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Abstract. We prove that the scaling limit for a large class of weak V(VF¢)
perturbations of the free massless lattice field ¢ is Gaussian with the covariance
c(V)(— 4)~ 1, The correlations as well as ¢(V) are analytic in V. In particular the
Mayer series for the dipole gas is convergent for small activity.

1. Introduction

The authors have been pursuing a program to gain a rigorous control of
asymptotically free (AF) models of statistical mechanics and quantum field theory.
This paper finishes such an analysis for infrared (IR) AF models, such as the dipole
gas, (V¢)* model and related ones. We show that their correlations become those
of a free massless field at long distances: the canonical scaling limit is shown to be
the massless Gaussian FEuclidean field with a definite field strength renormaliza-
tion.

In a previous paper [1] the authors studied the renormalization group (RG)
trajectory of the Hamiltonian in a general space of Hamiltonians. This analysis is
now applied to the study of the correlations. The results of the present paper may
also be interpreted as setting up rigorously the RG in a space of Gibbs states of
certain critical (massless) theories and showing the convergence of its iterations to
the state given by the massless Gaussian fixed point, in the sense of convergence of
correlations. We, however, state our results only pragmatically, as a result about
scaling limits and IR properties of the correlations.

When [ 17 was finished we obtained [ 2] where infrared behavior of the weakly
coupled (V¢)* model was controlled by means of a phase-cell expansion. Both
methods are similar as they are based on an analysis of contributions of different
momenta on different scales of distances. In [2] different momentum scales are
entangled in the expansion whereas we analyze the contribution of one momen-
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tum scale in a general inductive step. The price paid for greater conceptual clarity
is that we have to consider iterations of much more general class than the starting
V(V ) of interest. But in turn the results are quite model-independent (they apply
e.g. to the dipole gas and to the (F$)* at the same time).

One should also mention here a series of papers ([3] and references therein)
which apply correlation inequalities to study the infrared behavior of massless
models. This method gives results for any values of the coupling but is more model
dependent and provides less understanding of the physics of the system. The future
lies probably in applying the RG ideas together with the correlation inequalities
(see e.g. an attempt in [4]).

Let us describe now the models that we consider, together with our results. The
reader is recommended to have a look into [1] for more details and motivations.
We state the results only for local potentials. Remark 2 below concerns the non-
local ones fitting our scheme.

Let A be a periodic cube (jA|=L") in Z? and ¢, xeA, the field with
covariance G, ,, the inverse of

(Got)yy=(=A ), + L™V 1)

(the infrared regulator ¢ makes G, well defined), where 4, is the lattice periodic
Laplacian. For each such 4, let there be given a function V,(x) of the vector field
Xuw #=1,...,d, x€ A, on A. Define the finite volume state

(r,= el — L= VPP, (@), ©

where dpg , is the Gaussian measure with covariance G,, and
N =fexp[—V,]dug, , is assumed to be non-zero. We shall also use the notation
{—> 4, where the Hamiltonian #,(¢)=3(¢,G,,P)+ V,(V$). Denote the ther-
modynamic limit (TDL) A—-Z% -0 of (—), by {—>, whenever it exists
(V={V,}) (convergence here means the convergence of correlation functions). We
define the scaling limit of {<—, as follows. Let x,,...,x,€R? be different points
with x;e L”"Z? for some N. Define

d-2 m
Gy, - X,)= lim L_""‘< I ¢Lnxi> &)
i=1 14

n—rog
whenever it exists. {G(x,, ..., x,,)} give the scaling limit of {(—),.

The Main Result. Let d=3 and
V0= o1, “4)

xeA
with v(y) being a function invariant under rotations by multiples of 5 of x and under
reflections in coordinate planes, vanishing together with the second derivatives at
zero, even and analytic in x for |Imy,|<B. Moreover, we assume that
(@) for |x,|<B, lv()<n,
(b) for [Imy,)<B, lexp[—v()]|<Sexplrly®] with |x|<O(1)<3. Then for
B> B, and n <,
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(A) the TDL {—>,=<—>, exists and the scaling limit is given by the massless
gaussian field on R? with the covariance c(v)”'(—4,)7*, 4, being the continuum
Laplacian.

(B) In particular, the two-point function satisfies

1
= =4 e || 5
<¢ ¢> CU) ( ) +0(1+d(x,y)d-2+s) ( )
(©) cvyand {J ¢, areanalyticin Ae R if v, is a family analytic in X in some
region R, satisfying there the above requirements uniformly in A.

Remarks. 1. The functions

wWV¢)=A) (V,¢)* (the anharmonic crystal), (6)

and

(the dipole gas in the
sine-Gordon representation),

o(Vd)=1) (1-30*(V,$)* —cos(eV,9)) (™)
B

satisfy our conditions for A positive and small and for || small or |g| small
respectively. In particular for the dipole gas the perturbation expansion in powers
of 4 (the Mayer expansion) converges for small |A|. In fact let v be any invariant
even function, vanishing together with the second derivative at zero, analytic in
some strip around the reals with e™” bounded by some Gaussian. Then v(1¢)
satisfies our conditions for 4 small.

2. We may also consider non-local 1’s corresponding to the Boltzmann
factors given by the formula (3.3) of [ 1], with the properties described in Sect. 4
therein, see also (2.14) below and what follows it. These Vs constitute a class
mvanant under the RG. To be able to pass to the thermodynamic limit one has to
take g2 ax and VAY (being respectively the large field and the small field data)
possessing infinite volume limits (note that they are functions of ¢ with finite
support, X and Y respectively).

The organization of the rest of the paper is as follows:

In Sect. 2 we review the block spin formalism and the main results of [1]
concerning the effective Hamiltonians.

Sections 35 are devoted to a careful study of the two-point function where the
main ideas of our method are seen without unnecessary notational complications.

Finally, Sect. 6 shows how the argument may be applied to a general
correlation: as an example we show that the scaling limit of the four-point
function is Gaussian.

2. The Block-Spin Transformation

Let us consider a correlation function

<r[ ¢xi>”Az<F>,f,,. (1)
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The idea of the RG is to compute (1) by successively integrating out fluctuations of

short range. Explicitly, we introduce block spins ¢, xe L™*AnZ*:
_at2

Qﬁi:L E Z ¢Lx+y5(c¢)xa 2)

{yul<Li2

and define £, the renormalized Hamiltonian, (we drop the subscript 4) by

exp[ —ZH(¢*)] =const [ exp[ — #($)16(¢* —~ C$)D¢. 3)
For the correlation function (1), we get
(F)={8F)pp=...={S8"F) guy, )

n=N, where

(SF)(¢")= [ F(¢)exp[ — #($)15(¢" — CH)De/ [ exp[ — #($)15(¢* — CH)De. (5)

Iterating N times we are finally left with the zero mode integral:

(F) = S"F(®")dpyan (7). (6)

In [1] we controlled #"#, showing that (in the A7 Z* limit) it converges (in a
sense specified below) to a Gaussian fixed point. The purpose of this paper is to
control the iterations of §, given this information about #"#.

