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Summary. A system of N particles in RY with mean field interaction and
diffusion is considered. Assuming adiabatic elimination of the momenta the
positions satisfy a stochastic ordinary differential equation driven by Brownian
sheets (microscopic equation), where all coeflicients depend on the position
of the particles and on the empirical mass distribution process. This empiri-
cal mass distribution process satisfies a quasilinear stochastic partial differential
equation (SPDE). This SPDE (mezoscopic equation) is solved for general mea-
sure valued initial conditions by “extending” the empirical mass distribution
process from point measure valued initial conditions with total mass conser-
vation. Starting with measures with densities in Ly(RY, dr), where dr is the
Lebesgue measure, the solution will have densities in L,(R?, dr) and strong
uniqueness (in the Itd sense) is obtained. Finally, it is indicated how to ob-
tain (macroscopic) partial differential equations as limits of the so constructed
SPDE’s.
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1 Introduction

In this section we give the basic definitions of the microscopic model of N
interacting particles (1.1), driven by noise which is white in time and corre-
lated in space (SODE(1.12)). Moreover we derive from the microscopic model
the mezoscopic one as the empirical process, (1.2), which by It6’s formula
(Lemma 1.3) satisfies the quasilinear SPDE (1.25).

Let N point particles be distributed over RY, where d is arbitrary and fixed.
The position of the ith particle at time ¢ will be denoted by ri(¢), which is
by assumption in R? for all i. We will assume that by some kind of adiabatic
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elimination we can neglect the momenta (cf. e.g. [17]). Thus we consider the
position of the N-particle system at time ¢ as a point in R™| ie.,

0),...,N()) e R, (1.1)

and a description of its time evolution will be a microscopic model for the
particle distribution. Typically one derives from mechanical principles ordinary
differential equations (ODE’s) or stochastic ordinary differential equations
(SODE’s) for (1.1) (cf. e.g. [19,12,22,17] etc.). We will call such equa-
tions (describing the position of each particle, usually in dependence on the
position of the other particles) microscopic equations. Now let the mass of
the ith particle be a;. Then the empirical mass distribution at time ¢ of the
N-particle system is given by

N
%N(f) = ;a;ér;(t» N (1.2)

where 8, is the point measure, concentrated in » € R?. In other words, %y (1)
is a measure process and for 4 C R, (1, 4) = Z?’:1a,-1{,i(t)eA} describes
the mass in 4 at ¢ irrespective of which particular particles are in 4 at ¢,
i.e., Zy (¢) reduces information given by (1.1) to the relevant one as far as the
mass distribution is concerned. On the other hand, if we agree to call a mass
distribution macroscopic if the particle structure cannot be seen and stochastic
fluctuations are absent then we may call a description of the time evolution of
(1.2) a mezoscopic model, in particular, if stochastic fluctuations are present
in (1.1), which we will always assume. Our goal is to derive a stochastic
partial differential equation (SPDE) for (1.2), which will be called a mezo-
scopic equation. Under physically and mathematically reasonable assumption
on (1.1) this SPDE will be extendible from sums of weighted point measures to
measures having densities with respect to the Lebesque measure dr on R?. Then
as a certain parameter, the correlation length of the fluctuation forces in (1.1),
tends to 0 the solution of the SPDE will tend to the solution of an (integro-)
partial differential equation (PDE), which we will call a macroscopic equation
for the mass distribution.

Our approach is motivated by the author’s derivation of a stochastic Navier—
Stokes equation for the vorticity of a two-dimensional fluid [16]. The corre-
sponding mezoscopic description %y (¢) n that case is a sum of point measures
multiplied by intensities @; € R, i.e., by point measures in the position of point
vortices with positive and negative intensities. To include this case as well
as other possible signed measure valued cases (cf. [10]) we will allow the 4,
in (1.2) to be positive and negative and just call them positive and negative
“masses”. So let a™ >0 be the total “positive” mass of (1.2), a~ = 0 be the
total negative mass and a := @™ + ™. These quantities will be fixed throughout
the paper. Set

M := {u: u is a finite signed Borel measure on RY, pERY) = ai} ,

where put and u~ is the Jordan decomposition of p and for any Borel set
A4 C RY and nonnegative numbers b, b~ u*(4) = bt if and only if u*(4) =
5" and p (4) = b~ First we define a metric on R? by



Quasilinear stochastic partial differential equations 161

p(r,q) == (Clr —q| A1), (1.3)

where r, ¢ € RY, |r — g| is the Euclidean distance on R?, ¢ some positive con-
stant and “A” denotes “minimum”. If g, 7€ M we will call positive Borel
measures OF on R* joint representations of (u*, i), resp (u~, i) if OF
(4 x RY) = uF (4)a® and 0F (R? x B) = iT(B)a™ for arbitrary Borel sets
A4, B C RY. The set of all joint representations of (u*, it), resp. (u=, 4™) will
be denoted by C(u™, iit), resp. C(u=, i~ ). For p, i€ M and m = 1, 2 set

(1, ) = inf dr, dg)o™ (r,
¥ (1 1) Q+€C(HW+)IIQ (dr, dg)e" (. 9)

1/m

+ iof  [[O7(dr,d)e"(na)| (1.4)
Q- eCu™.A")

where the integration is taken over RY x RY. (We will not indicate the inte-

gration domain when integrating over R?.) By the boundedness of ¢ and the
Cauchy—Schwarz inequality

1
v ) 2 () 2 — i ) (1.5)
where “V” denotes the maximum of two numbers.

After normalizing the measures by p* — p*/a® (setting p~/a~ =0 if
a~ = 0) the Kantorovich-Rubinstein theorem implies y, (g, i) = 0 if and only
if ¥ =g and p~ = i~ [8, Chap. 11]. The triangle inequality for y,(y, &)
follows as for the Wasserstein metric (which is y;(u*/a*t, i /a*) for p*/a™
and fit/a"). Hence y, is a metric on M, and M endowed with y, will be
denoted by (M, 72). By (1.5), the Prohorov and the Kantorovich-Rubinstein
theorems (M, y,) 1s complete (cf. [8,11.5.5 and 11.8.2]). Moreover, as in the
Wasserstein case (cf. [7, Appendix, Lemma 4}) we obtain that the set of lin-
car combinations of signed point measures from M is dense in (M, ). For

fe C(Rd, R) the space of real valued continuous functions on RY, we sct

Pﬂﬂ—ﬂﬂ}.

= sp

r.qeRd,r#q

(1.5) and the Kantorovich—Rubinstein theorem imply

v | <u—f@ f>7]. (1.6)

1

i) 2 —————— s

D2 5@ Ve iite
Next we introduce the stochastic set-up. (Q, #, %, P) is a stochastic basis
with right continuous filtration. All our stochastic processes are assumed to live
on € and to be #;-adapted (including all initial conditions in stochastic ordi-
nary differential equations (SODE’s) and stochastic partial differential equations
(SPDE’s). Moreover, the processes are assumed to be dP @ dt-measurable,
where dt is the Lebesgue measure on [0, 0o). Let wy (7, ) be i.i.d. real val-
ued Brownian sheets on R? x R,, £=1,...,d (cf. [26, 14]) with mean zero



162 P. Kotelenez

and variance ¢|4|, where 4 is a Borel set in R? with finite Lebesgue measure
|4|. Adaptedness for w,(r, ) means that | we(dp, t) is adapted for any Borel

set A C RY with 4] < oo. Set w(p, ) := (wWi1(p, 1),...,wa(p, 1)), where T
denotes the transpose.

For m € N let C! (RY,R) be the space of m times continuously differen-
tiable bounded real valued functions on R, where all derivatives up to order m
are bounded, Cj' (Rd, R) is the subspace of C7' (R4, R) whose elements vanish
at infinity. If f € CJ"(R%, R) we set

m = 8"" y
1 /1+E§z:,,1 sup, 1021,.., T ()]
where
o1 gh
it O = Gy a1

and r, is the ¢th coordinate of r. If we take only one partial derivative, say
with respect to r,, we will just write J,.

