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Summary. In this paper we consider Anonymous Sequential Games with Aggregate
Uncertainty. We prove existence of equilibrium when there is a general state space
representing aggregate uncertainty. When the economy is stationary and the
underlying process governing aggregate uncertainty Markov, we provide Markov
representations of the equilibria.

1 Imtroduction

This paper develops a framework in which dynamic games featuring both individual
stochastic heterogeneity and aggregate uncertainty can be analyzed tractably. For
the class of dynamic games considered — anonymous sequential games with aggregate
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uncertainty — we provide a set of equilibrium existence and Markov characterization
results for general state spaces representing aggregate uncertainty. This class
of multistage (sequential) games features a continuum of heterogeneous agents, and
is characterized by the “anonymity” property that an agent’s payoff in any period
depends on what other agents do only through the aggregate distributions over
agent types and their actions. These games are very natural for modeling economies
where agents are “small”, for example competitive economies.

The framework presents an attractive alternative to representative agent models,
permitting one to address economic problems where individual stochastic hetero-
geneity is an important feature. In many economic environments, heterogeneity is
important. Agents who differ in their abilities, endowments or preferences may make
different employment decisions, hold different portfolios or purchase different
goods; firms which differ in their costs may make different investment or R&D
decisions, and so on. These differences can help explain both the individual
allocation of resources over time, as well as the evolution of aggregate economic
variables. For each agent, the dynamic evolution of such characteristics is invariably
stochastic in nature: how successful was a firm’s R&D investment? what was the
return on an asset? what was the worker-firm match quality? what was a firm’s cost
shock?, etc. Questions of this sort can sometimes be addressed in the framework of
the anonymous sequential game with no aggregate uncertainty (see, for instance,
Jovanovic 1982, Hopenhayn 1992, Jovanovic and MacDonald 1988).

However, for many economic problems it is too restrictive to impose the
requirement that the aggregate distribution of agents evolves nonstochastically.
“Aggregate uncertainty” arises when the aggregate distribution on the space of
agents evolves stochastically over time. For instance, modeling of business cycles
demands consideration of aggregate demand shocks which affect all firms directly.
Government policy choices, such as the rate of money growth, which are random
from the perspective of individual agents are aggregate in nature. Technology shocks
reflecting global innovations such as computers, are aggregate in nature, as are the
so-called “o0il” shocks. In such cases the stochastic evolution of the economy-wide
aggregates is an important determinant of agent decisions and hence of economic
behavior. Anonymous sequential games with aggregate uncertainty allow one to
model such phenomena. For instance, Bergin and Bernhardt (1993) employ this
framework to examine entry, exit, investment and R&D decisions of firms whose
costs evolve stochastically and who face aggregate business cycle demand shocks.

Jovanovic and Rosenthal (1988) formally define anonymous sequential games
for the case where there is no aggregate uncertainty, provide an existence theorem
and iltustrate its broad application to economic problems. Bergin and Bernhardt
(1992) show how anonymous sequential games can be formulated with aggregate
uncertainty, and provide an existence result for the case where aggregate uncertainty
can be represented by a countable state space. The restriction to a countable state
space is a significant shortcoming in that many problems are more easily modeled
when the state space is a continuum (such as price in a market). One of the
contributions of this paper is to remedy that shortcoming. The paper makes
contributions along two dimensions. First, we extend the analysis in Bergin and
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Bernhardt (1992) to allow for aggregate uncertainty with general state spaces.
Second, we provide a set of Markov characterizations of equilibria when the model
is stationary and the underlying stochastic processes in the model are Markov.
In the remainder of section we briefly describe the notions of “aggregate un-
certainty” and “no aggregate uncertainty” and then summarize the main results
of the paper.

Let the set of agents or agent types be A and the action space 4 (common to all
agents). An aggregate distribution over agent types® and actions is some distribution
710on Y= A x A called a distributional strategy.? The anonymity assumption says
that the behavior of other agents affects agent «’s utility only through z. Agents’
characteristics or types (e.g. technology quality) can evolve stochastically over time,
so that a particular o € A (the characteristics space) is not identified with “the same”
player over time. At time ¢, if agent ae A takes action a€ A4, and the distributional
strategy is t,, then he obtains utility u,(o, a,t,). Given «, 1, and a, the player then
draws a new characteristic £, , (reflecting idiosyncratic risk) from a distribution
P, ,,(t,, o, a) on A(determining his type in period ¢ + 1). Sometimes, to make explicit
the fact that P, ,(,, , a) is a distribution, we will write P, ,(e;7,,2,4).? In turn, in
period t + 1 the player obtains a new characteristic, drawn from a distribution
P, »(t,+1,& +1,a), when action a is taken, the period ¢ + 1 distributional strategy
is 7,4, and so on. Thus, idiosyncratic risk arises because a player’s payoff depends
on the random evolution of his characteristic in A space. For example, the set of
agent types might be the set of possible firm technologies. The firms might have to
select output and R&D actions, with the firm’s technology quality evolving
stochastically over time, depending on the current quality and the firm’s R&D
choice. The economy is competitive so that actions of competing firms affect a firm’s
payoffs only through the equilibrium price.

“No aggregate uncertainty” is formulated in this model as the non-stochastic
evolution of a sequence of joint distributions, {1}, on the characteristics space A.
Given the aggregate distribution, 7,, on A x A4, the “no aggregate uncertainty”
hypothesis means that next period’s distribution over characteristics space is given
by

Hev1(@)= J‘Pt+ 1(®; 7, ¢, @)t (do x da).

Even though each agent faces individual uncertainty through P,,,, this
uncertainty at the individual level “washes out” in the aggregate so that p,,  is

! We identify an agent with his type or characteristic in the sense that we will refer to both agent type
o and agent o interchangeably — e.g. firm « has technology type «.

2 The properties and use of such strategies are discussed further in MasColell (1984), Jovanovic and
Rosenthal (1988) and the references cited there.

3 A “@” is sometimes used as an argument of a measure to denote an arbitrary measurable set in the
relevant space. Given two measures, y and ¢ on some sigma field 4, the expression z(®) = ¢(®) means
u(B) = ¢(B), VBe 4. Given a metric space X, By is the associated sigma field.
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non-stochastic. This “washing out” of individual risk is intimately related to the fact
that the model has a continuum of agents (see Feldman and Gilles 1985).*

To illustrate the potential difficulties involved in using models with aggregate
uncertainty, consider a situation where « indexes a firm’s technology and where Ea
is firm o’s technology next period. One might anticipate that, from an economic
perspective, agent « is better off “drawing” a good technology (a high value of &,).
However, with a stochastic aggregate distribution and the unavoidable correlation
of draws across the o’s, conditional on a high value of Ea, the distribution of
technologies may be more likely to be concentrated on good technologies. Thus, in
a competitive situation, given that £, is high (more efficient), other firms are more
likely to be more efficient and the “gain” to Ea of being more efficient may be offset
by the fact that the competition is stiffer. Thus the expected result — that the expected
payoff given greater efficiency is higher — may be reversed. It is worth noting
that the difficulty here is not correlation of characteristics across agents, but
of correlation between each agent’s characteristic and the aggregate distribu-
tion.

Bergin and Bernhardt (1992) develop a useful decomposition of uncertainty into
aggregate and idiosyncratic components. Aggregate uncertainty is introduced by
having a random variable 8 & ® represent an aggregate “shock” to both payoffs and
the transition function governing individual risk. Idiosyncratic uncertainty is
represented by a second stochastic component. In the present notation, such a
procedure is equivalent to writing n = (w, f)e(2, @), where 0 represents aggregate
uncertainty and w embodies “idiosyncratic risk”. As before, the aggregate distri-
bution is a random variable, but if we impose the “no aggregate uncertainty”
hypothesis conditional on 6, then next period’s aggregate distribution is non-

4 The “no aggregate uncertainty” hypothesis is formalized as follows: Underlying the transition function
P(e®; 7,2, a) (and ignoring time subscripts) is a probability space (N, %y, p). The process governing the
evolution of individual characteristics is &(n, o, a,7). if ne N is drawn, agent o takes action q, and the
current joint distribution on actions and agent characteristics is 7, then agent «’s characteristic next
period is &(n, o, a, 7). The transition function is determined by this process according to:

P(B;t,a,a) = p({n|&(n, 2, 0,7)€ B}), Y Be %,.
For any given # and t, the aggregate distribution next period is given by
#(B) = 1({(2 a))(n. 4, a,7)e B}), VBe B,.

In general, 4" is a random measure. Letting .#(A) denote the set of probability measures on A and % (4,
denote the Borel field on .#(A), the joint distribution on .#(A) x A is given by:

¢ (@) =p({nl(1", &0n. . 0,7))€Q}), Qe By 1) ® A.
Similarly, the distribution of u" is given by:
V(@ =p({nu"eQ)) Qe By
The hypothesis of “no aggregate uncertainty” is the hypothesis that the distribution of this random
measure, ¥, is degenerate: Iu*e.#(A), u"=p*, p ae. 1. In this case p ae. 5, p*(B)= [P(B;1,0,a)
t(dx x da), YV Be #,. Aggregate uncertainty may be defined (by default) as the case where y" has a
nondegenerate distribution (¥,,).
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stochastic, conditional on 6.5 No aggregate uncertainty conditional on 6, implies
that the aggregate distribution next period, u*, can be computed according to:

u*B)= f P(B;1,0,a,a)t(da x da), YBe %,.
Y

In this formulation the aggregate shock 6 enters as an argument of the transition
function, affecting each agent and represents the aggregate uncertainty facing every
agent. Agents’ actions can be conditioned on the aggregate shock, so that the
aggregate shock can also affect the transition to future states indirectly through
current agents’ actions. Finally, 8 can enter payoffs directly. For instance, § may be
an aggregate demand shock or an aggregate inflation shock which affects all firms
(directly through their profits and indirectly through their actions and the future
evolution of their costs). Observe that conditional on 8, the aggregate distribution
and each agent’s ¢ realization are independent, because conditional on 6 the
aggregate distribution is nonstochastic. This formulation of aggregate uncertainty
is discussed at some length in Bergin and Bernhardt (1992), where an existence
theorem is given in the case where the state space of aggregate uncertainty is
countable (i.c. ® is countable).