Let us briefly recapitulate the main points and results of the analysis of [1].
Consider iterations of the form (1.4). It has been shown that one can introduce
“scaling fields” v}, ze L™ 4, related in an approximately local manner to ¢*, and
fluctuation fields Z, xe A\LZ*, so that Z# is given by the following integration
over Z

exp[ — ZH#(¢")]D¢' =constdug (¢*) fexp[~ V(L™ "* V- +VM°Z)]du,(Z),

0]
with M2, an (approximately) local kernel, xe 4, ye A\LZ, and G, being a new
covariance for the unperturbed part,

G,=CG,C". ®
Next one separates from the integral in (7) a “marginal” quadratic piece
proportional to (¢*|G; *¢*) (except for the zero mode contribution) and absorbs it
to dug (¢) turning the latter into dug (¢). The whole process may be iterated giving
exp[_grw 1%(4)'”' 1)]D¢n+ 1 =COﬂStdﬂcanc+(¢"+ 1)
fexp[— VL™ 2Pyt + VM Z")]du, - (Z7)
=constexp[ — V" {(Py"" ldug, , ("1, 9
where G,,, coincides with ¢],,C"*'Go(C*)"*'=c,!,G,,, on the subspace
orthogonal to constants and with G, , on constants and
yrr 1(an+ 1)= f/n+ 1(l7wn+ 1) +%(VV1P"+ 1’ K,, 1V|7wn+ 1)’
52fjn+ 1(0)
oy,
Oxoyx
(M"=/"QI}? in the notation of [1]).

(10)
7" 0)=
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The following results were proven for the functions and kernels of (9) and (10},
uniformly in the volume A. The initial ¥° is assumed to be given by (1.4) with v as
described in Sect. 1. Given a (real) configuration y"=Fy” which is uniquely
determined by the n'* block spin ¢"= C"¢, we introduce a region of large fields,
D,(Vy"), as the smallest union of blocks of the lattice with spacing LYo (see [1],
Sect. 3) satisfying

WV prl = (ng +n) explod(z, 2')] (11

for each z¢D,(Vy"). Here « is taken small and v>3d*+1.
The following sets of (complex) vector fields y” on any X C L™ "4 (X, D unions of
LMolattice blocks) were introduced in [1]:

A0 =" <o +n), V| <Cilng+n) "4 if z+L7"e eX}, (12)
and

B(D,X,a)= ) (Fy'lx+axtX)). (13)
DAV D
It was shown that exp[—ff"‘] is analytic on B{L7"A4,L7"4,1) and has, for
x=Vy"+j with D (Vy")CD, 3e A (L ""A), a representation
exp[ - V(1= Y. [14% Swexp|~ X \"';(x)] (14)
X3 J YnX;=¢
with X; disjoint, UX ;D D, X ;, Y being unions of L¥o-blocks. The functions ¢%” and
V" depend only on x”lX or x "|y respectively and satisfy the following analyticity
requ1rements and bounds inherited from our assumptions on v:
(1) g% P is an even analytic function on B(D, X, 1). If X ; are disjoint and D, D
= {J DX, then for y"=Vy"+¥" (on B,),
7

o0

<exp [m@ (D, Vy" 2aZ$(Xj)+EZIDr\XjI]. (15)

Here [X| denotes the number of L¥°-blocks in X. #(X) is the length of the shortest
tree on the centers of the L¥°-blocks building X and possibly other (continuum)
points.

(K, )= (f dz+ 5 do(z)) 2. (16)

2, ) VT v is even, analytic on 2¢,(Y) with
[Vp|<omtrexp[ —202(Y)], 0<d<l1. (17

17;' vanishes together with its second derivatives at y=0.

(3,
1K™ Lo, x g < CO™F " exp[ — 2ad(01,, [1,)] (18)

for unit squares [1,,[1,.
{4) The infinite volume limit for ¢, exists. Moreover, since

€t 1—Cal SComtn,

the infinite volume ¢, tends to ¢(v) when n— co.
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In the next sections we shall make inductive assumptions about S"F, similar to
the above ones, and shall iterate them much in the same way as we proceeded
inf1].

3. The Two Point Function: A Representation for the Block Spin Correlations

Let us start by inserting the block spin decomposition

qu=LJ;_21p£k1x+(MZ°)xEvtpil+z§ (x"=L""x) (1)
to (2.1), getting
(F)={dp = ,;, P20 s 2
where we use the notation
= [Tv%. (3)
jed

Integrating out Z°, we obtain from (2) [see also (2.5)]
SF= Z'}’mw; <Z?\J>Z‘39 “
J

where, in general, we define
@M= [ (2N exp[ = V(L™ "2y + V2V (Z(f=1). ()

First let us consider the two point function. In this case (2) reads

Gx1x2=<¢x1¢xz>%’=<’y wxiwx2+V1Px1<Zx2>Zo (1<:> 2)+<Zglzgz>zo>gzx. (6)

Let us introduce the following notations

<Z§§s>zk= G§+ 1,07 ™)
<Z§’;Z§’;>Z’< = G’zﬁﬁ 1,125 it
<Zl;".<G;c,j>Zk = G;’ﬁ'+ 1,if (k>1), )
G,’fﬂ,B:(GnA’B}Z,. (A=k,kl, B=i,ij, n<N—N,), (10)
and finally
G§,32<G§~NO,B>£N'N«:X' (1
Iterating (6), we obtain
N-No—1 N-No~2 N-Np—1
G, v, = Z VZkG?vau"' Z Z Vl+k(G’1(\rl,12+G’;vl,21)
k=0 k=1+1
+y2(N NO)<1PN *NNoowa No >§1‘N ~ Ny
N-No—1
+ z VN_NO+k<w521\7—NI‘?onv—NO,2 +(1= 2)>gzN-No;f~ (12)
=y

Thus, we only need to control the iterations of (-, (=S} on the various
functions just introduced. Let G, denote any of the objects G2 s nSN—N,. Note
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that G, is a function of Vy" only {not of ¥") and can be extended naturally to
vector fields " Let

G, (1) =G (0)+ G, (1. (13)
Of course, G" =G

k » since G% , is odd. . _
We shali assume (mductwely in n, k+1SnEN-—-N,) that G, exp[— V"] is
analytic on #(L""A,L™"A,1) and that for y"e (D, L™ "4, 1),

Gexp[-V1= Y [l %”HFnycexp{ )3 Vﬂ (14)

Xh{¥st YonX;=0
where X ;, Y, are disjoint (built from L¥.blocks), X ;1D is, for each j, a non-empty
union of connected components (c.c.) of D, uX ;2> D. Moreover, the set of points

x5 C{x}, x5} involved in G, (ie. GAJ) satisfies xJC(uX Ju(uY). For D=4, H g

does not occur, for X ;nx, =0, ;> I:“ny does not occur in (14), if Y, mx, ﬂ
Thus we see that for G" ; there is at most one F in (14), whereas for GY, ; there may
be as many as two. g ~"D and F ., implicity carry the indices k (or ki), i, (ij). Namely
for G2 5 we have F BY> etc. Equation (14) is an analogue of (2.14) for the
{unnormahzed) block spin correlations. In analogy with (1,) and (2.} of Sect. 2,
gy and FnY possess the following properties, to be shown inductively.

