3 . 

Since A3=-1, this Chen surface is pseudo-umbilical but not mini- 

3 ~ The matrix A 3 has double real. Furthermore, <x,x>=l, so McSicE i . 

eigenvalue with repect to the induced metric in M. 

4 with go=dX~+ 2 2 2 Example 2. In E i dx2+dx3-dx r , let f(u),g(u) be dif- 

ferentiable functions satisfying f'2-g'2>0 and a(v),B(v) are 

given by differentiahle functions. Let M be a surface in E I 

(3.2) x(u,v)=(f(u)cosa(v),f(u)sina(v),g(u)shB(v),g(u)chB(v)). 

Consider the following orthonormal frames {e i ,e 2 ,e 3 ,er ) along 

M so that e i ,e2e TM: 

ei=(I/(f'2-g'2)t/2)(f'cosa,f'sin~,g'shB,g'chB), <e i ,el >=i, 

e2=( i / ( f2 a ,2 +g2 B ,2 )t/2 ) (_fa Tsina,fa ,cosa,gB ,chB ,gB ,shB ) , 

<e 3 , e 2 >=i , 

e3=(I/(f'2-g'2)I/2)(g'cosa,g'sina,f'shB,f'chB), <e3 ,e3 >=-I, 
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er )s/2 ) (gB 'sina,-gB 'cosa,fa'chB,fa'shB), 

<e4,e~>=1. 

By straightforward computation we found that h~ are given by Ij 

the following expressions: 

3 _ f,g, _g,f, , , hi2=0, hli_ ( , )/(f,2_g~2)3/2 3 

3 _ f2 )i/2 12 4 
h22_(fg,a,2+gf ~ )/(f,2_g~2 (f2a,2 +g2 B ) ,  hi• =0, 

h~2=a,B, (fg~_gf,)/(f,2 g,2 )~/2 (f2a,2+g2 B,2 ) , 

h~2=fg(a, B, ,_a v ,H,)/(f2ar2+g2 ~,2)3/2 . 

4 If a, B satisfy a'H' '-a' 'B'=0 then h22=0 and H=(I/2)• 

3 (h(e I ,e i )+h(e 2 ,e 2))=(I/2) (h~1+h22)e 3 , thus Tr(A3A r )=0 and M 
4 is a spacelike Chen surface in E I 

The following are special cases of example 2. 

Example 2A. In example 2 let f(u)=u, g(u)=1, a(v)=B(v)=v~ Then 

3 3 3 f'2-g'2=1>0, x(u,v)=(ucosv,usinv,shv,chv)~ hls=0, hi2=O, h22=I/ 
4 _ 4 4 (u2+l), h i s - O ,  hs2=-l/(u2+1), h22=0. This is a spacel~ke Chen 

surface in E i ,4 neither minimal nor pseudo-umbilical in E I 

Example 2B. In example 2 let f(u)=shu,g(u)=chu,a(v)=~(v)=v~then 

3 _ 3 ft2_g,2=l>0 ' x(u,v)=(shucosv,shusinv,chushv,chuchv),h i1_O,h12 =0' 

h22=l,hli_O,h123 4 _ r =_sech2u,h~2=0 ' H=(i/2)(h(el ,el)+h(e2 ,e2))=-e3 . 

Since A3=I this spacelike Chen surface is pseudo-umbilical but 

not minimal in E I .4 Furthermore since <x,x>=-l,McH~cE~ .The matrix 

A 3 has double eigenvalues with respect to the induced metric in 

M. Let H' be the mean curvature vector of M in H~. For this 

3 example x=e 3 and H=H'-x=-e 3 , thus H'=O and M is minimal in H 0 . 

3 3 4. a-SURFACES IN S I (OR IN n o) IN ~. 

