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1. Introduction

In [1] Baas has shown that to any collection Q={Q,,Q,,...,Q,} of stably
almost complex manifolds Q, there corresponds a cobordism theory MUQ*(—)
based on manifolds with cone-like singularities of type Q,,...,Q,. These co-
homology theories (resp. the corresponding homology theories MUQ, (—)) have
proved to be a useful tool for example in the work of Johnson and Wilson on
homological dimension of finitely generated BP,-modules (see [2]) and it seems
they will be important for a better understanding of MU _(X), as yet unpublished
work of Morava suggests (see [3]).

In general, the theories M UQ*(—) are not multiplicative, but by their definition
they are canonically modules over the multiplicative theory MU*(~). More-
over, if the sequence {q,, ..., q,}, where ¢;=[0,), is regular in the ring MU*(S°),
they are also modules over the ring M UQ*(S°)= M U*/(Q). A general cohomology
theory h*(—) with analogous properties will be called an MU-module theory.
As in the multiplicative case, to any M U-module theory h*(—) we can associate
a formal group law F,(X, Y) over the coefficient ring h*(S°). The purpose of this
paper is to study the relationship between MU-module theories and formai
group laws, and one of our main results (2.14) roughly says that a rather large
class of MU-module theories are characterized by their coefficient rings and their
formal group laws. This is proved by studying first the theories MUQ*(—) for Q
an invariant regular sequence and for this it is useful to remark that for such
sequences Q, MUQ*(X) has a natural profinite topology. We calculate h*(MUQ)
as a comodule over h*(MU) (Q invariant and regular) and use part of this in-
formation to give a simple proof of a version of Landweber’s filtration theorem
which 1s used in the proof of some of our results.

The plan of the paper is as follows. In 2. we review properties of the theories
MUQ*(—), introduce some notions needed later and state our main results.
In 3. we introduce the category Mod®™ of profinite graded modules over a locally
finite graded ring R and study cohomology theories with values in such a category.
In 4. our (technical) main result (4.17) is proved by an analysis of comodules in
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the category Mody°f. Applying the results of 4. we consider in 5. operations for
theories M UQ*(—) with Q invariant and regular and in 6. we study the connections
between the theories MUQ*(—) and formal group laws and discuss some applica-
tions.

1t is a pleasure for us to thank Professor P.S. Landweber for his interest in the
present work. He discovered a lot of mistakes in earlier versions and his many
suggestions were very helpful. In particular, he showed me the importance of
invariant sequences for the problems studied here.

2. Preliminaries and Statement of the Main Results

Let W (resp. WY) be the category of pointed spaces of the homotopy type of
a CW-complex (resp. finite CW-complex). All cohomology theories considered
will be reduced and representable theories defined on W. If h*(—)is a cohomology
theory, we denote by h its representing spectrum and by h* = h*(S°) its coefficient
object. Clearly, h*(—) may be extended on Boardman’s stable category of CW-
spectra by setting h*(X)={X, h}* for any spectrum X. By the homology theory
associated to h*(—) we mean the theory h (—)=mn,(hA —). We shall write h,
for h(S°).

By MU*(—) we denote the complex cobordism theory. Let Q={q,,q,,...}
be a sequence of elements ;e MU* of degree |¢;l, Q,={qo, ..., 4, According
to Baas [1] there exist CW-spectra MUQ, with the following properties:

(1) MUQ,, is (for all n) a module spectrum over MU.
(2) For all nthere isa map of M U-module spectra y,: MU — MUQ, of degree 0.

(3) For all n there exist morphisms #,: MUQ,_, > MUQ, of degree 0 and
¢, MUQ,— MUQ, _, of degree —(|q,|+ 1) such that the diagram

2.1) MUQ:_(X)—"— MUQXX)

On On

MUQF_(X)
is exact for all finite CW-complexes X. 6,,7, and &, are maps of MU-module
spectra and 6, is induced by multiplication with g,,.
(4) =10 g ooty

If the sequence Q happens to be infinite, we define the spectrum MUQ by
MUQzlig (MUQ,, n,.,)and we set Ho=1im lim u,,.

Recall that a sequence x,, x,,... of elements of a ring 4 is called A-regular,
if for all positive integers n

(1) (x;,....x,)FA4
(i) for all i=1, ..., n the element X, is not a zero-divisor of A/(x,, ..., X; 1)

(2.2) Lemma. Let Q be an MU%*-regular sequence (finite or infinite). Then
MUQ*=MU*/(Q) and uy: MU* — MUQ* is the canonical projection. Moreover,
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for each finite CW-complex, MUQ*(X) is a module over MUQ* and induced
maps are homomorphisms of MUQ*-modules.

Proof. This follows, for example, from [3], appendix.

(2.3) Remark. Suppose Q is an M U*-regular sequence and g,+ 0. Then MUQ'is a
finite group in each dimension, so the MUQ(X) are finite abelian groups for all
finite CW-complexes X. For arbitrary CW-complexes Y we have

MUQ*(Y)= lgg MUQ* (finite subcomplexes of Y),

so in this case the M UQ*-module structure may be extended on W.

Following Landweber [8] we call a sequence 0={q,,q,,...} of elements
of MU* invariant, if s*(g,)=0 for E+0 and s%g)e(qq,...,q; ,) for all E+0
and i>0. Here the E’s denote exponent sequences E=(e,, ¢,, ...) of non-negative
integers and s® is the Landweber-Novikov operation of index E and degree
2| E] T”ZZiei. We will be interested in invariant regular sequences Q, such a
sequence always satisfies 04¢g,e MU®. Note that if Q is an invariant regular
sequence, the same is true for Q,(n =0). There are many invariant regular sequences
(cf. [6, 8]), some interesting ones will be considered later.

