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This paper is a natural outgrowth of [9], where the problem of studying the
boundedness properties of complete minimal surfaces in R" was approached
via the consideration of a certain gradient flow. After the completion of [9] it
was soon realized that the basic technique (Lemma 3 below) could be success-
fully employed to study boundedness of arbitrary complete submanifolds. In
this regard, the method can be used to prove the following three theorems.

Theorem 1. Let M be a complete Riemannian manifold whose scalar curvature is
bounded from below and let By be a closed normal ball of radius R in a
Riemannian manifold M. Set K for the supremum of the sectional curvatures of
M in Bg. Let I: M—>Bgc=M be an isometric immersion with bounded mean
curvature vector H (say, |H| £ H,). Then the following holds

1 0 —
a) Rgg arctan (H—O), if K<6%(6>0) and R<%,

b) R=—, if K0,
H,

1 6 —
el — Y i <52

c) Rgé arctanh (Ho)’ if K£—-9°<0.

Theorem 1 was proved in [1] for M =surface and M =IR". For arbitrary M
and M=R" sec [4] and [5]. In [3] the case M=S" is discussed. Recently, a
different proof of Theorem 1 was offered by Koutroufiotis and the first named
author in [8], where other related problems are also considered. Except for
[17, all these proofs rely, in one way or another, on a rather technical theorem
of Omori [11]. The present authors feel that the present approach is more
conceptual and lends itself better for generalizations. For instance, the proofs
of the following two seemingly unrelated theorems on minimal submanifolds
have much in common with Theorem 1.

Theorem 2. Let M be a complete Riemannian manifold with bounded scalar
curvature and 1: M—IR"— {0} be a minimal immersion. It is not possible to find
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I(x)
I

said, 1(M) does not lie inside of a non-degenerate cone of RY).

a unit vector veR" and 6>0 such that <v >25 for all xe M (otherwise

When M is a surface and n=3 a stronger statement can be made:

Theorem 3. Let M? be a complete surface with bounded Gaussian curvature and
let f:IRR—R™Y be a proper function. It is not possible to find a minimal

immersion of M into
/ A= {(x, y, DR 2> f ().

Theorems 2 and 3 seem to be innacessible to techniques using the theorem
of Omori quoted above. They are very much in the spirit of [9] where, as
pointed out at the beginning, the main enterprise was to find out the extrinsic
boundedness properties of minimal surfaces in R™ This type of question was
raised by Calabi and Chern [2]. The reader may also want to look at [7] and
[10] where examples are constructed of complete minimal surfaces entirely
contained in balls of R* and slabs of R?, respectively. Theorem 3 above should
be compared with be result of [10]. It is also to be mentionned that, by letting
H,=0 in Theorem 1, several results scattered throughout the aforementionned
papers can be recovered.

In order to stress the conceptual simplicity of the methods the authors have
refrained from proving a few other minor results that spring naturally from the
given ones.

The authors would like to thank Koutroufiotis for his critical reading of
the first draft of this paper.

Preliminary Results

Lemma 1. Let M be a complete Riemannian manifold and f: M—R™ a smooth
function satisfying
Hess f (p)(X, X)Zc|X[*  (¢>0)

for all peM,=f"1([0,€]), and for all X € T,(M). Then each connected com-
ponent of M, is compact.

Proof. Let M, be a connected component of M, and & be the set of critical
points of f in M,. The above condition on the Hessian of f implies that &
contains only non-degenerate points of minimum. Let xeM, and consider
@, (T5,0]- M,, the maximal semi-orbit of df* ending at x (i.e, ¢,(0)=x).
Suppose, by way of contradiction, that ¢, has infinite length. Let then
B: [0, 0)—M, be its reparametrization by arc-length. A straightforward com-
putation gives (fo ) (s)=|df(B(s))I* and (fep)'(s)=c. It follows from this
inequality that fef is unbounded, thus contradicting the fact that B(s)e M,.
Therefore ¢, has bounded length. In particular, lim ¢, (T) exists and belongs
to 4. Let =T

O,={xeM, lim ¢ (T)=y}.