(A,) g% are analytic on %,(D,X,1). They are even if Xnx} is even. Otherwise
they are odd. Equation (2.15) holds, if all or some of g% P are replaced by 33>

(B,) F,, are analytic on 2.¢,(Y) and vanish at x "= F* ., are odd and F"f Y
are even. On 27,(Y) they satisfy the bounds

LY
P ylsL” 2 "5tk expl —20.9(Y)], (15)

and

d—e o~
sl O gt exp [~ 20.2(V)], (16)

nij
where =617,
We will also trace the change of G,(0) with n.
(C)

=z
1G5, O -G o)scL” 2 T gt exp [ —ad(x L ] (17)

n,ij

In (15}H17) &>0 may be chosen arbitrarily small if the parameters of our
constructions {see the beginning of Sect. 4 of [1]) are chosen appropriately.

4. The Cluster Expansion

Here we shall show how, given (2.13) for one value of n, we may recover it for n+ 1.
Since the initial steps that we take are analogous to those of 1], Sect. 3, we refer
directly to this paper. Suppressing n and replacing n+ 1 by the prime, we have the
following recursion:

G'(y)exp[— V'(x) 1= GIL™ %, -+ Vz)exp[ — V(L™ "1} + V2)]du,- (Z)
~exp[W(0)+ 332 W(x)]. )
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Upon insertion of (3.13), this gives

3G(0)= G'(0)— G(0)= [ G(Vz) exp[ — V(V2)]dp,-(Z) exp[W(0)], @
and
G expl— V()= Gr)exp[ — V(x)1du,-(Z) exp[ W' (©0) + 36 W (1)]

— [ G(72)exp[ — V(V2)]dp,-(Z) exp[W(O)] exp[ — V'(x))],
(3)

where
x=L "y +Vz. 4)
Using (2.14) as an input, we obtain an analogoue of (3.15) and (3.16) of [1]:
§ Gy exp[ - V() ldu,-(2)= ) [ (X, Y, Y, Yy D1 2)dp, - (2),
B (X (Y o}, (Yo, (¥ 5} (5)
where
F(.)= ng,(x)nf' y,,(X)H(eXp[ V(01— I)H(\eXp[*lﬁszﬁ(x)] 1)
AI;X exp[— V(1] H exp[—~36°V,(0)]- (6)

Now (5) is decoupled as in [1], Sect. 3, leading to an analogue of (3.24) therein:

[Gexp[—Vidp-= [] exp[-w,] ¥ []eR- ™

4D Ky ¢
X are disjoint, uX ; has to contain D'u{x}}. Equation (7) is an expression of the
type of a polymer-gas unnormalized correlation function with polymer densities

% ()= ) ”_[S(U JLX(Xﬁ w Yo Vg 1)

BAX 3 Yo} 1Yo, (¥ sl (Th) v

AHZ - (Zy ) / [T exp[—w, (1. ®

AcX\D*

In (8) 4 is like 7 of (6) except that X, Y, ¥, ¥ ¢ LX and A’s in the products are
taken from LX. The restrictions on the sums in (8) are asin (3.25) of [1], Y, playing
the same role as Y, and Yj. The only additional resmctlon is that (VX )u(u Y ) has
to contain x,mLX N0t1ce that if 2" ! ~X =@, then §3 =0%.

Now put
ge =2 Ilaz, H(exp[mg(OHWWg]"l)

X, (YelinX' [

'CXP[‘ > WA} eXP[ Y. (w0 +16*wl. 9
ACX\D’ ACX’

as in (3.30) of [1]. Note again that if x** ! nX’ =, then g} =g}, . For the odd case

(one x"* ! or x4 in X), gy will be the final 72 already. Define also gy by (9)

with the restncuon VX, DX'nD'+0 replaced by X'nD=§ and x}*! or x”“eX ’
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Equation (7) may be rewritten as
[ Gexp[—V1du, -, exp[W(0)+30°W']
= > 1155 o exp{ ) ff;«}, (10)
X5}4¥s} J YnXj=¢
YnX'=¢
where X, X/, are disjoint, UX;> D’ and x;* ! lies in (UX)U(X}). Again there is no
]_["D if D'=@ and no HgBGXG if x7 ! lies inside LX,

The last factor on the nght-hand side of (10) is obtained by exponentiation of
the polymer sum outisde (UX )u(UX,), see Sect. 3 of [1].

In the next step of our expansion, we shall include exp[—~ > ;] into
YnX;=06
Y'n(uX5)*06

this factor applying the Mayer expansion to the compensating one:
{ Gexp[ — V1du,- . exp[W'(0)+15°W]
= o2 Mg Tlews, [lew ) -vep[~ 3 Wl ay

X3 Xehiyy
where Y,nX=@ and Y,n(uX})=+0. Introduce
Fh= % g llxnl#,]-1), (12)
X', (Y} a
where X' W(UY)=Y,X'nY,+0, and
Fip= 3 ol Tleplid-D+ % ghagp [Texpli]-1). 13)

XY x X3, X5, {Y3)
where the restrictions on the first sum are as in (12) and in the second one we
assume that X', UX,U(uX) =Y, X nX’, =0, (X 0X,)nY,+0 and Y’ is connected
with respect to X}, X, and Y.
Note that Fi%. are odd and F F}. are even. In fact F}, will be equal to the
final F7%.. With this notation, (11) becomes

[Gexp[— V]dy,-.exp[W(0)+18*W]= Y ﬂ"’D]_[F’Y&eXp—

Xh{Yel

X Wl

YnX;=0
(14)

with the restrictions on the sums analogous to those of (10).
The last step in our expansion is to extract a constant term from G'.
Substituting (14) and (2.14) to (2) and (3), we obtain