A cohomology theory h*(—) is called a cohomology module, if h* =h*(S°) is
a commutative graded ring with unit element and if there exists a natural trans-
formation o, : h*®@h*(—)— h*(—) of degree 0 over W which turns A*(X) into a
h*-module for all X such that a(e®Zx)=2a(a®x) (Z denotes the suspension
isomorphism) and a: h* ®@h* — h* agrees with the given ring multiplication on A*.
If c: X — 8% is the trivial map we set 1, =c*(1)eh°(X). A transformation of cohomo-
logy modules @: h*(—)— k*(—) is a transformation of cohomology theories such
that o, 0 (Oe®O)=@ oo, An MU-module theory is a cohomology module
h*(—) which is also a module over the multiplicative theory MU*(—) in such a
way that the natural transformation p,: MU*(—)— h*(—) defined by p,(u)=
v,(u®14)1s a transformation of cohomology modules. v,: MU*(— )R h*(— )— h*(—)
denotes the module map. y, will be called the Conner-Floyd map of the MU-
module theory h*(—). A transformation of MU-module theories @ : h*(—)— k*(—)
is a transformation of cohomology modules such that Ov,(x®y)=1,(x® O (y))
for all xe MU*(X), yeh*(X).

A transformationv,: MU*(—)®h*(—)— h*(—) with the properties mentioned
above will also be called a complex orientation (C-orientation) of the cohomology
module £*(—). Note that in general there may exist a lot of different C-orientations
on a given cohomology module.

(2.4) Examples. (1) Every multiplicative cohomology theory h*(—) with the
property that the canonical complex line bundle # over P, C is h*(—)-orientable
is an MU-module theory. The possible C-orientations of #*(—) are—via the
Conner-Floyd map—in one-one correspondence with the possible h*(—)-
orientations of #.

(2) For any MU*-regular sequence Q={q,,q,,...} with 0+q,eMU®,
MUQ*(—)is an MU-module theory. This follows from Lemma (2.2), the Remark
(2.3) and the general properties of the spectra MUQ mentioned at the beginning



242 U. Wiirgler

of this section. In general, the theories MUQ*(—) are not multiplicative, cf. the
Remark (2.5) (d) in [3].

(2.5) Remark. Because we always assume h*(—) to be representable, the C-
orientation of an M U-module theory is given by a map v,: MU A h— h of spectra
(of degree 0) which satisfies the usual conditions.

(2.6) Remark. A homology theory h (—)=mn.(hA —) is called a homology
module, if the dual cohomology theory h*(—)={—, h}* is a cohomology module.

(2.7} Remark. Note that if @: h*(—)—k*(—) is a transformation of MU-
module theories, the diagram of natural transformations

(=) —"— k*(—)
MU*(-)

is automatically commutative.

If h*(—) is a cohomology module, the differentials of the spectral sequence
H*(—, h*)=h*(~) are h*-linear. If h*(—) is an MU-module theory, the same
argument as for C-oriented multiplicative theories shows that the spectral
sequence H*(MU, h*)=>h*(MU) is trivial, So we get an isomorphism of h*-
modules

(2.8) KXMU)=R*[[py(sD11.

Recall that to any C-oriented multiplicative cohomology theory h*(—) we
can associate a 1-dimensional commutative formal group law
29) FX,Y)=X+Y+ Y a;X'Yeh*[[X, Y]]

i,jz1

(X and Y of degree 2) which describes the Euler class of the tensor product of
two complex line bundles as a function of the Euler classes of the factors. A well
known theorem of Quillen asserts that F,,,(X, Y) is universal for 1-dimensional
commutative formal group laws over commutative graded rings with unit.
Using the Conner-Floyd map y,, we define the formal group law F,(X, Y) of an
MU-module theory h*(~) by

(2.10)  F(X, Y)=(w), Fyu(X, Y).

For any formal group law F(X, Y) and any natural number n the power series
[n]p(X) is defined recursively by

@211 [X)=X, [nX)=F({[n—1]xX), X).
Note that
212 [plp(X)=pX + Y X% o= —2(k—1).

k=1
(2.13) Definition. Suppose F(X,Y) is a formal group law over the (graded)
ring A of characteristic p>0. F(X, Y) is called n-flat (n=1), if the coefficients
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of (2.12) satisfy
(i) ¢,y =Cpo_y = =Cp-1_ =0,
(i) multiplication by c,. ; on 4 is monic,
(iii) multiplication by ¢,m_; 00 A/(Cpn 1, -0y Cpm-1_1)

1s monic for all m>n.
Examples of n-flat formal group laws exist for all n and p (see 6.). We are now
in position to state

(2.14) Theorem. Let A be a commutative graded ring of characteristic p>0 and
suppose A% is a finite abelian group for all g Z. Let n be a positive integer and suppose
F(X,Y) is an n-flat formal group law over A. There exists an MU-module theory
AX(—) over the category W with A%(S°)=A and formal group law F(X, Y). More-
over, any two M U-module theories with this property are isomorphic as MU -module
theories.

Theorem (2.14) is an existence and uniqueness statement for MU-module
theories with prescribed formal group (4, F). See (6.7) for a more precise statement.

The crucial step in proving (2.14) (or (6.7)) is Theorem (4.17) which asserts
that if Q is an invariant regular sequence, hA*(—) an MU-module theory with
locally finite coefficients such that u,(Q)=0, there is an isomorphism

(2.15) Homjyy (MUQ, W=E,.[[Bo. f;, --.]].

Here Homp (MUQ, h) stands for the abelian group of maps of MU-module
spectra MUQ — h and the right-hand side of (2.15) means the completed exterior
algebra over h* with generators §,; of degree 1—|q;|, considered as an i*-module.
(2.15) contains in particular a complete enumeration of all transformations of
MU-module theories MUQ*(—)— h*(—).