Here, we use this formulation of aggregate uncertainty to provide a general
equilibrium existence theorem. The extension to more general state spaces for
aggregate uncertainty is important because uncountable state spaces arise in a
natural way in many applications. For example, an aggregate demand shock 0
shifting the intercept of a demand curve is most naturally modeled as drawn from
some continuous distribution. The proof of existence of equilibrium in the general
case is of independent interest because the approach used in the countable case does
not carry over.®

We then assume that the model is stationary and provide two results on the
existence of Markov equilibria. The Markov representations provide an alternative
way of viewing equilibria, and the additional structure facilitates the study of
equilibria, simplifying the interpretation and analysis of equilibrium behavior. The
results here are closely related to some of the literature in stochastic games. In a
stochastic game, a state space S is specified. There is a finite number of players,
with action space A,(s), for player i, i=1,...,n. Let A(s) = x}_, A,(s). If at time ¢ in

* In this formulation, the underlying probability space has the form (Q x ©,%,® %o, $Qv) =
(N, By, p) and {(n, ¢, a,7) = {((w, 0), &, a, 7). Thus, if the “aggregate shock™ is 6, the aggregate distribution
7, and agent «, takes action a, then agent s characteristic next period is drawn from the distribution
P(e; 71,0, 4a). The aggregate distribution is defined (for a given (w, 6)) as:

Hwp(B) = ({2, a)| &((w, 0), %, @, 7)€ B} ),V Be B,.

No aggregate uncertainty conditional on @ is the requirement that, given 8, 3u*, such that Hogy = 1% 8
a.e. . At the same time, individual agents face individual uncertainty through w because the distribution
over agent o’s characteristics is given by:

P(B; 1,6, 4,a) = A{w|&({w,0),2,a,7)eB}).

® The mathematical arguments developed to prove existence with the countable stage space do not
extend to more general state spaces because the construction in the countable case involves selecting
each finite history of aggregate shocks and developing “pointwise” arguments there.
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state s,, agents choose an action vector ae A(s,), then the payoff to agent i is u,(s,, a).
Following the choice of ae A(s,), a new state is drawn from some distribution
p(d3|s,, a). When agents select actions from A(s,), they observe the history of states
as well as the current state, (54, 85, ..., 5,), and the history of actions (a, a,,...,a,_ ),
where a,€ A(s,). Payoffs are discounted over time at the rate §, so that the present
value of ’s payoff at time ¢ is (1 — §)8° ~ *u,(s,, a,), where s,€S and a,€ A(s,). Thus, a
strategy for i, 6; =(6,, i3, ..., 04, ..-), is a collection of functions with ¢,(s,,..., s,,
Qy,-.., 0, _1)E Als,). A strategy, o, is called Markovifforallt,o,(s,,...,S,a1,..., 4, )=
o¥(s,), for all (sy,...,s,,ay,...,a,_ ). If, in addition, the functions ¢} and ¥ agree,
Vt, 1, then the strategy is called a stationary Markov strategy. In this model, when
the state space S is not finite, a proof of existence of equilibrium is very difficult,
and requires relatively strong assumptions on the transition probabilities on the
state space. Mertens and Parthasarathy (1988) provide such a proof and also discuss
some of the difficulties involved in obtaining Markov equilibrium strategies. Duffie,
Geanakoplos, MasColell and MacLennan (1994) (henceforth DGMM) also discuss
stochastic games as an application of a general result on existence of equilibrium.
They prove existence of a stationary ergodic Markov equilibrium on an enlarged
state space which includes payoffs. This circumvents some of the difficulties involved
in obtaining Markov results on the § state space.

The first result we give on Markov equilibria for anonymous sequential games
assumes that the stochastic process governing the 8 process is Markov. In this result
we enlarge the space, #(A)x ©, to include payoffs and provide a Markov
characterization of equilibrium strategies. Thus, a state is a triple (u, 6,v), where u
is a distribution over agents, 6 is an aggregate shock and v a real-valued measurable
function on A, assigning a payoff to each agent. This approach is analogous to that
in DGMM who also include payoffs in the state space: the “state™ at time t includes
the present value of future payoffs. In a sense, this representation has a natural
interpretation as a type of rational expectations equilibrium. It is worth stressing
that we show that every equilibrium payoff in the game arises as the payoff to an
equilibrium of this form. In this result, the transition functions are assumed to satisfy
a form of weak* continuity whereas DGMM assume a stronger form of continuity
(that the transition functions converge on Borel sets). In addition, we require no
assumptions concerning absolute continuity of the transitions functions either
relative to each other or relative to any fixed measure.

A possible deficiency of this Markov characterization is that the enlarged state
space can make it difficult to “pin down” behavior. In order to provide a Markov
result on the “natural” state space we drop the conditional no aggregate uncertainty
hypothesis and return to a general model of aggregate uncertainty as a random
measure p". In this model, where aggregate shocks are not explicitly formulated, the
“patural” state space is .#(A). Given an underlying stationary Markov stochastic
environment we demonstrate that a Markovian equilibrium exists on the standard
(i.e. not enlarged) state space. This result requires stronger, but still standard,
continuity assumptions on the transition functions which are similar to those in
DGMM. We now turn to a description of the game. Sections 3 and 4 detail the
results. Section 5 discusses the formulation of strategies. Section 6 concludes with
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a description of potential applications. Inconsistent with location of notation in
foot 1. The appendix contains all proofs.

2 The model

The set of agents is denoted A with representative element «, where A is assumed
to be a compact metric space. A is the “characteristics” space. Similarly, the set of
actions available to any agent o is a compact metric space A. Let Y=A4 x A. An
aggregate distribution on agents’ characteristics is a measure p on A. Given a metric
space X, the set of probability measures on X is denoted .#(X), the set of continuous
functions on X is written %(X), and the family of Borel sets of X is given by By. The
t-fold product of the set X is denoted X' = x_, X. We assume that the initial
measure of agents is 1, i.e., y(A)=1.

The state space representing aggregate uncertainty each period is a metric
space @, with fe ©. In the infinite period model the state space is @ = x 2, O,
with representative element 6% =(6,,0,,...,8,,...). Let #=(6,,8,,...,0,)e @ =
x!_, @, the history of aggregate shocks up to the end of time ¢. Fix an exogenously
given distribution v on ®*. Denote its marginal distribution on @' by v,, its
conditional distribution on @ given the first ¢ elements of 8* by v(6"), and the
conditional distribution on @' given #°, 5 <1, by v{#°). Sometimes, for clarity of
exposition we may write v(e | 6) for v(§°), and v,(e|8°) for v,(8°). The Borel field on @*
1s denoted #°.

In the absence of aggregate uncertainty, a strategy is a sequence t =(7,,,,...,
T,,...), With 7,e #(A x A). With aggregate uncertainty, the aggregate shock history
' is observed when agents choose actions at time ¢. There are two possible ways in
which the definition of a strategy might be generalized to this case: (1) define the
period ¢ strategy as a function from @' to #(A x A), or (2) define the period ¢
strategy as a measure 7, on (@' x A x A). We adopt the first approach because there
are difficulties of interpretation with the second approach and because the first
approach allows a more general equilibrium existence result. These issues are
discussed in greater detail in Section 5.

A period distributional strategy at time ¢, t,, is a measurable function from the
space of aggregate shock histories ©@* to .#(A x A), specifying for each shock history
a joint distribution over agents and actions. Hence, 7,6 (@, #(A x A)), the set of
measurable functions from @' to #(A x A). Given t, and the aggregate shock
history &, 7,(6%) denotes a distribution on (A x A), while (e, A; 8") denotes the
corresponding marginal distribution on A. At time t, some aggregate shock
sequence 0'e O is observed’ by agents who then choose actions: this formulation
reflects the information available to agents at time ¢. A distributional strategy for
the infinite period model is a vector t = (14, 7,,..., 7,,...) of the period distributional
strategies.

7 The analysis is essentially unchanged if we allow agents to observe only the history of 6’s up to the
previous period so that 1, e F(E, #(A x A)).
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The evolution of agents’ characteristics is described by a process {¢,},. ,. When
agent o chooses the action g, the aggregate shock history is 8, and the period
distributional strategy at this shock is m, = 1,(8" e .#(A x A), then «’s period t + 1
type is drawn from the distribution P, ,(m,, 0%, y), y = (&, a). At time ¢, if 6’ is the
aggregate shock history and m, is the period distributional strategyon Y =A x 4
at history &', then the aggregate distribution at time ¢ + 1 is given by

By 1(®) = f P, (e;m, 0, y)t(dy).

This connects the distribution on characteristics intertemporally: 7, and z,_; are
not independent. Given aggregate shock history ¢, the marginal distribution of z,
on A is a distribution on characteristics which must agree with the distribution
implied by the transition process: the measure of agents in a given set in A at time
t must equal the measure of agents entering that set from the previous period. We
return to this issue of consistency below. Note that in this expression, g, ; depends
on 0 through the transition function: as §* varies, so also will &, ;. In period ¢ + 1,
whatever the theta shock, 6, , ,, the distributional strategy ,., at 8'** = (6,6, ,)
must have a marginal distribution on A which agrees with y, , ,, and since y, , ; will
generally depend nontrivially on 6, so also must 7, ;.

