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How to Conjugate C!-Close Group Actions

Karsten Grove and Hermann Karcher *

The aim of this paper is to prove the following stability theorem for
group actions.

Theorem A. Let G be a compact Lie group and let M be a connected
compact differentiable manifold. Then any two C'~close G-actions on M are
conjugate by an explicitly defined diffeomorphism isotopic to the identity
map of M.

The existence of a map conjugating two C"-close G-actions has already
been proved by Palais [5]. Palais’ proof relies essentially on the fact that
there exists a representation of G in an orthogonal group O(n) and an
equivariant embedding of M in IR*. The main tool in our approach is to
define a “center of mass” for almost constant maps. This enables us to
define a specific map conjugating the two group actions if they are C*-close.

Using this notion of center we prove in the last paragraph a differential
geometric version of the theorem:

If M carries a Riemannian metric and one of the actions is by isometries,
then we say in terms of curvature bounds for M, independent of the dimen-
sion of M, how C'-close the actions have to be.

We hope that this will be useful in e.g. pinching problems, compare
the special case G=7Z, in Grove and Karcher [3] and also Shiohama [6].

A key point in our work was to find a useful “center of mass” of a
map. We thank D. Burghelea for stimulating discussions on that. He
arrived at such a definition for maps with connected compact domain
using properties of the heat equation and harmonic maps, — we believe
that his center can also be used to prove Theorem A for connected com-
pact Lie groups.

1. Center of almost Constant Maps

Let N and M be compact Riemannian manifolds and denote by
C°(N, M) the Banach manifold of continuous maps from N to M;
the component of the constant maps is modelled on C°(N, R"). The

* This work was done under the program “Sonderforschungsbereich Theoretische Mathe-
matik” (SFB 40) at the University of Bonn.
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tangent bundle TC®(N, M) is naturally equivalent to C°(N, TM) and
C°(N, M) carries a Finsler structure given by

(1.1) X o =max |X(p)]sqp  for all XeT; CO(N, M)

see e.g. Eliasson [1].

There is a natural embedding é: M — C®(N, M) defined by 2(m)(p)
:=m for all peN and all me M. Put é(m):= and é(M):=M. Then we
have the Banach bundle TC°(N, M)|z over M containing the tangent
bundle TM of M as a finite dimensional subbundle. We define now a
complementary bundle to TM in TC°(N, M)|. Let P: TC°(N, M)|;—
TC®(N, M)|; be given by

(1.2) P(X)(p)= [ X, (normalization: vol (N)=1)
N

for all XeTC®(N, M)|;; and all peN. P is a differentiable bundle map
with P2=P i.e. a bundle projection. The image of P equals TM, so
E:=ker P TC®(N, M)\ is a bundle with E® TM =TC°(N, M)|g.

The connection on M induces a connection on C°(N, M) such that
the exponential map of C°(N, M) is given by C°(exp): TC°(N, M)~
CO(N, M) i.e. for Xe T, C°(N, M) we have C°(exp)(X)(p)=exp;, X (p)
forall pe N, — see Eliasson [1]. Thus from the bundle projectionn: E- M
we get a differentiable deformation retraktion of a tubular neighborhood
U,:=C@exp)(E,) of M in C°(N,M) to M, — denote this by #:=
no C%exp) 'y,

Now if fe CO(N, M) is sufficiently C°-close to a constant map
e C°(N, M) we have feU,. We shall say that f is “almost constant”.
We define the “center of mass” 4(f) of f by

(1.3) G(f):=RofeM.
Then for any isometry A: M — M on M we have
(1.4) AoB(f)=%(A-f).

To prove this we just note that for the constant map ¢=%(f) we.have
[exp;tef=0 and A,cexp;'of=expyeoAcf, where A4, is the dif-
N

ferential of the isometry A.