(2.15) leads to some insight into the structure of MUQ*(MUQ). In 5. we
construct operations

sg: MUQ*(—)— MUQ*+2IEl(—)

(one for each exponent sequence E) with the property that
S50 Ho=Hg 5"

for all E and prove the following

(2.16) Theorem. Let Q={q,.4,,...} be an invariant regular sequence. There
exists an isomorphism of MUQ*-modules

Py MUQ*(MUQ)=MUQ*®Z/(q,) [SEIQE[ By, By » -]
where E[f,, By, ...] denotes the exterior algebra over Z/(q,) in the variables B,
of degree —(|q;| —1). For any sequence C=((gy, ¢, , ...)withe;=0o0r 1, set f= 5 B2....
Then, for allue MU*(X), xe MUQ*(X) and all E, C the operations sg and f° satisfy
Q.17) sgux)= Y s () s§(x)

F4+G=E

Bux)=up(x).
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Note that (2.16) contains more information than (2.12) of [3] where P(n)*(P(n))
is calculated as a module over P(n)* (P(n)*(—) is the BP-analog of MUQ*(—)
for some special sequence Q).

3. A Category of Profinite Graded R-modules

Let R be a graded commutative ring with unit element and denote by Med,, the
category of (graded) R-modules. Because R is commutative, we will not distinguish
between left and right actions of R. An object M of Mod, is called locally finite,
if M7 is a finite abelian group for ali ¢. Let us assume for the rest of this section
that R itself is locally finite.

(3.1) Definition. A profinite graded R-module is an inverse limit (over a directed
set) of locally finite R-modules.

It follows from the definition that a graded profinite R-module carries a
natural topology: If M =lim M,, M, locally finite, we consider the M, as discrete

R-modules and give M the limit topology. So, in each dimension g, M? is a profi-
nite abelian group, ie. a compact, Hausdorff and totally disconnected abelian
group. Let Mod%° be the subcategory of Mod, whose objects are profinite
R-modules and whose morphisms are homomorphisms of R-modules which
are continuous in each dimension. Let M be an object of Mod%*, M =lim M,,

and let p,: M — M, be the canonical projections. Because the M, are discrete and
from properties of the limit topology one easily sees that the system

(3.2) {M,=ker (M -"*> M)}

is a basis of open neighborhoods of 0e M (in each dimension). Because the M4
are compact they carry a uniquely determined uniform structure which induces
the given topology and the M? are complete with respect to this uniform structure.
From this one sees that

(33) Mz Lii_n_M/Ma.

Clearly, the quotients M/M, are again locally finite.
(34) Lemma. The category Mod%" is abelian.

Proof. Tt is obvious that Mod%* is an additive category. Because the topologies
in view are compact and Hausdorff, any continuous bijection in Mod¥* is an
isomorphism, so we have only to show that any morphism f: M — N in Mody**
has a kernel and a cokernel. But this follows from (3.3) and (again) the fact that M
and N are compact Hausdorff spaces in each dimension.

Let {a,},, be a set of indeterminates of degree |a,| and consider the R-module
R[[a,]] whose elements of degrec ¢ are the infinite sums Y A,4,, 1,6R and

14,1 +la,|=g. Clearly, R[[a,]]=1lim R{a,; aeU] where {U} is the directed set
U
of all finite subsets of 4. So, R[[a,]] is an object of Mod%™ and it is easily seen

that—in Mod®* — R[[a,]] is isomorphic to the product || R - a,.
acd
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(3.5) Lemma. R[[a,]] is projective in Mod%™.

Proof. Consider the inclusion R[a,]cR[[a,]]. We give R[a,] the subspace
topology. Because R[[a,]] is a product it follows that R[a,] is a discrete space
and dense in R[[a,]]. Consider the diagram

R[4, R[[a,]]—*— N

0

where f is an epimorphism in Mod%™. Because R[a,] is projective in Mod,
(the category of R-modules), there exists a homomorphism of R-modules k so
that fk=gi. Because R[a,] is a discrete space, k is automatically (uniformly)
continuous and because R[a,] is dense in R[[a,]], it follows by standard arguments
that k may be extended on R[[a,]] by a morphism g in Mod%™f, Again because
R[a,] is dense in R[[a,]] one sees that g is a lift of g.

For later use we need a sort of tensor product in the category Mod%™. Let M, N
be profinite R-modules, M =lim M,, N=1im N,. We define their tensor product
MXIN in Mod®™ by

R

P
&,

(3.6) MXN = lim (MQN/[im (M,QN)+im (MRN,)])
R B R

R R

where “im” refers to the canonical maps M, QN — ME)N resp. ME&N; — M&N.
R R R R

It is easily established that the product M XN is an object of Mod¥*, is associative
R
and commutative and satisfies M [KIR = M.

R
It is well known (see [14] for example) that the inverse limit functor is exact
on the category of profinite abelian groups. From this it follows that lim is exact
on the category Mod% ™. Because for any profinite R-module M,

R[[a ]JIRM=M[[a]]=lim M[a,;aeU]
R U

(U a finite subset of A), we get
(3.7) Lemma. The functor R[[a,]]X — is exact on Mod&f.
R

Let h*(—) be a cohomology module defined on W and suppose that the
coefficient ring h* of h*(—) is locally finite. For any CW-complex X denote by
{X,} the directed system of all finite subcomplexes of X. It is well known (see for
example [14], p. 309), that under the present assumption on A* we have

(3.8) H*(X)=lim h*(X,).
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This shows that h*(X) is naturally a profinite h*-module. Since every continuous
map f: X — Y of CW-complexes induces a morphism {X,} — {Y;} of directed
sets we get

(3.9) Lemma. Any cohomology module h*(—) with locally finite coefficient ring
h* takes values in Mod£i™.

(3.10) Remark. We note that in the above lemma the category W may be re-
placed by the category S{(—1) of (—1)-connected CW-spectra.

(3.11) Remark. For an infinite CW-complex X, h*(X) is usually considered as a
graded topological group with topology induced by the skeleton filtration

Eh*(X)=ker {h*(X)— h*(X?~H)}.
The (algebraic) isomorphism h*(X)=lim h*(X,) is continuous by well known
properties of the limit topology (where h*(X) is given the filtration topology),
but in general it is not a homeomorphism.