Utility at time ¢ is a function, u,, from A x 4 x #(A x A) x @' to &, where u,
is continuous on A x A. The interpretation of the utility function is that if an agent
of type « takes action a given the aggregate shock history 6° and distributional
strategy 1, (@, M(A x A)), then the agent’s utility is u,(a, a,7,(0"), 8'). Utility at
time ¢ therefore depends on the aggregate distribution over A x A, conditional on
0. For ease of notation we write u,(a, a, 7,, ') with the interpretation that given

1,€F (O, #(A x A)), u, depends only on the value of 7, at 0"y, a,1,0) =4
u(o, a,7,(0%), 0'). We assume that V¢, |u,| < K’ < o0, so that without loss of generality
we may take 0 < u, (o, 4a,1,,0") < K < o0, Y(t,a,a,1,0). Payoffs are discounted: the
discount rate at time ¢ is J,, where sup, . , 6, < 1, so that the present value of time ¢
payoffs is (J]{=;d)u. In the stationary model, we set d,=(1 —8)0‘"!, where
0<dé<l.

The sequence of events at time ¢ is the following. First, the period ¢ aggregate
shock, 6,, is realized. Then agent « picks an action ae 4. Given the history of
aggregate shocks (including the current shock) €', and t(6°), agent « receives utility
u(o, a,7,(8"),0,). Following this the agent’s characteristics for period t + 1, £, |, are
drawn from the transition distribution on A, P, ,(7,(6°), 6% y), y = (o, a).

2.1 Continuity assumptions on payoffs and transition functions

In this section we give the main technical assumptions. Given a Banach space
(X, || Ix), let L(®% X, v,) represent the set of integrable functions® from @* to X

® Afunction f: @ — X is called simple if 3x;, x5,..., x,6 X, f =Y 7_, x,xE,, where E,e ' and yE, is the
indicator function of E,. The function f: & — X is called v,-measurable if 3 a sequence of simple functions
{fu}, such that lim,| f, — f | =0, v-almost everywhere. Finally, a v,-measurable function f is called
(Bochner) integrable if 3 a sequence of simple functions {f,}, such that lim, j" ol fu— f1v(d6") = 0. See
Diestel and Uhl (1977) for further details.
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withnorm g [ £(6") — g(6") || v(d6"). For f,ge#(Y),let || f — g llgw) = sup,| f(») — g(y)-
If f,geL, (@, 4(Y),v,), then f(y,0") and g(y, 8') are functions on Y for each ', and
given 0", || f — g llew, = sup,| (1, 0") — gy, ) (or || f — g l¢r)(6") to make the depend-
ence on 8" explicit). The L,(@*, €(Y), v,) norm topology is determined by the metric

o llf — gllg)vi(db?).

. Define a topology on Z (@', .#(A x A)) according to the following convergence
criterion:® Say that t7 — 1, if and only if for all fe%(Y) and geL,(©', %, v,),

f f(n)g(6")7](dy; 0')v(d0") - ff (1)9(6")e,(dy; 0),(d6").

This is the generalization of the weak* topology to the case of random distributions:
it is the coarsest topology on #(O", #(A x A)) for which | f(y)g(6")r(dy; 6")v,(d6")
is continuous in 7,. With this topology, # (@', #(A x A))is compact (Mertens 1986).

Given a continuous function f on A (fe®(A)),let |, f(E)P,,,(d¢,7,(6"),0",y) be
denoted P, ,(f, 7,(6"),6', y). The transition distribution P, . ,(z,(¢"), ', y} is assumed
weak* continuous in y: for each f € €(A), P, ((f, 7,(6"), 6, y} is a continuous function
of y. In addition, the following continuity conditions relative to t are imposed. For
fixed f, and 7,e #(O', #(A x A)), both P, , and u, may be viewed as continuous
real-valued functions on Y for each 8* and hence as elements of L, (@', 4(Y),v,). To
simplify notation, write P, ;(f, z,, 8", y) for P, ,(f, 7.(8"), 8", y), where 1, is understood
to be an element of # (@', 4 (A x A)). We assume that for all / €€(A), P, (f,7,, 6, y)
and u,(x, a, 7,, 0") are norm continuous in 1,

J supy | P 1(f, 7 0%, 9) — P 1 (7 0, ) 9(d6) ——>0
ot

and

j supy|ut(y’ T;l’ 0 —u(y, 7, 4] vt(d()‘) ——50.
o

These conditions are the natural generalization of the conditions on preferences
and transition probabilities in the no aggregate uncertainty case. Consider the
condition on utility and suppose first that @ contains just one element, 8%, so that,
in effect, there is no aggregate uncertainty. In this case, ' has only one possible
value, (6*), and so can be dropped from the notation t(6°). Thus, the strategy at
time t, 1,, is simply an element of .#(A x A) (with the weak* topology) and utility
is a function of («, g, 7,). The condition on utility is then:

supylu,(y, f:l) - ut(y= Tt)l _l___f> O

A sufficient condition for this to hold is that u, be continuous on the compact space
A X A x M(A x A). Next, consider the case where @ is countable, so that @' is
countable for each . Suppose also, that v,(0") > 0, V6’ e @". In this case, a sequence
" converges to 7,if and only if z(6") converges weak*, for each 0" @'. The condition

9 Thanks are due to J-F. Mertens for suggesting this topology.
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on utility is then:

sup, |y, 76", %) — u,(y, 7,(6%), 8)| — 0, V6'c@".

Given 0", u,(y, 7,(6"); ") maps Y x .#(A x A) to &.1If, for each ¢, u, is continuous on
Y x #(A x A), then, as before, the condition on utility is satisfied. A similar
discussion applies to the condition on the transition probability. In the case where
@ is countable, the assumption implies that for each 6", P, . (1,6, y) is weak*
continuous in 7,. Thus, these assumptions are the natural generalization of weak*
continuity of utilities and transition probabilities on aggregate distributions to the
case of random distributions.

For many applications the natural formulation of the traasition process will not
include the aggregate distribution and in such cases the norm continuity assumption
on the transition probability is trivially satisfied. For example, in the model of R& D
discussed in the introduction, the success of a firm’s research efforts in terms of
improving its technology would not be expected to depend on the R&D efforts of
other firms although such efforts would affect the firm’s competitive position in
subsequent periods. In that case the aggregate distribution does not appear as an
argument of the transition function and norm continuity is automatically satisfied.

3 Equilibrium

In this section the first result we give attaches a value function to each collection of
(2, a,7,0%. This value function, V(a, 4,1, 68"), details the payoff to agent « at time t,
when o takes action g, the aggregate shock history is #' and the distributional
strategy is . The proof of the existence of a vaiue function does not require that the
time ¢ utility function, u,, be continuous in the aggregate shock 6,. We then begin
to set out the conditions for an equilibrium. The definition of equilibrium is
somewhat involved since the set of agents “available” to optimize at any point.in
time must be consistent with the set of agents carried forward from the previous
period through the transition function and the distribution over characteristics at
that (previous) period. Furthermore, the “set of agents” is defined essentially by the
distribution over characteristics, and this is a random variable. We formulate these
intertemporal consistency conditions on strategies and define best response map-
pings. We then prove that there exists a distributional strategy consistent with
itself, for which almost all agents are optimizing at almost all aggregate shock
histories, so that an equilibrium exists.

In defining value functions we first consider a truncated n-period version of the
game and families of value functions V}(a,a,7,0")’_, and W)(a, 1, 0")_,, where, for
example, W¥(a, 7, %) is the expected payoff in the truncated game (from period ¢ on)
to player o given history 6° and t, when « plays optimally from period ¢ to the end
of the n period game. We show that for each 1, these functions are continuous in
{2, @) and & respectively, and norm continuous in 7. We then demonstrate that these
functions converge uniformly as n— o0, so that the limiting value functions also
have these properties. All proofs are given in the appendix.

Theorem 1 For each t, there exist value functions V,(«, a,1,0°) and Wa, t, &), which
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are continuous in (o,a) and a respectively, norm continuous in t© and satisfy
W(o, 7, 0") = max, V(a2 a, 7, 0.

These valuation functions are used below to define the “best response” corre-
spondence.

We now formulate the appropriate consistency conditions on the distributional
strategy sequences 7 = {t,} (in terms of the distribution over characteristics). If 7 is
an equilibrium distributional strategy, then the measure of agents in existence at
the beginning of period ¢z, as given by the period ¢ distributional strategy 7,, must
coincide with the measure mapped from period ¢ — 1: in any equilibrium, a strategy
must be consistent with itself. Note that given a distributional strategy 7, and
aggregate shock history ', the distribution over characteristics at time ¢, “implied”
by t is given by [,P.(B,1,_,, 0" !, y)1,_,(dy;0°" "), for all Borel sets Be #,. Any
distribution on A x A whose marginal distribution agrees with this distribution
is consistent with 7 at time t. Thus, given 7, t and 6, there is a set of distributions
7,(6") on A x A, such that the marginal of 7,(6°) on A agrees with that implied by 1.
The collection of such distributions (as ¢ and €* vary) is the set of distributions
consistent with .

Definition 1 Let 7= {7}, and t={1,};2, with T,(e, A)=p,(e). Say that T is
consistent with t if

J T/, 4; 9)g(0)v1(d9)=[ 11(f)g(0)v,(d0), ¥ f e¥(A), ge L (O, R, v,),
e 2]

J T,(f, 4;0%)9(6%)v,(d6*) = f
@2

©2

j P, (f,71,0% )11 (dy; 01)g(6%)v4(d6?),

Vfeb(A),geL, (0% R,v,),
and for period t,

f T/, 4:0)g(0")v,(d0") = J fPz(faft-u9’_l,y)ft-1(dy;9"1)g(9')v,(d0'),
o etJy

VfeB(A),geL (O, R,v,).

