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1. Introduction

It is a well known problem whether a sourceless SU(2) gauge field over S* is
self-dual (or anti-self-dual). So it is very interesting to study the relation
between the sourceless fields and the self-dual (or anti-self-dual) fields.

In [5], we proved the following

Theorem A. Let M be a four-dimensional self-dual compact Riemannian manifold
with positive scalar curvature R, and assume that there is a sourceless SU(N)

R
gauge field over M. If the norm of the field strength is less than then this field
is a self-dual gauge field.

Bourguignon, Lawson [2] and Min-Oo [4] also discussed the related
problem and obtained a better theorem [2]:

Theorem B. Let M be a four-dimensional self-dual compact Riemannian manifold
with positive scalar curvature R, and there is a sourceless SU{N) gauge field over

M. If the norm of the anti-self-dual part of the field strength is less than Rz then
this field is a self-dual gauge field.

In this paper we generalize the above theorems to the non-compact case.
We have

Theorem. Let M be a four-dimensional complete self-dual Riemannian manifold,
R the scalar curvature of M, f the strength of a Yang-Mills field over M with the
gauge group SU(N), and |f | the norm of the anti-self-dual part of f. If
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(2) there is a point x,e M such that
{1/ 712 dvol=0(k?),
By

where B, is a geodesic ball with the center x, and radius k, (for example, if the
action of this field is finite), then this Yang-Mills field must be self-dual.

Corollary. Let M be a four-dimensional conformally flat, non-compact but com-
plete Riemannian manifold with positive scalar curvature R, and with a sourceless

R
SU(N) gauge field over M. If the norm of the field strength of M is less than o
and the action of this field is finite, then the field is a vacuum one.

The author is gratefully indebted to Professors Klingenberg and Ruh for their encouragements
and concern. He would like to thank Dr. Min-Oo for helpful discussions. He is also grateful to the
Mathematics Institute of Bonn University for its hospitality.

2. Notations

In this paper, let M be a four-dimensional complete Riemannian manifold. In
a local coordinate system, the metric of M is defined by

ds*=g, dx*dx’, (p,v=0,1,2,3), N
and the Riemannian curvature tensor and the conformal curvature tensor are
R, and

Cuvaﬂ :Ruvaﬁ —%(guaRVIi -guﬁRva + gvﬂRw ~8ua Rvﬁ) )

R
_g (guﬁ 8va— gpagvﬁ)'

respectively. R,,=g"R,,., and R are the Ricci curvature tensor and the scalar
curvature of M respectively.

To any 2nd order covariant tensor 7,,, we can apply the *-operator

T:‘; :%rluvap ’I;ﬂ (3)

??gzvuﬂ = l/ det lglél ggzva,!i

and &,,,, is the complete skew-symmetric tensor with &, ,5=1. From this, we
can define the following expressions for the pair (uv) of indices as

where

Tut :%(Tuv + T:;)’ 7;;; zi(Tuv - T:fz) (4)

We call T,} or T,; the self-dual or anti-self-dual part of T,, respectively.
Similarly, we may define these expressions for the pairs of indices (uv) or («f)
of the conformal curvature tensor C,,,, and obtain

Coruap=Chiap t Covag T Cona + Crovap

uvaf pvag uve, nvaf uvaf
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It is evident that C*~=C~*"=0 (to be brief, we shall suppress the lower
indices).

If we have Ct* =0 or C~~ =0, then the Riemannian manifold M is said
to be self-dual or anti-self-dual respectively [17].

Now let us study a gauge field the base manifold of which is a self-dual
with R >0 whose gauge group is SU(N).

Let X, be a basis of the Lie algebra SU(NY and Cj, the structure constants.
We can define the Cartan-Killing inner product in the SU(N) by

{A4,B)=—Tr(AB) )
where 4, BeSU(NY, and let
Gp=<{X,, X (6)

Then we define the norm |fl, |f*I, [f~ of the field strength f
=3fwdx*A dx* and its self-dual parts and anti-self-dual parts by

|!f“2:guozgvﬁ<f;w’faﬁ>=guugVﬁf:v osz Gab’
If 12 =g fE 1>, (7)
v=1/"1"=g"g"{fofug>

respectively. The field is said to be self-dual if f~ =0, and anti-self-dual if f+
=0.

