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Summary. The dynamic stability analysis of nonlinear viscoelastic plates is presented. The problem is 
formulated within the large deflections theory for isotropic plates, and the Leaderman representation of 
nonlinear viscoelasticity for the material behavior. The influence of the various parameters on the stability/ 
instability possible situation is investigated within the concept of the Lyapunov exponents. In addition, it 
is shown that in some cases the system has a chaotic behavior. 

1 Introduction 

The subject of the dynamic stability of elastic linear structures was extensively investigated in [1], 
where the motion is governed by the Mathieu equation and the stability characterizations are 
given by the Strutt diagram. Further results were given e.g., in [2], [3], in a review paper and 
a monograph. The same happens, for example, in bridge dynamics or in wing flutter (instability of 
aircraft in air flow). 

When plates are considered, and the deflections are not small compared to the thickness of 
the plate but still small with respect to the other dimensions, the analysis of the problem should 
be extended in order to include the plate middle plane strains [4], [5], which leads to the theory of 
large deflections (see e.g. [6]). The dynamic stability of elastic plates with large deflections was also 
investigated in [1] for particular cases. 

When the structure is made of a viscoelastic material, the problem becomes much more 
complicated since the equation of motion turns out to be an integro-differential one, rather than 
an ordinary differential equation as in the elastic case. The solution of this problem in the linear 
case was given in [7] within the averaging method, and in [8]- [10] by using the spring-dashpot 
representation. The dynamic stability analysis of viscoelastic homogeneous plates, investigated 
within the concept of the Lyapunov exponents, was performed in [11]. This procedure was used 
also in [12] to investigate the dynamic stability of shear deformable viscoelastic laminated plates. 
In these two studies the Boltzmann superposition principle was incorporated, enabling the 
modeling of any linear viscoelastic material. 

However, it is well known that many materials (polymers, for example) are not linear and 
should be modeled non-linearily in order to give an adequate description of their behavior. Smart 
and Wiliams [13] made a comparison investigation about the response of polypropylene and 
polyvinylchloride, by using three different single integral representations of nonlinear viscoelasti- 
city: the Leaderman model [14], the Schapery model [15] and the Bernstein-Kearsley-Zapas 
model [16], [17]. Their main conclusion was that the Leaderman model is the most useful 
representation, where prediction and simplicity are concerned. 

In a previous work by the authors [18], the dynamic stability of nonlinear viscoelastic 
homogeneous plates was investigated within the small deflections theory and the concept of the 
Lyapunov exponents. 
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In the present investigation we use the large deflections theory to derive the integro-differ- 
ential equations of motion within the Leaderman model, which are nonlinear from the material 
and the geometrical points of view and with time-dependent coefficients. 

2 Problem formulation 

Within the theory of large deflections, the equations of motion of an isotropic plate subjected to 
in-plane loads are (see e.g., [6]) 

N~.~ + N~y.y = Qh// (1) 

Ny,y + Ny~,x = ohb" (2) 

M . . . .  + 2Mxy,~y + My,yy + (N~w,x),~ + (Nyw,y),y + (Nxyw,y), x + (Nxyw,x),y = ohf f  (3) 

where u, v and w are the displacements of a point on the middle plane in the x, y and z directions 
(see Fig. 1), Q is the material density, and h is the plate thickness. 

The in-plane forces N~, Ny and N~y are given by 

Nx = N~ ~ + bT~ 

Ny = Ny ~ + A7 r (4) 

N x  r _ o - N ~ y  + lq~y. 

Here N~, Ny and 37~y are the in-plane applied edge loads while N~ ~ Ny ~ and N~ are the in-plane 
resultants given by 

h/2 
[N~ ~ Ny ~ N~ = ~ [a~, ay, a~y] dz (5) 

-h/2 

where ax, ~ry and axy are the stress components. 
The various moments, M x ,  M r, and M~y, are given by 

hi2 
[Mr, My, M.y] = ~ [a~, ay, a~y] z dz .  (6) 

- hi2 

For nonliner viscoelastic materials, the Leaderman stress-strain constitutive relation is given 
by [14] 

t 
a(t) = Q(O) g[e(t)] + ~ O(t - ~) g[~(~)] d~ (7) 

0 + 

Y,V ~ X ,l~ 

My N~ 

M yx 

Ny 

Fig. 1. Resultants and couples in rectangular Cartesian coordinates 

N 
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where 

g[~(t)] = ~(t) + ~ ( t )  2 + ~(0  ~ + . . .  

and fi and 7 are constants, such that for small strain g(e) --* e. 
In the state of plane stress for isotropic plates 

e(t) 
0 1 1 ( 0  = Q22(t )  = 1 - v(t) ~ 

Old(t) = v(t) Ql1(0 (8) 

1 - v ( 0  
0 6 6 ( 0  - Q ~ ( t )  

2 

where E(t) is a time-dependent relaxation function which at t = 0 denotes the initial Young's 
modulus of the material, while v(t) is the time-dependent Poisson's ratio. 

