
Math. Z. 180, 69-77 (1982) Mathematische 
zeitschrift 

�9 Springer-Verlag 1982 

The Gap Phenomena of Yang-Mills Fields 
over the Complete Manifold 

Chun-li  Shen* 

Mathematisches Institut der Universit/it, 
Sonderforschungsbcreich "Thcoretische Mathematik" SFB40, Beringstral3e 4, 
D-5300 Bonn 1, Federal Republic of Germany 
and Department of Mathematics, Fudan University, 
Shanghai, People's Republic of China 

1. Introduction 

It is a well known  problem whether a sourceless SU(2) gauge field over S 4 is 
self-dual (or anti-self-dual). So it is very interesting to study the relation 
between the sourceless fields and the self-dual (or anti-self-dual) fields. 

In E5], we proved the following 

Theorem A. Let M be a four-dimensional self-dual compact Riemannian manifold 
with positive scalar curvature R, and assume that there is a sourceless SU(N) 

gauge field over M. I f  the norm of the field strength is less than ~ ,  then this field 
is a self-dual gauge field. 

I Z . .  

Bourguignon,  Lawson  [23 and Min -Oo  [4] also discussed the related 
problem and obtained a better theorem [23: 

Theorem B. Let M be a four-dimensional self-dual compact Riemannian manifold 
with positive scalar curvature R, and there is a sourceless SU(N) gauge field over 

M. I f  the norm of the anti-self-dual part of the field strength is less than ~ ,  then 
this field is a self-dual gauge field. 

I Z ,  

In  this paper we generalize the above theorems to the non-compac t  case. 
We have 

Theorem. Let M be a four-dimensional complete self-dual Riemannian manifold, 
R the scalar curvature of M, f the strength of a Yang-Mills field over M with the 
gauge group SU(N), and If  [ the norm of the anti-self-dual part o f f  I f  

R 
(1) ] f - ] < ~ ,  
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(2) there is a point x o ~ M such that 

]f-12 dvo l=o(k2) ,  
Bk 

where B k is a geodesic ball with the center x o and radius k, (for example, i f  the 
action of  this f ield is f ini te) ,  then this Yang-Mills f ield must be self-dual. 

Corollary.  Let  M be a four-dimensional conformaIty fiat, non-compact but com- 
plete Riemannian manifold with positive scalar curvature R, and with a sourceIess 

R 
S U ( N )  gauge field over M.  I f  the norm of  the f ield strength of  M is less t h a n -  

12' and the action of  this f ield is finite, then the f ield is a vacuum one. 

The author is gratefully indebted to Professors Klingenberg and Rub for their encouragements 
and concern. He would like to thank Dr. Min-Oo for helpful discussions. He is also grateful to the 
Mathematics Institute of Bonn University for its hospitality. 

2. Notations 

In this paper,  let M be a four-dimensional  complete  R i e m a n n i a n  manifold.  In 
a local coordinate  system, the metr ic  of  M is defined by 

ds2=gu~dxUdx ~ , (#, v =0 ,  1, 2, 3), (1) 

and the Riemannian curvature tensor and the conformal curvature tensor are 
R~u~p and 

C u ~  = R , ~  - �89 - g,~ R ~  + g~  Ru~ - g~  R ~ )  (2) 

R 

6 (gu~g~-g,~g~)"  

respectively. R,==g*eRu~e and R are the Ricci curvature tensor and the scalar 
curvature of M respectively. 

To  any 2nd order covar iant  tensor  T,,, we can apply the *-opera tor  

,~-~,~,,, .~,~ (3) 
where 

and  g~,~a is the comple te  skew-symmetr ic  tensor  with 8o:23=1.  F r o m  this, we 
can define the following expressions for the pair  (#v) of indices as 

-- 7(T.~ - T~*). (4) 

We call T + or T~; the self-dual or anti-self-dual par t  of Tu~ respectively. 
Similarly, we may  define these expressions for the pairs of  indices (#v) or (~/3) 
of  the conformal  curvature  tensor  C , ~  and obtain  

+ + - -  - -  - - +  

C ~ ,  = C,v~a + C,~a  + Curia + C7~ ~ . 
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It is evident that C + - = C - + = 0  (to be brief, we shall suppress the lower 
indices). 

If we have C ++ = 0  or C - - = 0 ,  then the Riemannian manifold M is said 
to be self-dual or anti-self-dual respectively [1]. 

Now let us study a gauge field the base manifold of which is a self-dual 
with R >0  whose gauge group is SU(N). 

Let X~ be a basis of the Lie algebra SU(N)' and C~,~ the structure constants. 
We can define the Cartan-Killing inner product in the SU(N)' by 

<A, B} = - T r  (AB) (5) 

where A, BeSU(N)', and let 

G~b = <Xa, Xb>. (6) 

Then we define the norm IlfH, Ilf+JI, ilf-II of the field strength f 
=~]'~ dx"A dx ~ and its self-dual parts and anti-self-dual parts by 

IIf  + [I 2 = RUe gV/~ <f+ ,j;~ 5, (7) 

v = llf-l12 =gU~g~<fa,f~ ~ > 

respectively. The field is said to be self-dual if f - = 0 ,  and anti-self-dual if f +  
= 0 .  