8G(0)= ) Fy.(0), (15)
&
and
Gexp[-V]= Y HFY(r exp|— Y f/)’,,}
X5, Y5} J Y nXy=0
=2 2Ilgg Fr,@exp|— > Wl (16)
X3 Y j Y'nX;=0
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Set
Pl =F., (17)
Ffy =Fl — F3.(0), (18)
Jv =% » (19)
if X' does not contain both x}*! and x3"!, and otherwise

qZ=72— Y 1 3(D, F;’J‘él(()) [(exp[— f/’;z] -1), (20

X, Y5, (0 J
where X, are disjoint, UX;DX'nD’, ¥;nX;=0 and X is connected with respect to
X', Y], and ;. Substitution of (17}-(20) to (16) gives

Gexp[—V]= Y Hg;’jnf?;&exp[~ Yl

Xh{¥Ys} J Y'nX;=9

(21)

which is (3.13} for n+1.
One may also show inductively that for D, > D (compare (3.6) of [1])

ar= Y Il ;?’HFW,H (exp[— ¥, 1-1), (22)
X Yo} {Ya) J

» Gare disjoint, (UX )nD=X,ND, Y,CX,\UX,; and X, is connected with
respect to X, Y, Y, and c.c. of D,. Agam F ay, appears whenX 1 \WX; contains xj
or x4. The proof (22) is deferred to the Appendix.

where X,

5. The Estimates

The essential feature of the RG transformation which allows inductive proof of
(A)C,) is the scaling of fields (by L™~ ?/2 and of distances (by L™*). These
scalings give rise to contractive properties of the RG.

We assume (A, ) and (B,), k+ 1 <n<N— N, and start with g% as given by (4.8).
We may follows word by word the analysis of Sect. 5 of [1]. Namely, 7 have the
same bounds as g2 and the bounds on Fﬁy (although weaker than those for
exp[— VY] — 1 are sufficient to produce (5.42), (5.48), and (5 49) of [1]. This settles
the D'~X =+ case. Consider the D'nX =0 one (we put 97 =@y then). For p=0
terms of (4.8), we obtain immediately the bound

exp[— O((ny +ny*)] exp[ — 822 (X)]G~ ! W

due to small probability of large Z, see Sect, 5 of [1]. Take now p=0. Call X small
if X <24 and $(X } is minimal for given LXI X will be called big if it is not small.
For big X there is enough contractive strength coming from the resclaing of the
distances to extract the bound

_.E,"_S,, — K o - .
L e k)52"°+kexp[— 80.2(X)]G™ ! for the odd case,

- W(2n+2 k-1 o

I St lexp[ — 802 (X)}G & for the even case.

< )

I(éi’)ﬁc OwrmsI
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For X small, the only dangerous term in (4.8) is the one with no Y, Y, no
s-derivatives and a single Y, with [X |=1Y,| and PX)= Z(Y) {there is only one
such Y, containing x7, x or ‘both for a given X). This term is, up to a contribution
suppressed by O((ny+n)”*96™*"),

§ Ffey ONAZ)dpt,-{Z15). 3)

Let us consider the odd case first. To use more efficiently the contraction
coming from the rescaling of the fields, write

B0 =5 B+ PG, @

The first term is linear in x°. Notice that the function t—>F Atx°) has the Taylor
series at zero starting with t* and for €24, 1(X Yand Z, ¢ in the support of 1, it
is analytic for || <3L%?, say, and bounded there by twice the right-hand side of
(3.15). Hence, at t=1, [F(°)|<2(2L¥%)3.right-hand side of (3.15) by the
maximum principle. The first term on the right-hand side of (4) contributes to (3),

s 4 - ,
L d/ZE F:‘cy(tXL*L)s10‘(ZL)?)dAuc"1(ZL}?)9 (3)

=0

which is bounded by

_ATE . -
L™+ (ng+m) YL 2 P2tk expl — 20 2(X)]. 6)

The contribution of the second one is bounded by

d—g . N
2@L4%) 3L 7 TP §mtkexp[ — 20 2(X)], )
both for y'e€2.4,, 1(X ). Combining (6) and (7), we conclude that in the odd case

d & d—g

G)sL 2 5L 7 TP gmkexp[ — 202 (X)] (®)

on 24, (X) for L and n, big.
In the even case we proceed cimilarly writing

& -
Fify(%)= 2 F FiE®) + FEO) ©)

=1

The first term contributes a term quadratic in ¥ bounded on 2.7, . 1()2' ) by

de N
L4+ (g +m)y )L 2 2 Vsmttexpl —20.2(X)], (10)
and a constant term bounded by, say,
%L“dL TN St oo T 20, 2] (11
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(we recall that VM Z, 4 is small on the support of 1,). F"’Y contributes to (3) a term
bounded by

(Zn k-0~

2@LY%)” 4L "t lexp[ — 20 2(X)]. (12)
Altogether we obtain in the even case:

ke
[OFC PINEI Ll A
and (3)|,. -, also satisfies this bound.
The contrlbutlons to gy, for X small, other than (3) always gain some small
factors and we may absorb them into (8) and (13) by increasing &.
Summarizing, for €24, 1(X ),

2§t lexp[ — 20.2(X)], (13)

- L*T‘"“""Sho‘*kexp]—8a§f(i)]<;—m for X big, (14
%= —:
{(n+1-—-k)

g d
L4 2 52 kexp[ —20.#(X)] for X small
in the odd case and

E(2n+2—k-1)

Srotlexp[ —8x.Z(X)]G~X!  for X big,

(2n+2 kD

05— 0zl —ol = (15)

L
L%

§*lexp[ — 20 #(X)] for X small

in the even case. ggl, -0 also satisfies (15).

Having bounded 9%, 0% and their products, we proceed as in Sect. 5 of [1] to
obtain the bound of the type (2.15) for gi¥’s with D'nX’+@ and their products
among themselves and with gy’s except that the constant E is increased. g and
F ;;; are bounded immediately with the use of (14), (15) and their deﬁmtxons {4.9),
(4.12), (4.13), (4.17), and (4.18). As a result we obtain (3.15) and (3.16) with »
replaced by n+1 and

(Zn 2—-k-h

FOISL 5o+ exp[ ~20.2(Y)]. (16)
Now, using (4.19), (4.20), and (16) we obtain (2.15) for n+ 1 with some or all g
replaced by g% and E by a big constant. Finally, the constant is brought down to

E by the use of (4.22) as in Sect. 5 of [1]. This ends the proof of (A, ;) and (B, . ,),
given (A,) and (B,). (D, ,) follows from (4.15) and (16).