The strain-displacement relations for an homogeneous thin plate are given by 

~3x = ex -- ZW,xx 

ey = ey -- zw . (9) 

~xy = exy -- 2ZW,xy 

and the yon Karman strains of the middle plane e~, e r and exy by 

1 w.2x ex = U,x + ~ , 

1 
ey = v,r + }- w,2r (10) 

exy = u,y -t-. 1),x .-}- w,xw,y. 

By separating the variables, the assumed solution functions for the various displacements are 
given in terms ot time and spatial functions, 

w(x, y, t) = A(O ~o(x, y) 

u(x, y, t) = f2(t) O(x, y) (11) 

v(x, y, t) = fa(t) r y). 

Substituting Eqs. (5), (7)-(11) into Eq. (4) yields the following expressions for the in-plane 
forces: 

1 2 
l (fl(t) ~P,~)21+ flx lf2(t) ~,~ + ~ (fl(t) qL~)21 N~=hQ11(O){[ f2( t )~k ,x+~ 

1 1 + Yx (t) O.~ + : (fl(t) cp,.) 2 + v (t) r + ~ ( f ( th  (p,.)2 

+ vfly (t) dp,, + ~ ( f( t  h q~,,)2 + v~, (t) dp,, + ~ (f(t)l (p,,)2 
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i {b I b ' + h Q u ( t -  ~) (~) 0,. + 2(fi(z) @,x)2 + fix (z) ~,. + .~(f~(~) q),.)2 
0 + 

+ ~ (~) 0,~ + 5 (A(~) e,~) ~ + v (~) r + (A(~) e,,) ~ 

If3 1 ]2 Ef 3 1 ]3} (12) 

{[f3 1 1 I f3 1 J 2 Nr = hQi l(0) (t) 49.y + -~ ( f ( th  q~,)2 + fl, (t) (a., + ~ ( f ( th  @.r) 2 

+ 7, (t) ~b,, + ~- (fi(t) ~o,,) 2 + v (t) 0,~ + (fl(t) qLx) 2 

+ vfix (t) ~b,x + -~ (fi(t) (p,~)2 + v~ (t) 0,x + ~- (fi(t) @,~)2 

0 + 

If3 1 13 If2 1 ] + ?r (z) r + ~ (fl(z) ~o,,) 2 + v (~) ~,~ + ~ (fl(z) (p,x)2 

+ q~  (0 ~,~ + g (fl(~) e,~) ~ + ,,~,~ (~) 0,~ + ~ (A(z) q,,~)~ & + ~ ,  (13) 

Nxr = h ~ Qll(0){[f3(t) r + f2(t) 0,, +ft(t) 2 (p,x~o,r] 

+ fixr[f3(t) ~),x +f2(t) 0,r +fi(t) 2 @,x@,r] 2 + yxr[f3(t) q~,x + f2(t) 0,r + fl(t) 2 @,x@,y] 3} 
t hl-Vf + T Qii( t -z){N(z)r176 

0 + 

-Ffl('c) 2 ~0 x(p,y] 2 -F Yxy[f3('~) ~b,x + f2 (z )  O,, -t- f1('r 2 ~O,x(O,y] 3} dz + Ft., (141 