These conditions imply that Z(f, 4;8") = [, P(f, 7.~ 1,01, p)1,_ 1 (dy; 6° 1), almost
everywhere 6 (relative to v,). Recall, if ue.#(A) and f is a measurable function on
A, u(f) denotes | fdu. Thus, the condition imposed is that the distribution over
characteristics space A, determined by the distributional strategy % at time
t,7,(e, A; 6%, is consistent, given the distributional strategy 1, with the characteristics
distribution implied by the characteristics transition function, P,(z,_,,6° "1, ), and
the distribution over previous state variables determined by 7,7,_;(e;0' 1)

Denote the collection of strategies which are consistent with © by C(z). In view
of definition 1, C(r) may be defined as C(r) = x 2, C,(t), where

C1(T)={ﬂ|f fl(ﬁA;Q)g(H)vl(d9)=f 11(f)g(6)v1(dB), ¥ f €€(A), gL, (O, R, v,)},
(o] 5]
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and fort > 2,

Cn)= { (f

J J. (7m0, 077 y)n 1 (dy; 07 1)g(0)v,(d0"),Y fB(A), ge Ly (O, R, v,)}.

J (/. 4;69(6°)v(db")

i

Norm continuity of P,(f,7,_,,0' "%, y) in t (viewing P,(f, t,_, 0" "1, y) as an element
of L;(@'1,%4(Y),v,_,), for fixed f)ensures that these equalities are continuous in
T sequences. A strategy consistent with itself is a fixed point of C. Continuity of the
equalities in 7 sequences gives the following result.

Theorem 2 The correspondence C(t) = x 2 | C,(t) is non-empty, upper-hemicontinuous
and convex-valued.

We now consider those distributional strategy sequences in which almost all agents
are maximizing for almost all aggregate shock histories, . Consider the period ¢
valuation function V,(, a, 7, 8'). This gives the payoff to agent « if the distributional
strategy is given by 1, the aggregate shock history to period ¢ is ¢, and a chooses
a. Given 1, C(1) gives the set of period ¢ distributional strategies whose marginal
distributions on characteristics space agrees with the distribution over characteristics
space implied by t and the transition functions. For a strategy to be an equilibrium,
we require that it be consistent (with itself) and that at every time period, at almost
all histories (f shocks), almost all agents are optimizing. If, for the moment, we fix
a “representative” 6, then 7 and the transition functions imply some distribution,
say A(e;6") on A. With agents selecting actions optimally, the payoff to « is
max, Ve, a,7,6") = W,(a, 1, 0"). Let h(a, 6"), be an optimal choice for « (at 6%), with h
a measurable function on A x @', Then h and 1, determine a joint distribution 7,
on A x A, for each 6% £,(6") (or r,(o e;9%)). Note that £ eC,(r) By construction, if
7,eC,(1), for almost all 0", [,V (o a,1,0%(dy;0) < jy (o, a,1, 9’)r,(dy, 9. This
inequality follows directly from the fact that fy Vi, a,7, 0" )r,(dy, = [, Vi, h(2, 0
1,0",(de; 0"). Further, if for all 7,e C(x), [, V/(x, a, 7, 0)(dy; 6) < jy (a1, 0 ) {dy; 6 )
for almost all #', then almost all agents are optimizing at almost all 6. If 7, and %,
coincide in this definition, for each ¢ and ¢, then under the distributional strategy
1, every period almost all agents are optimizing at almost all aggregate shocks. At
a representative ' (in the measure 1 set) [ Vi(a, a,1,0)%(dy;0") = [, max,.,
Vi, a,t,09)1,(dy; 0"). In this case, since 7 is consistent with itself, it is an equilibrium.

Definition 2 Let t be a distributional strategy consistent with itself. Then t is an
equilibrium if for each t,

Squecl(z)J J Vo, a,1,0)%,(dy; 0')v(d0") < J‘ j V(a, a,7,0")(dy; 8")v,(d6").
t eGtJdY

Define a best response mapping, B(z):

B(1) = {fe C()Vt, supsee 0 J J Vo, a, 1, 09,(dy; 8")v,(d6")
tJy
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< f f Vile, a, 7, 0"t (dy; 9’)vt(d9')}-
tJy

A fixed point of B is an equilibrium. By construction, if 7 in B(t), then for all ¢, for
almost all 9, almost all agents are maximizing at state 6'. The next theorem shows
that B satisfies the conditions of the Glicksbuerg Fan Theorem. That is, B is
convex-valued, non-empty and upper-hemicontinuous.

Theorem 3 The correspondence B satisfies the conditions of the Glicksberg Fan
theorem and hence has a fixed point, which is an equilibrium of the game.

4 Markov equilibria

We now show that when the model is stationary and the 8 process Markov, there
exists a Markov equilibrium. More precisely, we show constructively that for every
equilibrium, there is an (expected payoff) equivalent Markov equilibrium. This
result uses the conditional no aggregate uncertainty formulation involving the
process. The Markov equilibrium is on an enlarged state space which includes
payoffs. This is similar to DGMM who also use an enlarged state space which
includes payoffs. However, we impose relatively weak assumptions on the transition
function of the process. We conclude this section by dropping the conditional no
aggregate uncertainty hypothesis and returning to a general model of aggregate
uncertainty as a random measure y". In that environment, under strong continuity
assumptions similar to those in DGMM, we provide a result on the existence of
Markov equilibrium where the state space is just the aggregate distribution over
characteristics. This illustrates an alternative approach to modeling aggregate
uncertainty, and does not require that expectations enter the state space.

For the model with conditional no aggregate uncertainty we first impose the
following stationarity assumptions (with a slight abuse of notation):

1. ule, a,1,, 60" =u(o,a,1,0,) utility is time independent and depends only on
the current value of 6.

2. Pe;7,_ 1,607, y)=P(e;7,_,0,_,, ) the transition function is Markov.

3. v(0") depends only on 6,. With a mild abuse of notation v(e|6") = v(e}0,): the
aggregate shock process is Markov.

In addition, we assume that

1. u(e, a,7,,0,) is continuous in («, g, 8,) and norm continuous in ,.

2. P(x,a,1,,0,) is weak* continuous in (o, @, §,) and norm continuous in 7,.
3. v(e|0,) is weak* continuous on @.

4. @ is a compact metric space.

These additional assumptions imply that the value functions V,(o, a, 7,6") and
Wa, 7, 0") (given in theorem 1) are continuous in §°. We now introduce a state space,
S, and define equilibrium Markov strategies relative to this state space.

Given an initial distribution u over the characteristics space and an initial
aggregate shock 6, we denote the associated set of equilibrium distributional
strategies as:
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E(u, 0) = {te # 4|1 is an equilibrium of the game with initial characteristics distribut-
ion p and initial aggregate shock 6}, where M = x 2 F(O', #(A x A)) and
F(O°, M(A x A))= M(A x A)). Define the state space S:

S={(u,v,0)e.M(A) x €(A) x @|IteE(y, 0) and v(x) = W,(,7,0), Vae A}.

Thus, (i, v,0)€S, means that given initial conditions (g, ) there is an equilibrium
strategy t, such that the expected payoff to agent « in this equilibrium is v(x). In
addition, define a correspondence ¢: S — .#, according to:

oy, 0,0y = {te M ,|teE(u, ), v(x) = W,(a, 7,0), Vac A}.

The correspondence ¢ associates to any point (i, v, 8)eS an equilibrium strategy ¢
(in the game with initial characteristics distribution x and initial aggregate shock
), with the property that the payoff to « is v(«x). Under the additional assumption
of continuity in 8, the correspondence ¢ is an upper-hemicontinuous correspondence.
Define a Markov equilibrium:

Definition 3 An equilibrium distributional strategy 7 is a Markov Equilibrium if for
almost all 8%, 0" such that

() (o]0~ 1) = p(0|6"7Y), (i) W 7,00 = W, (2, %,0")  and (iii) 6, = 6,.,
the strategy 7 satisfies (e, #|0") = 7(e, o |0").

Thus, an equilibrium distributional strategy is a Markov equilibrium if the behavior
at two different histories is the “same”, when the distributions on characteristics,
the expected payoffs to all agents, and the aggregate shocks agree. The following
theorem asserts that every equilibrium payoff in the game arises as the payoff to
some Markov equilibrium.

Theorem 4 Given an equilibrium 1 of the game with initial characteristics distribution
i and initial state 0, there is a Markov equilibrium, T, such that the first period payoff
to each agent is unchanged: the expected payoff to o is the same under T as 1.

The proof involves taking a pointwise measurable selection, t*, t*(u,v, 8)e o(u, v, 6),
for all (u,v,8)eS which we use to construct the Markov equilibrium 7. Future
payoffs are supported by reapplying the first component of t*(y,v,0), t*(p, v, ), in
succeeding periods 2,3,..., thus introducing Markov stationarity. This follows an
approach given in Bergin (1989).

For the final resuit, we return to a basic formulation of aggregate uncertainty.
In the model with an aggregate uncertainty parameter (0) identified explicitly,
aggregate uncertainty is modeled with the aggregate distribution conditionally
nonstochastic, given the current aggregate shock. Typically, however, “Markov —
type” results require a degree of continuity in the transition process governing the
state variable (in the sense of absolute continuity relative to a fixed measure or
relative to the transition measure at all states, say). Conditional no aggregate
uncertainty runs counter to this type of assumption. Reverting from the conditional
no aggregate uncertainty assumption to the general specification permitting
aggregate uncertainty allows us to address the issue of Markov structure with
standard (although strong) assumptions on the transition process.
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We return to the process &(n,a,a,7) governing the evolution of individual
characteristics, modified slightly to include the distribution on characteristics,
u: &(n, o, a,7, ). In this case, for a given (#, 7, u), next period’s aggregate distribution
is given by

ll"(B) = T({(aa a)lé(rha’ a, T, ,LL)GB}), vBeg{\'

The corresponding distributions on the space of measures over characteristics are:

V. (Q) =p({nln"eQ}), Q€ B 4 ),

and

¥(Q) = p({nl(W", s, 2, a,7))€0}), Qe By (1) ® A.