2. The Conjugation Map

Let now N be a compact Lie group G with right invariant metric
and corresponding volume, and consider two differentiable G-actions
on M y;: GxM—- M, i=1,2. Choose a riemannian metric on M such
that u, operates by isometries. Let R, denote right translation on G
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by he G; we have for every fe C°(G, M) which has a well defined center
4(f) (i.e. feU,), that

2.1 C(N)=%(f>Ry).

Define now the map n: GXM—>M by n(g,m)=u(g", u2(g, m)
for all (g,m)eGxM and let 4: M — C (G, M)= C°(G, M) be the cor-
responding map 7 (m):=# (m, - ). It is easy to see that }: M — C°(G, M)isan
embedding and if u, is C-close to y,, then # is Ct-close to é: M — C°(G,M)
(e: GXM — M is the trivial action). Since # is of course C%close to é
we have that #(M)< U,, so

M

(2.2) S:i=fofj: M—> M

is a well defined differentiable map. Since = is a bundle projection and
fj is C'-close to & we have S=#of) is Cl-close to 1,,=7%0¢, i.e. Sis a
diffeomorphism on M isotopic to 1,,.

To complete the proof of Theorem A we show that S conjugates
py and p,. To this end, note that S(m)=%(i}(m)) for all me M, so using
(1.4) and (2.1) we get for each he G

g (1, S (m) = py (h, 6 (7 (m))
€(uy(h,*) o1 (m))

% (w1 (h,*)ofi(m)o Ry)
(g(A (uz (h, m)))
S(uz(h,m). Q.E.D.

(2.3)

Corollary 24. Let u,, 1,: H— G be two homomorphisms of the compact
Lie group H into the Lie group G with biinvariant metric. We can view
W, and p, as actions of H on G by isometries, namely left translations
wi(h, g):=p;(h)-g. If yu, and u, are C°-close then the map S(2.2) turns out
to be a left translation. In other words the subgroups p,(H), n,(H) are
conjugate in G.

Proof. By assumption the map #,: H— G, #,(h):=p, (h ™", p2 (h, 2))=
py(h=") - py(h)- g is almost constant so that the center %(7,)=:S(g) is
defined. Now (1.4) and #j,=R, o 7}, imply €(ij,)=%(7.) - g or S(g)=S(e)- g.
The left translation § is a diffeomorphism of G which conjugates the
actions yy, 1, and S(e)e G conjugates the subgroups u, (H), u, (H).

Remark. As example consider O (n) with scalar product {4, B):=
4 - trace AB*. The metric is so normalized that the shortest closed geod-
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esics—e.g. expt- A, 0=5t=2m,

0 O

have length 2 z. The cutlocus distance is n and for the sectional curvatures
K holds 0< K 4. It follows from (3.1) and (3.3) that a map into O(n) has
a well defined center if its image is contained in a ball of radius n/4
(actually n/3 with a refinement of (3.3)). Two subgroups u,(H), p,(H)

are therefore conjugate, if max d(py(h), uy (h))g%:—.

Corollary 2.5. Let M be compact, The identity 1,,€Diff(M) has a
neighborhood U, in the C'-topology, such that any homomorphism 1:
H — U,c=Diff(M) of a compact Lie group H is trivial.

Proof. By Theorem A t is conjugate to the trivial action of H on M.

Remark. The notion of almost constant map with a well defined
center can be extended to more general situations. Consider a map
f: X > C°(N, M), X of finite volume, N compact. We call f almost
constant, if for each neN the map f,: X > M, f,(x)=f(x)(n)eM is
almost constant. We define the center of f to be the map 4(f)e C°(N,M)
given by €(f)(n)=%(f,). The interpretation of the center is given by the
following: For every neN holds | expg () f(X)(n) dx=0. For example

X
an almost constant f: X — Diff(M) has a center in the space of maps
from M to M; according to the proof of Theorem A the center is actually
in Diff(M) if f is almost constant in the C*-sense.

3. A Differential Geometric Version of the Previous Construction

In this section we assume that M is a Riemannian manifold and that
the action y; of the compact Lie group G is by isometries. We describe
in terms of the Riemannian metric how close another action u, (by
diffeomorphisms) has to be to y,, so that the center-map is a well defined
difffomorphism conjugating y, and y,.