3. P r o o f  of  the Theorem 

The outline of the proof is that we first compute the Laplacian of the function 

lf~. With a complicated calculation we can prove A(lfv)>0.  We know a 
theorem of Yau [6]: 

If M is a non-compact Riemannian manifold, u is a non-negative sub- 
harmonic function on M, and S u Z d v ~ 1 7 6 1 7 6  then u must be a constant 
function. M 

We would like to use this theorem to prove v = const, and then prove v =0, 

i.e., the field is self-dual. However it is not a priori evident that ] /v  is of class 
C 1 or C 2 while Yau's theorem requires the smoothness of this function. There- 

fore we must use the standard trick of approximating ~ with ]/v + e, for some 
e>0.  

3,1. Now we compute the Laplacian of l / ~ e .  By the Bianchi identities, 
sourceless condition and Ricci identities, we obtain 

1 
II 

1 1 
4 (vqSe) 3/2 g~vll~ "vIle 
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1 
- - ~ 6  t6  S Y~v]laJ;~6 ~abY[I ~ 

i 

1 1 
4 (v + g)3/2 gaBvll, " Vile 

1 
__ aafl ,v#2 rrv6F a F - b  

~ 6 6 ,5 J#vllafldX6 Gab 

1 1 
4 (v + e) 3/z ga~ v H. v II 

2 
gae gUZ g,a f~7~uef ~b Ga b z --  

]/v+ e 

+~gaeg"Zg~Of  ;~afx+~e Gab 

1 1 
4 (v + a)3/2 g"e Vlla ' Vll/~ 

2 

- -a  p --c a d b +f;a ~ R~ue +f~; Ra.e +f~a C~af~e)fxa G~b 

+~gaeg"~gVaf;~af~eG~b 

1 1 
4(v+g)3/2 gaevlla" vile 

2 ae #2 av6 p g g t, R~, e fp;af~bGab ]/v+ g 

2 
- - ] / V + ~ t "  t,  ~, * 'aue 

2 a --c d - b  gaegU;.g~O CcdL a f~ef;~a Gab 
]/v+ e 

1 
rrae apJ. c~v3 ~g--a ~"--b 

+ l / v + ~ s  ~ ~ J.~llaJzalle-ob 

1 1 
4 ( v  -]- e) 3 /2  g~Pvlla "vile" (8) 

We denote the sum of the first and second terms in the right hand side by I, 
the third term by II, and the remaining terms by III, then 

A ( l ~  e) = I + II + Ill. (9) 
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First, from the definition of the conformal curvature tensor, we have 

I= -VT--+~ (co~<G,f~;> +�89 ~= 

_ gp~ R ~;. + ga~ RR~, _ g~a R a~) < f ~  ,f~,~ > 

+6 (~  r ~ g~') < f#' f# >) 

2 v6 2 _ g Re <L;,f~> 

2 v 
- v ~ + ~  c~*~~ +*RI~/W~ (10) 

If we adapt the normal coordinate system about a point x of M such that g~,,]~ 
= 3.~, then, by the self-dual condition of M, we have 

and 
2 v 

I ]/v/~e+e Cp+o~+z <f~, f~)  + ~R v]/~ (11) 

Through a straightforward but complicated computation, we know that the 
first term on the right hand vanishes. So 

e /) 

I = 3  V'v+e" (12) 

Secondly, in the normal coordinate system, 

2 
II 1 /v+e  < [ f s 1 6 3  (13) 

Since the Cartan-Killing inner product is invariant under the adjoint repre- 
sentation, we have 

2 

2 
- ~ (( [fs ,fs > + < [ f ~  ,J';~ ] , f~  >). 

- -  + 

It is easy to see that [fua,faT] are anti-self-dual, so <[f~,J;~],f=.)=O. Thus 

2 4 
II = - l f v  + ~  Tr  ( [ L L f ~ ; ] L ; )  - l / v ~ e  Tr  ( f . ; L ;  f~;). (14) 
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Let (f~ij), (faTJk) and (f~;ki) be the elements of the matrices f.~, fat and f~; 
respectively. Then 

If we denote the double indices 
then 

Consider the matrices 

I I -  4 f, i j ~ ' - j k { - ' - k i  

(2)' ( ~ ) a n d  ( 2 ) b y  A, BandCrespectively, 

4 
I I -  ~ f A B f B c f d A "  (16) 

r =(f&),  s = { f . .  fs 

It is clear that S, T are both Hermitian matrices and further S is semi-positive 
definite. Therefore, it is easy to prove that 

Hence 
Tr (ST) < T I ~ T 2 )  .Tr (S). 