and substituting Eqs. (7)-(11) into Eq. (6) yields 

0 + 
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0 + 

(o j ) -s2(~o3~ + wto3,,) ~(0) A(t) a + O~:(t - ,) f~(O 3 d~ 
0 + 

t 

0 + 

t 

1 2 
+ f (h:(t - ,) r + g (f,(z) cb,,) d~ 

0 + 

I f  2 1 1 - 2vflf l:~o~ Qll(O) fl(t) (t) ~/,~ + ~ (fl(t) q~,~)2 

+ O::(t - z) ft(~) (t)O,~+~(fl(t)~o:) 2 d~ 
0 + 

- 3v'~I~o,~ Q,~(o)f~(t) (t)~,~ + ~(f~(t)~o,~) 2 

+ O::(t - ~) f~(z) (t) ~,,~ + g (f~(t) 0,~) 2 d~ 
0 + 

1 (fi(O O.r)' 1 -- 2flrI:q),,, Qii(O) fl(t) If3(t) ~b,, + 

t 

O+ 

-3? , I~o , r  Q::(O)f~(t) ( t )~, ,+ (f~(t)~,,) 2 

f If3 1 ]2 + O::(t - ~) fl(z) (T) q~,y + g (f~(~) q~,r)2 d~ 
O+ 

(15) 

(16) 
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M~y = - [ 1  

-211 

+i 
0 + 

-311 

+i 
0 + 

-v( t ) ]  IlqLxy ( Q i ~ ( 0 ) f i f O +  o+i O.~l( t -z ) f l (z )dz)  

-- v(t)] flx, Iiq),xy IQlffO)fifo (f3(t) dp,x + f2(t) 0. ,  + fl(t) 2 ~~ 

Qil(t - r)fi(r) (f3(r) 4,~ + f2(r) O,, + fdz)  2 qLx(o.,) dr] 

- fit)] y~yllq),xy [Qii(O)fi( t )  (f3(t) r + f2(t) ~/,y + fl(t) 2 qLxg,y) 2 

Qll(t -- z)ft(r) (fa(z) ~bx + f2(z) O.y + fi(z) 2 qLx~o,y) 2 dr] 

-4[1-v(t)]?xfl2q~3"x'( Qli(O)fdt)a+ o+iQld t - r ) f l ( r )adr)  (17) 

where 11 = h3/12 and Iz = h5/80. The nonlinear viscoelastic constants Yx, ?y, fix, fly, 7xy and fix, are 
related to those in Eq. (7). 

In this research we consider the following in-plane loads (Nxy = 0): 

Nx = -Nx~ - Nxe cos (Ot) 

/V, = -Ny.,  - Nyd cos (Or) 
(18) 

where t is time and 0 is the loading frequency. 
Introducing now Eqs. (12)-(18) in Eqs. (1)-(3),  the equations of motion are derived in the 

form of a system of nonlinear differential equations with time-dependent coefficients for which an 
exact solution is generally not available. Thus, the unknown functions fl(t), fz(t) and f3(t) can be 
obtained by using the Galerkin method (see e.g. [1] and [19]). 

Consider the ease of a simply-supported plate, for which the boundary conditions can be 
satisfied when the spatial parts of the solution functions are given by 

q~(x, y) = sin ~x sin ny 
a b 

~x ~y 
~0(x, y) = cos - -  sin - -  (19) 

a b 

~b(x, y) sin ~x xy = - -  COS - - ,  
a a 

and where a and b are the side-lengths of the plate. 
By substituting Eqs. (12) -  (18) into Eqs. ( 1 ) -  (3), and considering terms up to order three, the 

following equations of motion are derived: 

f~(t) + Q2[1 - 2q cos (Ot)l fd t )  + [k6f'2(t) + Gf3(t) + kfffft) 

+ k4fa(t) + (k + ks) fi(t) 2 + ksfz(t) 2 + k9f3(t) 2 + kiof2(t) fa(t)] fl(t) 

= - -  i O ( t  - -  r )  f l ( r )  [ 0  2 + kaf2(z) + kafa(z) + (k + ks) fi(z) 2 
0 + 

+ ksf2(z) 2 + kgf3(z) 2 + klofz(z)f3(z)] dz (20) 
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f'z(t) + Alf2(t) + Azf3(t) + kl l f l ( t )  z + klaf2(t) 2 + kt4f2(t) 3 + k15f2(t) f l ( t )  2 + k16f3(t) 2 

+ k17f3(t) fl(t)  2 + klsf3(t) 3 + klg(f2(t) f3(t) 2 + fa(t) f2(t) 2) 

= - i /)(t - z) [Alf2(z) + A2fa(z) + k, l f l (z )  2 + k13f2(z) 2 + klaf2(~) 3 + klsf2(t) fl(v) 2 
0 + 

+ klof~(~):+ k , , f~( . ) f , ( t )  2 + kl ,A(~) ~ + kl~(f,~(,)f3(~Y + f,(~)f~(,)2)] d. 