For p = 1 let Lp(Rd, dr) be the space of Borel measurable real valued func-
tions on RY such that [ |f|P(r)dr < co. We set

(Ho, (+, +)o) := (L2 (R, dr), {+, )o)

where (-, -)o is the standard L,-scalar product on Hy, and |-|¢ will denote its
associated norm. We will describe the interaction of a specific particle with
the other particles and with the surrounding random medium through smooth
kernels. The contribution of the interaction of this particle with » particles to its
motion will be weighted by positive numbers p, = 0, ¢, = 0, n € NU {0},
such that

5O
o= 5 pand (14 2+ LT ay) < 00,
n=1

. 2

&= (zq,,(n +)@+a "+ D1+ H+ a%-l{a_>o})> < oo, (L7)
n=0

where 1~y =1ifa” >0and (1/a") lyp-50p:=0ifa” =0.If f €Ly

(RY,dr) and p € M, we set

[f(r = p)u(dp)
frup(ry = =[...[fr—(p1+...4 p))u(dp1)... u(dpy,) if n =2 1,
f(r), if n=0.

The particle—particle interaction is governed by a sequence of kernels K, =
Kiny - Kan): R? — R? such that
(i) KmeCLRLRYNLI(RY,dr) forne NU{0}, ¢=1,...,d,

() sup  max {||[Kzl|li + |[IKzalllc + [1Kenl (r)dr} =t ck < 0. (1.8)
neNu{o} £=ld



Quasilinear stochastic partial differential equations 163

Similarly, the particle-medium—particle interaction is governed by a sequence

of kernels I}, = (Izn): RY — Myxq, the d x d-matrices over R, such that for

some m = d/2+ 1

(i) TLim=DLmeCPRLRINH, forne NU{0}, k¢=1,...,d,

(i) sup - max {||IGenlllF + T knlllZo + Hhenl 3} =t ¢} < 00, (1.9)
neNU{0} £=Lmod

where for suitable f: R? — R

2 Supflf(r—p)—f(q“p)lzd
g

7 o)

H

15 = llf!l%ﬂ“{é 10115 + i 1ok 15 -

k=1

Example 1.1 Let ¢ > 0 and

- , 1 Ir—q? \*
Fs(r - q) = {(an)d/Z exp(—. e )} .
Further, let p(r, q) :== ((|r — q|/v/8€) A 1). (1.9) can be easily verified for

Tien = Telrs (1.10)

for all n where 0, =1, if k=7, and =0, if k7.
Let us now introduce the following abbreviations:

Fu,ry= Y, puKuxu™(r),

n=0
Jr) = Zoqnfn * 1 (r), (1.11)

n=
where u € M. In what follows N is fixed, ;€ R, i=1,...,N, Za,go a; =
at, — g <0@ =a . We will assume that the positions of our N-particle

system satisfy the following SODE:

dri(1) =F (2 ®, rF(O)dr+ [ F (% @), ' (1) — p)w(dp, di)
FO)=r, i=1,...,N, ()= %aié,,-(,) . (1.12)
i=1

Remark 1.2 (i) Let {¢, }nen be a complete orthonormal system (CONS) in Hy
and define an .# ;. -valued function ¢, whose entries on the main diagonal
are all qZ)n and whose other entries are all 0. Then for any adapted processes
(1) and #() with values in M and R?, respectively,

JF(u(t), r(t) — p)w(dp, dt) = i_o)l J A @), 7(t) — p)pn(p)dpdp" (1),
(1.13)
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where f"(¢) are RY-valued i.i.d. standard Wiener processes. The right hand
side of (1.13) defines the increment dM (u(t), r(¢),t) of an R?-valued square
integrable continuous martingale. For the verification of this statement it is
enough to show that the quadratic variation of the right hand side of (1.13) is
finite. Let {M] denote the quadratic variation of R-, R?- or Hy-valued square
integrable martingales M. It will be clear from the context which state space
is underlying in the definition of [ ]. The mutual quadratic variation of the
one-dimensional components of dM (u(f), r(t), ¢t) are (formally) given by

d[M (u(0), r (1), 8), My (p(2), 7(2), 1)]

It

o d - ~
32 S A (u), v (t) = p) b, (pYdp [ 2 (u(2), (1) — p) &, (p)dpdt

n=] j=1

I}

d
Z} S Fi (@), r(t) — p) Fzj (u (), r(t) — p)dpdt
=

d -
Zl G [ Tigm * 0" () (r (¢) — p)pis + @™ () (r (t) — p)dpdt .
j=1m

(1.14)

“§1

Hence, by (1.7) and (1.9)

[M ((2), (), ), My (u(2), 7 (1), )] £ depe . (1.15)

This shows that (1.14) is rigorous and altogether it follows that we may view
(1.12) as an (1t6) SODE driven by infinitely many i.i.d. Wiener processes.

(i) In view of the aforementioned adiabatic elimination we see that the
right hand side of (1.12) is the sum of the slowly varying (F) and rapidly
varying ( f F(-,- — p)w(dp,-)) components of the forces acting on the ith
particle. The dependence of ¢ on Zy(t) (the “mean field”) reflects the fact
that the action of the medium on the ith particle itself depends on the position
of the other particles. O

We now check that (1.8) and (1.9) imply suitable Lipschitz conditions on the
coefficients in (1.11). Suppose u, i€ M and r, 7 € RY. We easily verify

|F(p, ) = F(u, D) < ckeap(r, 7). (1.16)

Next let f be a Borel measurable real valued function on R? with ||| f]|] <
¢ < 0. Then for any n € N

[ J L= (Ert o+ EDdE)) .. p(dEy) — f(dEy) ... fi(dE,)))]
< e 'nV2y(u i) . (1.17)

Indeed, set

Paoi (i, ANdEs, . .., dEn) = éu(déz)--#(déi)ﬂ(d§i+1)---ﬂ(d€n) . ()
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where by definition the product measure on the right hand side of (*) equals
A(déy) ... i(dé,) for i =1 and p(déy) ... u(dé,) for i = n. Then we easily see
that the left hand side of (1.17) equals

|[ o J £ r =&+ + 8D (ulder) — B(dE))Pr (1, @)(ds, ... dCy)
@ n s [ (= £+ D) (dl) — A

a"'n s?pg L[ fr=E+0)

— f(r—n+ Q%@ dy)| (1.18)

with arbitrary OF € C(u*, i) and 37, _b* :=b* +b™. Since p(r,q) =
p(r — ¢,0), and Q% arbitrary in (1.18) we obtain from (1.18) and the Cauchy—
Schwarz inequality (1.17). (1.17) in addition to (1.3),(1.7) (implying
independence of #), (1.8), and (1.11) implies for any 7

A

A

|F (4, 7) = F (i, 7)| < cxcaV2dya (i, fi) - (1.19)
(1.19) in addition to (1.16) implies

|F (1, r) = F (i, 7)| < cxca{p(r, 7)+ V2dya (1, D)} - (1.20)

Similarly we obtain first

(S Er—p)— £ 7 — p)yw(dp, d)]

d .

< S Y gua"mgpai su}_){ (f(ijm(r —p+0
k,j=1m,m 0.l
1/2
~ Tyn (7= p+ O dp)
. o 1/2

([Tt - p+ D= TyaG - p+ DPdp) " }ar

< d*EEp*(r, F)dt . (1.21)

Then, as in the derivation of (1.18)

(I r = py~ AL, r — p)ywldp, dt)]

d )
< Y aY gua" mgza™ isup
Sk=1 m# g

{;ﬁfff(rkjm(r—p—5+C)—ijm(r—P—’1+C))2
12
xdp QF (d¢, dﬂ)}

{;ﬁf”(ﬂj»’z(r—p—€+5)—ka(r—p—f1+f))2
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1/2
xdp QF (d, dn)} dt
< dPEG Y [ o7& n)QF(de, dn)dt (1.22)

with arbitrary Q% € C(u%, fit). Since OF are arbitrary we obtain from (1.21)
and (1.22)

[f(F (. r— p)— F(iL, 7 — p))yw(dp, dt)] < 2d>Ect{p* (r, F) + a3 (i, i)} dt .
(1.23)

Next we will derive the (mezoscopic) SPDE for the mass distribution Zy(¢)
associated with (1.12), assuming that (1.12) is solvable.