4 
II>_ " l /~B ' f~  "fcDf~c 

4 ~/~-~ ~-ji 
= .s,7's;, 

4 
= ~ . ] / - T r ( f ~ . f ~ ) . ( - T r ( f ~ ; f / ~ ) )  

4 
_ _ .  i ) 3 /2 .  

1/7g7 
Finally, in the normal coordinate system, 

Observe that 

m= i (<LTH~,LTt,~> 

_ 1 (<f;,l~,fZlE=> r 

1 vii .vltu) 4(v + 8) 

1 2 2 

- - 2 (fz611 .,f~a > = ( - Tr (J2~ [I u "G))2 

-~ r - '~  s ) 

Introduce the notations A =  (~ ~), B = ( 2  kfl). Then 

(17) 

(18) 

(19) 

(J~a N . , f~  } 2 = (f~l ~< 'f~l u)" (fB- "fA-). (20) 
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Let 

where 
P=(PAB), Q = (QaB), 

Q.A,, = f ;  "f;- 

It is clear that both P and Q are semi-positive definite Hermitian matrices. 
Hence it is easy tO prove that 

Tr  (PQ) < Tr P-  Tr  (2. 

It follows from (19) that 

( f ~  II u,fx7 > 2 = PAB" Q-~BA = Tr (PQ) 

< T r P .  Tr Q = (fAll J Z I , ) "  (f~fi-) 
- -  ( (  - -  i j  ,[" - -  i j  "~ 
- , ,  , , " 

= (fs "<s ,f=~>" 
Hence from (18), we obtain 

1 .(1_;77)>_ 0 i i i  > 1 / 7 7 7 .  (f.Tll ~,f.Til= ) v _ 

A(]/v+ e)> 4 ( ~ - ] / v )  ~ (21) 

From the condition of the theorem, we have A (]/v + e)>0. 

3.2. Now we want to prove v=0.  Even though we have proved l / v + e  is 

subharmonic, we still cannot apply the Yau's theorem to ] / 7 7 7  directly. We 
do not know whether S (v + e)d vol < oo, because vol (M) may be infinite. Now 

we follow the proof of Yau's theorem [6] with some modifications as Hilde- 
brandt  did in [3]. 

As Yau [6] pointed out, for every R > 0, we can find a Lipschitz function ~I 
C 

on M such that ~/(x)= 1 for X~BR, ~/(x)=0 on M\B2R , 0 < r / < l ,  and IV~/]<~ -, 

where C is a constant which is independent of R, and B R denotes a geodesic 
ball with the fixed center x 0 and radius R. Thus 

0<= ~ ffl2]/v+e)A(]/~e)dvol 
B2R 

= _  S g,~ 8x u 8x ~ d vol 
B 2 R  

8 1 / 7 ~  81/v+~ ,2 dvol  
= -  5 g"V c?x" 8x ~ 

B a R  

8l//v+e &l 
- 5 2gU~'r/ 8x" 8x ~ ] /7+Tdvo l .  

B2R 
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Therefore 

j" ]Vl/v+e]2 r/2 d v o l +  j" I V ~ I 2  r/2 dvol 
B R  B 2 R  - - B ~  

= ~ [V v]/7~12r/2dvol 
B2R 

__<21/ j" r/2.1V v l / 7 ~ 1 2 d v o l . ] /  j' (v+~)lVrl[2dvol 
B2R --BR B2R BR 

Let 
X = l /  Y q2 I V ~ ] 2  dvol, 

B2~ --BR 

then the above inequality becomes 

X 2 - 2 l /  J" ( / )+g) lVr /12dvo][ -X4-  .[ I g C v + g I 2 d v o l = - - 0 .  
B2 R -- BR BR 

Since X is real, the discriminant of this quadratic must be non-negative. Thus 

ff IVl /7+e l2dvo l<  ~ (v+e).lV~12dvOl<RC ~ ~ (v+e)dvol.  
BR BZR BR B2R --BR 

Set B'R=BR\{XIv=O}, and let e--+0. We have 

~ I C 2 C 2 
f 'VV'2dv~ 5 vdvol<_T2 ~ vdvol.  

B"R 4V = R  2 - R  B2R B2R --BR 

Let R -+ ar using the assumption (2) in the theorem, we obtain 

IVvt 2 
- - d v o l = 0 .  

M..{xlv=O} 4V 

Thus 1~7vl =0  on M\{xlv=0}, and therefore also on M. Hence v=const ,  on M. 
Then, substituting this into the inequality (21), we have v=0,  i.e., 

f ~ = 0 .  Q.E.D. 

Remark. If we replace the self-dual condition of M in the Theorem by the anti- 
self-dual condition and f -  by f+ ,  then this field would be an anti-self-dual 
field. 

Finally, we point out that the corollary is a direct consequence of the 
theorem and the remark above. 
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