3 3 In this section we consider a Chen surface M in S i (or in Ho) in 

4 First let M be a surface in H~c~ I, Then M is spacelike and E i 

3 is also spacelike Let the ~e~n curvature vector H' of M in H 0 ~ 

H'=a'e 3 and er Then there is an orthonormal frame {el,e2} 

along M with <el,ei>=<e2,e2>=l so that Ae3 is diagona!ized: 
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A3=Ae3=[~i 0 I '  A4=Ae4=II ~I ' <e3'e3>=-<e4'e4>=1 
~2 ~0 

4 is H=H'-e4=ct'es-e4=(i/2)( The mean curvature vector H of M in E i 

al+a2)e3-e ~ . Since our attention is on non-minimal Chen surfaces 

4 in E i , we may assume that <H,H>~0. Then IHl={(I/4) (a i+a 2)2-I)~/2 

sO. Let H• (a i+a 2)e4 ~ Then H i is perpendicular to H 

. ' ' be the unit vectors in the directions and IHI =~ Hil Let e 3, e4 

', H i= H ~ ' Then (e~,e~) is an orthonorma] of H and H • H=IHIe 3 ~ lee. 

frame in T• with <e~ ,e~>=-<e2,ej> and 

A~=Ae~=(I/,HI)[(I/2)a 1(a1+a2)-I 0 ] 
0 (1/2)a2<a~+a 2)-I , 

A~=A ~=(I/,H,)[(I/2)(a,-c2) 0 ] 
0 (I/2)(a2-a I) . 

The condition for M being a Chen surface is Tr(A~A~)=(1/4)x 

(at-a2)2(a1+a2)=O. That is a1=• 2 . If at=-a 2, H'=O. If at=a 2 

then M is umbilical in }{o3. For this case let a=ai=a 2 . Using the 

Codazzi equation (Velh) (e t ,e 2)=(Ve2h) (e i ,e i ) for the frame {e I , 

2 e 2 ,e 3 ,e4 } we obtain that the connection form 0 3 (e 2)=0, e 2 (a)=O. 

Using the Codazziequation (~elh) (e 2 ,e 2)=(Ve2h) (e I ,e 2) we obtain 

that ~3(el r )=O and e i (a)=0. Thus a is a constant and e 3 ,er are 

parallel in the normal bundle. Hence H is parallel in the normal 

bundle. Furthermore A~=(I/~H~)(a2-1)I shows that M is pseudo- 

umbilical in E~. By the Limma 2 in [2] we conclude that M is 

3 3 minimal in H o,Next let M be a space!ike surface in S cE~ . Let 

3 and er Then H'=~e 3 be the mean curvature vector of M in S i 

H' is timelike and As=Ae3 is diagonalized: 

0 I. :]. <o,.o,>o,. 
~2 

3 We The same argument as above yields that M is minimal in S,. 
now have the following theorem. 

4 THEOREM in E~. 

Then M M is a 

2. M is a spacelike surface in S 31 (or in H0 )3 

3 (or in H~) if and only if is minimal in S i 
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Chen surface. 

Now consider a surface M which is pseudo-Riemannian with signa- 

ture (i,1) so that McS~cE~. The mean curvature vector H ~ of M in 

S13 is spacelike. Let H'=a'e 3 , e 3 is a unit vector. A3=Ae3 may 

not be diagonalizable. However according to Petrov [4], A 3 can 

be put into one of the following three forms with repect to an 

orthonormal frame {el ,e2 } on M with the given inner product. 

Case I. A3=[~ t 01 , at.a 2 , <el ,et>=-<e2,e2>=-l, 

~2 

Case 2. As=[O[a ~]' <el 'el>=<e2'e2>=O' <el 'e2>=l' 

Case 3. A3=Ia ~I' H~O, <at ,ei>=-<e2,e2>=l. 
L~ a) 

These cases are derided according to the eigenvalues of A~ with 

respect to the induced pseudo-Riemannian metric in M. The case 1 

is for A 3 having two different real eigenvalues a I and a20 The 

case 2 is for A 3 having a realdouble eigenvalue ~ and the case 3 

is for A 3 having complex eigenvalues ~+Hi. 

