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S 7 
Abstract. We will show that the Hopf map S t5 ~S 8 admits a sourceless, 
topologically non-trivial gauge field. This result will be cast in the form of a 
solution to eight dimensional Euclidean Yang-Mills field equations with 
topological charge Q = 1. This solution is Spin(9) symmetric and leads to a new 
generalized duality condition F/x F = + (F A F)*. 

It is becoming increasingly apparent that many of the subtleties of field theories 
can be understood only by investigating their global properties. This has 
necessarily led to the introduction of several new mathematical results and 
techniques into the physics literature, which has in turn prompted mathematicians 
in the areas of algebraic and differential topology to investigate a number of 
system of importance to physics. The most striking examples of this interdisci- 
plinary pursuit are instanton solutions to the D = 4 dimensional Yang-Mills field 
equations [1]. 

In this paper we will study the higher dimensional analog of the instanton, but 
first a few words of background are in order. 

Trautman [2] was the first to realize that the one instanton solution to the 
SU(2) D =4  Euclidean Yang-Mills field equations is related to a Hopf map [-3] 

~3 
S v > S 4 

i.e., the mapping associated with a principal fibre bundle structure with base space 
S 4 (the one point compactification of Euclidean four-space) and fibre SU(2) ~ S 3. 
The canonical connection on this bundle defines a self-dual or anti-self-dual 
curvature tensor F~,,. 

Nowakowski and Trautman [2] consider more generally the natural connec- 
tion on Stiefel bundles, and Laquer [I3] considers the Yang-Mills functional 
associated with principal bundles over homogeneous spaces. 
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There are four fundamental Hopf fibrations 

S 1 S 3 S 7 $15 

S 1 S 2 S 4 S 8 

each one corresponding to one of the four normed division algebras [4], R, C,/-/, 
and O, the real, complex, quarternion, and octonion division algebras over the field 
of the reals. 

Trautman [2] has observed that the first two Hopf maps can also describe 
physical systems. The first corresponds to the kink solution of the Sine-Gordon 
equation, and the second to the Dirac monopole of quantum-electrodynamics. 

The fourth Hopf map allows a more exotic interpretation. Recently, G/irsey 
and Tze [5] have shown that it can be connected with the Freund-Rubin-Englert 
[6] S 7 spontaneous compactification of N = 1 supergravity in eleven dimensions. 
Here we present an alternative viewpoint. 

In the present paper we will study the properties of the last fundamental Hopf 
map (i.e. the Hopf fibration of the 15-sphere given above) in relation to solutions of 
pure eight dimensional Euclidean Yang-Mills field equations with gauge group 
Spin(8). We explicitly construct this solution and show that it has topological 
charge 

Qoc J'(F /xF A F  AF) (1) 

with Q = _+ 1 for the appropriate choice of normalization. The solution is invariant 
under the action of Spin(9), the two fold covering of O(9), which is a subgroup of 
the Euclidean conformal group 0(9, 1) in eight dimensions. This result is 
analogous to the work of Jackiw and Rebbi [8] on the D = 4 dimensional single 
instanton solution with gauge group 0(4). That solution was shown to have an 
0(5) symmetry with 0(5) C 0(5, 1) (the D = 4 Euclidean conformal group). Finally 
we show that the D = 8 solution leads to a problem similar to the one studied by 
Atiyah et al. [9] of constructing general self dual gauge fields. Specifically, the D = 8 
case will be shown to satisfy a generalized duality. [In D = 4 the F = + F* duality 
results from anti-self-dual solutions of the field equations. This is not the case in 
D = 8. As we shall see, the generalized duality comes about algebraically.] 

Let us proceed somewhat in analogy with Jackiw-Rebbi [8]. We consider a 
Spin(8) Euclidean Yang-Mills theory in 8-dimensions. This can be interpreted 
either as being a conformally invariant theory in R s with constraints at "infinity" 
or equivalently as an isometrically invariant theory on the unit sphere 
S s =  {rlr. r= 1} CR 9. Where appropriate, we write r in terms of components r~, 
a = l  . . . . .  9. 