Let teMand r € RY. Set

d
Dy (u, r) = = IMi (7, 1), M (g 7, 1)] (1.24)

(cf. (1.14)). By assumptions (1.7) and (1.9) Dy (1) := Die(pt, ) € CF (R, R)
and Fi ()= Fee(t,*) € Cg(Rd, R)NHy.  Similarly  F(p):=F(u,-) €
CYRY,RYNL (R, R) (cf. (1.11)). Let V be the gradient on R? and - de-

note the scalar product on R?. Consider the following quasilinear SPDE on
M

az = { S @, (Dee ()T — v(@"F(%))} dt
k=1
V- (Z[IZ,- — p)wldp, dt)), (1.25)
TR, NE 2+ (R?, () € M (conservation of mass). (1.26)

J X, - — p)w(dp,dt) is treated as a density with respect to %, ie.
X [ 4%, - — p)yw(dp,dt) is the R%-valued (signed) measure [A2Z, - —
p)w(dp, dtY&(d-). Similarly for Dy (Z)Z and ZF(Z). A weak solution of
(1.25) is by definition a continuous M-valued adapted process Z(¢) which
satisfies

d
d(Z, p) = {% 2 <%,Dkf(5v“)5i/</>>+<%,F(%’)-pr>} dt

k(=1
+<'%‘7fj(%:' —p)W(dp,dt)'V(,D>, (127)

where ¢ € Cg(Rd, R) and {-,+) is the duality between measures and cle-
ments from Cb(Rd, R), which is an extension of (-, -)o. The restriction to
C3(R?, R) is motivated by the fact that for those ¢ |||0,¢]||, and |||8%,0|||. <
oo for k,/ = 1,...,d and, therefore, the right hand side of (1.27) is defined for
Z € (M, y;). The fact that ¢ vanishes at infinity allows fo come from (1.27) to
(1.25) through integration by parts, where in (1.25) the derivatives have to be
interpreted in the distributional sense. That (1.25)/(1.26) is also the “correct”
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SPDE for the mass distribution associated with (1.12) follows from the fol-
lowing lemma.

Lemma 1.3 Suppose (1.12) has a solution (r' (t, vy),..., ¥ (t, ). Then Zy(t)
1= Y0 by is @ weak solution of (1.25)/(1.26).

Proof.

(i) Zw(¢) satisfies (1.27) by It6’s formula.
(ii) The mass conservation (1.26) follows from the construction. [J

Let us now briefly describe the content of the following sections. In Sect. 2 we
show existence and uniqueness for the (microscopic) SODE (1.12). In Sect. 3
we show existence for the (mezoscopic) SPDE (1.25)/(1.26) for any (adapted)
initial condition %;. The solution is constructed via extension by continuity of
(@ Iv(0)) = T (s, v (0)) = Zu(t) to &1, %) and by showing that this
“extension” is a weak solution of (1.25). In Sect. 4 we show that if % €
Hp then Z'(¢, %) € C(]0, 00); Hp) a.s. (Hp-valued continuous functions), and
we obtain an equation for || % (z, Z)||3" . This equation shows in particular
that (1.25) does not satisfy the coercivity conditions in Pardoux’s variational
approach [23] and its generalization by Krylov and Rozovskii [18). In addition
to (1.12) we consider in Sect. 2 a microscopic equation where the measure
valued input is not the empirical process but some arbitrary process %(z).
The empirical process associated with this SODE satisfies a “bilinear” SPDE.
Results on this “bilinear” SPDE and the quasilinear SPDE are used to prove
uniqueness for (1.25)/(1.26) in Sect. 5 provided %y € Hy. In Sect. 6 we look at
a special semilinear case of (1.25)/(1.26), where I'yzp(r) = I'o(#)0ss. Referring
to [16] we conclude that under these assumptions the solution of (1.25)/(1.26)
tends to a macrescopic PDE if £ — 0 (the correlation length of the fluctuation
forces tends to 0) for appropriately chosen initial conditions.

Next we comment on the basic idea of our approach and some related
work and on other approaches to SPDE’s. The solution of the (mezoscopic)
SPDE (1.25) is obtained by solving the (microscopic) SODE (1.12) for an
arbitrary number of particles but keeping the total mass constant, and by
extending the empirical process associated with (1.12) to other measure-valued
initial conditions. The idea to start with microscopic equations (for the posi-
tions of branching particles) and then to obtain the mezoscopic mass distribu-
tion by some sort of extension appeared already in [5], which laid the basis for
a new area, namely “superprocesses”. By choosing finitely many uncorrelated
Brownian motions the empirical process in Dawson’s case does not directly sat-
isfy an SPDE. Indirectly, however, in the one-dimensional case the martingale
problem is well-posed for a diffusion limit of Dawson’s model. Correlations into
the fluctuation forces for a system of N interacting and diffusing particles were
to our knowledge first introduced by Vaillancourt [25] but again restricting the
noise to N Brownian motions for N particles, which again excludes the empiri-
cal process Zy (¢) as a candidate for the solution of an SPDE. Looking at (1.13)
we see that an essential difference to Vaillancourt’s model (and other particle
models) is the perturbation of each of the N particle positions by the same
infinitely many Brownian motions. It is this feature which leads to Lemma 1.3
and the extension procedure in Sect. 3 with the result that our solution is
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strong in the probabilistic sense (on the same (2, #, %, P), same Brownian
sheet). In Vaillancourt’s model one can get weak solutions (in the probabilis-
tic sense) for some infinite particle limit by solving a martingale problem [6].
Since solving (1.25)/(1.26) is achieved by solving (1.12) and extension we will
call this the particle approach to SPDE’s. It should be mentioned that in the
absence of fluctuation forces, i.e., where (1.12) becomes an ODE, this approach
is used to obtain numerical solutions of certain first order PDE’s, e.g., of the
Euler equation for the vorticity of an incompressible ideal two-dimensional fluid
(cf. [20]). Finally, we want to mention Borkar’s paper [1], where the SODE for
the position of one particle in a random medium (represented by a Brownian
sheet and random measures) is considered. Also the time evolution of an
associated mass distribution (not the empirical distribution of an N-particle
system) has been analyzed in [1].

Apart from the aforementioned relation of our approach to Dawson’s and
Vaillancourt’s work it is essentially different from the techniques (and the
spirit) used so far, say the semigroup approach ([3, 26, 13-15], etc.), the varia-
tional approach (Pardoux, loc. cit., Krylov and Rozovskii, loc. cit., etc.) as well
as from the general functional analytic methods used to derive strong solutions
of certain quasilinear SPDE’s by Dalecky and Goncharuk [2]. In particular,
the assumptions on the fluctuation part in Daletcky’s and Goncharuk’s paper
are quite restrictive and not satisfied by (1.25). Gértner [11] uses a system of
diffusing particles with mean field interaction to obtain quasilinear macroscopic
PDE’s. An adaptation of his techniques to our framework should yield macro-
scopic limits for (1.25) also in the general quasilinear case provided that the
fluctuation forces for different particles become uncorrelated in the limit. This
problem will be investigated in a forthcoming paper.

Let A be the Laplacian, considered as a self-adjoint operator on Hy. [ is
the identity operator on Hy. Set 4 := (/ — 1/2A). Then for any o« € R, 4* is
defined through the spectral resolution of 4 and is self-adjoint. Let C§° (R%, R)

the subspace of Cy' (Rd, R) whose elements are infinitely often differentiable.
For o0 = 0 set

<(P, lzb)d = <A% ?, A%l//>0

and [|¢|li= (0, 9)s”, where ¢,y € C°(R%, R).