L(t)  + A2f2(t) + A3f3(t) + k12A(t) z + k13f3(t) 2 + ka,f3(t) 3 + k,sfa(O A(t) 2 + ka6f2(t) 2 

+ klTf2(t) fl(t) 2 + klsf2(t) 3 + klg(f2(t) f3(t) 2 + f3(t) f2(t) 2) 
t 

= - ~ bit - ,) [&A(~) + &A(*) + k12fl(*) 2 + k . f~(*)  2 + k, .A(~)  ~ + k ,J~( t )  f , (~y  
0 § 

+ klof2(,) ~ + k~f2( , )  f~(ty + k~sf~(z) ~ + k,~(f~(~) f~(.)~ + A(t) A(t)0] d. 

where a = b = l, 7~ = 7r = Y, fix = fly = fl and  

a) z 411Ql1(0) ( / f  

oh 

~2 = 0 2  I 1 N = + N y s ]  N 

0 2 

4rc2I 1Q 11(0) Q1 l(t) 
12 D(t) = Ql1(0) 

N,,a + Nra 

= 2 [ N  --  ( N ~  + N,31 

= - -  0 2 

2;,z 2 

27x4h z 
k = 640l---- ~ b'(1 + v) + 47xr(1 - v)] 02 

{32 } 
k3 = ~-~ [fi~y(1 -- v) -- fl(1 + v)l 16(53r~Zh 2 +  3v) 1 o92 

I 4 , k ~ = ( 3 - ~  ~ ( l + v ) + ~ f l ~ ( - ~ )  + 8h ~ 

)'27rc 2 27fi ,. } 
ks = ~ 6-g4ff [~(1 + v) + 2~xy(1 - v)l + ~ ~1 + v) 02 

kl0 = 729rc2(1 - v) 7~y 02 k l l  = k12 = 24/(5 - 3v) 02 
48F 9n3h z 

k13 = 64fli 02 k l ,  = 27 -3zr3h---- ~ ~ [y + ~xy(l - v)/2] 02 

9fl oZ k16=vk13 k l T = v k l s  

27 
kla = / - ~  [vy + 7,y(1 - v)/2] o 2 k19 - 81(132h 2 -  v) ?~r o2 

32 
k4 = k3 k6 = kv = - - -  k9 = ks. 

91~ 

(21) 

(22) 
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Here, co and Q represent the fundamental natural frequencies of the unloaded and loaded plate, 
respectively, N is the Euler critical load, 17 is the excitation parameter and the k~j and k are the 
cofficients of non-linearity. 

Equations (20)-(22) are the nonlinear integro-differential equations, which govern the 
motion of the nonlinear viscoelastic plate subjected to in-plane parametric loading. 

3 Method of solution 

Here we are interested in the stability of the unperturbed equilibrium of the nonlinear viscoelastic 
plate. To this end the integro-differential equations (20)- (22) are investigated. For the handling 
of non-linear differential equations with time-dependent coefficients, Lyapunov introduced the 
concept of characteristic numbers, the sign of which determines whether or not the unperturbed 
motion is stable [20]. The negative values of these chracteristic numbers are referred to as the 
Lyapunov exponents. 

According to Lyapunov, if all these exponents are negative, the unperturbed motion is 
asymptotically stable. In addition, Chetaev [21], [22] showed that if one of the Lyapunov 
exponents is positive then the unperturbed motion is unstable. Thus, it suffices to compute the 
largest Lyapunov exponent in order to determine the stability of the unperturbed motion of the 
non-linear viscoelastic plate in question. The largest Lyapunov exponent of the system is derived 
within the following procedure [23]: 

Consider the system of ordinary differential equations 

= F(x, t). (23) 

For a given solution of Eq. (23), x(t), define the matrix 

8F~ x=x(t)" G,i[x(t)] = ~ (24) 

The largest Lyapunov exponent is then determined by solving the equations 

= Gy (25) 

and performing the following steps: 

(i) For the first time interval, At, solve Eq. (25) by considering initial conditions, y(0), 
normalized such that Ily(0)]l = 1, where [I'll is the Euclidean norm. 

(ii) Compute kq = In ILy(At)II 
(iii) Let z(At) = y(At)/lly(At)ll 
(iv) For the second time interval, 2At, solve Eq. (25) with z(At) as the initial condition 

(G has to be changed according to Eq. (24)) and determine #2 = In I[y(2At)]l. 
(v) Repeat the process for n iterations. 

