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The spectral theory of positive operators has its origin in the classical work of
Perron and Frobenius, who considered matrices with positive entries on finite-
dimensional vector spaces and obtained results on the cyclic structure of the set
of eigenvalues of such operators.

Frobenius’ main result rests on the concept of irreducibility, which is usually
defined in matrix terms. But it is easy to see that this concept involves the ideals
of the commutative C*-algebra C".

In this paper we extend these results to the case of positive operators on
arbitrary C*-algebras. The extensions to commutative C*-algebras has been
studied, among many others, by Schaefer [10].

We shall now briefly discuss the content of this paper. In Sect. 1 and 2 we
introduce the basic definitions (e.g., irreducibility} and present the classical
results of Krein-Rutman on the peripheral point spectrum of the adjoint of a
positive operator in the context of C*-algebras.

In Sect.3 we consider a C*-algebra U and a linear operator T on U
satisfying T(x*x)=T(x)* T(x) for all xe¥ and T(1)=1. We show that the
results of Frobenius can be extended to irreducible operators of that type. We
also study the action of T on the *-algebra generated by the eigenvectors
pertaining to the peripheral eigenvalues of 7.

1. Notation

By U we shall denote a C*-algebra with unit 1. **:={x e A|x* =x} is the self-
adjoint part of A and W :={x*x|xe W} the positive cone in WA. If U* is the dual
of U, then A*:={peU|p(x)=0 for all xeU_ } is a weakly closed generating
cone in A*. S(W):={peU* |p(1)=1} is called the state space of A.

A face § in U _ is a subcone of A such that for all xe A, the conditions
xZy and ye§ imply that xe §. We call a subalgebra M of A solid if A, is
a face.
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For a face § in ™A, we have:

1. M:=line(F— &) is a solid *-subalgebra satisfying M A, =F.

2. J:={xeU|x*xeF} is a left ideal of A which is closed 1ff & is closed.
3. 3. 3=

4. (3%)n I =T, where the bar denotes the norm closure.

For these facts see, e.g., [4, 5, 9].
If xe?, and [0,x]:={yeU,|0<y<x} then &,:= ) n[0,x] is a face in

nelN
9, and therefore the norm closure &, ([3] 2.3).

Te L) is called positive, if T(N,)=W,. For such an operator one has
T(x*)=T(x)* for all xe . ¢(T) is the spectrum of T and r(T) the spectral radius.
The subset of o(T) located on the spectral-circle {4 Al=r(T)} will be called
the peripheral spectrum and its intersection with the point spectrum the per-
ipheral point spectrum. For ) in the resolvent set p(T) of T we set (A1—T)""
=R(A, T). For T positive and A>r(T) one has R(4, T) positive as one can see
using the C. Neumann's series. For a brief introduction to spectral theory of
positive operators see [11], Appendix.

2. Positive Operators

In this section we collect some more or less well known spectral properties of
positive operators on C*-algebras. First let us note that r(T)eo(T) for such
operators ([11], Appendix 2.2). In particular, the following property follows
from the famous Krein-Rutman theorem ([10], Satz A).

2.1 Eigenvalue Theorem. Let T be a positive operator, with spectral radius v(T),
on a C*-algebra N. Then r(T) is an eigenvalue of the adjoint T* with an eigen-
vector peS(N).

Proaof. Since r(T)eo(T) and the dual cone is generating, there exists a linear
functional ¥ >0, such that R(Z, T*)(¥) is not bounded as A\r(T). Define

War= IR0 T |~ RO, T*) ()

for A>#(T). Then ¥, is a state on A for all 2>r(T) and the directed family
(¥1),5 ) has a ¢(A*, A) accumulation point ¢ € S(A). On the other hand

lim [[(A=T*)(¥,)[=0

A—¥(T)
hence T*(p)=r(T) g, since T* is ¢(A*, A)-continuous. [

2.2 Definition. Let T be a positive operator on . We call T irreducible if no
closed, solid *-subalgebra of U, distinct from {0} and U, is invariant under T.

Remarks. 1. T is irreducible iff no closed face of A, different from {0} and A _,
is invariant under T (see Sect. 1).
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2. The Definition 2.2 is in accord with the concept of irreducibility given by
Frobenius [6] (see also [13]) for positive matrices and by Schaefer [10] for
positive operators on commutative C*-algebras. '

3. Let ¢ e S(A) with T*(p)=r(T)¢p. Then

§:={xeW_ |p(x)=0}
is a closed face of 2, which is T-invariant. Therefore, if T is irreducible, such a
linear form is faithful.