Let H, be the completion of Cj° (Rd, R) in Hp, identify Hy with its strong
dual Hj and denote by H_, the strong dual of H,. The norms || - ||, on H_,
are Hilbert norms, and we easily see that if ¢, € Hy

(@)= (430,473
(cf. [13]). Hence we have the scale of Hilbert spaces
H,cHscHy=Hy cH_;CH_, (1.28)
for 0 £ f < « with dense continuous inclusions. By [24]
H, c C'(R% R)

if m + d/2 < « with continuous inclusions. Since |||-|||1 is stronger than ||| - |||z
we obtain
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(M, ) CH_, foralla>1+4d/2. (1.29)

Finally, some remarks about notation. If M, and M, are metric spaces
C(My, M;) is the set of continuous functions from M; into M,. If B and B
are normed spaces, % (B, B) will be the space of linear bounded operators
from B into B and ||| (8,# the usual operator norm on £ (B, B). For B=B

we will just write #(B) instead of (B, B). If we want to specify on
which variable a given differential operator acts we will indicate this by writ-
ing the variable as a subscript, e.g., (A, f)(7, ¢) means the Laplace operator
acts on f(-,q) as a function of r, and ¢ is considered a parameter. Finally,

we will endow RN with the metric py(ry, gv) := max, <; <y p(+', ¢'), where
=L L)), gy =g, ¢") e RV,

2 The microscopic equations

We derive existence and uniqueness for the (microscopic) SODE
(Theorem 2.2). In this derivation we also obtain bounds for some other
{microscopic) SODE’s which depend on some given measure processes (which
are not necessarily the empirical processes associated with those equations

((2.2)).
Set

M, := {# € M : 4 is a finite linear combination of point measures on R?} .

Further, we introduce the following metric spaces of My, resp. M valued % o-
measurable random variables and of continuous adapted M-valued processes:

My =L ((My), Mo =Ly (M), M1 = L(Q; C([0, T;M)),

where the metric on the first two spaces is given by (Ey3(u, )2 for u, ji €
M and on the last one by (E supy<,<p v2 (tr, fiy))/? for w, fi, € Mo 1. Note
that .#y and .#[o 7 are complete, since M is complete. In what follows we
will always assume that our random variables are adapted if this does not

automatically follow from their definition. Consider the following R%-valued
SODE:

dz(t) = F(Y(t),z(1))dt + [ F (¥ (1), z(t) — p)w(dp, dt),
z(0)=zy, ¥ e ﬂ[(),T] . (2.1)

Denote a solution of (2.1), if it exists, by z(¢, %, zy), and let % be the Borel
o-algebra on RY.

Lemma 2.1 (I) There is a unique F,-adapted solution z(+, %, zy) € C([0, o0);
RY) as.

() Let ¥, %, € Mpo,1) and zq,1, 20,2 two initial conditions. Then for any
T'>90
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E sup p*(z(t, %1, 20)), 2(t, U2, 202))

0=¢sT

< 3exp (e, r k(T + T)){EP2 (zo,1,202) + Corx(T+ 1)

T
x [ER (W (s), (s)) ds} : (22)
[}

where
Corx = EdH {22k + dPEcL) . (2.3)

(II1) For Vt = 0 the map (w, &) — z(t, ¥ (0), w, &) from QxR into
RY is #, @ B — B-measurable.

Proof. (i) Let g,(-) be R%-valued, adapted and dt ® dP-measurable stochastic
processes, £ = 1, 2. Set for £ =1, 2

4 (6) = q/(0) + J‘F(@As), 4o (s)ds + !ff(% (). 4,(s) = p)wdp, ds) .
(ii) By (1.3) and (1.16)

p (be(@l(S), q1(s)) ds, LjF(@I(S)a 92(5)) dS) < c_cKcadbfp(%(S), q:(s)) ds .
Further, from (1.3), (1.7), and (1.18) we obtain

p (f F(@i(s), g2(s)) ds, j F(@As), 92(5)) dS)
0 0

< éegy) [sup|f [-L0OF (s, dE dn)(K(g2(s) — & — p)

=0 P
~K(g2(s) —n— p)lds (2.4)

(with O (s) € C(FE (s), % (s)) arbitrary). Moreover, by (1.3) and (1.19)
b (Of'n% (), 02(5)) ds, 6f F(@(5), 42(s)) ds)
< c'cacKﬁdofyz(@/l(s), @, (s))ds . @5)
(i) By (1.21)
Lf JLF@6) 01 6) — ) — F@h(s), 02(5) — p)bw(dp, ds)]
< dzéic%of P1().02(5))ds

and by (1.22)
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¢
{ff{f(%(S), q2(s) — p) — F(¥a(s),q2(s) — p)}w(dp,ds)
Y

d y
< > aY qud™ 'mgza” i sup
Jk=1 m i 4

S

{;# S [ (Tim(g2(s) — p — E+0) — Tijm(g2(s) — p — 1+ O))?
1/2

xdp Qi(s,dé,dr/)}

{;_;I;f [ Tikaa(s) — p— &+ D) = Tylga(s) — p — n+0))?

1/2
xdp OF (s, dé,dn)} ds (2.6)

(with QF(s) € C(FE(s), 5 (s)) arbitrary).
Hence, as in step (ii)

[Of J{A(@1(8),q2(5) — p) — F(Fa(5),q2(5) — p)}w(dp,ds)
< d*&EA ftyg(@l(s), Yy(s))ds . Q.7
0

(iv) Steps {1)—(iil) in addition to Doob’s inequality and (1.3) imply
E sup pX(§y(1),4,(1)) £ 3Ep*(91(0),42(0))
0<I<T

T
+ 3¢ r,x(T + 1) [Ep*(q1(s),ga2(s)) ds
0

T
+3cqr, k(T + 1) [E3(¥1(s), ¥>(s)) ds .
0

(2.8)

(v) Choosing first %, = %, the existence of a unique continuous solution fol-
lows from (2.8) and the contraction mapping principle. Having thus established
the existence of unique solutions z(-, %,z ), = 1,2, (2.2) follows from (2.8)
and Gronwall’s lemma.

(vi) (IIT) follows from (2.2) (for %, = %) exactly as in the classical proof
of the Markov property for SODE’s (cf. {9, Chap. XI, Sect. 2]). O

Theorem 2.2 To each F y-adapted initial condition ry(0) € RN (1.12) has
a unique F -adapted solution ry(-,ry(0)) € C([0,00); R™Y) a.s., which is an
R -valued Markov process.

Proof. (i) Let gu¢(+) :=(g}(+),-..,g"(+)) be R?"-valued adapted and df ®
dP-measurable stochastic processes, £ = 1,2. Set for £ = 1,2,
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N
Ye(t) = Zaiéq;(t)
i=1
and

Go(1) = g(0) + {F(%(S), qy(s))ds + offf(@/(S), q,(s) — p)w(dp,ds) .

(i1) By steps (ii) and (iii) in the proof of Lemma 2.1 (cf. (2.4), (2.6)) we
obtain for any i € {1,...,N}

E sup PA(Gi(1),d5(2)) < 3Ep*(q1(0),44(0))
T

+ 3ok (T + 1) [Ep*(qi(s), 45(s)) ds
4

T
+ 3ok (T + 1) [Epy(qn,1(s),qn2(s)) ds
0
(2.9)

whence (with py(rn,gn) defined at the end of Sect. 1)

E Supogz§TP%/(‘7N,1(1),q~zv,2(t)) = 3NEp]2v(qN,1(O), qn,2(0))

T

+ 6Neg, g (T + 1) [Epi(gqn1(s), qn2(s)) ds -
0

(2.10)

(iii) The contraction mapping principle implies now the existence of a unique
continuous solution. The Markov property follows as for Itd equations with
perturbations by finitely many Wiener processes (cf. (III) of Lemma 2.1 and
Dynkin, loc. cit.). O

3 The Mezoscopic equation—existence

The empirical process ¥ y(t) is considered as a map Z y(0) — Z(t, Zn(0)) 1=
Xn (1) from the space of Fy-adapted M-valued random variables into the
space of adapted continuous M-valued processes. The first main result is that
this map has a unique extension from discrete M-valued initial conditions
ZNn(0) to general (F o-measurable) M-valued initial conditions ¥, denoted
by X(t,%o) (Theorem 3.4). Then it is shown that this extension is a weak
solution of the mezoscopic SPDE (1.25) (Theorem 3.5).