Since 6 is no longer separate from #, it no longer enters the utility function explicitly:
utility is given by a (time independent) function, u(a, a, 7, 4). The transition function
now is a distribution on .#(A) x A, where P, (e, ®,2,a,1, ) gives a distribution
over #(A) x A, given (e, a, 1, u). A period t distributional strategy is a function from
M(A) to M (A x A). For a fixed measure i on .#(A), the natural topology on the
space of these functions is given by the following criterion of convergence: t* — 1 if
¥ fe@(Y), ge L, (M(A), (A x A)Y),

J fy)(dy; #)g(u)w(‘du)ﬂf S)e(dy; wg(us(duw).

We make the following assumptions. There is a fixed measure iy on .#(A) such that

1. u is continuous in (o, @) and norm continuous in 7 (relative to y):
k
J sup,lu(y, ™, &) — w(y, ™, B [Y(dfE) — 0.
A (A)

2. P4, is continuous in (2,4) and norm continuous in 7 (relative to ) on
measurable functions, f, on M(A) x A:

k
J‘ SuPyIRl{g(f,y,Tk,ﬂ)_Rﬂg(ﬁy,faﬁ)|¢(dﬁ)t——x’()-
M (A)

3. The u component of the transition functions is dominated by ¢ uniformly,
3b < oo such that for any (y.t, i), 3f measurable, f: #(A)—>R,0< f <b,
such that

Rllg(XaAa »T ﬂ) = J\ f(#)‘/’(dﬂ)
X

In this model, the state space for the Markov formulation is .#(A). An equilibrium
is Markov if the current distributional strategy t, depends only on the current state,
4,. The intertemporal consistency conditions on the distributions have the form:
Vfeb(M(A)),VgeL,(M(A), R, )

J T 1 (s As )g(ldp) = JPJ{;(f,A; Vs T W) G((du), Vye Y, > 1,
M(A)
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and,

f fl(f,A;u)g(u)d/(du)=J w(Nguy(dp).
M (A) M

In this case, say that £ is consistent with 7.

The proof that a Markov equilibrium exists proceeds along similar lines to
theorems 1 and 3. As before, this entails establishing the existence of valuation
functions {V,(a,a,7,4)},5 , and {Wia, 1,1)},> 1, Where t = (14,1,,...,), 1M (A)—>
(A x A). We then define intertemporal consistency conditions for the distributional
strategies and show that the consistency and best response mappings satisfy the
conditions of the Glicksberg Fan Theorem.

As before, we prove the existence of value functions by looking at a truncated
n-period version of the game, establishing the existence of {V(a,a,7,p)},> ; and
{W¥a,7, 1)}, 1, and then take limits to obtain {V(x,a,7, 1) },» ; and {W,(o, 7,10 };» 1-
Note that even if the function W{a, 1, u) were continuous in g for fixed 1, since t,
(for example) is an endogenously determined function of u,  will depend on pas a
measurable function which is generally not continuous. When the dependence of ©
on u is taken into account, W(a, 1, 1} depends measurably, but not continuously,
on y. As a result, the convergence of expressions such as | , yx A Wil& T, DP 4 (dfi x
ad; y, 7, m(dp) 10 [ 4 ayx AWl T, Py (dfi X &y, 7, u)¥(dp) depends on the
assumption of norm continuity on measurable functions. Assumption 3 of uniform
boundedness of the Radon-Nikodym derivative is made for similar reasons.

In this framework, the appropriate definition of equilibrium is:

Definition 4 A strategy 1 is a Markov equilibrium if < is consistent with itself and for
eacht,

f Vilo, a, T, Wy (dy; ph(dy) > J Vile, a, T, )T (dy; i (dp),
Y

Y
for all T consistent with 1.

Theorem 5 The consistency and best response mappings satisfy the conditions of the
Glicksberg Fan Theorem so that there exists a Markov equilibrium.

5 Strategy specification

Earlier, when presenting the model we defined strategies as measurable functions
from the aggregate shock history to distributions on characteristics and actions,
and promised some further discussion of the formulation of strategies. We now
describe an alternative approach to strategy formulation, that appears at first glance
to have the appeal of simplicity.

One might think that rather than specify a period distributional strategy as a
measurable function from the history of aggregate shocks to .#(A x A4), that it
would simplify the analysis to define the period ¢ distributional strategy as a measure
on (@' x A x A).Such a formulation simplifies somewhat the choice of topology on
strategies and appears at first glance to make the proof of existence of equilibrium
easier (see Bergin and Bernhardt 1993). However, serious problems emerge when
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trying to interpret payoffs and transition probabilitis defined on such strategies.
For example, suppose that aggregate uncertainty concerns demand in a market
which the agents are firms and that demand (6) is uniformly distributed on the
interval [8,, 8,1, 8, > 8,. Consider period 1. The profit of firm «, supplying quantity
a, when demand is 6, is given by u, («, gy, 7,(0), 8), where 7,(6) represents the actions
of other firms given that demand is #. The expected profit to firm « in period 1 is
fot1(0, ag, 7,(0), O)v(dB), with v the uniform distribution on [6,,6,]. If the distri-
butlonal strategy is defined as a measure 7, on (A x A x @), calculation of expected
profit of the firm still requires that we compute the conditional distribution over
A x A for each 6e O, 7,(6,), a measurable function from ©® to A x A. Whichever
way distributional strategies are defined, discussion of continuity of utility on
distributional strategies involves interpreting the distributional strategy as a
measurable function from @ space to distributions on (A x A). This brings us back
indirectly to the same formulation — of the strategy as a function from histories.
Since the economic interpretation of the utility function requires the evaluation of
distributional strategies on histories it is more useful to proceed directly with this
formulation. By defining distributional strategies as measurable functions directly,
ie. 1,e F (O, H#(A x A)), we avoid the need to move back and forth between joint
and conditional distributions. Similar comments apply concerning the transition
probabilities.

A second virtue of our approach is that much weaker continuity assumptions
are required to prove the existence of an equilibrium. We do not require continuity
of the utility or transitions functions in the aggregate shock: neither u,(a, a, m,, 6%)
nor P, ,(m, 0", y) need be continuous in €. When the distributional strategy is
defined as a joint distribution (r,€ #(@' x A x A)), continuity of both the utility
and transition probabilities in 8" is required to exploit the benefits of having ,
defined as a distribution on ©* x A x A.

6 Conclusion

As we observed in the introduction, there are many dynamic economic phenomena
that can be fruitfully modelled as anonymous sequential games with aggregate
uncertainty. In many economic environments, the stochastic evolution of both an
individual agent’s type and aggregate variables is key, as are their interactions. Our
paper shows how these problems can be formulated, and provides conditions under
which the economy’s evolution has a Markov representation.

A classic environment in which such dynamics are key to our understandmg is
that of real business cycles. Davis, Haltiwanger and Schuh (1993), offer overwhelming
evidence that different firms have very different experiences at the same moment in
business cycles. They find, for instance, that in both upturns and downturns there
is considerable entry and exit of plants and creation and destruction of jobs. As
well, entry and exit of small firms varies less with the business cycle than the exit of
large firms (which is highly countercyclical). Most job creation and job destruction
in the economy is at a few firms — the big winners and losers; that is, job gains and
losses are not evenly spread.



478 J. Bergin and D. Bernhardt

Macroeconomic models that do not incorporate both idiosyncratic and aggregate
stochastic heterogeneity simply have no chance to explain these phenomena. Bergin
and Bernhardt (1993) show how one can capture these phenomena within an
anonymous sequential game which features a continuum support for the aggregate
demand shocks, and provide Markov characterizations. Gouge and King (1994) use
the formulation in a model that focuses on the labor side of these observations —
human capital acquisition, job creation and job destruction.

Our framework can also be used to characterize asset market equilibria with
incomplete markets, heterogeneous agents (e.g. with stochastically varying idio-
syncratic endowments or preference shocks) and idiosyncratic and aggregate shocks
to asset payoffs. DGMM provide conditions under which a Markov characterization
of such a market equilibrium obtains in their stochastic games formulation, but one
could provide related Markov characterizations in our anonymous sequential game
formulation. To the extent that the technical conditions that we impose are less
onerous, the anonymous sequential games formulation may allow better charac-
terizations.

Another area in which our framework can be usefully employed is where firms
which receive idiosyncratic cost shocks operate in an economy with aggregate
inflation shocks. In such an environment one could study how and when firms adjust
prices when price adjustment is costly. Important issues to consider include: how
will inflation shocks be incorporated into prices? how does the mix between
aggregate inflation shocks and idiosyncratic cost shocks affect price adjustment
decisions? how will the pattern of price adjustment vary across markets? how will
price adjustments be correlated within and across markets? how will the nature of
competition within a market affect the responsiveness of a firm’s pricing decisions
to aggregate inflation shocks?, etc.

Thus, the anonymous sequential game with aggregate uncertainty formulation
can be flexibly employed to model a host of economic phenomena. Our paper offers
a very general equilibrium existence argument for these models, and provides
conditions under which the economy has a Markov characterization. The researcher
can then use the additional structure that he places on the economy to tease out
further characterizations.

7 Appendix

We first give two lemmas. The first asserts that “continuity is preserved” through
integration while the second lemma shows that continuity and norm continuity are
“preserved under maximization”. We use these lemmas to establish the existence of
appropriate value functions. The value functions are then used to define best
response mappings, leading to the equilibrium existence proof.