We seek a gauge potential (=  connection) d = {d,} on the tangent bundle to S 8 
so A. r = 0 or d , r ,  = 0. We choose as our "ansatz" 

d~ = i~Z~brb, (2) 

where Z~b is the irreducible 16-dimensional representation of Spin(9) and ~ is a 
constant to be determined. We can identify R 8 with the complement of the point 
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r 9 = -- 1 given by 

2 x .  1 - x z 
ru = 1 + x ~ '  r9 = 1 + x  2' (3) 

where # =  1 . . . . .  8 and xZ=x~,xu. 
We can use the D = 9 dimensional angular momentum operator  

0 
= " + ir b -  (4) Lab Ira ~r b t~r a 

to construct the third rank field strength tensor 

Pabc = iL.bAc + r.[Ab, A~]. (5) 

The Spin(9)-invariant action I is proportional to 

I Trffabcffabcd~2. (6) 
S s 

The "conventional" connection A = {A~} corresponding to ~ = {A,} is given by 
l + x  2 

2 

o r  

- -  Au = A~,-xuh 9. The corresponding field strength is then given as usual by 

F "v = OUA~ - ~VA" + [A",  A ~] (7) 

o r  

we find 

Au - - 2 i S j ~  (12) 
1 + x  2 

-2iSf ,~r~ (13) 
A ~ -  x2(1 +x2)  

F =  [~, A] + [A, A] .  

The above action I is then the same as (within normalization) 

T r F ~ V F ~ d S x .  (8) 
R 8 

The variational principle 6I  = 0 then leads to the field equations 

iLabff ~bc + r,  [Ab, ff abc] -- rb [ A a ,  ff  abc] = O. (9) 

Substituting the ansatz (2) into the field equations gives 

12ict(~ + 1) (a + 2) Sabr b = 0 (1 O) 

with solutions a = 0, - 1, - 2. The solutions a = 0 and ~ = - 2 give ffab~ = 0; we turn 
to a = - l .  

Making a gauge transformation (--bundle  automorphism) 

U = ei1"(rg)Su9ru (11) 
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for the respective choices 

o r  

Equation (14a) gives 

while Eq. (14b) gives 

C O S -  1 r 9  

f(r9) = (1 - r~) 1/z (14a) 

COS - 1 #'9 - -  7g 
f ( ? ' 9 )  = ~ ~  " (14b) 

4Su~ (15a) 
F ,~ -  (1 +xZ) 2' 

42~ (15b) 
Fu, = x4(1 +x2) 2 . 

Equations (2) through (15) are as in Jackiw-Rebbi with simple modifications. 
For comparison, consider the natural connection, the Maurer-Cartan form 

g- 1@, as a form on the tangent bundle to Spin(9). This form is left invariant. The 
irreducible 16-dimensional representation of Spin(9) composes with the Maurer- 
Cartan form to give a form right invariant under the subgroups Spin(7)< Spin(8) 
so as to project to the coset spaces 

S 15 = Spin(9)/Spin(7) 
$ (16) 
S s = Spin(9)/Spin(8). 

Expressed in terms of the coordinates x = {x,), the projected form is just the 
connection form A = {At}. 

Regarding the field strength F = {Fu~.} as a curvature, we can regard 

P=N S (F ̂ F  AF AF)dV, (17) 
S 8 

for a suitable normalization constant N, as computing the Euler number, or half 
the second Pontryagin number. For the Hopf fibration S 15-~S s, this is known to 
be +1, since the classifying map of the fibration is a generator of 
zcT(Spini8))/~7(Spin(7)),~ Z. This then fixes the normalization in Eq. (17) uniquely 
and we identify half the Pontryagin number with the topological charge. Indeed, 
the integral in Eq. (17) is easily computed using the properties of the S,v (given 
below) and the form (15a) for F,~. The spacial integral needed is 

x 7 d x  2 g  4 1 ( 1 8 )  

dO. ~ (1 +x2 )  * - r ( 4 )  280" S 7 0 

Now let us look more closely at the spinor representation of Spin(n). The 
16 x 16 Spin(9) irreducible representation matrices {Sab} decompose via a ½(1 + 79) 
projection into the two irreducible 8 x 8 spinor representations {S,v} and {Z,,} of 
Spin(8). A useful choice for the {Su~ } matrices is the following [10] 

S~ = ZAn®Fa; A = 1,2 ..... 7, (19) 
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where 

NAB------ (1/2/) [FA, FB], 

and the F's are defined by 

F I  = --°'112; F 2 =  --0.120; ir3---~ 0.132; F4=0-221; 

F 5 = -0-220; F 6 = a 2 0 2 ;  F7 = - a 3 0  o. 