Clearly, over W/, any cohomology module with locally finite coefficients
takes values in Mod!™. An easy argument shows (see for example [10], p. 36)

that for any cohomology module h*(—) defined over W/ and with locally finite
coefficients, there exists a unique extension Eh*(—) over W such that

(3.12) W -2, Moderf
[
W2, Modprof

commutes. This extension is given by
(3.13)  Er*(X)=Iim h* (finite subcomplexes of X).

(3.14) Lemma. Let h*(—) be an MU-module theory with locally finite coefficients.
The module map v,: MU Ah— h induces a natural isomorphism in Mod}™

£ R MUYRh*(X) 2> B (MU A X)
h*

over the categories W or S(—1).

For the proof of (3.14) we will need the following remark. Suppose M is a
graded R-module generated by a set {m,} of elements. Let {U} be the set of all
R-submodules of M such that

a) M/U is locally finite,
b) almost all m_ lie in U.

Then we call M =1i_11’1_ M/U the profinite completion of M. As in the case of
T

profinite groups one shows that the profinite completion is functorial and that
M= M if M e Modi*.

Proof of (3.14) Let X be a CW-complex or a (— 1)-connected spectrum. There is
a natural transformation

i h*(X) [u(s)] — h* (MU A X)
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defined by
r(Xxg - pls®)) =2 0,(s" A xp).
E E

From the remark before the proof we see that r induces a natural transformation

T T — . T T
W) (s -5 h*(MU A X)

[ I
WX [Tps®1]  h*(MU A X).

Now h*(X) [[u(sE)]] and h*(MU A X) are both additive cohomology theories
and 7 is a transformation of cohomology theories. From (2.8) it follows that # is
an isomorphism for X =S$°, so 7 is an equivalence. From (3.6) one knows that

W (MU)Rh*(X) = h*(X) [[u6)]1],
so the lemma follows.

Let E be an MU-module spéctrum. Suppose ge MU" is represented by the
map ¢: S*— MU and denote by 95 the composite

fF: " AE-2" MU ANE —"2 > E.

If qe MU*, we denote by {g) the invariant ideal of MU* generated by ¢, i.e.
the intersection of all ideals of M U* which are invariant under the action of all
Landweber-Novikov operations s& and which contain g.

(3.15) Lemma. Let h*(—) be an M U-module theory with locally finite coefficients
and suppose ,({q>)=0 for some gqe MU*. Then

0=h*(6;): h*(E)—>h*(SME)
for every (— 1)-connected M U-module spectrum E.
Proof. Recall that h*(MU)=h*[[w,(s*)]]. This is a product in Moed{™f. We get

P*(x)=p* (l;[ )'E/“th(SE))
:E[iE#h(P*(SE)
= I;I}“E r(s%(@)=0

because p, vanishes on {g>. So ¢*=0. Using Lemma (3.14) we get a commutative
diagram

h*(S" A E) —Z—> h*(S") R h*(E)
h*
(@ A id)* I}p*@id

h*(MU A E) —2—> h*(MU)Rh*(E).

The result follows.
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Let Q={qo,q;, ...} be an M U*-regular sequence and suppose g, =0, g, MU°.
Consider the exact triangle of spectra

(3.16) MUQ,_,~*"5MUQ,_, — Cy

|
|

Here 7' = OF with E=MUQ,_, and Cyis the cofibre of @7 . Set MUQy=MU.
Because MUQ*(~) takes values in Mod§yl,, it follows that the diagram (2.1) is
exact for all (~ 1)-connected spectra X. From this it follows easily that

(3.17) CoxMUQ, (inS)

for all n=0. So, for all », the triangles

(3.18) MUQ,_, 2> MUQ, , —"—MUQ,

|
|

| . |

are exact.

Remark. In fact (3.15) may be proved by using Adams lemma ([15], p. 20) instead
of (3.14). This shows that for (3.15) the assumption h* locally finite may be droped.

4. Comodules over the Coalgebra h*(MU)

Let h*(—) be an MU-module theory with locally finite coefficients. Set §F=
w(sE)eh*(MU). From Lemma (3.14) it follows that the multiplication map

m: MUAMU —- MU
induces a morphism
4.1 Y=t"tom*: W*(MU)— h*(MU A MU)xh*(MU)Rh*(MU)
h*

in the category Mod?™, The Cartan formula for the Landweber-Novikov opera-
tions s¥ implies that ¥ is given on the generators §* by the formula
@2 PEH= ) R
G+F=E

From the properties of the product map m it follows that the pair (h*(MU), ¥)
is a coalgebra in Mod?™’.

By a h*(MU)-comodule we mean an object M of Mod}™ together with a
morphism

W, M —h*(MU)KM
e

of Mod}™" which satisfies the usual identitiés. The category of h*(M U)-comodules
and morphisms of A*(MU)-comodules is denoted by Com,,.
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(4.3) Lemma. Com,, is an abelian category.
Proof. As is well known this follows if we show that the functor h*(M U)X —
is exact on the category Mod?™", But this is a consequence of (3.7) and (2.8). Leht*
S: Com,, —> Modp™*
be the forgetful functor and
F: Mod{™ — Com,

the functor which assigns to each object M of Mod™ the extended h*(MU)-
comodule

@44) F(M)=hMU)RM

with coaction map

¥®id

“4.5) ¥on: h*(MU)lM —, h*(MU) (h*(MU)I M)
Note that
e: Homg,, (M, F(N)) - Homy,q prof (S(M), N),

where e assigns to f the composite M—>h*(MU).N B p* N~ N is an
h*
isomorphism (¢ denotes the augmentation), so the functors S and F are adjoint.

(4.6) Lemma. Suppose L and M are objects of Com,. If S(L) is projective in
Modf™ and M = F(N) for some N, then

Extg* (L, M)=0.

Proof. From what has been said above, this is a standard application of relative
homological algebra. Every object M of Com, of the form M =F(N) is a relative
injective with respect to the class of split monomorphisms in Modf™". But so long
as L is projective in ModE™, we may compute ExXtcom, (L, M) by resolving M by
relative injectives. The lemma follows.