Lemma 1 Let X, Y and Z be compact metric spaces. Let n(x,y,z) be continuous in
(x,y,2)eX X Y x Z, and P(e;y,2): Y x Z > #(X) be continuous in (y,z), so that
(Vi 2) = (3, 2) implies that the sequence of measures P(e;y;,z;) converges weak* to
P(s; y,z). Finally, let Q(e; 2): Z — #(Y) be weak* continuous in z. Then z, — z implies
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that

J J n(x, y, 2)P(dx; y, 2)Q(dy; z,) > f j n(x, y. 2)P(dz; y, 2)Q(dy; 2).
YJx YJx

Proof: Let y(y,z) = [y n(x, y,z)P(dx; y, z) and note that y(y, z) is continuous. To see
this, let w = (y, z) and consider a sequence w, — w. Then

»
[y —yW)| = | | 7(x, wi)P(dx; we) — f (x, w)P(dx; w)

o

< Pn(x, w)P(dx; w,) — j 7(x, w)P(dx; wy)

+ rn(x,w)P(dx;wk)— f m(x, w)P(dx; w)

LY

Since | [ (x, w,)P(dx; w;) — [7(x, w)P(dx; w,)| < [ Iz (x, wye) — {7, w)|P(dx; w,) and =
is uniformly continuous on X x W (X x W is a compact metric space), then given
¢ >0, 3k such that k > k implies that |n(x, w,) — nt(x, w)| <, for all x. Thus,

—0.

f 7(x, w)P(dx; w,) — Jn(x, w)P(dx; w,)
Since 7 is continuous on (x, w) and P(e; w,) converges weakly to P(e; w),

-0,

jn(x, w)P(dx; w,) — f 7i(x, w)P(dx; w)

Thus, 7 is continuous on W =Y x Z. Since W is a compact metric space, 7 is
uniformly continuous on W.

Now, [y fyn(x, v, 2)P(dx; y, 2)Q(dy; ) = [, ¥(»,2,)Q(d; z,), s that using the
uniform continuity of y and weak* convergence of Q(e;z,) to Q(e;z), the same
argument as above gives

J (¥, 2)Q(dy; zk)—»j (3, 2)Q(dy; 2) = J J n(x, y, 2)P(dz; y, 2)Q(dy; z),

which completes the proof. W

For the next lemma, we need the following notation. Let (€2, 2, u) be a given
probability space and .#(Y) the set of measures on Y = A x A. Let F({2, A(Y))
denote the set of measurable functions from £ to .#(Y). A sequence of measures
{t*} in #(Q, #(Y)) converges to a measure 7 if and only if

j f f(y)r"(dy;w)g(w)u(dw)ﬂjl f F)r(dy; w)g(w)u(dw),
2JY 2JY

Vfeb(Y),geLi (2R, p).

With this notation, we have:
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Lemma 2 Letr: Y x #(Y) x 2 - R. With a mild abuse of notation, write r(y, 7, ®)
to denote r(y, t(w), ) (thus extending r to Y x (82, #(Y)) x 2). Let r(y,,w) be
continuous on Y and norm continuous with respect to t: as t* — 1, jg sup, |r(y, *, w) —
"y, 1, )| pdw)—0. Then s(a,t,w) = max,r(a,a,t,w) is continuous in o and norm
continuous in T: % >t implies [ sup, |s(, ™, @) — s(a, T, ©)| p(dw) - 0.

Proof: Continuity of s in « is clear. To consider norm continuity of sin 7, let o1
Since r is norm continuous, given ¢ > 0, 3k, such that k > k implies

J‘ supy |r(<z, a, Tka C()) - r(as a, T, w)[ﬂ(dw) <e.
Q

Let
Q.(Be) = {o] [r(x, a, T, w) — r(o, a, 7, w)| > e}

Then
e> J sup,|r(a, a, 7, ) — r(x, a, 1, )| p(dw)
e

= f sup, |r(aa a, Tk, (D) - r(aa a1, a))l,u(da)) 2 ﬂﬁﬂ(gk(ﬁﬁ))
(i(Be)
Thus, 1> Bu(2(Be)), and setting f=1//¢ gives /&> u((/2). Let a*(, )
maximize r(a, a, 7, w) and a(«, w) maximize r(a, a, 7, ). On .Qk(\/g)c, Vo
r(o, d(o, ), T, @) = (o, a(o, @), 5, @) > r(x, alo, w), 1, W) — \/E

The first inequality follows since a*(«, w) is a maximizer of (2, a, 7, w) and the second
inequality follows since we .Qk(\/g)“. Similarly,

ro, a(o, w), T, @) < r(o, a¥(a, w), T, 0) + /& < rla, alo, w), T, w) + \/;,

The first inequality follows since we.()k(\/é)“ and the second follows since a(o, w) 1s a
maximizer of r(a, a, 7, ). Consequently, Vo, | s(a, 7% @) — s(o, 7, )| < \/5, cue.Qk(\/E)E.
Thus,

sup, |52, ™, @) — s(0, 7, )| < /2, 02l /5)".
Therefore,

J sup,|s(a, T, @) — s(a, 7, )| pldev)
Q
= j sup, | s(a, T ) — 5(2, 7, @) | p(dw)

+ sup, | s(, 7, ) — s(o, 7, w)| w(dw).
nk(\/;)c
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The latter expression is bounded above by 2K u(.(),‘(\ﬁ)) + \/E y(.Qk(\/E)‘) <2K \/E +
Je=RK+11/e. W

Theorem 1 For each t, there exist value functions V{a,a,t,8') and W(a, 7, 8"), which
are continuous in (o,a) and o respectively, norm continuous in t and satisfy
Wy(a,7,0") = max, V(e a,1,0").

Proof: Consider an n-period truncation of the game. Trivially in period n,
Vi(a, a,1,0") = u,(, a,7,, 0,), which, by assumption, is continuous in (%, ¢) and norm
continuous in 1, as is W(a, 7, 0") = max,u,(a, a,7,,0,), by lemma 2. Now define

V:~ 1(a’ a1, 9"_ 1) = u,,_l(oz, a, Tn— 1: Gn— 1)
+ 4, J f WHE T, 0MP,(dE 1, _ 1, 0", o, a)v,(dO"| 6" 1)
eJa
Vn_ . (xa,1,0" ") satisfies: (1) V2_ (,a,7,0") is continuous in (¢, a) and (2) if t* -1,
then [gsup,,|Vi_,(a,a,7 0" )= V"_ (a,a,1,0" !)|v,(d6"~1)—0. Continuity in
(2, a) follows from lemma 1, treating (t,_;,0" ') as parameters of u,_, and P,,
respectively. Norm continuity in 7 can be seen by separating current and future

components of expected payoffs, so that, using abbreviated notation (writing P*
for P% (d&,7%_,,0"" 1, a,a), etc)),

n—1°

f P Vi (00,7, 6" ) = V' _ (4, 0,7, 6" 1)y, (6"~ 1)
e

becomes

f Sup(a,a)
@n-1
—s, f f WP, v,(d0"|6" )
OJA
< J\ Sup(a,a)lus—1 ——un_1]V(d9"-1)
@n-1
+4, f SUD(4,0) j f WrkPpky, (dom| 6"~ 1)
en-1 eJA

—f f WP, v,(d0" 6"~ 1)
eJa

The first term on the right hand side converges to 0 as t* — ¢, because u,,_, is norm
continuous. For the second term consider

f sup(m)f f W:"P:v,,(d(?"le"_l)fj‘ j W2P,v,(d0" 6" Yy, _ (d6"~ 1)
on-1 ®JA eJa

sj f SUP (0 f W:‘f‘Pﬁ—f w"P,
on-1Je A A

uﬁ_l—u,,_1+6,,f j Wk Pky, (d0"| 6" 1)
eJa

Voo 1(d60"7)

Vo 1(d6" 7).

v, (d6"16"" v, _, (d0"" )
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=J SUP (z.0) J W:"P’;—J WP,
n A A

The last expression is no greater than:

j SUD (4.) J WZ"P’;—J wipt
n A A

+j SUD s.a) j W:Pfl—J. w"p
on A A

The first term is bounded above by | g, sup,| |, Wi — Wi|v,(d0"), which converges
to 0, from norm continuity of W”. The second term converges to 0, by norm continuity
of P¥(d¢,t,-1,0" ',0,a) in 1. W (2,7,8""1) is defined from V" _ (x,a,7,0""")
and, as before, is continuous in a. Norm continuity of W’ _ (a, 1, 0" 1) in £ follows
from lemma 2.

Proceed inductively in this way to define V7(a,a,7,0") and Wi(a,1,0°) for
1 <t < n. The discussion above defines the recursion for fixed n and shows that for
any t, 1 <t <n, that both V{a,a,7,0)(=V,_,_,(%a1, 6"~ =9)) and Wi(a,7,0")
are continuous functions of (x,a) and « respectively, and that both are norm
continuous in z. To conclude we show that the following limits exist for each jand
are continuous functions of («, a) and « respectively:

lim,. ., Vi@, a,7,0°) = Vi a1, 67) and lim, ., W(a, 7, 0%) = W(a, 7, 0/).

v (d6").

v,(d8")

v (dO").

Taking n > j, observe that each.of the functions V%(z, 4,1, 6’) and Wi(a,x, #9) is
increasing in n, and that
0< Vit (a,a,7,0°) = Vil a,7, 0’ < Z (325716, K <[ 911 - §)]K,

r=
S

0< Wi, 1,09 — Wilo,7,0) < ¥ (%3177 10, )K < [0 (1 = 9)1K
r=1
Therefore V(. a, 1, 6/)and Wila, 7, 67) are Cauchy sequences in n. Since V(«, a,7, 6’ )
and W'(a, 1, 0’) are continuous in (o, a) and « respectively and are both norm con-
tinuous in z, the limits V,(x, a, 7, 0%) = lim, V"(0, a, 7, 0"y and Wi, 7, 0") = lim, W}(a, 7, 6"
inherit these properties also. W

Theorem 2 The correspondence C(z) = x =, C,(t) is non-empty, upper-hemicontinuous
and convex-valued.

