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Abstract. A class of two dimensional completely integrable models of statisti-
cal mechanics and quantum field theory is considered. Figenfunctions of the
Hamiltonians are known for these models. Norms of these eigenfunctions in
the finite box are calculated in the present paper. These models include in
particular the quantum nonlinear Schrodinger equation and the Heisenberg
XXZ model.

1. Introduction

A lot of two dimensional models have been solved by means of the Bethe Ansatz,
see for example [1-5]. The recently formulated quantum inverse scattering
method (QISM) [6, 7] disclosed the algebraic nature of these solutions. An
interesting problem is the study of perturbations of these models. Such a study
requires the knowledge of the norms of eigenfunctions in the finite box. Gaudin
studied this problem for the quantum nonlinear Schrédinger equation [8] and
made the remarkable hypothesis that the norm of the eigenfunction is equal to
some Jacobian. A similar formula for the norm of the eigenfunction in the
Heisenberg X XZ model was presented in [9] by Gaudin et al. Authors of [9]
emphasized that the arguments given in their paper do not really constitute a
proof. In the present paper these formulae are proved and a more general result
is obtained. The norms are calculated for any exactly solvable models with the
R matrix either of the XX X model or of the XX Z Heisenberg models.

The contents of the paper are as follows. In Sect. 2 the main formulas of QISM
are presented. The proof of the norm formula is long, so in Sects. 3 and 4 the final
formulas are given. In Sect. 5 the explicit expression for the anticipated answer is
examined, We prove that this expression is characterized uniquely by some of its
properties. In the rest of the paper these properties are proved for the norms of
Bethe wave functions themselves. As the calculation of the norm itself is
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complicated, the scalar product of two different wave functions is examined at first.
So in Sect. 6 the description of the scalar product is presented. Note that our
approach to the description of the scalar products is close to that of [10]. The
properties of the scalar product announced in Sect. 6 are proved in Sect. 8. In the
proof a special case of the 6 vertex model is used. This model is constructed in Sect.
7 and represents the main point of the paper. The knowledge we have of the
properties of the scalar product permits us to demonstrate the necessary properties
of the norm. So in Sects. 9 and 10 the proof of the formula for the norm,
announced in Sect. 4, is completed.

2. Notations

First of all let us remind the reader of some notations of the QISM. Eigenfunctions
of the Hamiltonian of the physical system are constructed by means of the
monodromy matrix of an auxiliary linear problem T(4). In our case T(A)isa2x2
matrix, its matrix elements being quantum operators, which depend on the
spectral parameter A:

_ (A4 B(4)
=50y oo -
Commutation relations between these matrix elements are given by the formula:
R, ) (TSN I @ T(u) = x T(w) (T(A) x DR(4, ). (22)

Here [ is the unit 2 x 2 matrix, R(4, i) is a 4 x4 matrix with ¢-number elements.
Another way of writing (2.2} is

Rogl0o 1) TR Ty(1) = Ty TUAR s ). (23)

This means that T (4) is a 2 x 2 matrix which acts on the 2 dimensional space with

index o and T} is a matrix which acts on the space with index f(o ). The matrix

R, acts in the tensor product of these two spaces. We shall deal with R matrices of
the following form:

fwd 0 0 0

0 1 g(u, 1) 0

RED=| o wun a0 4
0 0 0 flwd)
For models of the XXZ type:
f0= T = 2 @9)
For models of the XXX type:
JO == p+i)/—p), gl p)=ix/(A—p). (2.6)

Here A, p are spectral parameters and #, k are coupling constants. It is known that
{2.6) is the limiting case of {2.5). One must replace 4, y,n in (2.5) by

ed, eu, ey, (2.7)
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and let ¢e—0. In the notation (2.3) the R matrix (2.4), (2.5) looks like
R, 44, ) =[sinh(z— A+ in)/sinh(u— )] cosy-1,1,
+ [i(sin#)- cosh(u— A+ in)/sinh(u— Y]olo} (2.8)
+ifsin2n/sinh(u— W] (o, 05 +0, 65);
2% =gt tic?.
Here o, ; are the standard Pauli matrices in the spaces with indices o or f

respectively. Let us write down the commutation relations (2.3) for the R matrix
(2.8) explicitly:

[A(4)+D(4), A(w) + D(w)] =0, 2.9)
[B(A), Bw]=0, [C(4),C(w)]=0, (2.10)
A(w)B() = f(u, HBAA) +g(4, )B(W) A(4), (2.11)
D(u)B(2)= f(4, )BA)D(1) +g(u, B()D(A) , (2.12)
CAA@) = f (1, HAWC(A) + g(4, W ADC (1) , (2.13)
CAD(p) = f(4, D) C(A)+ g(u, HDAC (1) , (2.14)
[C(A9), BUP]=g(AS, 2%) {A(A)D(P) — AAHDA)}
=g(A%, %) {D(AP)A(29) — DUYAGP)} (2.15)

Other important objects in QISM are the pseudovacuum [0) and the dual
pseudovacuum <0|. These are vectors in the quantum space with the following
properties:

CAN0>=0,  AMI0>=a(d|0>,  DA)I0>=d(A)|0>

(2.16)
OlBA)=0, <0lA(A)=a(4)X0|,  <O[D(A)=d(2)<0].

Here vacuum eigenvalues a(A) and d(1) are ¢ number functions. The space in which
the operators A(A), B(A), C{%) and D{}) act is constructed in Appendix A. Note that
ofA) and d(2) are arbitrary differentiable functions. The norms and scalar products
in question are functionals of these a(4) and d(1). We shall vary a(1) and d{1) and
study the dependence of scalar products on these functional arguments.

The Hamiltonian of the physical system in question is expressed by means of
the transfer matrix #{(u)= A(u)+ D(x). The Hamiltonian and the transfer matrix
have common eigenfunctions which are constructed as follows. Put

wal{A;)=B(4,)...B(y)|0) , (2.17)
and suppose that 4, satisfy the system of the transcendental equations (TE):
N
Lal2,)/d@)) TT U 49/ 2,01 =1 (2.18)
=1
j*n

Then wy({4,}) is an eigenfunction of #(y) with the eigenvalue:
N N
ow=a() [T flw2)+dw [T G- (2.19)
i=1 =1

Here N is called the number of particles.
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Notice that

Pp{4,1)=<0IC(4,)...C(4y) (2.20)
is a dual eigenfunction for t(u}:
Pa{4 1) 1) =0wyPx({4,;}) (2.21)

with the same eigenvalue (2.19). Eigenfunctions (2.17), (2.20) can be called Bethe
wave functions. We consider the case of all different 2. If two of them coincide
(4, =A4,) the following phenomena take place. The limiting form (1, 4,) of the
system (2.18) contains (N — 1) equations, the number of different 4, is also N—1,

but an additional equation appears [11]:

ay) ¥ fUsh)
dy)  =sdhy o [ dy)
Since the number of equations exceeds the number of 4, the solution does not

generally exist.
Finally let us present two remarks. First of all new variables

1

+4ctg(2n)=0. (2.22)

N
ox=iln[a()/dl]+i ), In[fQxA)/fA;h]  K=1,...N 2.23)
i
are convenient. For example the system (2.18) takes the form
@ =0(mod2n). (2.24)

Secondly below we shall use the monodromy matrix

- (240 0 )

“bricw yow) 2.25)

which satisfies Eq. (2.2) for any complex y, and has the following vacuum
eigenvalues

aN=ya2), dA)=y '-d), (2.26)

Now we are able to formulate the main result of the paper.

3. Expression for the Norm in the XXX Type Models

For models with an R matrix of the form given by (2.4), (2.6) the scalar product of
an eigenfunction (2.17) and dual eigenfunction (2.20) is equal to

N
OIC(y)... CU)B(,)...BUAI0> = KZN{ IT a2 )dc j)}

ai'a:z

}<010> dety(0p/dl). (1)
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Here the ¢y are the variables (2.23) and the set of the 4, is a solution of the system
(2.18) (2.6). The derivatives can be written in the explicit form

N 2
9x =5K,.{iiln g 5 2 } K (3.2)