3. Proof of the Theorem

The outline of the proof is that we first compute the Laplacian of the function
Vv. With a complicated calculation we can prove A()/v)=0. We know a
theorem of Yau [6]:

If M is a non-compact Riemannian manifold, u is a non-negative sub-
harmonic function on M, and [u?dvol<oco, then u must be a constant
function. M

We would like to use this theorem to prove v=const. and then prove v=0,
ic., the field is self-dual. However it is not a priori evident that 1/ is of class
C! or C? while Yau’s theorem requires the smoothness of this function. There-

fore we must use the standard trick of approximating ]/; with /v +¢, for some
e>0.

3.1. Now we compute the Laplacian of }/v+s. By the Bianchi identities,
sourceless condition and Ricci identities, we obtain

1
AVvtre=g?(Yv+e) ,,=——=g"v,,
l=p 2m (L2
1 1

. S
4{ote)2 8 Ve us
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1
= gdﬂ (g’u}vgwsf,u;ﬁa-f),gb Gab)”ﬁ

7 v+e

I S
—Z“*—_(UJFS)s/zg Ulla"Yiig

1
= gal} guigvafu;ﬁaﬁflgb Gab
|/ v+eé

+ gaﬁgulgvéfu;ﬁaflgﬁﬂ Gab

v+eé

1 1

T goB .
4(U+8)3/2g Ve Vg

2 v £ B
= —Tﬁg“ﬂg“’lg 0 vaﬁuﬁfzab Gy

1
e et il G
1 1 ap
At 87 Vi Uy

2
=— 282" 8 (f it g

yv+e
Lo RO g+ 1,7  REg+ fua € Coafip) f15" G

1
+— g“” g“ gvafu:ﬁafzgﬁﬁ Gy

Jv+e

11
—ng Ulla"Yyip

2
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Yv+e
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Jote

1
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(8)

We denote the sum of the first and second terms in the right hand side by I,

the third term by II, and the remaining terms by III, then

A/ v+e)=T+IT+1IL

©)
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First, from the definition of the conformal curvature tensor, we have

2
I= ——ﬂm(c"”%ﬂ;,ﬁ;) +3(g*R™
— g7 R + g% RP* — g RP) £, f5 0

PR g I i)

2
8RS, 1)
Vote
2 pdia — — 1 v
= ———==C""{f .. [is)+3R

]/07—{:6 ]/v—{—s‘

If we adapt the normal coordinate system about a point x of M such that g, |,
=§ ., then, by the self-dual condition of M, we have

A%

(10)

Ot +
Cpéi.a - Cpé/la

and

2 v
I=——C55 {frus S350 3R : (11)
m poai P Ad 3 l/m

Through a straightforward but complicated computation, we know that the
first term on the right hand vanishes. So

[— R v 12
3 Yote
Secondly, in the normal coordinate system,
2 _ _
I =——=Afs  Jou]: Sis- (13)

Jv+e

Since the Cartan-Killing inner product is invariant under the adjoint repre-
sentation, we have

2
HN=—=—K[f5.f
Voie Duadarbuo

2
zm(<[fu; 7f¢$;]7 zz:> + <[fug :jég]:f;q_/. >)

It is easy to see that [f,;,/;, ] are anti-self-dual, so {[f5,/5 1./ox > =0. Thus

2 4
II:: —————‘T " - e — 5 )sq Jun )
]/;:; r([f;léa.f;ia]f;u) m Tr (j;l.é.f;ia f:;u) {14)
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Let (f,5Y), (f:™) and (f,,;*) be the elements of the matrices f;, f;; and f;
respectively. Then

4 ek
= — =, [ " S (15)

Vv+e

If we denote the double indices (;), (ZS) and (k) by A4, B and C respectively,
then &

4
M= f o o £ 16
]/-U_i_—ngBfB fC ( )

Consider the matrices

T=(fca) S=1pS50-

It is clear that S, T are both Hermitian matrices and further S is semi-positive
definite. Therefore, it is easy to prove that

Tr(ST)S)Y Tr (T3 Tr (S).