T-Tc
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It is easy to see that each @, is open (¢ contains only points of strict

minimum). Since M,= { ) 0, is connected, ¥ consists of a single point say y.
— ye¥ . . 3

Suppose now that M, is noncompact. Since M is complete there are points

p,€ M, with d(p,, y,)-> 0o. Consider @, LT, 0]— M, (notation as above) and

Pn)?
let f,: [0,5,] be its reparametrization by arc-length. It follows from the re-

lations given above for (f f,) and (f< f,)” that

cs?

SBs)ZZ A+ 00)=5 Ay y0)* +1 0.

Hence f(B,(s,))— oo as n— oo, contradicting the boundedness of f on M,.

The proof of next lemma uses standard comparison theorems and may be
found in [87] and [13].

Lemma 2. Let N be an m-dimensional Riemannian manifold with sectional curva-
ture K, x, and x points of N so that x does not lie in the cut locus of x,. Let
y: [0, 2] be the minimizing geodesic segment connecting x, with x, parametrized
by arc-length. Take a positive number 5. For any unit vector X € T_N, perpendic-
ular  to  y'(), the Hessian of the function f(x)=3%d(x,,x)* satisfies
Hess f(X, X)= u(¢), where

48 cotan (£ 6) if maxK=352 and /<g
Y
wi)=11 if maxK=0
¥
/6 cotanh(£8)  if maxK=—45%
v
Lemma 3. Let M be complete and 1: M—M an isometric immersion with bound-

ed second fundamental form. Then, for each peM there exists a closed ball
B(p) such that all connected components of 1~ (B(p)) are compact.

Proof. It is well-known that the function g: M—>R, g(q)=2d(p, q)* is strictly
convex on a sufficiently small neighborhood of p, say Hessg(q) (X, X)=c|X[?
(¢>0) for ge B(p). Let then f=g|,,. A straightforward computation yields

Hess f(¢)(X, X)=Hess g(9) (X, X)+ (Vg(9), 2(g) (X, X)),
where a represents the second fundamental form. On the other hand

[<Vg(q), (@) (X, XD <1Vg(@)l [2(q)] | X[* =d(p, g) la(q)] | X]*

and this in turn can be made less than EIX |2 by taking d(p,q) small enough
(i.e., by shrinking B(p)). In particular,

Hess f(g)(X, X)25 X"

The result now follows from Lemma 1.



80 L.Jorge and F.Xavier
Proofs of the Theorems

Proof of Theorem I. Suppose that I: M—Bp(F,) and that Pe0Bg(P)} is an
accumulation point of I(M). By Lemma 3 the set M,=1 '(B(P)) has only
compact components, provided >0 is small enough. Let y be the radius
joining P and Py, extended somewhat. Take a sequence {P;} =y converging to
F, and such that F, lies between P, and P. For xeS,=Bg(P,) ndB,(P) one has

d(P, X)<d(P,, Py)+d(Py, x) <d(P,, P,)+ R=d(P,, P).

Since broken geodesis do not realize distance the first inequality is strict. In
particular, Rj:masx d(P,x)<d(P, P). Let f;: M—»IR be given by fi(x)
XEDe

=%d(P,, 1(x))*. Since P is an accumulation point of I(M) and I(3M)<S, there
exists points x in M, for which R;<f;(x)<d(P, P). In particular, the maximum
of f; at each (compact) component of M, is attained at some interior point, say
x;. The formula given in the proof of Lemma 3 together with the estimate of
Lemma 2 yields

0z Af(x)=trHess fj(x)z(n—1)(u(T)—H,T), where T,;=d(P, P).
The result now follows from u(T;)< H, T; by leting j— oo.

Proof of Theorem 2. There is no loss of generality in supposing that o
=(0,0...1) and I{M)N0 C=g, where
X
U,— )S0p.
< HXH>_}

Let P,eI(M)nint C. It is possible to choose a sphere Sy (T,v) in IR” which is
tangent to the cone and so that P, is between the hyperplanes (v, x> =T, and
{v,x»=0, with P, eS¢ (Tyv). In particular the set S (T,v)\dC has exactly two
components. Let §’ be the one that contains F,. Set

C={xe]R”

T =sup{T: (S -To)ynI(M)+g}, S=8-Tv.