0 A S Gg— )2 +x3 (=AYt +r?
Formula {3.1) can be used to calculate the norm of the eigenfunction (2.17) if the
following properties are valid. Hermitian conjugation must act as follows:

BT ()=£C(A), 10> =X0]. (3.3)

The set of /; must be invariant under complex conjugation:
A ={4}. (3.4)

In this case by means of (2.10) we have

COIB*(A,)...B* (A)B(Ay)...BUMOY = (= 1)¥CO[C(A,)...CUg)B(Ay)-.. B[O .
(3.5)

The formula (3.1) is similar to formula (4.1) given in the next section. We shall
first prove the latter and then in the end of Sect. 10 we shall discuss how to pass to
formula (3.1).

Several examples of the application of (3.1) may clarify matters. Consider for
example the norms of the cigenfunctions for the quantum nonlinear Schrodinger
equation. The model was treated by means of QISM in [12, 13]. The Hamiltonian
is equal to

L
H= [dx(piw.+rpT v wy) [px), p*(¢)]=d(x—y). (3.6)
]
The monodromy matrix has the following property:
o' T*De'=T(), B *N)=C\). (3.7)

Here the cross means Hermitian conjugation of the quantum operators. It does
not transpose T(4) as a 2 x 2 matrix. The commutation relation of T(1) is given by
the R matrix (24), (2.6). The pseudovacuum coincides with the usual Fock
vacuum. The vacuum eigenvalues are equal to

a(A)=exp{—ill/2}, d(A)=exp{ill/2}. (3.8)

Properties (3.3) and (3.4) are valid. To write down the trace identities it is necessary
to construct the following asymptotic expansion:

In[(A(2)+D(%)) exp {i/lL/2}J= i L7EC,. (3.9)

i

The Hamiltonian (3.6) is equal to
H=(ix)"'C;+C,+ixC,/6 (3.10)
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due to the results of [14]. The eigenvalues of H are equal to ) A%. The square of the
norm of the eigenfunction (2.17) is equal to

N 2
COIB*(A,)...B* (Ay)B(A)...BUNIO> =" ] |1+ -K—2}
k=1l (Ag—4)
ul 2K 2K
-dCtN{éxj[L'i' 1;1 (llk—ﬂ.l)z-l'xz - (AK——AJ‘)Z—FKZ} (3.11)

due to the formulas (3.1), (3.2) and (3.5). To obtain the norm of the coordinate
wave function an explicitly known factor must be extracted, see [15]. When this is
done one sees that the norm is equal to the determinant in (3.11). In this way we
prove the hypothesis stated by Gaudin in [8].

The formula (3.1} can be applied to other models. For example norms in
the XXX model can be calculated. In [16, 17] the quantum lattice nonlinear
Schrodinger equation was constructed. In this model the norms can also be
calculated by means of (3.1).

4. Expression for the Norm in the XXZ Type Models

For models with an R matrix of the form given by (2.4), (2.5) or (2.8) the scalar
product of the eigenfunction (2.17) and dual eigenfunction (2.20) is equal to

OIC(Ay)...C(A)B(Ly)...BU)I0D =(sin211)N{H a2, d(2 J.)}

j=1

j=1K=1
J¥K

N N
; { l_[ l—[ f(}“p AK)} <0[0> detN{a(pK/aij} - 4.1)

Here the A satisfy the system of transcendental equations (2.18), (2.5). The Jacobi
matrix can be written down in the explicit form

oy { d , aly X sindn }

2 =5, . {i—1

o7, %\ T Nl T L Soh( = i+ 2in)sinhig— 2= 2im)
sindy

— ) 4.
sinh(Z — 4+ 2in)sinh(1, — 4, — 2in) “2

It would seem that (4.1) has pole whenever two 4; coincide (1, =4,). Remember
that this can hardly ever happen owing to the addition of the new Eq. (2.22) to the
system (2.18). But if, by chance, this system has a solution, the limit of (4.1) is finite.
Indeed, formally (4.1) has a pole of second order as 4; —4,. So the structure of the
singular part is as follows

ay (A —A) 2 +a (A, —4,) "L, 4.3)

One can show that a, is proportional to the left hand side of (2.22) and therefore
a,=0. While g, is zero owing to the symmetry of (4.1) under the permutation
A= 4, (see the next section). The whole paper is devoted to the derivation of
formula (4.1).