Let § be the minimum and 4 the maximum of the sectional curvatures
K of M, and let D be the minimum of the cut-locus distance d(p, C(p))
(a continuous function on M). Put p: =4 Dif A<0or p:=Min(( D,in4~?%)
if A>0. Then every metric ball B of radius < p is strongly convex, i.e.
for any points p, g€ B there is a unique minimizing geodesic from p to g
in M and this geodesic segment lies in B, see e.g. Karcher [4].

Proposition 3.1. Let X be a measure space of volume 1 and f: X - M
a measurable map such that the image f(X) of f in M is contained in a
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metric ball B of radius <p’ determined below, Then f has in B a well
defined center ¢(f)eB.

Proof. For every pe B we define a tangent vector «, at p by

(3.2 v,i= [expy ! f(x)dx.
X

We claim that the vector field p — «, is differentiable and vanishes only
at one point of B. Therefore in B the center €(f) is well defined. To prove
the claim we need the following:

Lemma 3.3. For qeM let ¢: [0,1]—> M be a geodesic with ||¢|=
B<2p and c(0)=q. Let J be a Jacobi field along ¢ with J(0)=0 (i.e.
J”+R(J, ¢) ¢=0 where R is the curvature tensor and “'” denotes covariant
derivative). Then for >0 we have,

, ANE sind* ft—56% ftcosdt Br
— <f{—1} .
IJ(@)—¢J (t)llz(a) Sn A5

WO
1 3
k(@ 8pWOI (eek(5.07)55)

and similar formulas for other combinations of signs of 0 and A (as will
be seen from the proof ).

d L
Proof. s J—=tJ, J—tJ>=2{—tJ",J—tJ) implies that

(34) IIJ(t)—tJ’(t)Héof lz-J”|| dt =max K] -ﬂz-oft~ 11 de.

For ||J|| we have the Rauch-estimates, see e.g. Gromoll, Klingenberg,
Meyer [2],

1J(0)] -6=*p~Lsin §* Bt if 6>0
[J@OI=3 17 0) - ¢ if 6=0
177 O)] - (=)~ * =" sinh(— 8 Bt if 6<0
and similar lower bounds with J replaced by A. Insert these estimates in
(3.4} and integrate:
1@t @) < 11J0)l| max |K]|- f2(6% )~ (sin 6* B — 6% f1 cos 6* ),
(resp. if 6<0: < [J'(0)] max K| B2((—8)*B)~>
-((—0)% Bt cosh(—9)* Br—sinh(—5)* 1) etc.).
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Now use the lower Rauch-estimates to prove the lemma:
IOt OIS O] - max K| (5% B)~°

-(sin 6* Bt—0% Bt-cos 6% Bt)- A% B(sin A* B1)~?
and similarly for 4=0 or 4 <0.

Remark. In pinching situations or if 4 <0 the lemma can be improved
by estimating |coskt-J—k~sinkt-J'| with e.g. 2k*=(4+9) B>

To continue the proof of Proposition 3.1 we choose p’' < p such that
B=2p in Lemma 3.3 implies that || J(t)—t J' ()| =g - |J(¢)|| for some g< 1.
We consider now the vector field + along a geodesic y defined by y(e)=
exp,&e- A with AeT,M and ||A]|=1. For each xe X we get the contribu-
tion exp;} f(x) to the 1ntegra1 v - Therefore define the family of geod-
esics (g, 1) =exp, (1 — 1) expys £ (x) which join ¢ (¢,0) = f(x) to c (¢, 1) =y(e).

d .
Consider then the Jacobi fields Jeo(t)=% c(gqy,t) along the geodesics
c(&p,.), obviously J, (0)=0 and J (1)=7(c). We get

d cle, )| =L, (1)=J.(1; x).