Let E be a (—1)-connected MU-module spectrum with structure map vg:
MU A E—E and suppose h*(—) is an M U-module theory with locally finite
coefficients. Using Lemma (3.14) we get a morphism in Mod?™*

(4.7) vf: h¥E)— h*(MU A E)yxh*(M U)K h*(E)
h*
which turns h*(E) into a h*(MU)-comodule.

If E is an MU-module spectrum and X an arbitrary spectrum, we will always
consider EA X as an MU-module spectrum with structure map vz, x given by

(4.8) v, x: MUAEAX)ZSEAX.

4.9y Lemma. Suppose h*(—) is an MU-module theory with locally finite coeffi-
cients, X a (—1)-connected spectrum. Then (hW*(MU A X), viy . x) is an extended
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h*(MU)-comodule, i.e. we have an isomorphism
(MU A XY= Fh*(X))=h* (MUY h*(X)
h*
in Com,,.
Proof. Applying Lemma (3.14) twice, we get a natural isomorphism
(MU AMU A X)=h*(MU)K*(MU)X B*(X).
h* h*

The lemma follows from the commutativity of the diagram

RE(MU A X) 2227, (MU A MU A X)
T

& =

x
R (MU)R h*(X) 222, g (MUY R h* (M U)K h*(X).
h* h* h*

Let E[ty,...,7,] be the exterior algebra over h* in the variables 7,. As an
h*-module, E[t,,...,7,] is generated by the elements %, where C=(g,, ..., ¢,),
g;=0or 1 and t“=1%..... 78 If M is a h*(MU)-comodule, we always consider

MRXE[1,, ..., 1,] as a h*(MU)-comodule with coaction map ¥ given by ¥(m{x|z°)
h*
= Y (m)X°. Note that MK E[t,, ..., 7,] is isomorphic to the direct sum (in Com,)
h*

of as many copies (up to possible dimension shifts) of M as there are h*-module
generators in Ef7g, ..., T,].

Let h*(—)be an M U-module theory with locally finite coefficients and suppose
there is given an exact triangle of (— 1)-connected MU-module spectra and
morphisms of M U-module spectra

410 M—2>M "1

|

‘ 2

(4.11) Lemma. Suppose h*(0)=0, h*(M) is projective in Mody™ and h*(M)
is an extended h*(MU)-comodule. Then there is an isomorphism of h*{(MU)-co-
modules

&: h*(L)—=> h* (M)XK E[B]

where B has degree — (degree 8 —1).
Proof. Consider the diagram
0 — s K*(M)Rh* —2E4, px(M)R E[ ] 225, h* (M) h* ——— 0
h* h* h*

0—— h*(M) —Z >  h*L) —"> m*M) ——0.
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The vertical isomorphisms are the canonical ones and we consider them as
identifications. A is given by A(x)=xp and = is the unique homomorphism of
h*-modules such that n(1)=1, n(f)=0. Because all maps in the diagram are
morphisms of h*(MU)-comodules and the rows are exact, they both are elements
of Ext¥;* (h*(M), h*(M)). Now h*(M) is projective in Mod?™ and an extended

Comy,

h*(MU)-comodule, so the lemma follows from (4.6).

(4.12) Proposition. Let h*(—) be an MU-module theory with locally finite
coefficients, Q an invariant M U*-regular sequence and suppose 1,(Q)=0. For all
n=0 there are isomorphisms of h*(MU)-comodules

h*(MUQn)%h*(MU)E[ﬁo, v Paad

where degree (8,)= —(|q;|— 1), and the morphisms
ni s WMUQ,) —>h*(MUQ,_,)
are split epic in Com,,.

Proof. From (3.15) and (3.18) it follows that for all n we have an exact sequence
of h*(MU)-comodules

0——— h*(MUQ, ;) —2 > h*(MUQ,) —— h*(MUQ,_,) ——— 0.

Using (4.6) and (3.5) the result follows by induction on n.

Now the next point is to show how (4.12) can be used to construct transforma-
tions of M U-module theories MUQ*(—) — h*(—). Let M be a h*(M U)-comodule
with structure map ¥,,. An element ae M is called primitive (with respect to ¥,,),
if Y, (a)=1Xa.

(4.13) Lemma. Let h*(—) be an M U-module theory with locally finite coefficients
and suppose h%(S°)=0 for q>0. Let E be a (— 1)-connected MU-module spectrum
and g: E —h a map of spectra. g is a morphism of MU-module spectra if and only
if' it is a primitive element of the h*(M U)-comodule h*(E).

Proof. By definition, g is a map of MU-module spectra iff the diagram

() MUANE—"2E

.

MUAR—25h

idnag

commutes in S. Because % is (— 1)-connected, (x) induces a diagram (compare (3.14))

h*(h) —E— h*(E)

h*(MU) R B*(h) —2Z&5 p*(M U)K h*(E).
h* h*
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But g=g*(id,)eh*(E) and (%) commutes iff
vE(g) =0 (g*(id,))
=(1dx]g*) vy (id,)
=(1dRg*) (1 Xlidy)
=1 g.

This proves the lemma.
The next lemma shows, that the restriction h%(S°)=0 for >0 in (4.13) is not
essential.

4.14) Lemma. Let h*(—) be a cohomology theory, k*(—) its (— 1)-connected
cover. If h*(—=) is an MU-module theory, k*(—) admits the structure of an MU-
module theory such that the canonical transformation m: k*(—)— h*(—) becomes
a transformation of MU-module theories.