One defines then 

41 = ~ ~,, 
m = l  

which, for n ~ o% is the largest Lyapunov exponent. 

(26) 
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In order to compute 21, the governing equations (20)-(22) must be reduced to a system of 
first-order equations of the form (23). 
Declaring the variables xx(O = f i fO,  x 4 ( t ) =  f2(t), x v ( t ) =  f3(t), and x3(t), xd t ) ,  and Xg(t) the 
integrals in Eqs. (20), (21), (22) respectively, the following ordinary integro-differential equations 
are derived: 

3~ 1 = X 2 

+ ksX4 2 + k9x7 2 + klox4x7 + (k + k5) x12] - x3 

t 

x3 = ~ /)( t  - z) xl[(.o 2 + k3x4('r ) + k4xT(z ) + k8x4(~) 2 

0 + 

-1- kgX7("C) 2 "~ kloX,r ) XT(T ) -I- (k + k5) xl( '[) 2] dz 

5~4 = X5 

Yes = - [ A t x ,  + A2x7 + x z 2 ( k l l  + k15x4 + k17x7) 

+ x42(k13 + k19x7) -I t- x72(k16 -Jr- k19x4) "i t-- k14x* 3 q- k18x73] - x6 

t 

3~ 6 = ~ D(t  - -  "c)[AIX4(T) + hzx7 + XI(T) 2 ( k l l  + klsx,~(z) + klTx7(T)) 

0 + 

+ ~,(,)~ ( k .  + k19~(*)) + ~;(,)~ (kl~ + k,~x,(,)) + k, ,~,( , )  ~ + k~x~(,) ~] & 

-'~7 ---~ X8 

X8 = - [ A 2 x 4  + A3x7 + x12(k12 + k15x7 + k17x4) 

+ x72(k~a + kz9x,) + x,2(kl6 + k19xT) + k14x73 + klsx, 3] - x9 

t 

~ = N D(t - . ) [&x . ( . )  + A3x7 + xl(.) 2 (kl~ + klsx,( .)  + k . x 4 ( 0 )  

0 § 

+ ~ ( , t  2 (kl~ + k~9~,(,l) + ~,(~)~ (k~6 + k . ~ ( , ) )  + k l , ~ ( , )  3 + kl~ , (~)  ~] a, .  (27) 

As for the material relaxation function, the standard linear solid model 

E(t) = a + be - ' t  (28) 

is considered where a, b and a are appropriate parameters. Thus, for a material with time 
independent Poisson's ratio one obtains 

E(t)  B e -  ~ (29) 
Q l d t ) -  1 -  v ~ - A + 

so that 

D(t)  = Q l f f t )  _ A + B e  -a '  (30) 
Ql1(0) A + B 
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Introducing the above model into (27) will affect only the equations for 23, 26, and 2~9o Their 
final form is obtained by differentiating via Leibniz's rule, 

{ } 23 = __~ X3 + ~ [(.02 + k 3 x 4  + k 4 x 7  + k8x42 + k9x72 ~t_ k l o x 4 x  7 _~ (k + ks) XI 2] 

26 = -0r x6 + ~ - ~  [Alx4 + A2x7 + xi2(kli  + k l sx ,  + k17x7) 

+ x42(ki3 + k19x7) + x72(k16 + ki9x4) + kt4x4 3 + k18XT3]t (31) 

J~9 = --~ X9 + ~ [A2x4 +A3x7 + x 1 2 ( k 1 2  + klsx7 + k17x4) 

+ x72(k13 + k19x4) + Xg2(k16 + k19x7) + k14x73 + k18x43]}. 

With (31), the system of equations (25) is given by 

Yl -= Y2 

Yz = Y~{-[~22(1 - 2r/cos (Ot)) + k3x,, + k4x7 + k6~s + k7x8 + ksx ,  z + k9x72 + kaox,,x7 

+ (k + ks) xt  2] +2xl2[k6(kll + kisx4 + k17x7) + k7(k12 + klsx7 + ki7x,~) - (k + ks)]} 

- -  Y3 - -  y4xl{k3 - -  k6[Zl + ktsx12 -1- 2x4(ki3 + k19x7) + k19x72 + 3ki4x,  2] 