When case 1 takes place we have 

a 2 1 

H ' = ( 1 / 2 ) ( - a ~ + a 2 ) e  3 ,  a'=(-al+a2)/2, H = a ' e 3 + e  4 , Now l e t  e ~ = H / I H I =  

(a'e3+e4)/(a'2+l) I/2, e 4'=(e3-a'e 4 ,  /(a'2+l) I/2 Then 

A ,=1/(aT2+1) t/2 
e 3 (i12)a I (-a I +a S 

0 

-i 0 

(1/2)a 2 (-al +a 2 )+11 , 

Ae~=I/(a'2+l)t/2 [(1/2)0 (al +~2 ) 

Suppose M is a Chen surface; then 

o j 
i/2 ) (a1+a 2 ) 

Tr(Ae~Ae~)=0. This implies 

that (a2-al)(a t+a 2 )2=0. Thus we have ai=-a2=-a ' . Again we apply 

the Codazzi equation (~ 2h) (e i ~e i )=(~elh ) (e 2 ,e I ) . Noticing that 
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i_ 2 for this case where 2 is the connection form for M we 6) 2 --6) I G) I , 

r )=0. Similarly from (9 e h)(e 2 e 2) obtain that e 2 ( a  I )=0 and (03 (e 2 
i 

4 
=(~e h) (e i ,e 2 ) we obtain e i (a i )=0 and (o 3 (e i )=O. Hence a i , ct' are 

2 

constants and H=ct'e3+e r is parallel in the normal bundle. Ae~= 

' r Again by (a 2+i)I/2I implies that M is pseudo-umbilical in E i . 

Lemma 2 of [2] we conclude that 

When case 2 takes place we have 

We use a new orthonormal frame 

3 
M is minimal in S i . 

<el ,e2>=1, <e2,e2>=O. 

{e~,e2) along M so that e i 

, ' - . , , ' > - - - I  (1/21/2)(el+e2) e2-(1/21/2) (e i -e2)  Then <e~ ei'>=1,<e ~ e 2 . 

With respect to this frame let the Weingarten map in the direc- 

tion e 3 (the direction of H') and er be ~E 3 and ~4" Then 

X3 = [a+1/2 - I /21 , Xr 0] ,  <e~ ,e~ >=-<e; , e~ >=I . 
[-112 -~+I12J 

With respect to the frame {e~ ,el} we find that H=ae3+e 4 . Thus a 

3 '=H/IHI and er 3-aer is the mean curvature of M in S i . Let e 3 

IHI, IHl=(a2+1) I/2 Let ~ and ~2 be the Weingarten maps in the 

' } Then ' ' with respect to the frame {e; ,e 2 directions of e 3 and e~ 

(1/2)a a(-a+I/2)-lJ L-1/2 1/2J 
By (1.6) we obtain Tr(~)=O. This shows that M is a Chen sur- 

face. That is if McS~c~, M is a pseudo-Riemannian surface with 

signature (i,1) and A 3 has real double eigenvalue, then M is a 

Chen surface. 

When case 3 takes place we have 

H=(I/2) (h(e i ,e i )-h(e 2,e~.))=ae3+e 4 . So a i s  the mean curvature 

3 Let Hi=e3 -aer , '=H/IHl=(l/(a2+l)I/2 } (ae3 +e r ) , of M in S I . e 3 

e~=H• • I={I/(a2+l) I/2 } (e3 -ae 4 ) . Then 

[a[~ -a2-1 ' Ace =l / (a : t+l ) l /2  

By (1.6) Tr(Ae3, Ae~)=-2aB2/(a2+l). Hence if M is a Chen surface 
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then e=O. M i s minimal in S~~ 

Combining the above results we have the following theorem~ 

THEOREM 3. Let M be a pseudo-umbillcal surface of signatu~e 

(i I) in S3cE @ e 3 be the direction of the mean curvature 
�9 i ~ ' 

3 vector of M in S i . If Ae3 has a double eigenvalue then M 

is a Chen surface. If A has two different eigenvalues and M 
e 3 

~3 
is a Chen surface then M is minimal in s i 

Example IB in section 3 is a Chen surface in S i~cE i{ which is 

3 has duble pseudo-umbilical in E~ but not minimal in S i �9 Ae3 

eigenvalue. 
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