Proof. Because k%(S°)=h?(S°) for ¢ <0, k* is a subring of h*. Using the description
ki(X)=im {h(X/X*"") > h(X /X))

for k*(~) (X a CW-complex), it is easily seen that the natural transformation
k*@h*(X) — h*@h*(X) 2 h*(X)

factors through k*(—). So k*(—) becomes a cohomology module. The canonical
map 7n: k*¥(—)— h*(—) is a transformation of cohomology modules by construc-
tion of the k*-module structure on k*(~). Now recall that the (— 1)-connected
cover k of the spectrum £ is characterized by the property that if E is any (— 1)-
connected spectrum and g: E— h a map of spectra there exists a unique lift
g: E—k, such that the diagram

(4.15) k
g' k4

E—f h
commutes. As MU Ak is (— 1)-connected, the unique lift of the map
MU A k=225 MU AR —"h

turns k into an M U-module spectrum. 7 is clearly a map of M U-module spectra.
Ut MU -k is a transformation of cohomology modules because it is the unique
lift of w,: MU — h and by the construction of the k*-module structure on k*(—).
This proves the lemma. ‘

Let {E,_, —">E,},»; be a system of (—1)-connected MU-module spectra
and morphisms of MU-module spectra, h*(—) an MU-module theory with
locally finite coefficients. Clearly, E=lim E, is again an MU-module spectrum
and the canonical maps p,: E,— E are morphisms of M U-module spectra. The
easy proof of the following lemma is left to the reader.
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4.16) Lemma. If {a,},., is a sequence of primitive elements a,ch*(E,) such that
N (@u_1)=a, for all n, a=lim a,eh*(E) is again primitive.

For any two MU-module spectra E, F denote by Hom¥,(E, F) the graded
abelian group of maps of MU-module spectra. If E*(—), F*(—) are in addition
MU-module theories, let Nat,,,(E, F) be the set of transformations of M U-module
theories. Finally, let e: E, [B,, f1,---]— A be the homomorphism of 4-modules
defined by £(8€)=0 for C+0, B(1)=1, and denote by Pr {M} the set of primitive
elements of the h*(MU)-comodule M.

(4.17) Theorem. Let h*(—)be an M U-module theory with locally finite coefficients,
Q an invariant regular sequence and suppose 1,(Q)=0. There is a degree-preserving
isomorphism

Hom{y(MUQ, h)= E«[[Bo, B1, B2 ---1]
and an element 0 of Hom¥,,(MUQ, h) lies in Naty,(MUQ, h) iff e(@)=1.

Proof. Note first that by (4.14) and the universal property of the (— 1)-connected
cover construction (4.15) we may assume that the spectrum 4 is (— 1)-connected.
From (4.12), (4.13) and (4.16) we know that

Hom¥,(MUQ, h)=~Pr {h*(MUQ)}
=~ Pr {h*(MU)E[[Bm By, - 113

=Pr {h*(MU)}E[[ﬂo, By, ... 1.

Next one sees that there is an isomorphism f: Pr{h*(MU)}=h* such that
fu)=1: if 6eHomj;,; (MU, h), 0 satisfies B(xy)=x-0(y). Taking y=1 we get
f(x)=x-0(1), so 8 is determined by 6(1). Define f by f(8)=8(1). Because any
element of 4* clearly determines a primitive element of A*(MU), f is an isomorphism.
Note that f(u,)=u,(1)=1. So we get

Hom,(MUQ, h)=E[[fo, By, ... 1].

Because u,: MU*— MUQ* is epic, an element e Pr {h°(MUQ)} corresponds
to a transformation of M U-module theories iff u$(0)= ureh®(MU), ie. iff e(f)=1.

From (4.17) it follows that, under the conditions of the theorem, the set
Nat,(MUQ, h) is not void. How many elements there are in Nat,,,(MUQ, h)
depends of @ and h*:let g; be 0 or 1 and n>0 and set

@.18) J(h, Q)n={ieh*I/H=O, |Al=— i g1 —|q,l) Zsi#O},

J(h, Q)= J(h, Q),.
nz0
It is easily seen that Nat, (M UQ, h) contains exactly one element iff J(h, Q)=g,
so in this case there is a canonical transformation MUQ*(—)— h*(—). This
remark applies for example if @ =(p) and h*(—) is such that p-h*=0, h~1=0.
This implies that MUZ¥(—) is universal for MU-module theories h*(—) such
that p- h*=0, h=1=0,
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5. Landweber-Novikov Operations in MUQ*(—)

As a first application of Theorem (4.17) we construct in this section a family of
operations sg in the theory MUQ*(—) (Q an invariant regular sequence) with
properties analogous to those of the Landweber-Novikow operations in MU*(—).
Although we are not able to determine the behaviour of the operations s under
composition, they may be used to give a very simple proof of a version of Land-
weber’s filtration theorem.

(5.1) Theorem. Let Q be an invariant regular sequence. There exists a family
{s6} of natural and stable operations (one for each exponent sequence E=(e, , e,, ...)
Q 1s62

sg: MUQH(—) > MUQ' 21 El(_)
such that

() shux)= ¥ s s§x)

F+G=E

where uc MU*(X) and xe MUQ*(X)

(i) the diagram

MU*(—)—"— MU*(-)
|
1‘ |
MUQ*(—) 9 MUQ¥(~)
commutes.
Before proving Theorem (5.1) we briefly recall the construction of the opera-
tions s® as presented e.g. in [9]. Let {t,, t,, ...} be a sequence of indeterminates of
degree ()= —2i. Set t,=1. As usual we write ¢* for the expression t£1%...,

E an exponent sequence. If h*(—) is a cohomology module, we denote by h*(—) [t]
the cohomology module h*(—) & h*[1,,1,,...] over W/. MU*(—) [t] is a multi-
h*

plicative cohomology theory in a canonical way. If CeMU?(P,C) denotes the
Euler class of 7, C®1e MU?(P, C)[t] defines a C-orientation for MU*(—)[t].
From the well known universal property of MU*(—) it follows that there exists
a unique transformation of multiplicative cohomology theories

(52) s, MU*(—)—> MU*(—)[t]

such that

(53) s(0)=Y C* @1,

i20

The Landweber-Novikov operations s® may be defined by the formula
(54) s/(x)=> sE(x)@1".
E

Proof of (5.1). MUQ*(—)[t] is a cohomology module in an obvious way. Using
the transformation s, of (5.2) we define a natural homomorphism

vg, ¢t MU*(X)@MUQ*(X) [t] - MUQ*(X) [t]
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by the formula