-- k7[A2 + ki7xl 2 + 2x4(k16 + ki9x7) + k19x72 + 3klsx4 z] + 2ksx4 + kloXT} 

+ k 6 Y 6 X l  - y 7 x i { k 4  - k6[A2 + kl7Xl 2 + k19x72 + 2x7(k16 + klgx4) + k19x42 + 3k14x72] 

+ 2k9x7 + klox,} + kTY9Xi 

~B 

A + B  
- -  yi[~o z + k3x, + k4x7 + k8x4 z + k9x72 + ktoX4X7 + 3xl2(k + ks)] 

- -  ~Y3 
eB aB 

- -  y4xl(k3 + ksx4 + ktoXT) 
A + B  A + B  

y7Xl(k4 + k9x7 + klox4) 

))4 ~ Y5 

Y5 = - 2 y i x i ( k l i  + ki5x4 + klTX7) - y4[A1 + klsxl  2 + 2x,(kl3 + k19x7) 

+ k19x7 2 + 3kt4x4 2] - -  Y6  - -  y7[A2 + kl7Xl 2 + 2x7(k16 + k19x4.) + k19x4 2 + 3klsX7 2] 

~6- 
2aB 

A + B  
- -  y lx i (k i l  + klsx4 + k17XT) 

eB 

A + B  

aB 

A + B  

- -  y4[At + klsxl  2 + 2x4(ki3 + ki9xT) + k19x72 + 3kt4x42] - ~Y6 

__ _ _  y7[A 2 + kl7xl 2 + 2x7(k16 + k19x4) + kt9x4 z + 3ktsx72] 

3)7 = Ys 

Y8 = -2y~xffkx2 + klsX 7 + klTX4) -- y4[A2 + klTXi 2 + 2x4(ki6 + kl9x7) 

+ k19x7 2 + 3klsx4 2] - Y9 - yv[A3 + k l sx l  2 + 2x7(kx3 + k19x4) + kl9x4 2 +3k14x7 2] 
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2c~B 
.99 = - - -  y lx l (k12  + k l sx7  + k lvX, )  

A + B  

eB 
y4[A2 + klvXl 2 "q- 2x4(k16 -t- k19XT) ~- k19X72 "q- 3klsx42] --  ~Y6 

A + B  

o~B 
- -  y7[A3 " 4 -  k 1 5 x l  2 + 2 x 7 ( k i 3  -{- k 1 9 x 4 )  "+- k 1 9 x 4 2  -}- 3 ] r  (32) 
A + B  

The system presented in (32) is for the general case when a + b. W h e n  a = b, f2 = f3 and 
Eqs. ( 2 0 ) - ( 2 2 )  are reduced to two equations of motion and consequently the system (32) is 
reduced to six equations only. 

4 Numerical results and discussion 

In this section the stability of Eqs. ( 2 0 ) -  (22) is analyzed with respect to the various parameters 
involved. The solution of those equations and of Eq. (25) is obtained within the Runge-Kutta 
method [24]. First, it is recognized that for the ease where ~ = k = k u = 0 (i,j = 3 . . . . .  10) in 
Eq. (20), one obtains the well-known linear Mathieu equation, which was extensively investiga- 

ted, e.g., by McLachlan [25]. 

11 
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F ig .  3 .  T h e  re sponse ,  f l ( t ) ,  a n d  the  larges t  L y a p u n o v  e •  21, for t / =  0.5,  co = 1, l/h = 50 a n d  

a a = O, b ~ = 0 . 0 0 0 0 0 1 ,  c a = 0 . 0 0 0 1  

W h e n  k - -  k q  = 0 a n d  e + 0 w e  h a v e  
t 

f ' ~ ( t )  + #211 - -  2 t / c o s  (0t)] f , ( t )  = - -c~ z f / ) ( t  - -  ~) f l (~)  dz  (33) 
0 + 

d e s c r i b i n g  t h e  m o t i o n  o f  a l i n e a r  v i s c o e l a s t i c  s t r u c t u r e .  T h e  s t a b i l i t y  o f  t h i s  e q u a t i o n  w a s  

i n v e s t i g a t e d  i n  [11]  b y  u s i n g  t h e  c o n c e p t  o f  L y a p u n o v  e x p o n e n t s ,  a n d  l a t e r  o n  a n a l y t i c a l l y  
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in [26], [27], where an the expression for the critical (minimum) value of the excitation 

parameter, r/c, at which instability may occur, was obtained. For the case of the standard 
linear solid model  it is 