To show that (A }HC,) hold for all n, k+1<n<N-N,, we have to start the
induction. For the first step [see (3.7)-(3.9)] theprocedure is exactly the same as for
the next ones, except that for (3.7) we need to decouple the M kernels in the

=(MZ),, as we did for the VM kernels (see (3.17) in [1]). We only have to
check that sufficiently small factors arise in (4.8). For Gk+1 ; one may always
extract an O((n, + k)* 9™ ") factor, since 9, [ 2°1,(Z)dp, - (Z) = 0. For G¥, Lip k>1
Fk iy provide the necessary small contributions (to control the combinatorics we
use one 4™ factor). Moreover (still for k>1)
d—s

icf“,,.j(o)Igc[T D §ro+texp[ — ad(xt 1, x5 Y], 17
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Finally consider GFy | |,. Fi% | 1,y has extra O((n,+k)'6™ ") factor in all other
T 1UXETL, 4, blocks)

Flaar= 3 [ZZ1(2)dp-(Z)(M) 4 (M),

uedy,vedy

terms except the one given by (here Y=4,04,ux;

= E(CI: '+ 0(e™ " NM) o (M) 5,9, (18)
Thus F¥ | |, satisfies our claims and
G 1,120)= ZF 11200 =c; ! Z(M)xf{u(M)x;‘u
+O(5”°+kexp[ ad(xE 1, x5 H]). 19
;(M Jed M)y =T ey (20)

Since

(7, is the free covariance of z*), we obtain
d—s

1G¥, 1, /0) =86y ' Tl SCL T TP gt exp [ —ad( L X Y] (21)

In order to control G,,, as given by (3.12), we still have to estimate the
expectations (> x n, 4 appearing there and in (3.11). Notice that

CDan v = V% j exp[— V" No(ry" _}vo)dﬂ(;N _ No(fﬁn_ Noy]. (22

Both in the numerator and in the denominator we consider separately ¢ ~*° such
that Dy_y (Py™ ") =4 (large fields) and Dy_y (P~ "°)=0 (small fields).
For large fields the integrands are easily bounded (with use of (4y_y,)) by

const exp[O(x) 5 dz(PpN~No)2] (1 + Y @V No)"-) (23)
xed
The latter is integrable with respect to dug __, since
(¢N NozGN—Noqu NO)ZCN—NO j‘(VwN No)z +L2(N NO)EL_NOd(Z ¢§—No)2 (24)
A4 xed

(take &> L™ ?¥). Moreover, using (7) of Appendix 3 in [1], we may extract from its
integral an exp[ — O((n, + N — N)*'~ )] factor 2v—d?>11).

For small field integral, we use the small field bounds of (B . y ). The constant
contribution to G%_ Noip DOunded with the use of (21) and (D,) goes through the
expectation {—)gwv-w, . The results are

N—Ngo

- SE an-k-1)
IGNU C 15kl,9’,cx{cx§|§c ZRL 2 n- 5"°+lexp[ (xd(xn+1 '5“)]
_fj_:f.(k—z)N
=CL 2 ST+ dik, x5y 9te, (25)
%2
|<1P¥N NJ\‘T)waN N>gzN No‘;f|<c (26)
SEN-H 2y
Ktpxw G no.0an- vl SCL gmotk, 2n
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Substituting (25)-(27) to (3.12), we obtain

N-No—1 N~No—1i N—No—1 Il P
Gy= L PTme|SC Y L VL2
k=0 =0 k=1
5L (s, X)) T+ Cy?Y
N—-No—1

<C z .})Zkgno‘i'k(l +d(xi;,x§))-d+s+ C'})ZN
k=0

SCE(1+d(x,,x,) 4 27+ Cy2N. (28)
Now
N—Np—1 N-No—1
Z 'VZk"aj;cx{‘xfC; ! =cl-\’niN0 Z VZkaxlx
k=0 k=0
N—KNop—1
- Z VZkg.kx{‘xi‘(C];-iNo - ck- 1) 4 (29)
k=0

The first term on the right- hand side of (29) differs from cy !, times the free two-
point function G, ., by ey Ly p* M VW w6, s which is smaller than
Cy*¥, compare (26). The second one is bounded, with the use of (2.19) and
| iyl S Cexp[ —atlx— y[] (see [1]) by

N—Ng—1

C Yyt kexp[—od(x}, x5)] £ CO™(1+d(x", x5) 722, (30)
k=0

Summarizing,

G, ., — e 2 NGO | S CO (1 +dlx,, x,)) 4 27+ Cy?N. (31)

X1¥x2

As far as the thermodynamic limit is concerned, it is straightforward to prove
by induction that 7%P and F4,,, as well as g% and V;‘, K", and c,, converge (for
n+1 the volume dependence enters only through g%, Ffm,, g2, V" 6V, ¢, and
the kernels M"; all our estimates are uniform in volume). As a consequence, also
Gy has the limit when N— oo (G _ . (0) does since 6G,(0) converge and fulfill (C,);
the contribution of G¥_ x, to G¥ goes down with N by virtue of (B)). As a

consequence of (3.12), G

.x, Nas the thermodynamic limit. Since cy_ y, - c(v),

(31) becomes for the infinite volume quantities

—c(v) G2 S Co(1+d(x,,x,) 420 (32)

l X1X2
This gives (1.5).
The analyticity of the infinite volume limit in v also follows via a straightfor-
ward inductive argument.

X1Xx2

6. The General Correlations

It is now rather straightforward to generalize the above analysis to a general
correlation function. In this section we will explain first the idea for the general
case and then carry out the analysis in more detail for the 4-point function.
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Thus consider iterating (3.2) and (3.4) for a general {y,),:
Ypw= Z 7“1£<‘3}}1<Z?\11>z°>@x

Jicr

=2 X Yz”2]<‘/’3J”1I<Z}1<Z?\<J;u12)>z°>21>9z2x’

Ja2Cl JiC NSy
)

= Z Z z <G({nj}a {Ij}»gﬂv-%yf
p=1 N—No>ni>n2>...>np {I,‘}{’f
part, of

+ ¥ v<N~No)IJI< N—No Z Y 2 G(n}h{I })> iy (1

e¥JCI p=1m>...>np U3
where
G({n;}, {I =SV~ Nomm= 1yl gm=ma=1ynallalzragra=ns=1
L SPe-1Thp T 1<VanJPIZnP>Z"p>Z"p .- '>Z"1 R (2)
Thus, to start with, let us analyze
o= (12 €

(we will often suppress the index k below). Expanding, as in the case of the two
point function, and gathering clusters around D’ and the xF* Vs, we obtain the
analogue of (4.14):