4
m l/fA_B 'fB;l 'fCI)fD—C

4
m }/fué f‘é;ﬂ. fo:[iklf;aalk

4
T Ve V =Tr(fz fus) (=T (f5 fi5)

4 3/2
=— 032 17
Vv+e {17)

Finally, in the normal coordinate system,

Hence

I =

]/T—~(<fu\'lla’fuvtla> e +8) Uy )

ZVU_;(%;M,J:;HQ o7 L) ?). 18)

Observe that
SasnuwSis> 22(—Tr(f/13uu'f/ﬁ))2
-f/w faa faﬁﬁl”faﬁlk
fmliu aﬁup) (faﬁlk'fﬁij)- (19)

i j I k
Introduce the notations A= (l J), B= ( ) Then
Ao o p

Sianwfisd? =i Sond - U 1) (20)
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Let
P= (PAB): 0= (QAB)»
where
Pyo= i Toiu
Qup =fA_ 'JTB:-

It is clear that both P and Q are semi-positive definite Hermitian matrices.
Hence it is easy to prove that

Tr(PQ)<TrP-TrQ.
It follows from (19) that
{Sisyusfis>?=Pap- Qpa=Tr (PQ)
STrP-TeQ=(fafa) Us f)
=izl Sl Ug™ Sug™)
=SSz JogoSon -

Hence from (18), we obtain

Mz F AL ( ——“—)zo

A v+e)=4 (E—ﬂ) V—U_”_Jr—a (1)

From the condition of the theorem, we have 4(}/v+£)=0.

3.2. Now we want to prove v=0. Even though we have proved }/v+¢ is
subharmonic, we still cannot apply the Yau's theorem to }/v+¢ directly. We
do not know whether | (v+¢)dvol<oo, because vol (M) may be infinite. Now

M
we follow the proof of Yauw’s theorem [6] with some modifications as Hilde-
brandt did in [3].
As Yau [6] pointed out, for every R>0, we can find a Lipschitz function 5

on M such that 5(x)=1 for xe By, n(x)=0 on M\B,z, 0=# <1, and Iang%,

where C is a constant which is independent of R, and By denotes a geodesic
ball with the fixed center x, and radius R. Thus

0 | 0*Vv+e)d(v+e)dvol
6]/U+s omn* ]/U+s)

BZR oxt
8]/v+a 8]/v+8 e
= dvol
Bm Tt
Y 0
— [ 2g*- -%-l-]/v—ksdvol.
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Therefore
Bf WMIznzdvoH_B fB I7)/v+el? 2 dvol
R
=2/ [ wtPYerelfdvoly [ (wto)lPufdvel
Let

X:]/ [ Py v+elrdvol,

Bar ~Br

then the above inequality becomes

X2-2y [ w+eydvol - X+ [ P/ v+el*dvol 0.
Br

B2r—Br
Since X is real, the discriminant of this quadratic must be non-negative. Thus

2
f Wy v+e?dvols | (v+e)-|l717|2dvol§% [ (+edvol
Br

B2r —Br Bar —Br

Set By =B \{x|v=0}, and let ¢ »0. We have
|2 C? C?

| " dvoléﬁ | vdvol§ﬁ—2 | wvdvol.
Br

B:r —Br Bar
Let R— oo, using the assumption (2) in the theorem, we obtain

Vo

M~ {x|v="0} 4

dvol=0.

Thus |Fv|=0 on M\ {x]v=0}, and therefore also on M. Hence v=const. on M.
Then, substituting this into the inequality (21), we have » =0, ie.,

f5=0. QED.

Remark. 1f we replace the self-dual condition of M in the Theorem by the anti-
self-dual condition and f~ by f*, then this field would be an anti-self-dual
field. '

Finally, we point out that the corollary is a direct consequence of the
theorem and the remark above.
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