Here we have defined 

(20) 

(21) 

trljk = 0.i ® 0. j ® 0.k (22) 

with 0.1, a2, and 0-3 the 2 x 2 Pauli matrices and 0-0 the 2 x 2 unit matrix. 
A product can be defined on the seven F's such that they form a representation 

of the nonreal octonians [10]. Furthermore, the group element g as well as the 
Maurer-Cartan form g - l d g  can be given an octonionic interpretation. To 
accomplish this, we identify the map of the octonionic S 7 onto the S 7 at infinity in 
/9 = 8 dimensional Euclidean space with 

1 • x o + i F a x  A 
g = Ixl (23) 

This is in direct analogy with the 4-dimensional case where 

1 . x o + i a . x  
0 = Ixl (24) 

with the Pauli matrices 0- seen as a representation of the nonreal quaternions. 
Let us now summarize several more useful identities satisfied by the N's and F's 

[11, 12]: 
The F's satisfy (indices in square brackets are to be antisymmetrized) 

1 
F t A F B F c F o  I = ~ .  ~ABCO~FoFEFFF G , (25) 

thus 

and so 

1 
N8[A~BC ] = ~.  F.8ABCDEFGSDESFG , (26) 

1 
X[u~X o, 1 = ~.. e u ~ , ~ 7 r Z ~ X ~ 6  . (27) 

Therefore we find that, purely as a consequence of the properties of the X's, the 
D = 8 field strengths F = {Fu~ } of Eq. (15) satisfy the duality equation 

F/x F = + (F/x F)*,  (28) 

where the ( + ) and ( - )  correspond to self-dual and antisdfdual representations S 
and Z, respectively. 

One final identity satisfied by the Z's and needed to complete the evaluation of 
the normalization in Eq. (17) is, using Eqs. (19)-(22), 

TrNI2N34Z56N78 = 8. (29) 
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For the sake of completeness let us make contact with Ref. [5]. Fixing one 
index (# say) at 8 in Eq. (28) forces the remaining indices to run from 1 to 7 so we 
write v, Q .. . .  , as A, B .. . .  such that 

Defining ~ and • by 

and 

we have 

1 
F stAF Bc I = ~ ~8a~coeeaF oeF Fa " 

(2), 
tP ABC = F 8tAFBcl, 

(30) 

(3t) 

(2), 
~Eean = FtEFFGm, (32) 

1 
7JA~c = ~ eAnco~eG~oEva. (33) 

But this is quite similar to the duality condition described by G/.irsey and Tze [5] 
when A, B, and C are restricted to the seven octonionic triples i.e., for pure nonreal 
unit octonions e~ 

eiej = alj + lPi jkek , 

where 

ijk = (123, 246, 435, 367, 651,572, 714). 

As a consequence of triality, Spin(8) has three 35-dimensional inequivalent 
irreducible representations. Under  the reduction Spin (8)--+ Spin (7), two of the (.3_5) s 
remain irreducible while the third (35) ~(-1) + (7) + (27). On further reduction to G2, 
all three of the (35)s of Spin(8) reduce to (1)+ (7)+(27). 

The combination of generators Stu~So, 1 that enters Eq. (28) transforms as a (.3_5) 
of Spin(8). The projections of (-3_5)s to (-1)+(-7)+(.27) can be accomplished by a 
straightforward application of the properties of the restricted tensors ~jkt and 7'ij k. 
Though we will not pursue this further here, detailed formulae are provided in 
Ref. [12]. 

In D = 4  the condition F = _+F* leads to a set of linear equations which can be 
solved to construct general self-dual Yang-Mills gauge fields. For D = 8  the 
conditions are more complicated, but a similar problem of constructing solutions 
to the Yang-Mills field equations with a "generalized restricted duality" occurs, cf., 
Eq. (28). It is useful to note in this regard that there is a complete analogy between 
the homotopy groups relevant to the D = 8 solutions, 

nv(Sp in (8 ) )=Z  + Z,  nT(Sp in(7) )=Z and rcv(G2)=l 

with those relevant to the D = 4 instantons 

n3(0(4)) = Z + Z, rc 3 (SU(2)) = Z and /t73(1 ) = 1. 
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As a final r e m a r k  we observe  tha t  the field s t rength of Eq. (15a) has act ion 

xTdx ~ f dx ,  l Fu~F,~ dsx ~ S (1 + x2) 4 x 

which is logar i thmical ly  divergent.  This is somewha t  discouraging;  however  D = 8 
Yang-Mil ls  theories are inherently nonrenormal izab le  and  the fact tha t  the 
divergence is only  logar i thmic  gives one hope  tha t  it m a y  be control lable  if the 
D = 8 Yang-Mil ls  theory  is p roper ly  embedded  in some well behaved  higher  (D > 8) 
d imensional  theory. 
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Note added in proof: In fact, the action is finite when the theory is defined on S s. We would like 
to thank Roman Jackiw for pointing this out. 