Gpgexpl—V1=Y Y [1a¢ [1Fy. exp{ Y V{,,], @

X5 e Y nX;=8

where the X, Y, are disjoint, X'= uX’ DD’ XnD'=vce.D'+6 and
xXp=uxit! X' (U Y’) Agam if Xnx; =0, gy, —gXJ, and there is no j-product if
D’'=0 and no ¢-one if x;CX’, and of course xImY #¢. In order to control the
iterations of (4) (after applying S to it or to z;"* times it) we need to take out the
constant parts of F_’s which would not contract in the iteration. We repeat the
analysis (4.15}-4.21) for the expansion (4). For this purpose, denote explicitly in (4)
the dependence of g and F on I:go’, F} (we drop also the primes now). Consider,
for some fixed ie ] (we often identify below i and x¥)

Z( Y F{;‘J"«n) P | A I‘IF’\“ eXp{ AR )

JEIAYIU) (X {¥e} 1 Yox=s |
which is a term we will subtract from (4); it equals
Z <Zizj>z(0)<ZI\{ij}>Z exp[— f/] . ©6)
JFi
Expand now exp[—Zf/Y] in (5), gather disjoint clusters and resum; (5) becomes
> @t Fespl- ¥ Wl (7)
Xi{¥o} 1 3 YAX;=40
with
g}lg Li Z Z Z F"”(O) H 57 , I\{ij} H FI\(:J? H(exp[ V } 1), (8)

FEACX EHCYCX X, (Yo}

@,

I L)y F T ®

jipc ¥ GpcYc¥ {Yoidisj.
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where {X,}, {Y} in (8) are disjoint, ¥,nX, =@ and X is connected with respect to Y,
X,, Y and Y, and Y in (9) with respect to Y, Y. Also note that in (7) only one g or F
is not gg." or Fy_, namely the one for which i€X, or Y,.

The idea now is as follows. Subtracting (5) from (4) amounts to subtracting a
“gaussian” contribution: FL—F%? for ie Y will be 0(8™*¥); (5) will be the main
contribution to (4). We now apply S to the difference, which again is of the same
form (see (10) below). We repeat this until there are x*?=x**7 in a common small
Y. Then we need to subtract F4(0), as is evident from Sect. 5; the Fy, with Y small
will not contract in our scheme (in fact the estimates would blow up). If other such
pairs exist, we need to subtract them too. Thus, in more detail, fix i and write

{zppzexpl— f}:] = Z <ZiZj>Z(0) <ZI\{ij}>Z exp[ — f/]

j¥Fi
+ X Hé?;”"ﬂﬁ?jem[— Y ffy}, (10)
{X),{¥e} 1 Ed YnXi=68
with o o
gyti=gy-gz, (1)
Fhi=Fl—FLi, (12)

Let us consider the estimation of the § and the F. Consider F}, first. Since the main
contribution for it is given by

F§',0 = Z SHS(ﬁy)ZInLY10(ZLY)dﬂe' (Z1y)s (13)

Uy}

we get easily the bound
IFy1< C gy expl — 20.2(Y)], (14)

where C,;., depends on the number of points, |InYl, in INY. Similarily g2
satisfies the bound (2.15) with a multiplicative constant C,; , as in (14). For Fy'
we claim that the bound

IFES Cpyy0™ ¥ exp[ — 20.2(Y)] (15)

holds. To prove this, note, that it suffices to consider (9) with Fy replaced by Fy ,
(given by (13)) as well as F§ replaced by Fy ,, the error being bounded by (15).
Moreover, we may omit 1, in (13), again with the error bounded by (15). This
reduces Fy to F% o, given by

Fio= 2 Y [1F. (16)
IR SR
with Y connected with respect to ¥, {<ij>} running through the pairings of I.
Equation (16) follows from (13) since we have a gaussian integral left as 1,—1. But
(15) for F’s replaced by F’s is straightforward.
Consider finally §2' 7. By (8), (11), (14) and the corresponding bound for g% "/,
G "F also satisfies (2.15) with some multiplicative constant Cy ., which we now
take the same for g, F, F and 3. For being able to iterate the bounds for g, we need
the “cocycle” property, analogous to (4.22) for §. Namely, for D'DD
grti= Y Tlax"IFe I TEexpl-1,1-1) (17

X o (Xad J
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with X » Y disjoint, Y nX ;=@ and X connected with respect to X ;, Y, ¥ and c.c. of
D’. This follows from the corresponding one for g: (proved as for |I|=2, see
Appendix)

gz, "= ) 1182, T1Fy,, TTEexpl-V,1-1) (18)
PEER IR
which, when inserted to (8), yields (17) for g2-%% and then by (11) for g% ="
Equation (10) is the starting point for the iterat1on The main (only) contrlbutlon
in the scaling limit will be given by the first term. We shall assume, inductively
in |I], that we can cope with it.
Thus we wish to address the iteration of the second term of (10), namely, the
application of S to it or to z; times it as we are advised to do by (1) and (2).
Consider first case. Denote

=Xl T1Fy exp = LA (19)
The expansion described in Sect. 4 may be applied to (19), giving
HeV'=SHexp[- V=Y 152 " [ Fiiexpl- Y 1. (20)
We claim the g/, F' satisfy the bounds
(@ Gy thesameas LG L 7ofWg, - with non+1, (21)
. —1-W, 5“°“’°, €Y ,
B) IFYI1SCpayG L Mo Wexp[—20.2(Y)] Y for Y big, (22
. 55no+k
{v) [FFHO)=(1 +&)C1ny exp[-—2a$(Y)]{ } for Y small, (23)
5*F for Y small
) vk, i t1,i < d—zg) ’
O IFf = FPOIS ot Pexpl-2azn{” | oo g
1 no+k
i -5@-2 & for Y small,
®  IFPISCpgL 2 expl- 2a$(¥)]{ } oy o (25)

In fact, (21)}-(25) will hold provided we choose the constants (C,) properly (see
below). Consider e.g. (B).
The leading term, i.e. no R, (e~

Y Y ATIS@ )] Fi6(Z,)duZyy). (26)

{Yo} {Uy)

v_ 1) etc. factors in the cluster integral, is

The G factor (recall from [1]; G may be chosen big) arises as before from the
contraction of space. The only difference with our previous analysis is the
constants Cy;.y. Let us choose (C) so rapidly increasing in n that

> [1¢,,s(+eCy forall ICI. o))

{Is}part.of T
This is possible of course. Now the bound (22) and similarly all the others follow
by an analysis similar to that for the two point function. (We may extract the

1
- LX (s . .
1G %o @ in (¢) from the redefinition of x and contraction as in (B): see [1]).
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The terms (y) in (20) are of course not satisfactory since they expand: we need to
subtract them. Let for some j there be several k in a common small ¥, containing
them.