00, (URXx®") = ZDQ(SE(u)@)x)@tE“‘F.
It is easy to see that v, , turns the cohomology module MUQ*(—)[t] into an
MU-module theory with Conner-Floyd map (u,®id)es,. Now from Theorem

(4.17) we know there exist a transformation of MU-module theories s2 which
makes the diagram

MU*(—)—— MU*(—)[t]

‘ ro®id
\ o +
MUQ*(—)--*+—> MUQ*(—)[t]
commutative. If we define the operations 55 by

(5.5) s2(x)= ZSQ x)®F,

the properties stated in (5.1) are easily checked. Using (3.12) we can extend every-
thing on the category W.
Let SQ* be the abelian group of MUQ°-linear combinations of the operations
sE, ie. :
Q-

(5.6) SQ*=MUQ°[s§],

and let S* be the Landweber-Novikov algebra. Obviously, the s give rise to
homology operations sg: MUQ, (—=)—MUQ,(—) of degree —2|E|. By SQ*
we denote the (graded) abehan group of MUQ,-linear combinations of the s%.
Anideal 4= MUQ* is called SQ*-invariant, if s§(4) = A for all exponent sequences
E. $Q,-invariant ideals of MUQ, are defined similarly.

Recall that MU*=MU__ =Z[X,,X,,...], and that for each prime p the
generators x,e MU?' may be chosen such that all Chern numbers of Xpm_y are
divisible by p. If we fix a set of polynomial generators x; of M U* with this property

thesequences Q(p, n)={p.x, 1, ..., Xpm-1_ yand Q(p, oo)— (J Q(p, n)areobviously

n>0

regular and they are invariant according to a theorem of Landweber ([6], Theo-
rem 2.7). In fact Landweber shows that the ideals I(p, n)=(Q(p, n)) are the only
non-trivial finitely generated invariant prime ideals of MU*.

(5.7) Lemma. Let Q be an invariant MU*-regular sequence. A finitely generated
ideal P of MUQ¥* is an SQ*-invariant prime ideal iff it is of the form P=I(p, n)/(Q)
Jor some Landweber ideal I(p, n).

Proof. Because the diagram
MU*(S%) —== 5 MU*(S%)
Ho 2]

MUQ*(5%) 2 MUQ*(5°)
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commutes for all exponent sequences E by 5.1, p, is surjective and the inverse
image pg5'(P) of a finitely generated prime ideal is again a finitely generated
prime ideal this is immediate from Landweber’s theorem mentioned above.

Callan MUQ, -module M connective, if M;=0 for i < N (some N) and let MUQ
be the category whose objects are connective and finitely presentable MUQ,-
modules together with operations s€=s%(M): M — M of degree —2| E| (one for
each exponent sequence E) which are additive and satisfy the relation

(58) sfu-x)= Y sPu) sg(x)
F+G=E

forueMUQ,, xe M. We further suppose that for all aeMU*’,
(5.9)  s%(up(a) = pg(sy(a)

where p,: MU, —MUQ, is the canonical projection and the s; are Landweber-
Novikov homology operations. The morphisms of MUQ are homomorphisms
of MUQ,-modules which commute with the operations s%. Note that it follows
from (5.1) that for all invariant regular sequences Q, the homology theory MUQ,, (—)
takes values in MUQ (over the category of finite complexes).

(5.10) . Lemma. Suppose Q is a finite invariant MU*-regular sequence. Each
object M £0 of MUQ admits a finite filtration

0=MicM,c---cM,=M

in the category MUQ such that for 0<i<n, M; ,/M;=MUQ, /P, (up to possible
dimension shift) where the P, MUQ,, are ideals of the form I(p, m)/(Q).

Remark. This is a variant of Landweber’s filtration theorem ([ 7], Theorem 3.3").
A similar statement (in the BP-case) appears in [12] and [13] and our argument
is modelled on the one given in [13]. Note however, that because we have a better
knowledge on MUQ*(MUQ), our category MUQ seems to be more transparent
than the category considered in [13].

Proof. Because Q is finite, in the exact sequence
0-(Q)—~MU,—»MUQ,=MU,/(Q)—0

the first and second terms are coherent MU, -modules, so MUQ, is also a coherent
MU, -module. Any non-trivial object M of MUQ contains a non-zero element
a of lowest degree. From (5.8), (5.9) it follows that s§(MUQ, -a)cMUQ, - a,
so MUQ,, - a is a subobject of M in MUQ. Again from (5.8) and (5.9) it follows
that the annihilator ideal Ann,; (@)= MU, is S, -invariant. Because Ann,y (a)=
MUQ, -a, Annyy (a) is finitely generated and contains (Q). Using induction
and the preceding remarks one easily shows that any object M of MUQ admits
a finite filtration

(#) 0=MycM,<--=M,=M

in the category MUQ such that M, /M, is stably isomorphic to MU, /J, where J,
is some finitely generated S -invariant ideal of MU, containing (Q). The result
follows now from [7], Theorem 3.3

(5.10) will be essential in the next section.
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We close this section by indicating a

Proof of Theorem (2.16). 2.16 is an easy consequence of (4.12), (2.8), (5.1), (4.13) and
a limit argument.

6. The Relationship between M UQ*(—) and Formal Groups

Let F,py(X, Y) be the universal formal group law of complex cobordism theory.
For any prime p we have the series

(6.1) [p]pMU(X)=pX+kZICka-

As is well known (see for example [6]) the coefficients ¢« _; of (6.1) may be taken
as generators of the Landweber ideals I(p,n) and we will do so from now on.
We shall write MU (p,n) for MUQ(p,n) and p, ,, for py, .. Let F, (X, Y) be
the formal group law (1, ), Faw(X, Y). Recall from (2.13) the notion of a n-flat
formal group law.

(6.2) Lemma. The formal group law F, ,(X,Y) over the ring MU(p,n)* is
universal for n-flat formal group laws over rings of characteristic p>0.