4. The results of Frobenius cannot be extended to non irreducible positive
operators, even in the finite-dimensional case. To see this one has only to
consider a matrix algebra and a *-automorphism T given by a unitary u. Then

a(T)={AT"A3] A1, Ay €0 (W)},
hence in general o(T) is not cyclic (see e.g. [12], 1.2.6).

2.3 Proposition. If T is an irreducible positive operator on a C*-algebra N one
has r(T)>0, and | T | =r(T) is equivalent with T(1)=r(T)1.

Proof. If 0< @ e U* with T*(¢p)=r(T)¢ one has ¢ faithful, since T is irreducible.
(T (1)=¢(T (1)) implies that r(T)>0, for otherwise |T| =|T(1)|| =0 since ¢
is faithful. The rest of the proposition is obvious because of the faithfulness of
e. U

3. The Peripheral Point Spectrum of Schwarz Operators

In order to obtain a generalization of the results of Frobenius, we study
operators Te L (), A a C*-algebra, satisfying

IT| T(x*x)=T(x)*T(x) for all xe.

Such an operator, which is automatically positive, we call a Schwarz operator.
Every positive map on a commutative C*-algebra satisfies the above inequality
([31, 14.2).

3.1 Theorem. Let W be a C*-algebra and suppose that T is an irreducible
Schwarz operator on W satisfying T(1)=1. Then the following assertions hold:

1. The fixed space of T is one-dimensional.

2. The peripheral point spectrum of T is a subgroup of the circle group.

3. Each peripheral eigenvalue o of T is simple and o(T)=0o-o(T).

4. 1 is the unique eigenvalue of T with a positive eigenvector.

Proof. For x, ye U define
B(x, y):=T(x*y)—T(x)* T(y).
Then B(-, r) is a sesquilinear, positive map of U x A in A satisfying

B(x,x)=0 iff B(x,y)=0 for all ye9l.
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To prove this one has only to note that for e U* Yo B is a positive, hermitian
sesquilinear form on 2. Hence ¥ (B(x, x))=0 iff ¥(B(x, ¥))=0 for all yeU. Since
A* is generating the assertion follows.

By 2.1 there exists a state ¢ € A* with T*(¢)=¢ and we have by remark 3 of
Sect. 2 that ¢ is faithful.

1. Choose xeFix(T), the fixed space of T. We have, since T is real, T(x*)
=T{(x)*=x* hence x* € Fix(T) and T(x*x)=T(x)* T(x)=x*x. By the faithful-
ness of ¢ we obtain from

0= o(T(x*x)—x*x) =@ (x*x) = @ (x*x) =0

that T(x*x)=x*x. Consequently B(x,x)=0 and therefore B(x, y)=0 for all
ye U, in particular for all ye Fix(T). This implies T(x* y)=x*y and Fix(T) is a
*-subalgebra of U containing 1.

Next choose 0<xeFix(T) with ||x} =1. Then O¢o(x}); for if Oco(x) there
exists 0 <y e A* such that ¥(x)=0. For the closed face &, generated by x we
have T(§,) = &, and ¢(F,)={0}. Since T is irreducible we have §, =U_ whence
V=0, a contradiction.

If 1+x then O<y:=1-—xecFix(T) and the above consideration implies
0¢ o(y). Hence there exists neN with 1<n-y=nl—nx or x= (%) 1 which
tmplies ||x|| <1, a contradiction. Therefore x=1 and, since Fix(7T), generates
Fix(T), the fixed space is one-dimensional.

2. Let o be a peripheral eigenvalue with normalized eigenvector x,. Then
T(x*x,)=x*x,. Since ¢ is faithful we have x}¥x,eFix(T) with |x} x| =1. There-
fore x*x,=1 and x, is unitary. Since B(x,,x,)=0 we have B(x,,y)=0 for all
ye. Hence if § is a peripheral eigenvalue with normalized eigenvector x;, we
have T(x}x,)=o*fx}x, Since 0% x}x; as a product of unitaries, we obtain
that «* f§ is a peripheral eigenvalue.