Proof: Lett"=(%,...,1},...)and " =(7},..., 1], ...)where 7, 17 e F (O, M(A x A))
with e C(x"), 7 = 7,, T} = 1,, and

J (S, A4;09(0")v,(d0") = f
o

et

J P,(f, 1,0 ) (dy; 00 1)g(0%)v,(d).
Y
Then,

f fx(f,A;H')g(H')vz(d9’)=J jPz(f,ft—l,9”1,)’)114(61}’;9“1)9(9’)\%(‘19')-
et etJy
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To see this, note directly from the topology on 7 that

j T, 4;079(6")v,(d6") ~ I T/, 4;07g(6")v(d0").
(o13

t

Now consider the right hand side. Abbreviate P,(f,"_,,6'"!,y) by P"(#' "1, )
and P,(f,r,_1,0'" %, y) by P,(6*" ', y). Then

J f P61, y)t_ (dy; 0" V)gdv, — f f PO, y)r,_(dy; 0"~ V)gdv,
OtJy tJY

<

J f P:'(H’“l,y)r:‘_l(dy;ﬂ"l)gdv,—J JP,(H“l,y)r:‘_l(dy;0“1)gdv,
etJy [CL" ¢

-+

f J P61, y)ry_ 1 (dy; 0" Vgdv, — f J P(0"%, y)t, 1 (dy; 0' Vgav,
o Jy ey
The first term on the right of the inequality is less than or equal to

[ fIIP{'(G"I,y)*Pt(9'_1,y)Ilyfi'_l(dy;ﬂ"l)gdvt
otJyY

= f IPFO" ™% y) ~ P61, y)ll, gdv,,
@t

and the norm continuity condition on P, implies that this goes to zero. The second
term converges to zero from the topology on 7. Convexity follows since the
restrictions are linear. It remains to show that non-emptyness is also satisfied. To
see this, given u, (), the initial measure on A, and given the measure v, on @, let h
be a measurable function from A x @ to A. Define a measure ¢ on A x 4 x @
according to the property that (X x Z) = u; ® v;(h~*(X)n Z) for any measurable
sets X and Zin 4 and A x @ respectively. (Interpret ¢ as the unique extension from
such measurable rectangles). Let £,(e, 0;0,) = (e, ;0,), where (e, o;0,) is the
conditional distribution of ¢ on A x A, given ;. Note that (A4 x Z) = u; @ v,(Z)
so that £,(e, 4;0,) = 11; ®v,(e;0,) =, (e). For ¢ > 2, a similar discussion applies.
View [, P,(f,7,_1,0'" ", y)r,_1(dy; 0"~ ') as a conditional distribution on A given
§'~'. Let Q be the joint distribution on A x @' determined by [y Pfit_ 1o
6=, y)t,— 1(dy; 0" ) and v,. As before, let h be a measurable function from A x @!
to A. Define a measure on A x A x @7, ¢, determined on rectangles X x Z, where
X and Z are measurable subsets of 4 and A x O respectively, by o(X x Z)=
Q(h™Y(X)NZ). Let 7,(o, 0;6°)= (e, o; §"). Lastly, note that (e, A; §") = @(e, A;0") =
Qh™ (AN e;6) =Q(e;0) = [, Pyle,7,_ 1,0, y)r,_,(dy;671). M

Theorem 3 The corresponderice B satisfies the conditions of the Glicksberg Fan

theorem and hence has a fixed point, which is an equilibrium of the game.

Proof: To see that B is convex-valued, recall that C is convex-valued and the
additional constraints on £ in the definition of B are defined by linear inequalities,
so that B is convex-valued. Next B is non-empty since for any ¢, C,(t) is closed and
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non-empty (in view of theorem 2) and [, [, Vi(%.a, 1, 8)7(dy; 6")v,(d6") is continuous
in 7. It remains to show that B is upper-hemicontinuous. We prove this in two steps.

Step 1: We first show that £eB(1) if and only if,
f f Ve, a,7,0%)2(dy; 0)v,(d0") = f f Wi(a, 7,6%4,(dx; 0°)v,(dO)"),
e Jy e JA

where 4,(e; 8%)is the (unique) marginal distribution on characteristics, A, determined
by any distribution consistent with 7.'® To see this, consider the correspondence

Y(o, ') = {almax,Vi(x a,7,0) < V(2 a,7,0") } = {a| Wi(0, 7,0") < Vi(®, 4, 7,0") }.

Denote the graph of y by %, and observe that ¥,e%, x B, x B, (Y has a
measurable graph) since

Gy ={(xa,0)aey(x 0} = {(xa,0)| W 1,6 < Vi(2a,1,60%}.

Denote by A® v, the measure on A x @' determined by 4 and v,. Viewing ¥ as a
correspondence from (A x @', %, x #,A®v,), there is a measurable selection
h: A x ©'— A, with h(o, 0") e Y(a, 0') almost everywhere A ® v, since 4, € By X B, x B'
(using the measurable selection theorem). Thus V,(a, h(x,0'),1,0") = Wa,1, %),
almost everywhere 2 ® v,. Now, define a distributionon A x A x @'by (W x Z) =
ARV, (h'W)YNZ),Y WeRB, and Ze B, x #'. Observe that p(4 x Z) =(A®v,)(Z)
50 that v, almost everywhere 8', ¢(A4, »; 0") = /(e; 8). Thus, ¢ has two key features:
for almost all #', the conditional distribution on A x A, given 0 has support on the
best response mapping (h) from A to 4 and the marginal on A has the required
consistency property. Define 7¥:7*(e, o; 0') = @(e, o; 0"). Then 17 C,(1) and,

j f Vi, a,7,0') 7 (dy; 6')v,(d6")
otJy

= J J K(a,h(a,@‘),@‘)ﬂv,(doc;0’)v,(d9’)2j j W, 7, 0% (do; 6°)v,(d6").
o A

er

However, since W(x,1,8%) = Vi(a,a,7,6"), V(x,a)e A x A, we have
f J Ve, a,7, 0%t (dy; 07)v,(d0°) = f J Wi, T, 8%)2(dot; 0°)v,(d6").
@tJy tJA

Step 2: Now, let t" - and suppose that T"eB(r"), with " — 7. It is necessary to
show that e B(r). Recall W,(, 7, 6%) is norm continuous:

J sup,| Wi(o, 7", 0%) — Wi(a, 7, 6% W(d8") — 0.
ol

Let 17(e; 8") be the distribution on A determined by C,(z"), so that if £} € C(z"), then
t7(e, A;0") = A}(e;6"), v, almost everywhere. Norm continuity of W(, ,6") implies

10 Recall that each distribution in C,(t) must have the same marginal distribution on A:if £,, 7, C,(1),
then 7,(®, 4; 6°) = 7,(®, 4; 8"), v, almost everywhere §'. We denote this distribution on A by 4,(e; ).
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that
J J | Wi(a, T, 0°) — Wi(a, 7, 0%)| 2 (da; 67)v(d0") > 0.
e Ja

Hence,

J fW(oc,r 622 da; 6')v(d0") — f JW(arG‘)i"(doc I(dB")|—>

Now in the topology given on measures, let 4, be the limit of A? and note that £, C(z),
S0 £(A, e;0") = 1,(e;6", v, almost everywhere. Observe also that W(x,z,0") is
continuous in « (since W(a, 7, 0") = max, V,(, a, 7, 6') and V,(a, a,7,0") is continuous
in («, a), so that W(, 7, 6") is continuous in « for each 6"). Thus

r~

J Wi, 1,0') Ar(ds 0')v(d9')—>J J W, 7, 0) A,(dos; 0")v(dO"),
A OtJA

v Ot

so that

f Wia, ", 6*) 2} (da; 0°)v(d0") — j f W(a, 7, %) (do; 6°)v(db").

Jv e

Now recall that since "€ B(z"), by step 1:
f J Vi(o, a, 7", 0) T (do x da; 0°)v(d6') = J f W,(e, 7%, 0°) A2 do; 67)v(d6").
@ Ja

Since " — % as " — 1, using the norm continuity of V,(e, a,7", ") we find that
J J V(o a, 7", 0°)}(do x da; 6%)v(d0') — f f Vi, a,t, 0% (da x da; 0°)v(d6").
tJdA otJA

Therefore,

J J V,(oc,a,r,()‘)f,(docxda;(-)’)v(d@‘)=J j W, (2, 7, 6 )Ade; 6 )v(db").
o JA oA

Thus, 7eB(t), so that B is upper-hemicontinuous. Therefore B is convex-valued,
non-empty and upper-hemicontinuous and so has a fixed point. W

Theorem 4 Given an equilibrium t of the game with initial characteristics distribution
u and initial state 0, there is a Markov equilibrium, 7, such that the first period payoff
to each agent is unchanged: the expected payoff to « is the same under T as 7.

Proof: In view of the following facts:

1. E is upper-hemicontinuous,
2. W, is norm continuous in 7, and continuous in (o, 8),
3. .#, is metrizable and compact,

it follows that ¢ is an upper-hemicontinuous correspondence into a complete
separable space. Hence there is a pointwise measurable selection, t*, t*(u, v, 0)€



486 J. Bergin and D. Bernhardt

o, v,0), for all (u,v,0)eS. We use 7* to construct the Markov equilibrium 7.
Consider the first component of t*(u, v, 0), t¥(u, v, 0). This is a measure on A x A
which is optimal in the sense that at (g, v, 0):

¥, v, 0){(o, a)| Vy(2, a,7%,0) > W, (a, 7%,6)} = 1.