D
d expy(a)f( ) d d -

All these derivatives exist uniformly in B, therefore we have
D
dg

From J,(1; x)=7(¢) together with Lemma 3.3 we obtain

(3.5) Vo= | —Jo(1; x) dx.
X

(3.6 ‘v‘(s)+7i— vy S4- 1@

Therefore « is a differentiable vector field with isolated singularities. The
index of the vector field —o is +1, since at the boundary of the convex
ball B »is an average over inward pointing vectors (and B is contractibie).
From this we have that » has at least one singularity. On the other hand
(3.6) implies that if y is a geodesic leaving an isolated singularity of «,
then the component of » in the direction — 7 is strictly increasing, so the
index of each singularity of —« is + 1, — thus +has exactly one singularity
in B, the center €(f). (3.6) implies also d(p, €()) < |lv,ll - (1 —g)~".

Let now X be a compact Lie group G with right-invariant metric of
volume 1. Let u; be an action on M by isometries and p, an action by
diffeomorphisms. As in Section2 we consider the map n: Gx M —M,
and we denote now #(m): G— M by #,, and similarly % (g, -): M — M by #&.
We assume that the actions are so close in the C°-topology, that for each
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me M we have that 5,,(G) is contained in some convex ball B, as described
in Proposition 3.1. We therefore have a unique center of mass of nm in B,
Assummg now that for all me M 7,,(G) lies in a ball of radius 1 p’, then
there is in M a unique center S(m):=%(y,,) with the property

1eXP5 (o Mtmll co <0,
i.e. C°(exp) is a diffeomorphism on E,,, see Section 1, thus S: M~ M 1s
differentiable. (In the notation of Section 2 S = o#}, where 7 is defined on
U,) As we have seen in Section2 u(g, S(m)=S(u,(g m) for all
(g, m)eGx M.

Proposition 3.7. There is an explicit condition(3.15) for the C'-
distance of u, and p, which guarantess that S is a diffeomorphism, and a
slightly sharper condition so that S is even isotopic to 1.

Proof. We fix me M and a unit tangent vector Ae T, M. Put ¥ (m)=:m
15 (A)=:4,€T, M and S(m)=:c. Let y,: [0, 1]->M be the geodesic from
c tom,ie yg(O) c and y,(1)=m,, put {|7,]=:B,. Next consider c(e):=
S(expms - A) and the geodesics y,, from c(g) to m,,: =n*(exp, ¢ - A). By that

we get the Jacobi fields J, (t)— d ygs(t) with J,(0)=S5,(4) and
J (1)=A4,. Moreover, bydeﬁnmon of c(s)wehave f 7¢.{0)dg=0and thus

(3.3) [ 1,0 dg= [ };©0)=0.
G G
We shall now approximate S, (4) by an average of the A4, parallel

translated to ¢(0)=S(m) and thereby derive S,(4)+0. Let us split J, in
J,=Y,+ Z,, where Y, and Z, are Jacobi fields along y, with

(39) LO)=0, Y()=4,

and

(3.10) Z,(0)=5,(4), Z,(1)=0.
Lemma 3.3 gives us

(3.11) 1Z,(0)+Z, (0| Sk (4, 6, B) - 1 Z,(0)]].

Similarly we have to compare Y;(0) and B,=parallel translate of 4,
along y, to 7,(0)=c. Therefore

Lemma 3.12. If J is a Jacobi field along y with J(0)=0 and P, denotes
parallel translation along vy, then, if 6>0,

IJ()—¢- BT (O)]
<max |K|-6~%-(6* ft—sin &2 Bt)- 4% - (sin 42 B1)~" - |J (D)
and similar estimates for other signs of o and A.

2 Math.Z,, Bd. 132
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Proof. Put W=J—t-BJ'(0), hence W"'=J"= —R(J,¢)¢. Let Q be
the unit parallel field such that Q(t)= || W(z)| ~* W(z) for a fixed 7. Then

W@ =<W(2), Q(T)>=§r(§ (W", Q0= M max K| B* |71,

we insert the upper Rauch estimate to get
IW@)| < 1J/0)] - max |K]| - 6=% p~*(6* Bt —sin 6* B),

and the lower Rauch estimate to complete the proof.