Denote I;=1nY, and write

LI1ak TP expl=~ L= Fi O LTTak "
11F eXP[*ZV{»]+ZH&SK””’JHF;;’;*’JexP[_zf/;], 08)

where of course g’ \7% are obtained from applying S to (19) with I replaced by
I, and if i¢ I\, the i-index is superfluous. Again (28) is derived by first writing
the first term on the right-hand side as

S TTa2 T expl- 3 41, 9)
with e.g.

Fytl= LR OITF (30)
(Y, disjoint, Y connected with respect to Y}, Y,). There is again only one term in the
products in (29) different from the g, F' on the left-hand side in (28), namely, the
one withX, (or Y,) containing Y, (if Y;nX =0, then g>"»/ =g "\ri=gP-Lt
similarly for F’s). This is why we may deﬁne the new §, F on the right-hand side of
(28) in the second term. The point of (28) is that

FfHi=Ffi— Firi0)=Ff = FE(0), (31)

which by (24) has now contracted.

Equation (28) will now be repeated to the second term on its right-hand side
until all (y)-type F’s are subtracted (the first terms on the right-hand side are
treated mductlvely) There might be many such subtractions and they contribute
new terms to the g, F These may be bounded using the G-factors in () and (B):
the more contnbutlons to gy or F > the bigger X or Y has to be. The reader may
easily convince himself that after all the subtractions we have obtained

Hexp[— V=Y [152 "T] F{exp[—- Y. 41, 32)

where we suppress the i, j, etc., such that g2 satisfies (2.15) with the constant

C\1-x)» and denoting by .4#"(J) the biggest number of disconnected blocks in x5 ¥ 1,

-~ Sno+k
P S Cppopg L 54000 expl — zasf’(m{ }

5no+k
éCIIQY|L_(d"E’exp[-20¢$(Y)]{ ) } for Ysmall, InYeven. (33)

The iteration may proceed now. For S(z;H) we may derive an analogous
expansion as for H, now with g2/, F2-1%J_Similar bounds follow for them (with
suitable (C,)) and then applications of S are controlled as before. There are a finite
number of steps when z, are added and after a finite number of steps all x{ *? are in
the same block, whence the iteration is as that of the two-point function. To see
how this process may be carried through in detail to prove the triviality of the
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scaling limit, let us restrict ourselves to the four-point function. To extend this
analysis to a general correlation is just a matter of bookkeeping.

Thus take |I| =4 in (1) and consider the first term ; the second one will turn out
to vanish as N— o0, Take the p=1 term first. This is given by

N~No—1

DI Ch L 1<ZZ;' 2 Z;g>zn>ﬂN-Nox . (34)

n=0
By (10) we may write
4 ~ ~
<Z;? ‘. Z;g>zn exp[— 4 1] = Z <ZZ?Z:?>zn(O)<Z;;Z?cy>zn€_ et +H,, e e
j=2 (35)
H,.+1e_V"“=ZH?JS’(’;HF'},CXP[—Vy"“], (36)

where we suppress 1, i.

We already know how to control the first term from the analysis of the two-
point function [see (5.25), (5.19)]:

<SN-N°_n_ 1<Z;nZ:n>z">gzN Nos# C nxnx" + 0(5n0+n(1 + d(xk7 ))_dﬂ) ’ (37)

I<Zx"zx“>Z"(0) C_ 7, nx"x"l = C5n0+n exp[ OCd( ‘ol 1 2+ 1)] . (38)

Since
ZO 25 m exp [ — 20d(x7, ¥)] S CO™(1 +d(x,, )42 7e, (39)
3 2§t L 4 d(x, x2) < CE(1 A+ d(x,, %)) T2, (40)

we get from the first term in (35) a contribution to (34),

N—No—1

Z z y4n . 2‘/nx"x" nxpxy + 0(5"0(1 + d(x ))_d+ 2(1 + d(xkﬂ xl))— ar2 E) .

pairings n=0
(41)
H, ., will be studied as explained above. Denote x~y if x and y lie in the same
small Y. Let m, be the first m such that for some i, j, x;"l‘lzx;"l_l. We may
assume that the present i coincides with the original one. We write

H, exp[—V™]=5m""" l(H"+1)eXp[ yml=Fi ()Y [17m >8] F9 .
exp[— Z ]—I—H e_V"'lE(leY(O)Gmlk,+Hm1)exp[~V”].
(42)

The first term is again of the two point type whereas to H™ we apply §™2~™,
where m, is for the next pair: x>~ '~x}27; note that this might correspond to
two new x;’s or one new collapsing in the next step to the small set where x** and
x;?> lie. Thus

my—myg—1

sz—mlel = Z Z le+pYF(0)Sm2_m1_PGm1+p,kl +S(I—~Imz- 1) (43)
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We estimate the two-point terms

L () S Cororr -t atmtr—m (44)
[(SNTNoTmM=bIG s P an -l SCLTETITPTI(L 4 (g™ P T p)) =T
SC(L+dixg, XN 4", 45)

which imply that the first piece in (43) contributes to (34) (if n>m, the analysis is
similar)

my o my—1

IR IO YR ZaC L (B e R

n=0

I=max (n,my)

S CE(L+d(x;, %) 42T+ dlx, x) 742, (46)

and we are left with S(ﬁmz_ 1)E}}’m. Let us consider the (more complicated) case
where (i7)N(i/}=0, i.e. a totally new pair of points collapses to a common small Y.
{The other case where first three and then four points collapse is left to the reader.)
We write (Y; D {ij}, Y, {ij'} small)

H,,exp[— V1= Y [1gw> ] Fh,y, exp[— X %]
=Fi O Y 15> TIFily exp[— Y. Vo 1+ HY exp[— %63
with, subtracting once more, “47)
30" = T3> IF5Y, expl- 7]
=Fp O Y [1a3> 1 Fil,y expl— 2 V4]
+ 21> 1 Fy, exp[ - L V1. (48)

(In (47) g, F are not those of (4); we are suppressing the indices of all the previous
subtractions) In (48) we note that F ,’nz”YZ—F;n’ y, and of course

Fri -"sz,, =F.7, if Y,n{ij}=0. Thus the last term in (48) indeed has in FL,_;,
and F! ¥, & subtractlon at zero. Equations (47) and (48) may be expressed as

—F;zzn(o) my, i j mzYz(O)sz ij ~m2 . (49)

Let m, now be the first m such that all x["~* are in the same small Y. We have

maz— 1

QYI
g=m2 Yi4,¥2q

(0)ST™ ™Gy, + Fif, ST™G, )+ S(H,,_). (50

qij

Again the two-point function pieces give a contribution that can be absorbed to
the O(—) term in (41) whereas H ._S(H _,) is given by

{XZ 175 [T Fmyexp[ =Y. 131, (51)
Y
with

|F,, y| S ComtnL=2m=m@= 9 expl 24 P(Y)]. (52)

Iteration of S"‘H‘ms is now as in case of the two point function, yielding

KSN—No—m;— 1gm3>ggN—N‘,yfl < ano-x»nL— 2m3—my{d=g) (53)
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Summing this over n with y*" produces the O(—) term in (41). Equation (41) is thus
our bound for (34).