3. If « is a peripheral eigenvalue with unitary eigenvector x, then we have
T(x,yy=ax,T(y) for all yeU, or aT(y)=x}T(x,y). Hence in terms of the
isometry M: y—x,y we obtain «T=M~'oToM. The assertion is now clear,
since 6(T)=cg(M o To M) and ¢(xT)=xc(T).

4. Suppose that ax = T(x) for some x>0. Since ¢ is faithful, we obtain

2p(x)=o(T(x))=¢(x)>0

whence a=1. []

Example. Consider the left regular representation A of a discrete group G on
12(G) ([4] 13.1.6.). If §,, te G, denotes the canonical unit vectors in I*(G), we
have

A(s)(6,)=0 for every s,1€G.

st

A denotes the C*-algebra given by the norm closure of lin {A(s)|se€ G} in
Z(*(G)).
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Let @ be the state on U given by ¢(x):=(x(,)|5,) where (*|*) is the scalar
product on [*>(G) and e€ G the unit. It is not difficult to see that ¢ is a faithful
trace on A with @(A(s))=0 for s*e and ¢(i(e))=1.

Now let h be a positive definite function on G with h(e)=1 and 0% h(s)*1
for every e+seG. Then the extension of T,: A(s)—h(s)A(s) to U defines a
Schwarz operator on U with T,(1)=1 ([7], 1.1).

We assert, that T, is irreducible. First we show, that the fixed space of T,* in
A* is one-dimensional: Let e S(A) be T;*-invariant, i.e.

Y (AE) =Y (T,(A(s) =h(s) Y (A(s))

for every se G. Since O%h(s)=+1 for s+e we must have ¥ (A(s))=0 for s+e and
Y (A(e))=1 whence ¥ =0o.

Next we conclude that the cyclic semi-group S generated by T, is mean-
ergodic in % (W) with mean-ergodic projection P given by x—@(x)1 for xe A
([8] 1.7). Hence, if § is a closed T,-invariant face in %, and if 0<xe &, we have

n—1
lim % Y Lix)=p(x)1e§.
1= 0 i=0
Since ¢ is faithful, we conclude § =2, . Therefore T, is irreducible.

For a concrete example we consider G,:=Z the group of all integers and a
character £ G, with £(n)+1 for all 0+neZ. Let G, be a discrete group and let
x be the characteristic function of the set {e}, e the unit of G,. For aeR with
O<a<1 and for se G, we set f(s):=a(l —x(s))+x(s), then f is a positive definite
function on G,. The group G:=G, x G, is discrete and the function

hi=((s,m)=>f(5) (), (5,n)e6

has the desired properties. Especially, the peripheral point spectrum of the
corresponding operator T, is given by the set {£(n)|neZ} with eigenvectors
{Me,n)|nez}. O

For irreducible Schwarz operators, we obtain not only information about the
structure of the peripheral point spectrum but also on the action of T on the
subalgebra spanned by the eigenvectors pertaining to the peripheral eigenvalues.

3.2 Propesition. Let Te ¥ (N) satisfy the assumptions of Theorem 3.1 and denote
by @ the (unique) state on U with T*(p)=¢. If WM is the closed subspace of A
generated by the eigenvectors pertaining to the peripheral eigenvalues of T, then

1. M is a *-subalgebra of A.

2. Ty:=Tg is an irreducible *-automorphism on M.

3. 1:=Qy is a faithful trace on M.

Proof. Let E be the set of all eigenvectors of T pertaining to the peripheral
eigenvalues. Then it follows from the proof of 3.1, that M is a *-subalgebra of A
containing 1. Also we have shown, that T, is a *-homomorphism on M. As
in the proof of [12] I11.10.5 we conclude, that the closure G of the semigroup
S:={T§|neN} in Z (M) is a compact group with identity Iy Hence T, is a
*-automorphism.
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Since G as a compact group in %, (M) is mean-ergodic ([12] 1I1.7.9 Cor. 1),
there exists a projection Peconv G < % (M) onto Fix(Ty) and P is given by
x—@(x)1 for all xeIMM. As in the above example we conclude that T; is
irreducible.