Let %, € Mor for any T > 0 and zf),l, i=1,...,N %jy-measurable random

variables with values in R%,/ = 1,2. Consider the two systems of SODE’s:
dzj(t) =F(¥ (1), zj(t) dt + [ (¥ .(t), z)(t) — p)w(dp,dt)

4 . (3.1)
7{(0) =z, i=1,....N, [ =1,2.
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By Lemma 2.1 (3.1) has unique continuous solutions zi(¢) for i = 1,...,N and
[ =1,2. Set

N
Fi(t) = 5;1 ﬂiéz;’(t) . (3.2)

Lemma 3.1 For any T > 0

E suPo<, <7 15(Zwa(t), Zna(1))
< 3 exp(carx(T° + T)) Ey3(Zn1(0), Z,2(0))

T
+ 3 exp (corx(T? + T))a*corx(T + 1) [Ey3(# (1), ¥(2)) dt . (33)
0

Proof. (i) Let us first assume that zf), ;= & is deterministic, i =1,...,N, [ =

1,2. z/(¢t, %1, 7) is the solution of (2.1) with % = @, and z(0) :=r € R?. If
r =&, then zi(£,%,, &) = zi(¢), the ith component of the solution of (3.1). Let
0%(0) € C(Z5 1(0), Z¥,(0)) and f € Co(R*;R). Then

[JoE @ drdg)f(r.q) == [ [OF(0,dr,dq) f(z1(t, W1(2),7), 22(1, %a(t), 9))
34)

defines OF(1) € C(Z1(t), &5 ,(1)). Thus, for arbitrary Q+(0) € C(Z3,(0),
Z5,(0)) using (3.4):

E supogé@ff O*(t,dr,dg)p*(r,q)
E SuPogthfoQi(Oa dr,dq)p*(z:1(t,%1(1),7), 22(t, ¥(t),9))
+,_
< gf JOX(0,dr,dq)E supy 107 (21(6, H1(2), 7 ), 22(, D21, 7))

< 3 [fOH(0,dr,dq)3 exp(ca r g (I” + T))

T
X {pz(r,q) + carx(T + l)ny%(@l(s),@2(s))dr}
0

by (2.2).

(ii) Since Q+(0) € C(Z5,(0), Z5,(0)) arbitrary we obtain (3.3) for
deterministic initial conditions. _

(ili) By Lemma 2.1, part 3), zi(z, Yi(1),z,1) = zi(t, @l(t)’r)"zzbz’ and av-
eraging over the distribution of (2§ 1,...,2);,%) 5. -.,2) ) implies (3.3) for gen-
eral initial conditions.

Set

Z(,W(1), Zn(0)) == Zn(t, Y, Zn(0)),

where the right hand side is given by (3.2) and % € {#,%,}, Zn(0) €
{Zwni(0), Zn2(0)} .
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Corollary 3.2 The map Zn(0)— Z(-, %, Zn(0)) from M, into A 10,11
extends uniquely to a map Z(0) — Z (-, %, %) from My into M. More-
over, let %o, %02 € Mo and U1, ¥, € My for all T > 0. Then for any
T7>0

E supo<, <7 V(L6 Y1(1), Z0.1), Z (6, Y1), Z02))
< 3exp (Carx(T? + TYHEV(Z 01, Zo2)

T
+ acor k(T + 1) [Ey5(#1(), %a(2)) di} (3.5)
0

with ¢, rx given by (2.3).

Proof. Since by (3.3) Zy(0) — Z(-,%¥,Zy(0)) is uniformly continuous we
can extend it by continuity to all &, € .#, by the density of .#, in .#, .
(3.5) follows immediately from (3.3). [

Corollary 3.3 Let ry(-,ry{(0)) and qn(-,qn(0)) be two solutions of the SODE
(1.12) with initial conditions ry(0) and qn(0), respectively, and let X' n(t) and
#n(t) be the empirical processes associated with ry(t) and qy(t), respectively.
Then for any T > 0 and all N € N.

£ QSUPTﬁ(%N(t),@/N(l)) < 1o kB (I (0), Ux(0)), (3.6)
st

with
erark = exp(6a’carx(T? + T)exp(corx(T* +T))). (3.7

Proof. Set % (1) := Xn(t) and #,(¢) = ¥ n(¢) and apply (3.3) and Gronwall’s
inequality. I

Let Zn(t) be the empirical process for (1.12) starting at Zn(0). Set
T, Xn(0)) = Zn(1).

Theorem 3.4 The map Zw(0) — (-, Zn(0)) from My into Mo, extends
uniquely to a map ¥¢ — Z (-, %) from My into M. Moreover, for any
g@,@g c My

E sup yHE@X0), X, Y0)) £ TrarkEyi (%o, Yo), (3.8)

0T
where Cr o .k Is given by (3.7).
Proof. The same argument as for Corollary 3.2 using (3.6). [

Next we will show that our extensions from Corollary 3.2 and Theorem 3.4
are weak solutions of the associated SPDE’s. First we start with Z(¢, Z) from
Theorem 3.4 and note that (1.26) follows from the definition of Z(¢, Zo).

Theorem 3.5 For any ¢ € C;(R.,R) and %o € Mo(%(t,%0), ) satisfies
(127), 0 < ¢ < oo.

Proof. (i) By the choice of ¢{|[d;,]llz and [||0%¢]]l. < oo for &, 1=1,....d.
So the right hand side of (1.27) is defined for Z(¢, Z).
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(i) Set hn(r):=Z(6%0)— X XN (0)), f(2) = Z(,Z0o), fn(t) = Z(s,
Zx(0)). Then

t 2
E {Oﬂhzv(S), JAf(s), - - p)W(dp,df)-V@}

d t
= 12—1 Of E [ [hy(s,dr)hy(s,dq)oke(r)oip(q)

X [T f(s)r = p)+ Iim(f(s),q — p)dpds

— 0, as N — o0, by (3.8) and the boundedness of all terms different from Ay .
Next

t 2
E {Of<fN(S)’ JES ), — p)— F(Sn(s), - — p)W(dp,df)-V@}

¢ d N
< UolIE fdsELf17yl(5.dnI1r|(5.da) 3 a-Daugea™ na" i

1
Xsup, <§a_iffgﬁ(sad€’dn)f(rkmn(r - é - X = P)
—Loma(r = —x — p)) dp)

1
Xsup, (;a—i J [ (s, dé,dn) [(I'imilqg — & — y — p)

1
2

—Timi(lg—n—y— p)Y dp) (+)
(with OE(s) € C(f(s), fE(s)) arbitrary (cf. (2.6)))

< ;_(5‘1)20130%”@”@{ [J1fwl(s,dr)| f ] (s, dq)
x [ [QF (s, dE,dn)p*(E,n)ds
< +z_<5a>2d3c%a2u|<pfll%g E[ [QE(s,dE,dn)p*(&,n)ds .

Hence, by the arbitrariness of Oy(s) the left hand side of (*) is bounded above
by
t
const[|@|ll} SEV(S(s), fn(s))ds — 0 by (3.8).
0

(iti) The convergence to 0 of the corresponding deterministic integrals can
be proved in the same way. [

Again let ¢ € Cg(Rd,R) and ¥ € M for any T > 0. Consider the follow-
ing bilinear equation on M in weak form:
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d
Z (DA H(UNZ (), 03y 0) dt

k1=
(3’(0 F(#(1))-Vo)di

+(Z(), [ F(H(1), - — p)w(dp,dt)-V o)
F(0)= %y € M. (3.9)

Theorem 3.6 Let Z(-,%,%) be the extension obtained in Corollary 3.2.
Then Z(-, %, %) is a weak solution of (3.9).

The proof is a simplified version of the proof of Theorem 3.5. [

1
+

4 The Mezoscopic equation-L,-results

The main result of this section is Theorem 4.14, which implies that for ini-
tial conditions X o(dr) = Xo(r)dr (ie. having a density with respect to the
Lebesgue measure dr) such that X, € Lz(Rd,dr) Z(t, %) also has a den-
sity with respect to the Lebesque measure in Ly(R?,dr), X(1,Xy), which sat-
isfies the mezoscopic SPDE (1.25). Moreover the explicit representation of
1X (¢, X) 3" in (4.29), where ||-|lo is the Ly-norm, shows that the variational
methods of Pardoux and Krylov and Rozovski cannot be applied to the SPDE
(1.25).