Estimation of the other terms in (1) proceeds similarly. Consider e.g. p=2,
,}=11,|=2, given by

2{n;+n N—No—ny— 1/ .01 n ny—nz~1 n
Z Z Y {n1 2)<S o <Zxé’xzx3"S 1o <Z;3;2 x£2>zn2>zn,>'@N—No”.
N—Nqg>ny>n3 ordered
pairings

(54)
Here §™ 777 (22,225 7., =G, a We have already computed:
Gnl,kl_ n;,kl(0)+Gn;,kl’ (55)
with
1Gy 0) = €3, T 2 | S CO™ ™21+ (2, xy2)) ™47, (56)
and
Gy = L1183 [T Fily, exp[ - L], (57)
with
B Ciorm T T ], (58)
and the usual bounds for §.
Thus
{23,235, Gy D20 = Gy OK 22500 2 + <2228 G 2 - (59)

The first term contributes, by (56) and Sect. 5,

— —lg g
n1 kl(0)< x"x A" C C ’/nlx":x’?jdnzx;.x"z

+(9(5"°+"2(1+d LX) AL+ d(x2, xp2) 74T, (60)

and upon summation over n; and n, in (54)

Z K Z (C“ lJruxyxx"a nzl’/n;x"zx"z))

+ O™ +d(x, x )42+ d(x, x) T R O < kD), (61)

whereas, defining
H, . =Lt G, (62)
it has the expansion (36) with analogous bounds. Thus

SN M, S SCEOT Y (L d O, X))

pairings

(1 +d0x?, ’sz))_d+8 (63)

and combining (63) with (62) and (59) these terms in (54) can again be absorbed to
the O(—) in (61). Similar analysis is now carried out by inspection to the
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other p, {I,} combinations in (1). We get

N—-Nog—1 N—No—1
<¢x1 T ¢x4>9€’ = Z ( Z . 1‘/nx“x") ( Z Cn— I"sz;x")

pairings n=0 B=0 !

+ O™ (1 +d(x, %)) 21 +dx, %))+ 0} <= {kl})}

+0(4M), (64)
where the O(y") comes from the last contribution in (1). Proceeding as in (5.29) and
taking N— oo, we obtain

<¢x1‘ . ¢x4> = C(U)_ ? Z [GOUGOH

pairings
+ 061 +d(x;, x,)) = (1 +d0x, )29+ 0} < (k)]
(65)
In the scaling limit (1.3) the ¢(—)'s drop away and
Glx;...x,)=clv)™? Z {(—4 )x‘x}( A );m , (66)

pairings

which was the claim.
Appendix

Here we prove that (4.22) for n implies the same relation for n+ 1. The repetition of
the arguments of Appendix 2 of [1] gives
at= > 158 les, ¥ Tlexwl-71-0). M

X, (X 1

where X, X, are disjoint, ¥, CX"\(UX)u(UX ), X, DX'nD" and X' is connected
with respect to X, X, Y, and connected components of D';. To proceed further, we
need relations inverse to (4.12) and (4.13). These are

gh= Y FilTExp[-¥;1-1), )
Y AY}inX @
and
gh=Y FHTlexp[-%1-D+ Y  FEFh [Texpl-71-1),
Y {Y }inX 3 Y1.Y2,{¥o}inX o
YinY,=4¢
3)

with X connected with respect to Y (Y,, ¥;) and Y, in both {2) and (3). It is easy to
see that (4. 12) and (4.13) as well as (2) and (3) establish one-to-one relations
between (gy) and (Fi). In order to show that one is the inverse of the other it is
then sufficient to prove that substitution of (4.12) and (4.13) to (2) and (3) yields
initial (g35). But, with X connected with respect to X, ¥, and Y,

g, [Texpl¥ 1-1) I; (exp[—¥7,1-1)

X1, ¥, {¥piinX
YunX %6

(= 1)’ . ,
= Z i§1 H (1- U(Xp Y)) _giﬁ’ 4)
X1, (¥1,.n Yr)inX
X conn. with respecttoXiand Y,
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(UX, Y)=1if X~ Y=0 and vanishes otherwise). Similarly, with X connected with
respect to Xy, (X,), ¥, and ¥}
gix, [1(exp [V 1= D]l exp[ V3,1 -1)

[;

X, Yo}, {¥p}inX
YurnX1 %60

+ ) 9,95 T exp[ % 1= D] exp[~ %, 1-1)
Xy, X2, Yo}, {¥ptinX 2 8
XinXa=0,Yn(XiuX)%8
(_”1)1 " r .
= Z “_lT"gij){1 1—[ (1- U(Xla YJ))VY‘,
X4, (Yy,...,Y)inX . o=1
X conn. withrespecttoXyand Y,
( 1)l el d Y e oKL
+ I ng1gJX2 l_] (1_ U(XluXZ’ a)) gl]X
X1, X2,(Yy, ... Yp)inX o]
X conn. withrespecttoX; zand Y, (5)
XinXy=¢0
Insertion of (2) and (3) to (1) vields
get= Y 11a8 Y T1Fss,(expl-¥%1-1), (6)
X3 1 Yol {Yal o

with X, disjoint, UX,DX'nD’, Y, ¥ CX]\uX and X' connected with respect to X,
Y., ¥, and connected components of D,. This proves (3.39) for n+1 except for the
case when X371, x5 e X’ In the latter case, using (6), (4.18), (4.20), and (3.6) of [1]
we obtain
= ¥ e [T, [Texpl-771-1)
X3, (Yo}, (Yo} j

— Y g2 [Texpl— ¥, 1- DF¥0),

X, (Yo, ¥ «

where in the first sum the restrictions are as in (6) and in the second one X, are
disjoint, ¥,CX"\wX, and X’ is connected with respect to X, Y,, ¥ and connected
components of D). The part of the second sum with YNX, =0 cancels the constant

term 1n F;ﬁ’y, see (4.18), whereas the one with YNX, %@ provides the correction for
the g with x}"!, x3"eX, appearing in the ﬁrst sum, necessary to convert it

into g, see (4.2()). Thls completes the proof of (4.22) for n+1.
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