Let PeI{M)nS. Suppose that T'>0 (if T'=0, set P=PF, in the sequel), so that
0SNdC=g (recall that S (T,v) is tangent to C). In particular,
PeintSnI(M). By Lemma 3 it is possible to chose ¢>0 sufficiently small so
that the components of I~ (B,(P)) are compact submanifolds with boundary
(it follows from the equation of Gauss and the minimality of I(M) that
boundedness of the second fundamental form is equivalent to boundedness of
the scalar curvature). Let M, be such a component and let n be the hyperplane
containing Sn9,B(P). Observe that 9I(M,)<0oB(P) and that 0I(M,) lies
above S, in the obvious sense {actually, I(M) lies above S). In particular 0I{(M,)
lies above m. It is well-known that compact minimal submanifolds of IR” are
contained in the convex hull of their boundaries. It follows from this that
I(M,) lies above n. Since d(P, n)>0 this implies that P ¢I(M), a contradiction.
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Proof of Theorem 3. Suppose that I: M—A, is minimal. By passing to the
universal covering it may be assumed, in view of the uniformization theorem
for Riemann surfaces, that M is conformally the unit disc D or €. Since the
coordinate functions of a minimal immersion are harmonic and ;>0 (I
=(1,,1,,1,)) the first alternative must prevail. Therefore, it may be supposed
that (see [9] for details)

3
I: (D, 2ldz1)~ A, zz(zmﬁ),
i=1

3
where the ;s are holomorphic functions satisfying Y ¢7=0. The immersion
i=1

can be recovered by the formulas I k(z)zRefgok(é)dﬁ, for a suitable choice of

aeD (see [12] for general facts on minimal surfaces). For the completion of the
proof it is necessary to use several classical results on the boundary behavior
of holomorphic functions on the unit disc, associated to the names of Fatou,
Herglotz, Lusin, Privalov, Marcinkiewiez and Zygmund. Since their proofs
(and in some cases their statements) are fairly elaborate, it seems wise just to
quote them. An excellent source is the treatise [14]; for those who want to get
acquainted with some of the techniques involved, a convenient reference is [6].
Coming back to the proof, denote by T,=D an open equilateral triangle of side
4 with a vertex at €'’ Since I,>0, Herglotz’s theorem ([6], p.38) implies that

lim  T;(z) exists for almost all e S*. Pick €'’ for which this limit exists.
zeTg,z—eif

Since 0< f(I,(z))<I5(z) for all ze T, and f is proper, the set {I,(z)|ze T,} is
bounded. Theorem 1.1 of [14], p. 199, implies that lim I,(z) exists almost

zeTp,z—el®

everywhere. By the remark 1i) following Theorem 1.10 of [14], p.204, the limits

of [ (&)d¢ in T, as z—e' exist almost everywhere (k=2, 3). By Theorem 2.21

of [14], p.207, [ |@,|*+ [ l@sl*<oo for almost all €?eS*. In view of the
3 Te To

relation ) @7 =0 this implies that | |p,|*<oco almost everywhere. The con-

f=1 To
verse of Theorem 2.2ii above can then be applied to show that
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lim ¢, (£)d¢& exists almost everywhere. In particular,  lim I, (z) exists

zeTg,z—eif 4 ] zeTg,z—el®
almost everywhere. Let then ¢*eS' be such that the limits of I, (k=1,2,3)
over T, as z—e'* exist. Denote them by a,,a, and a,, respectively. Consider

3
the function f: D-R, f(z)= Y (I,(z)—a,)’. As before, for £>0 small enough,
k=1

the set f (0, &) has only compact connected components. In particular it has
a component C containing a segment of the form {re'*, b<r<1}. Since this
path is divergent, C must be non-compact, a contradiction.
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