2 2~B (34) 
. c  = ~ Ib(0)l = O(A + 8) 

and will be used later on. When k u = 0 (i, j = 3 . . . . .  10), k + 0 and e 4 :0  we have 

f ;( t)  + Oz[1 - 2~ cos (0t)] A(t) + kA( t )  3 = - i D(t - .c) [cO2A(z) + kf l (z)  3] dz (35) 
O +  

which describes the mot ion  of a nonlinear viscoelastic plate under small deflections. The 

stability of this equation was investigated numerically by the authors of the present work [18], 

where it was also shown that in some cases the system turns out to be chaotic. For the case 

where ~ = k u = 0, (i, j = 3 . . . . .  10) and k ,+ 0, one obtains 

f~(t) + t22[1 -- 2q cos (0t)] f1(t) + kf~(t) 3 = 0 (36) 

representing a non-linear version of the Mathieu equation, and was examined in [1]. 
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The numerical results herein were obtained by using A = 0.1, B = 0.9, Nx, = Ny~ = 0, g2 = co 
and 0 = 2co. In addition, the following values for the nonlinear viscoelastic parameters  were 
considered: 7 = 2000, 7xy = 4500, fl = - 4 5  and flxy = - 6 7  as derived for a high density 
polyethylene from [28]. 

Figures 2 and 3 show the response, fl(t), and the largest Lyapunov  exponent, 2x, drived for 
the case where co = 1, and l/h = 50. 

In Fig. 2 e = 0.01 and q is equal to a) 0.0005 ( <  t/c) and b) 0.5 ( >  qc)- In Fig. 2a  the system is 
asymptotically stable, that  is 21 is negative and the response is approaching zero. In Fig. 2b  the 

system is stable with limit cycle and 21 ~ 0. 
In Fig. 3 q -- 0.5 and the following cases for ~t are considered: a) 0, b) 0.000001 and c) 

0.0001. In Figs. 3 a and 3 b 21 is positive, indicating instability. For  relatively large e (case c) 

21 --, 0 and the system is stable. 
Figures 4a  and 4b  exhibit the results for the cases of  Figs. 2b  and 3b respectively, as 

obtained within the small deflections theory (by substituting k~ i = 0, (i,j  = 3 . . . . .  10) in 
Eq. (20)). In Fig. 4a  the system is stable, 21 ~ 0, while in Fig. 4b  21 is positive, indicating 
instability. 

Figures 5 and 6 show the response, fl(t), and the largest Lyapunov  exponent, 21, as 
derived within the large and small deflections theories, respectively, for the case where 
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l/h = 10 (co = 25), ~ = 0.01 and t/ equal to a) 0.0001, b) 0.5. In Figs. 5a and 6a 21 is 
negative and the response is approaching zero. In Figs. 5b and 6b the system is stable, 
21~0. 

From the above we conclude the following: 

(i) Due to the stretching of the middle plane, the response amplitude is smaller than that 
predicted by using the small deflections theory for relatively large l/h (see Figs. 2 - 4 ) .  

(ii) At small ratios of l/h, the small and large deflections theories give practically the same 
result. 

(iii) From the stability point of view, both theories yield the same behavior when analyzed 
within the Lyapunov exponents. However, the stable response within the large deflections theory 
can be of multiple frequencies (see Figs. 5 - 6 ) .  

(iv) The material coefficient, ~, has a great influence on the system in the sense that an 
unstable system may become stable at large values of ~ (see Fig. 3 c). The above is correct at 
r /> qc- But ~ is one of the parameters by which qc is determined (see Eq. (34)) in a way that at large 
~, r/~ is increased, so that ~ stabilizes the system too. 

(v) At q < qc, the system is asymptotically stable regardless of the values of the viscoelastic 
parameters. 
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Finally, it is noted that the Lyapunov exponents serve also as a powerful tool in the study of 
a chaotic motion, and actually, the existence of at least one positive Lyapunov exponent indicates 
a chaotic state (see e.g. [23], [29], [30]). However, there are other ways to examine the response 
nature. Figure 7 a exhibits the Fourier power spectrum, phase plane and Poincare map plots of 
the instability case given in Fig. 3 a, while Fig. 7 b shows the same but for the stable case shown in 
Fig. 2 b. Thus, we believe that more attention should be given to the chaotic behavior possible in 
this problem. 
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