Let 7(¢) be the heat semigroup on Hg. For 4 > 0 the resolvent of
LA is defined by (1—1A)7'f = f0°° ~“HT(t)f dt, where f € Hy. We will
denote by G(t,r) := (2mt)~“?exp(=- L ) the kernel of T(r). Setting for f €
Ho [ fll=2n, 2 := [|1A*(4 — )7 f 1o, 1t follows that ||-||_2,,, and ||-||-2, are
equivalent norms on Hg and by extension also on H.,,. Let m be the
smoothness index from (1.9). Since m > d/2+ 1M C H_z. Moreover, by
(LD/N(1.9) Du(f) for f € M defines a bounded multiplication operator on
H;; whence both f and Dy(f)-f are in H_g, ie., in the domain of &%,
considered as an unbounded operator on H_(,,). Fix m = m/2 + 1 and set
R; := A™(A— 2A)™™. We will consider R; both as a bounded operator on Hy
and (by extension) as a bounded operator from H_,,, into Hy. Let % € #o 1
for all T > 0 and Z(+) := Z(-,%, %) the solution of the bilinear equation
(3.9) which was derived in Corollary 3.2 and Theorem 3.6. Set

Z) = R;QF.
Abbreviate (cf. (1.24))

Diu(s) := Du(#(s)),
L(s) :== F(¥(s)),
dM(s) := [ F(Y(s), - — p)w(dp,ds).
Then we have the following equation on Hy:

t d B
Zy(t) =Z;(0) + 1 3 OfRA(Z(s)Duls))ds
0 kl=1

- f V-R(Z(s)L(s))ds — f V. R(Z(s)dM(s)). (4.1)
4] 4]
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It6’s formula yields for n = 1,

||ZA(r>nz" = [|Z0)|13"

+n Z f 1Z)e" ™ (Zas), 3 RA(Z (5)Dua(5)))o ds
- 2nf 1Zi) 15" (Za(s), V- Ri(Z (5)L(s)))o ds

- 2nf 126"~ (Za(s), V - Ri( Z (s) dM(5)))o

+ n{ 1Z1(s)|P" DIV -Ri(Z (5) dM (s))]

t
+n(n— Df |2 PUZ(), V-RAZ(5)dM())o] . (42)
0
The mutual quadratic variation of dM(s,r) and dM(s,q) is given by

d
d[M(s,r), Mi(s,q)] = Zl [ I (@ (s),r — p)I1(¥(s),q — p)dpds
j=

=: [)kl(s, r,q)ds

(cf. (1.14)).
Set

R 41
Dkl(saraq) = Zl 5 f{]k](@(SLr - P) - fkj(@(s)aq - p)}
j=
x {F1/(H(s),r — p) — F1(#(s),q — p)}dp.
By the same techniques as in (1.21) for all s = 0,r,q € R¢
Buts.rg)] < a2 2CD. (43)

Clearly
Dus,9,7) + 3Du(s,1,q) = —Duls.r,q0) + 3{Duls,r) + Dus, )} . (44)
In what follows we will assume that for some n = 1 and some 4 > 0,
E|Z,O)[F < o. (45)

By the equivalence of the norms ||-||—2m 1,4 > 0, (4.5) will be satisfied for
all 4 > 0 if it holds for some 2 > 0.

Lemma 4.2 A.s. for all t 2 0

t d 1 .
{V’Rz(g(s) dM(S))] 2_: { Z3(8), 0 Ri(Z ()Dyi(s)))o d

<2%. 16d2ccrc2f||R;|5|(s)uods (4.6)
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Proof.
1 )
JRIV - (Z(s)dM(s))
0
d t oo oo
=Y. fe ) gy, duy, 4.7)
EI=1 00 0

[J(@,Gur + - + uzm ¥ — )
X Z(s,dr)%(s,dq){Du(s,r,q) — Di(s,r)} ds

by (4.4) and the fact that in the above integration the roles of » and ¢ can be
interchanged. Hence the left hand side of (4.6) equals

d t oo oo
SN[ fem ateten) dyy L duy,
ki=1 00 0

[ [, Gus + ...+ upm,r — q))

X Z(s,dr)%(s,dq)Du(s,r,q)ds . (%)
(ii) Next,
d 2 2
2 BN Y B e (S —|r—4l| N
g;lak,,,G(u,r q) =2216d< T +4u>exp( ” )G(Zu,r q),
(4.8)

whence by (4.3)

< 2516d%2A32GQu,r — q).

d ~
klz}(ail,,c—(u,r — @)Du(5,7,9)

(iii) First we change variables 2w, =: vy, k= 1,...,d, and note that

IR %R;IH 2, = 1 (cf. [4, p. 48]) which implies by unique extendibility to
H_,, for f c H_zm

”f“ﬁzm% = “f||—2m,)~- (4-9)

This in addition to steps (1)—(ii) implies (4.6). [

In the right hand side of (4.6) the derivative operators from the left hand side
have disappeared. If & = 0 (4.6) would suggest a Gronwall estimate of the
left hand side. The following observation shows how to get rid of the gradients
in the two other integrals in (4.2). For sufficiently smooth functions f and F
we obtain for / =1,...,d

2<f=al(fF)>0 = <f2’alF>0 » (410)
where f+F is pointwise multiplication. (4.10) is equivalent to
2(f,(01f)Fo = —{f%,01F)q . (4.11)

Moreover, (4.10) implies (for the stochastic differential by (1.13))
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2Zi(s), V- (Zu)Ls))o = (Z3(s), V-L(H)o ,

2Zi(s), V-(Zi()AM(5)))o = (Z3(5), V -dM(s))o @12
Set
Bi(5,4) = (Zu(s), V+(Zi(S)L(s)) = V- RA(Z(S)L()))o -
Lemma 4.3 A.s. for all s = 0
1Bi(s, )| = 2% 3ckcad||Ri| Z|(5)]f3 - (4.13)

Proof.
Let feM, f,:=R,f and F be a sufficiently smooth function from R¢
into R?. Then

/5[ (V,Gwr = a)f (dq)- (Flg) = F(r) dr|
< 2:2% max |[IFillld [ /210G, — )l f|(dg)dr

(Similarly to (4.8)). Moreover,
V1 FNo={f1,(Nf2)Flo+ (f3,V-Fy.
This in addition to (4.9) implies (4.13).

Lemma 44 A5 forall 0 <5 <t <

![(Zf(“),v'dM(u»o] < d%ic%j | Za(u)li§ du . (4.14)
Proof.
Set f := ZZ(u). Then
[{f, V-dM(u))o]
:l,é_lf J f(q)f(r)n;i;lqn gif - [Y(w,dEr)... Y(u,dé,)

X Y(u,dny) ... ¥ (u,dny)
X fak,rrkmn(r - P (51 +...+ in))'
O1glimilg — p— (m + ... +ni))dpdudrdg

< &L ([frydr): du. D
Lemma 4.5 4.5. for all 0 £ 5 <t < o0,
t t
JUZaw), VRAZ w)dM (w)))o] < 2233883 [||Ri| Z|w)||$du.  (4.15)
Proof.

i)
{V-RAZ(s)dM(s)) — (VR Z(8))-dM($)}(r)
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d o] oo 2%4(511 _ rl)
= E Al e Mmt—tum) g, g o | e
“o[ of 1 uf4(u1+...+um)

r —aqf
X exp (—4(u1 +...+um)>
xZ(s,dq)-GQ(u; + ... +up),r — gdM(s,q) — dM(s,7)) .

Hence by (4.3) and (4.9)
[V RAZ(s)dM(s)) — (VZy(s))-dM(s)]
< 2832d%E2} R, 2|} ds
(11) Now (4.15) follows using (4.12) and (4.14) in addition to
[(Za(s), V- Ry(Z (s)dM(s5)) — (VZi(5))-dM(5))o]
= NZiNG- [V -Ri(Z(5) dM () — (VZi(s)) - dM(s)]
(cf. [21, Chap. 2.42]). OO

The previous lemmas lead to the following important estimates.
Lemma 4.6 (i) For any t =2 0
BIZAOR S EIZOR + evar [EIRIZIOR a5 (316)
(i) forany T z 0

T
E supy, <7 1Z:ONG" < ENZAO)IS" + cuar.x JEIRZ|()]F" ds
[V}

+ Cnark (Eftnmgj(s)jjg" ds) . (4.17)
0

Here

Cnarx = (nd2cA&((n — 1)33d + 64) + ddncycg )23 (4.18)
both in (1) and (II).
Proof. (1) follows from (4.2), (4.12) and Lemmas 4.2, 4.3, and 4.5.