Finally for x,, x,€ E we have

0oy xg) =T(T(e) xg)) =% B - T(x7 )

whence 7(x}x,;)=0 for o* f=1. Since for «* =1 we have 7(x} x,)=1(x,x]), we
obtain

t(x*x)=1(xx*) for all xeM

and therefore 7 is a faithful trace on M. [

The following example shows that in general the algebra M is not com-
mutative, In particular, the group of all normalized eigenvectors of T pertaining
to the peripheral eigenvalues in general is not abelian.

Example. Let # be the Hilbert space [*(Z), Z the integers, and let £€ #, ke Z.
For n,meZ we define the unitary operators

(Um) &) (k):=E(k—n)
(V(m) &) (k): =exp (—ikm) £ (k).
Then we have for all n, meZ:
Un) V(m)=exp (imn) V(m) U(n).

Therefore the C*-algebra U generated by {U(n) V(m)|n,meZ} in ¥ () is not
commutative.

We choose a t€IR such that 1, ¢t and 27 are independent over the principal
ring Z and let V(t) be the unitary operator

V(1) ) (K): =exp (it k) (k).
Then U:=U(1) V{(r) is unitary in Z(s), and for T the inner automorphism
x—=U¥eoxoU, xeXZ(H),
we have
T(U(n)=exp(int) U(n)
T(V(m))=exp(—im)V(m),
whence for all n,me Z:
T(U®n)V(m))=exp(i(nt—m)) Un) V(m).

Hence T leaves the C*-algebra U globally invariant and is a *-automorphism
on A with {exp(i(nt—m)|n, meZ} in the peripheral point spectrum.
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Next we define a state ¢ on U as follows:

1 for n=m=0

Unv i= :
e(Um)Vm) {0 otherwise.

Since the set E:={U(n)V(m)|n,meZ} is linearly independent in 2, ¢ has a
unique extension to lin E which we denote again by ¢. Since for

x= i o, U(n) Vim)eU

i=1

we have
@(X*x): Z ’cxilza
i=1

the extension of ¢ to A is a positive trace and T*-invariant.

Next we want to prove that ¢ is faithful. For this let G be the compact group
given by the closure of {T"|nelN} in Z () (see 3.2) and let dg be the Haar
measure on G. For xe 2 we set

%:=[g(x)dg,
G

where the integral exists in the weak sense and defines an element in 2, since G
is compact. Since G is mean-ergodic in ¥ (W) and the fixed space of the dual
group G* in A* is one-dimensional, we have the fixed space of G one-
dimensional. Obviously X € Fix(7) whence X=A1 for some A€ C. If we identify
C with €1 and define for xeA

lﬁ(X)==(J3g(X)dg

then  is a faithful, T*-invariant state on Q. Since the fixed space of T* is
generated by ¢, we must have ¢ =y and therefore ¢ faithful. As in the proof of
3.2 we conclude that T is irreducible. []

3.3 Proposition. Let Te Z(N) satisfy the assumptions of Theorem 3.1. If there is
a primitive n-th root of unity in the point spectrum of T, then there exist mutually
orthogonal projections py, py, ..., D, 1 in U such that

n—1

Z pi=1 and T(p)=p,_, for ieZ/(n).

i=0
Proof. For n=1 there is nothing to prove, so let n=2. If eea(T) is a primitive n-
th root of unity with unitary eigenvector u e then T'(u")=u" by 3.2. By 3.1 we
can assume u"=1 and therefore

o) c{|0<ign—1}.

Since ¢ is a primitive n-th root of unity we have u*#+1 for 1<k<n—1 and
{u'|0<i<n—1} is a linearly independent set. Therefore the commutative C*-
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algebra C*(1, u) generated by 1 and u has linear dimension n, whence

ou)={'|0<i<n—1}.

n—1
In C*(1,u) we have the spectral decomposition u= ) &'p, where the p; are
i=0
n-1
mutually orthogonal projections with Z p;=1. Since the restriction of T to
i=0
C*(1, u) is a *-automorphism by 3.2 and since
n—1 . n—1 .
eu= ), &*lp=3 & T(p)=T(u)
i=0 i=0

we have T(p)=p
position. []

_4 for ieZ/(n) from the uniqueness of such a spectral decom-

i

Remark. If T is an irreducible positive operator on 4 which is not a Schwarz
operator, then Theorem 3.1 is not valid, even in the finite dimensional case. We
will investigate these problems in greater detail in a subsequent paper.
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