Remark. Also this lemma can be improved for pinching situations.
Continuing the proof of Proposition 3.7 we get from Lemma 3.12

(3.13) 1B, — Y, 0)| =k, (4,0, Bp)- [ Al

We approximate now S, (4)= [ Z,(0)dg by | B,dg:
G G

Gj Z,(0) dg—g B, dg(fs)Gj (Z,(0)+ Z,(0)) dg—Gj (B,— Y, (0)) dg,
hence by (3.11) and (3.13)

(3.14) HS*(A)—GIBg dg|<k (4,6, P) - 1S, (Al +G,sz(A,5, Be)- 14l dg.

This inequality contains the desired information. We make now the
assumption that the two actions of G are so close in the C'-topology,
that parallel translation of A, along any once broken geodesic form m,
to m in B, gives a vector PA, such that ¥(4, PA,)S®,. Then (3.14)
implies that if

(3.15) ki (4,6, p)<1, k,(4,0,B,)<cos P,
we have

(1+k. (4,8, B) 15, (A Z | (cos @, —kz (4,6, By)) - 1 4] dg>0.

¢
So (3.15) is the condition for S to be of maximal rank and since S is also
homotopic to 1, it is a diffeomorphism.
Moreover if ¢:= (S, (A), | By dg) we have from (3.14) and (3.15) also
¢

1+k,

. inp<k +k, ———.
(3.16) sin p =k, +k, cos &, k,
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Therefore we have also an explicit condition for S to satisfy the assumptions
of the diffeotopy Theorem 3.1 in Grove and Karcher [3], so S is then iso-
topic to 1.

Example. In the case of M being the standard sphere i.e. d=4=1we
can, knowing the structure of Jacobifields on the sphere (compare (3.9)
and (3.10)), obtain more explicit estimates. With X*# denoting the
reflection of the vector X € Ty, M at the tangent hyperplane orthogonal
to y, we have,

[(1—0,) S, (A)ydg— [(1+¢,) PA, dg
G

(3.17) ¢
= (o, S*(A)*gdg—GjegPA;"gdg
G
where
1 B 1 B
. t=e |1 —— = —g—l).
(3.18) % 2( tan,Bg) and & 2 (sinﬁg

Except in the case G=Z, all the reflections “*¢” are different; there-
fore it is not obvious how to get a reasonably sharp sufficient condition
from (3.17). A rough one is: If for all meS§" #,,(G) lies in a ball of radius

5% and ¢,<76° for all geG then y, and u, are conjugate.

Since a spherical triangle in a ball of radius r=45° (=36°, =30°) has
area <55.5° (£33.1°, £22.2°), we can guarantee ®,<76° if the angle ¥,
between AT, S" and A4,e T, S" parallel translated from m, to m along
the unique shortest geodesic is <@,-area, i.e. £20.5° (£42.9°, <53.8°).

Added in Proof. § 3 gives a proof of Theorem A without using Banach
manifolds except for the differentiability argument for S on top of p. 17.
To give a completely selfcontained differential geometric proof of
Theorem A we prove the differentiability of the conjugating map S as
follows:

On the neighborhood U = {(m, n)e M x M |d(m, n)< p} of the diagonal
of M x M we define the map

v: U»TM by v(m,n):= [exp,'(ym(g) dge .M.
G

We know v(m,n)=0=n=%(x,)=S(m); therefore graphS=v"'(2Z),
where Z is the zero-section of TM. Now we prove that already the partial
map v(m,*): B, (m)—» TM is transversal to Z. Then graph S is (i) a
differentiable submanifold of U and (ii) has no “vertical” tangent
(=tangent to the second factor of M x M), hence S is a differentiable map.

To prove the transversality assume v(m, n)=0, note that v(m,*) is a
vector field on B, consider geodesics y with y(0)=# and their image
curves under v(m,*)in TM: X(t)=v(m, y(t)). We identify (z,, K): TTM —

2%
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TM@® T™M, G.K.M. [2] p.45, where 7, is the differential of n: TM - M
and K is the connection map. Under this identification X (0)= (3, D;X) (0),
while tangent vectors to the zero-section are represented by (7, 0). Now
(3.6) proves the transversality.
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