(1) follows from the previous step, (4.2), and the Burkholder—Davis—Gundy
inequality. [

Remark 4.7. If we knew that [} E||Z(s)[|2" ds < oo, resp. [} E||Z(s)||&" ds <
oo Fatou’s and Gronwall’s lemmas would imply bounds for E||Z(7)]|2", resp.
Esupy ., < || Z(#)[|3* by multiples of E[[Z(0)|2", resp. (E[[Q"(O)Hg”)% It is
actually not even necessary that 2 be derived from Corollary 3.2. More pre-
cisely, let Z(-,%,Zy) be a solution of (3.9) such that Z(-,%,Z;) is a linear
combination of processes from 4 ;N C([0,T]; Ho) with & € Ao 17 for all
T > 0. If E||Zo]|** < 00, Z(-,%,Z,) will satisfy (4.1) and hence forany ¢t < T
there is a ¢y < oo such that
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E| (1%, 20)|l" < erE|Zoll5" < oo (+)
On the other hand, if we assume Z(s) = 0 we can apply the Gronwall lemma
to (4.16) and obtain:
Corollary 4.8. Suppose Z(s) = 0 a.s. for all s = 0. Then for any ¢t = 0,
E|Zy(®)[I3" < exp(cnarxOEIZi O - (4.19)

Proof. The proof follows from (4.16) and from Gronwall’s lemma. [J

Corollary 4.9 Suppose #(s) = 0 as. for all s = 0 in addition to Z(0) =:
Z(0) € Hy and E||Z(0)||3" < oo for some n 2 1. Then for any ¢ > 0, Z(¢) =:
Z(t) € Hy and

E|ZO)|F" £ exp(enarx)EIZ(O)]" - (420

The proof follows from (4.19) and Fatou’s lemma. [

Remark 4.10 Set Z(1,%(t), #E(0)) := ZE(t), where Zi(t) is the Jordan
decomposition if the empirical process Zn(t) defined by (3.2). It follows
directly from the definition that both Z(z, #(¢), Z3(0)) and Z(t, %(¢), % 5(0))
are solutions of (3.9) with initial conditions Z7(0) and % (0), respectively.
Since the extended process from Corollary 3.2 Z(¢,%(¢), %) is obtained by
extending both the positive and negative components we obtain “extensions”
T, Y1), fz“’g:)) = FE(1,%(t), %) which satisfy (3.9) with initial conditions
ZE. Therefore we will assume in what follows

Mo
Z(,Y (), %) = IE nZEY(1), Z5) (4.21)
=1

where M €N, 7, € R and Z(z, Y(),Z ffl) are positive, resp. negative exten-
sions of empirical processes & ﬁ(z‘) with & ; € M. Clearly, Z(t,%(t), %)
satisfies (3.9) with Z(0) =: %.

Theorem 4.11 (1) Suppose E|\Zy||3" < oo for some n = 1 in addition to
(4.21). Then for any t = 0 Z(t) =: Z(t) € Hy, Z(¢) is adapted and Z(t,w)
is 2n-integrable over [0, T1 x Q with values in Hy for arbitrary T > 0. More-
over, for any t > 0

E|ZOII" < explenarx)E|Zll3" - (422)
() Suppose E||Zo||" < oo for some n = 1 in addition to (4.21). Then
forany T z 0,

1
E sup [Z(OIF" < 2exp(canarx THE|Zo|I3")? (423)
0T

Here ¢y o1k, is given by (4.18), where m € {n,2n}.

Proof. The 2n-integrability of Z(z) as an Hg-valued process follows from
the 2n-integrability of its positive and negative components Z(t, #(t), & ffl),
whose integrability properties follow from those corresponding properties of
Z;V(t,@(t),Z(iE,) and from (4.20). (4.22) and (4.23) follow from (4.16) and
(4.17), respectively. L[]
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In what follows we will derive an expression for ||Z(#)||2" using 1td’s formula,
where Z(t) is the measurable Hy-valued version of Z(¢) from (4.21), which
was obtained in Theorem 4.11. The following lemma will be used at various
steps in that derivation.

Lemma 4.12 Let f,g € Hy N Li(R?,dr) and set g;, = |(R; — I)g| + |g|, where
R; =R} for some n = 1. Then for any k € N
iMoo f f .. fe 1400k gy duy [ Guy + ... +ug,r — q)
0 0
|/(q) — f(r)ldggi(r)dr = 0. (424)

Proof. (i) Let & > 0 be given and denote the multiple integral on the left hand
side of (4.2) by A(f,g). By change of variables p := (q\;t-:)

[fGu,r — Dl f (@) — f(Ngir)dgdr
= [[G(L p)If(r+ pVu) — f(r)|dpg:(r)dr
=[ éf G(L, p)|f(r + pvu) — f(r)|dpgi(r)dr

+ [ JGU, P f(r+ pvu) — f(P)ldpgi(r)dr
B

= Ar(u)+ A45(u),

where B, = {p € R*: |p| < L} B; =RY\B;,L > 0.
(i) On B, G(1, p) = 2exp( )G(2 p) which implies

‘) < zexp( ) {713+ gli2) =

for L sufficiently large.
{(iii) Let m denote the d-dimensional Lebesgue measure and set

F(r,u) =

(B uL)Bf |f(r+q)— f(r)|dg.

We have

0= [G(,p)f(r+ pvu)— f(r)|dp < const. LYF(r,u) — 0asu — 0,
By,

m-a.e. (m-almost everywhere) by the Lebesgue differentiation theorem.
(iv) To conclude from (iii) 4z(%) — 0, 4 — oo for any v > 0 we first set

(B, )B{kf(r+q)ldq,

which is the Hardy — Littlewood maximal function for f, and

Hf() : sup
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Af(r)=Hf )+ |/1(r).
Let N € N. Then

v v v
fF (r, I) g:(rdr = f{ﬁng}F (r, I) g, (r)dr + f{ﬁf<N}F (r, I> g,(r)dr
=: Li(v,N)+1,(v,N).

(v) Our assumptions on ¢ imply g; € Hy N Li(R?,dr), and we easily check
that both {g;} and {g?} are uniformly integrable. Hence, for any v > O,N € N,

I(v,N)— 0, asl— oo.

(vi) Li(o,N) < 2(f l{gng}(r)gﬁ(r)dr)%||f||0 — 0, uniformly in v and A as
N — oo, since {g2} is uniformly integrable and m{H f =z N} — 0, as N — oo.
(vii) By steps (iv)—(vi) we first choose N = N(¢) for given ¢ > 0 such
that I;(v,N) = £ for all v,4 and then choose A= A(v,N,¢) such that for
A Z Mv,N,¢), II;(v,N) < 5. This implies for any v > 0, L > 0.

v

AL(E)——>0, as A — 00.

(viii) By change of variables
ASrg) = [ ... fem @t gy, ...dvm{AL(
00

_I_Az(vﬁ—.;{.—}-vm)}

= ‘:fo...:foe_(v1+..-+vm)dvln_dvm(AL(L—i—';lﬂ)) +§ (*)

v1+...+vm)
A

by step (ii) for sufficiently large L. Since

v+ ...+ Uy
AL<1—/1—> < const. L2(|| £113 + ll91l3)

(vii) and Lebesgue’s dominated convergence theorem imply that for any L
the multiple integral in the right hand side of (*) will be less than /2 for
Az ML, o) = AL(),8). O

Set for % € M, 11,5 €[0,T],

~ ~ d ~
LDNH(s),r): lim 3 % 11 Du(s,7,9) (4.25)
=1

which exists by assumptions (1.7), (1.9) and the definition of Dy(s,r,q) (cf.
(4.4)). We obtain from (1.9)

d
sup 3 82, Duls, 7, q)| < 6d&ck. (4.26)
q kI=1
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Let us now abbreviate Dy (#(s),r, p) := %;MZ(W)J (instead of Dy(s,r,q)).