To implement the strategy in period one, knowledge of (i, v, 8) is required. Now
given 6, let

ta(e0) = f P(e,1%,0, y)t1(dy).
Y

The measure u,(e|6) is the second period distribution on characteristics. Given
a realization of the aggregate shock in the second period, say &, the expected payoff
to agent o over the remainder of the game is: W,(«, 7*,(0,0'))(=v| 4,¢-,(2)). Consider-
ing t* and (0, 0') fixed, W(a, 7*,(6,6')) is an element of C(A)), which we can write
as v,(x). Now observe that t* induces an equilibrium from period 2 on, for all
“historigs™ except possibly a set of v measure 0. Thus, except for a set 6”s of v
measure 0,

(MZ(. ‘ 6)’ Wz(“, T*a (Ha 0/))5 Bl)es~

Denote this “state” by (u,, v,, #'). Viewed as a subgame, the expected payofl to agent
a is v,(2). Note that this payoff is generated at this subgame by t*: t*(e, ¢|(6,8")).
However, note that exactly the same payoff is obtained on this subgame if
(t3,7%,...) is replaced by t*(p,,v,,0’). For this reason, t¥ remains optimal and the
stregegy obtained in this way is an equilibrium. Denote this strategy by t*(2)e.#
{given the initial 6) as

t™(2) = (t3 (1, 0, 0), 7* [y (@ [0), W, (0, 7%,(6,6")), 01y )-

Thus, t*(2) is composed of t$(u, v, 6) in the first period, and then t* is “restarted”
in period 2: at the subgame reached by history &', the “state” is s, = (u,(s|0),
W,(a, 7*,(0,0')), 6') and this state is sustained by the strategy t*(s,), at that subgame.

The important point about this construction is that ¥ js being applied at period
two and this is the way in which Markov stationarity is introduced. Note that t#(2)
induces an equilibrium on almost all histories, (6, 8'), and gives the same continuation
payoffs from the second period at each history as did t*. This ensures that ¥ is
optimal at almost all 8 in period one. Thus, the strategy t*(2) is also an equilibrium
which gives the same first period payoff (v) as 7*. First period “strategies”, *(u, v, 6)
are unchanged while second period strategies under t*(2) generate the same
expected payoff there as did t*. The result of this construction is that the Markov
property holds for the first and second period.

Now, replace the equilibrium strategy t* by the equilibrium strategy t*(2). This
alters the evolution of the characteristics distribution and the valuation functions.
In particular,

13(016,6) = j P(e.73(2)[12(0]0), Wi« 73(2),(6,6)),6'1,0', y)

Y

X 13(2)[12(o]6), Wy, 7,(6,6), 671 (dy)-
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Similarly, there is a valuation function for period 3, W;(a, *(2), (6,0, 8)). Here again,
for a fixed history, (8,8’ 6), Wi(x, 1%(2),(8, 6, 8)) e C(A). Now, define 7*(3)

T*(3) = (Tf(z)a T;(z)’ r*[(ﬂS(. '09 8,)9 WZ(aa T*’ (07 0,’ 5))3 g:l(o,e')e @2)‘

As with t*(2), 7%(3) is an equilibrium. Proceed in this way to define iteratively a
sequence of equilibria t*(n) from t*(n — 1) and observe that the sequence {t*(n)},
converges, say to 7. Under T and the Markov distribution on @, the state variable
s = (u, v, 8) evolves stochastically as a Markov chain. Schematically,

o ) ~
51 = (1, vlg, 0) — (tlg» vls,61) 0) =5, — (itlp,e5 Ul(o,e'ﬁ)a 0)
0
0
=53 —> (Ul,0'.5)> ¥ (6,6,8.60> 6°).

or alternatively,
g
s = (1, 0]g, 0) — (ulos U067 0)=s,=,v,0)

] ~ ~ °
— (i lg» V[, 0) = (@, 8,0) = 53 —> (2] go, Do, 0°).

The evolution of the states may be described as follows. With 1, given s,, the
distributional strategy at time 1 is t¥(s,). (Note that the first components of t* and
f are related: *(u,v,0) = 7;(u, v, 0), V(i v, 0). At t = 2, the distributional strategy is
7¥(s,), and at time t,7¥(s,). The influence of the 0 sequence on strategies is only
through the s variables, since given 7, s, depends on 8' = (8, 8,,. .., §,). The behavior
of 7 throughout the remainder of the game (from period t on) depends only on ¢
through s,, so we can write the value function W,(a, 7, 6°) as W,(a, 7,0,,5,(0'!)). Note
also that, since the environment is stationary, if s,(6' ') = 5,(6' "), then (t*,5,(6' 1))
and (t¥,5,(6" ")) induce the same distribution over the state space in subsequent
periods so that W,(a, 7,8, 5,(8' 1)) = Wy(a, 7, 0, 5,(6'~ )). Consequently, we may write
W(a,1,0,s,(0" 1)) to denote the time ¢ value function (without the time subscript).

A play of the game in this formulation may be described as follows. Fix an initial
state s = (u, v, 0). At time ¢ = 1 the distributional strategy ¥(s) is played. Depending
on the realization of the second period aggregate uncertainty variable, #’, a new
state s, = (it]g, 9,9y, 0’) is reached. The first component of s, = (ulg, vlg.y,0") is
equal to p,(e[0)=[,P(e,t¥,0,y)t*(dy) and the second component is equal to
W,(a,7,0,s,) = W(a,0,7%,s,). For fixed s, and given 7, W(a, a, 0, 7, 5,)eL (O, %(A),v,)
and for fixed 6, p,(e|0)e#(A). This completes the description of the Markov
equilibrium. W

Theorem 5 There exists a Markov equilibrium.

Proof: The proof follows essentially the same plan as the proof of theorem 3. This
requires showing first that the consistency mapping is an upper-hemicontinuous
correspondence and that there exist value functions for this case, analogous to those
given in theorem 1. To define the value functions, follow theorem 1 and consider a
game truncated to n periods. Given t = {,}2 |, define V’(a,a,1, u) = u(a, a,7,, p).
Continuity in (o, 4) and norm continuity in t of V¥(a, q, 7, ) follow directly since
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u(e, a,7,, ) has these properties. Let Wia, 1, ) = max, Vi(o, a, 7, y). W, 7, 1) is
continuous in « and norm continuous in T by lemma 1. Next, define

Vﬁ— 1(a, art, ,Ll) = u(aa a, Tn— 1» ,U) + 6 f W:(&’ T:'ﬁ)P(d(&a ﬁ)la’ a, Tn— 1s /1)
A x M (A)

To see that V) _ (2, a, 7, 1) is continuous in («, a) and norm continuous in 7, observe
that

Jsupyl Vit w = Vi (1wl (d)

< jsupylu(a, a, T ) —ule,a, 7, 1, )| Y(dw)

+5Jsupa

— jW:(&a T, ﬁ)P(d(&9 ﬂ)| oA, Ty—1, H)

IW:(&, ™, P, @) o, a, Tk, p)

Y(dp).

The first term on the right goes to 0, by norm continuity of u. The second term is
bounded from above by

Jsupy
n

- W:(d’ T, ﬂ)P(d(&’ /:C)'OC, a, Ts~ 1 .u)l l/l(d/l)

[y

j W@, P i), a, Tk, p)

™

+ | sup,

JW:(&, T, P, 7)|o, a, T _ 1)

r
- W:(&ﬂ T, ﬁ)P(d(&, ﬂ) | %4, Ty 15 :u')

LY

Y(dp).

The second of these terms converges to 0, since P(d(&, f)|a, a,1,_,4) is norm
continuous on measurable functions. The first of these two terms is bounded from
above by

jsupy Jsupa | W&, 7% ) — WG, 7, )| P@, )y, 7y, w¥(dp)

<|

The latter term converges to 0, hence V' _ (a,a, 1, 1) is norm continuous in .
Finally, continuity of V},_,(«,a, 1, 4) in y = (, a) follows directly from continuity of
u(o,a,7,_1,p) in y and since P(d(& )|y, 7%_ ,p) is assumed continuous in y on
measurable functions.

Let W!_ (¢, 7,) =max,Vi_ (2, a1, ), and proceed inductively to define

sequences of functions, {Vx,a,7, ) }7-, and {W¥a,7,u)}/_,. As in the proof of

J. supg| W@, <, f) — W&, <, )| by (du)y (di).

i



Anonymous sequential games 489

theorem 3, the limits lim, V}{(x, 4,7, 1) and lim, W}(x,a,7, 1) exist and are norm
continuous in 7 and continuous in (¢, a) and « respectively.

Next, observe that the intertemporal consistency conditions satisfy upper-
hemicontinuity. To see this let t" — 7 and let " be a consistent sequence in the range
of the correspondence with ©"— 7. Thus, considering period t, VfeC(#(A)),
VgELl('//l(A)a ﬂ’ ‘p)

f T 1 (s A g (dp) = fPM(f, Ay, 7, Wg(Wy(dp), Vye Y.
M (A)

§ sy Tee 1 (> A g (u)Wr(dp) converges to § 4 4T+ 1(f A; g (1) (dp), in view of the
topology on 7. Comparing | P (f, A; .}, W)g(u(dp) and [P, f, A; , 7., Wg(1)
Y(du), the difference (in absolute value) converges to 0, by norm continuity of P ..
Finally, we construct the best response mapping in exactly the same way as in
theorem 3. A consistent strategy £ is a best response (with consistent marginal A on

M(A): t(o, Azp) = A (o:p), ¥ ae. p),
f f V(e a, 7, Wt,(dy; W (dp) = [ j Wi(o, 7, 1) Ay (do phyr(dpy).
M) Y MH(A) I A

The reasoning given in the proof of theorem 3, establishes existence herealso. M
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