Proof. Let F(X, Y) be a n-flat formal group law over the ring 4 of characteristic p
and denote by ¢: MU*— A4 the unique homomorphism with ¢, (F,,,)=F. Because
@4 [P1rpo(X)=[p]r(X) and F, , is clearly n-flat, the result is obvious.

Note that (6.2) implies in particular, that any n-flat formal group law over a
ring A of characteristic p induces a canonical MU (p, n)*-module structure on A.

(6.3) Lemma. Let A be a graded ring of characteristic p. If F(X,Y) is a n-flat

Jormal group law over A, the functor — (X) A is exact on the category MU(p, n).
MU (p, n)«

Proof. We have to show that for all objects M of MU (p, n), TorMV®:- (M A4)=0.

In view of Lemma (5.10), this is equivalent to the statement

Tor}!V®P«(MU, /I(p, m), A)=0
for all m > n. But this follows easily from the definition of a n-flat formal group law.

(6.4) Remark. Note that (6.3) may obviously been generalized by allowing A
to be an MU (p, n),-module with appropriate properties. With a little more care
the converse of (6.3) may also be proved.

(6.5) Remark. Note that the formal group laws F, (X, Y) are n-flat for all n
and p.

From (6.3) it follows immediately that, over the category W/, any n-flat
formal group law F(X, Y) over a ring of characteristic p can' be realised by an
MU-module theory, namely by
(6.6) AF(—-)=MU(p,m*(-) & A.

MU(p,n)
If 4 happens to be locally finite, 43(—) can uniquely been extended on the cate-
gory W by (3.12). The next theorem shows that the realisation (6.6) is unique up
to isomorphism.
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(6.7) Theorem. Let h*(—) be an M U-module theory with locally finite coefficient
ring h* of characteristic p. If the formal group law F(X,Y) is n-flat, there exists
an equivalence
(68) P:EMU@p,n*(-) ® h*)-S5h*(-)

MU(p, n)*
of MU-module theories over W such that @,=1d. Moreover, if J(h, I(p,n)=2,
D is unique.

Proof. We have just seen that the left side of (6.8) is an M U-module theory with
coefficient object h* and formal group F,. From (4.17) we know there exists a
transformation of M U-module theories ¢ : MU (p, n)*(— ) — h*(—), the comparison
theorem for additive cohomology theories implies that the transformation
&= ®id,. has the desired properties. The uniqueness statement is a consequence
of (4.18).

(6.9) Remark. The notion of a n-flat formal group law does not contain formal
sroup laws over rings of characteristic p which satisfy [p]-(X)=0. This case has
been treated in [11].

We illustrate Theorem (6.7} by some examples.

(6.10) Example. Let K*(—,Z,) be complex K-theory with coefficients Z,.
We have K*(S°, Z,)=1,t t"'], |t|]= —2, and the formal group law of K*(—, Z,)
satisfies [p]p(X)=t?~' X?. Because t* ' is a unit of Z,[t,t~'], (6.7) applies and
we get a unique isomorphism of MU-module theories (for all primes p!)
(6.11) EMUX~,Z,) Q@ ZJ[t,t7'))=K*(-,Z,).

MU*|(p)
This is the Conner-Floyd theorem mod p.

(6.12) Example. For any prime p consider the polynomial ring Z,[v,], v, an
indeterminate of degree —2(p"—1), n>0. From Lemma (4.3) of [6] we know that
for all p, n there is a formal group law G(,, (X, Y) over Z,[v,] so that
(6.13) [Pl (X)=v,X""
Over Z,[v,,v,'], G, (X, Y) becomes n-flat, so by (6.6),
(6.14) K*(p,n)(-)=E(MU(p, ny* (—)MUC? ) Z,[v,,v,))

p, ny*
is an MU-module theory with coefficient object Z,[v,, v, ] and formal group
G, (X, Y). A simple dimension consideration shows that J(K(p, n), Q(p, n))=2,
so, by (6.7), the theories K (p, n)* (—)are —up to a canonical isomorphism — uniquely
determined by their coefficients and their formal group law. The exotic K-theories
K({p,n)* (—) have been studied by Morava, see also [3]. Note that this charac-
terisation of K(p, n)* (—) implies a rather strong improvement of Theorem (3.1},
(b) of [3].

In [15] Adams has shown that for each prime p, K*(—Z,) contains a multi-
plicative theory G*(—) as a direct summand. If we put coefficients Z, into G*(—),
G*(—, Z,) becomes a multiplicative theory for p odd and an M U—module theory
for p= 2 Moreover, G*(S°, Z,)=Z,[u,u” "] where degree u= —2(p—1) and the
formal group of G*(—,7Z,) satlsfles [P1s(X)=u- X"
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From what has been said above we immediatly see that there is a canonical
isomorphism of MU-module theories

(6.15) K(p, )* (=)= G*(—,Z,).

(6.16) Example. Considerations completely analogous to those of examples
(6.10) and (6.12) show that the theories P(n)* (—) considered in [3] are canonically
isomorphic to

E(MU(@p,n* (=) ® BP¥/L,).

MU (p, n)*

(6.17) Remark. Note that (6.6) and (6.7) immediatly imply (2.14).
We conclude the paper by some remarks.

(6.18) Remark. As is easy to see, the obvious BP-analog of Theorem (4.17) holds.
This is significant because it allows one to determine completely the structure
of a very large subalgebra of P(n)* (P(rn)). These calculations will appear elsewhere,
they depend on the special structure of the ring P(n)* =BP*/I,.

(6.19) Remark. In [3], Proposition 4.14, Johnson and Wilson showed that there
is a natural homomorphism (we use their notation)

/’1\: P(n)*(—)_')K(n)*(_)®zp[1]n+1s Un+25 ]
which, for n<2(p—1), induces a natural isomorphism
A: B(n) (=)= K1), (—)®Z [0y 1505125 ---]-

An inspection of their proof shows that the BP-version of Theorem (2.16) implies
that the condition n<2(p—1) can be droped. In particular, it follows that there
is a natural isomorphism

K(m*(X)=Hom,, (K(n),(X), K(n)*)

for all n.
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