Theorem 4.13. Suppose Z(t) is given by (4.21) and E||Zy||§" < oo for some
n =1 Then
(D) forany t =z 0

1Z@5" = 1Zoll5" +nf IZ()I3" (22 (), LD (s5)))o ds
- nf 1220 (2(5), V- F@(s))o ds
—nf 126"~ (Z2%(s), V- [ A(H(s), - — pIwldp,ds))o
+n(n - l)f IZNe" > [ f 25,1 225 0)

( 3 6,” 1,¢Pr(¥(s), r,q)> drdgds; 4.27)

(I)
Z(+) € C([0,00); Hy) a.s. (4.28)

Proof. (i) The assumption implies by (4.14) that the stochastic integral in
(4.27) defines a real valued square integrable continuous martingale. Since by
assumption (1.8) |||V -F(#(s))||| £ dc,cx we obtain from (4.26) that the right
hand side of (4.27) defines a continuous real valued process.

(i) We will first replace the martingale and the last quadratic variation inte-
gral on the right hand side of (4.2) by their respective limits (cf. Lemma 4.5).
(ii.1) Recall that Z;(s) = R;Z(s). Then

(Z;(S),V-R*(Z(S)dM(S)) — (VZy(s)))-dM(5))o

= Z f Je st m gy,
0

x {ff@;),G(ul +.oot @) Z(s,7)
X Zi(s, ¥ (dM(s,q) — dM;(s,r))dq dr

,_“#)_M__)m —r|Guy + ...+ s, ¥ — gNZ(s,9)

—Z(s,7))Zils,7) { dMi(s,q) — AMi(s. 1) } dqdr}

lg —r|
=: I)(ds) + II;(ds) .

(11.2) Ii(ds) = f_:F,-,i(ds), where

Fi:(ds) zz1f fe_’l("‘+ )M duy A
0

x ffG(u1 oot r — @) fi(5,9,7)01,4dM(s,q) dg dr
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and
f1.408,q,7) == Z*(s,9),
S2,0(8,9,7) = (Z(s,7r) — Z(5,9))Zi(s,7),
S3,008.9,7r) :=(Zi(s,r) — Z(s,7))Z(s,9),
Sauls.q,r) == (Z(s,r) — Z(5,9))Z(s.9) -
(ii.3) Clearly,
Fi(ds) = (Z%(s), V-dM(s)) .

(i1.4) fOt[IIl(du)] — 0, as 4 — oo by (4.3) and (4.24).
{(i1.5) Similarly,

t
JIFii(du)] — 0, as A — oo for i =2,4.
0

(ii.6)

Of[Fg’g(du)] <& C%OfH(Rg — DZW)|3IRIZ|(w)|[adu — 0, as 4 — co.

(ii.7) Since Z2(s,r) — Z*(s,r)dP ® dt @ dr a.e. and since ZZ(s) is uni-
formly integrable with respect to

f [(Z2(u), V -dM(1))o] — f [{Z%(u), V-dM(u))q] as 1 — 00

a.e. uniformly on bounded intervals [s,¢] C [0,00).

Altogether we obtain from (ii.1)—(ii.7) and the definition of Dy (%(s),r,q)
that the last quadratic variation integral in (4.2) tends a.s. to the last integral
in the right hand side of (4.27) uniformly on bounded intervals, where we
also use the identity (Z;(s),(VZ3(s))-dM(s))o + %(Zf(s),V-dM(s))o = 0. By
choosing a subsequence 4 — 0o, we obtain that also the martingale in (4.2)
tends to the martingale in (4.27) a.s. uniformly on bounded intervals.

(ii1) In view of Lemma 4.2 (cf. (*)) and Lemma 4.12 we see that the
first integral plus the quadratic variation integral in (4.2) tends a.s. to the first
integral in the right hand side of {4.27) uniformly on bounded intervals as
A — o0,

(iv) Similarly for the deterministic integrals with the gradient operator.

(v.1) By the previous steps the convergence of the right hand side of (4.2)
to the right hand side of (4.27) is uniform a.s. So we may assume that on the
same measurable set Qg with P(2y) = 1 we have: (1) Z(¢) € Hy uniformly in
t; (2) Ry Z = R;Z is continuous with values in Hy; (3) ||Z(+)|o is continuous.

(v.2) Now we easily see that for w € Qy Z(-) is weakly continuous, whence
by the continuity of ||Z(-)|jo we obtain (4.28). [

Next we consider the quasilinear SPDE (1.25)/(1.26) with its weak solution
from Theorems 3.4 and 3.5.

Theorem 4.14 Suppose #(0) =: Xo € Hy and E||Xp||" < oo for some n = 1.
Then
D EF)=X(@)eHy as. foralt =z 0;
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In

X @IF = [1Xoll" + n{ XNV X (s), L(DIX(s))o ds
—n[[XEE" DX (), V-F(X(5)))o ds
0
—nof X (X2(5), V- [ £(X(5), - — p)w(dp,ds))o

+n(n = 1)/ X" [ [X°(s,r)X (s, 9)

d
X ( 3 a,i,,j,qaﬂ()((s), r,q)) drdgds, (4.29)
k=1
with
d
Dkl(X(s)>”>Q) = Z:]fjkj(X(S)>r - p)flJ(X(S)aq - p)dpdss
=
(1I1)
X(+) € C([0,00); Hp) as,; (4.30)
(IV) for any T > 0,
E sup_ IXOIZ < 2 exp(comarx TIE|Xol|*™)? (4.31)

With ¢y r.x given by (4.18).
Proof. Set #(-)=X(-) and apply Theorem 4.13 and (4.23). O

Remark 4.15 If n=1 in (4.29), it follows that our quasilinear SPDE
(1.25)/(1.26) cannot be treated by the usual variational methods on Hg (cf.
[23] and the generalization of Pardoux’s variational approach by Krylov and
Rozovskii [18]).

5 The Mezoscopic equation—strong unigueness

We obtain strong (It6) uniqueness for the (mezoscopic) SPDE if the initial
condition Xy is in Lz(Rd,dr).

Theorem 5.1 Suppose Xy € Hy and E||X,||§ < oo. Let X(-,Xy) be the weak
solution of (1.25)/(1.26) from Theorems 3.4 and 3.5 starting at X;. Let
Y(-,Xy) be an arbitrary solution of (1.25)/(1.26) with Y(0) = Xy such that
Y(-,Xy) € C([0,0); Hy) a.s. Then a.s.

X(-, X)) =Y(-, X0} 5.1
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Proof. (i) Let Z(-,Y,Xy) be the solution of (3.9) from Corollary 3.2, where
Y(t):=Y(t,X). Set

Z(+,Y,0):= Z(+, ¥, Xo) = Y(-, Xo) .

Obviously, Z~~solves (3.9) with initial condition Z(0) = 0. By Lemma 4.6 and
Remark 4.7 Z(-,7,0) = 0 a.s., whence

Z(-, Y. X)) =Y(-,X).
(i) Applying now (3.5) we obtain
E sup p(X(6X).Y(tX0)=E sup y3(X(6X),Z(5 Y (1), X))

0<t<T 0<r<T

T
< const fE'Y%(X(SyXO)a Y(s5,X)) ds.
0

This implies (5.1) by Gronwall’s lemma. U

6 The Macroscopic equation

We now assume for simplicity

(1) ¢ =0,n 2 1; . .

(i) I' is diagonal with I'y, = 1.,k =1,...d, where I'; is the kernel from
Example 1.1; (6.1)

(iil) d = 2.

Consider the following (macroscopic) PDE on Hj
0 1
X ) = Z4X (1) - VX(OF X (1))); Xo € Ho NM, [|[Xol[] < oo.  (6.2)

Suppose that (6.2} has a unique weak solution € C([0,00); Hy) such that
I X(OH| < co and X(¢#) € HyN'M for all ¢+ = 0. Set

Ay i={ry e R?" : 3(i,j): 1 <i < j < N such that ' =/
J

Let Zy(0) =37, a6, € M such that P{rn(0) ¢ Ax} =1 for all N €N,
where rx(0) = (r),....7Y). Let Z.(1,Zn(0)) be the empirical process for
(1.12) (which is a solution of (1.25)/(1.26). Let ¢ € Cy(R?,R). By analogy
with Theorem 4.4 of Kotelenez [16] we expect the following:

If E{Zn(0), ¢} — (Xo,¢) then there is a sequence e(N) — 0, as N — co such
that for any £ > ON — oo implies

E(Z eyt Zn(0)), ) — (X (6, X0), @)o- (6.3)

Acknowledgement. The final version of the paper has profited from careful refereeing.
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