Calculation of Norms of Bethe Wave Functions 397

Let us calculate the norms for the XX Z model. The Hamiltonian of the model
is
M
H= ) [0k0k+1+050%.(+cos2n(ozog,,—1)]. (4.4)
K=1

This model was treated by means of QISM in [7]. Its monodromy matrix is given
by
T(A=Ly{2)...L{4). 4.5)

Her Ly is the weight matrix for the 6 vertex model

sinh{A—ine?), —isin2n)og

LdD=| _isin2njoz ,  sinh(A+ined)|

(4.6)

This monodromy matrix has the following property at real #:
TY(D)=0T(A)s?, B (J)=-C(A). 4.7)

Its communication relations is given by R matrix (2.4}, (2.5). The pseudovacuum is
standard:

M M
0>=T11; <0I=10>"= [T (1). (4.8)
j=1 j=1
The notations 1; and |; denotes vectors
=@, =0 (4.9)
at the j site of the lattice. The vacuum eigenvalues are
a(A)=sinh™(Al—ix), d(.)=sinh™(L+in). (4.10)

Properties (3.3), (3.4) are valid, at least in the limit M — co. The trace identities look
like

H=—2isin2y- —(—%ln LA + D]l - —;,—2M cos2y. (4.11)
The eigenvalues of H are
4 i (cosp;—cos2n), 4.12)
f=
where
exp{ip} =sinh(A— in)/sinh(A +ir). (4.13)

By means of (3.5), (4.1), {4.2) and (4.10) the square of the norm of the eigenfunction
{2.17) can be calculated:

{O|B*(A,)...B*(Ay)B(4,)...B(Ay)|0) = (sin 2n)"
. { N Sinh (i — i) sinh¥(L+ i’l)} { ﬁ sinh(2;— A, +2in) sinh(4,— 21, — Zin)}
il i i)

K>j=1 Sinhz(lj—)..K)

N
~dety {519' {M KA 1) — 121 X Ag— 4y 2’7)} +x(Ag— lj: 2’7)} . (4.14)
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Here the function of two variables y(4,#) is defined as follows:

¥(A, 1) =sin 25 /sinh(A ~— in)sinh(A + in). (4.15)
Formula (4.14) for the norm of the coordinate wave function was presented in [9]
and explicitly verified by direct calculations for N=2, 3. Notice that the norm
formula for the XXX model may be obtained from (4.14) in the limit (2.7). In the

papers [17], [18] the lattice quantum sine-Gordon model was constructed. The
norms in this model can also be calculated by means of (4.1).

5. Properties of the Jacobian
Our aim is to prove (4.1). We shall see that it is valid even if (3.3)-(3.5) are not valid.
Let us introduce the value

12y ooyl y = —SOICGy). - CUDBE). BONIO)

N

(sin211)N{ 1 a()dcs, )H 1 f6, AK)} (010

, (5.1)

which is proportional to the scalar product of the eigenfunction (2.17) and dual
eigenfunction (2.20). In (5.1) the values A, satisfy the system (2.18). The formula
{4.1) is equivalent to

141 Ayl y=dety{00g/04;} . (5.2)

During the proof we shall put <0J0>=1.

Let us first of all study the properties of the Jacobian on the right hand side of
(5.2). The most important ones are as follows. The Jacobian is a symmetric
function of all 4, For the proof it is sufficient to interchange the position of two
lines and two columns.

Let us remind the reader that the vacuum eigenvalues a{l) and d(1) are
arbitrary functions. This permits us to consider the values

all, ))

X = —l

’ (d(A )
as variables independent of 1,, see Appendlx B. These variables can change freely
at fixed 4, We shall study the dependence of the Jacobian on X, Let us
reformulate the symmetry property. The Jacobian is invariant under simultaneous
replacement Age>4; and X yX ;. Due to (4.2) the Jacobian is a linear function in

X,

(5.3)

dety {00 /02 =U X, +V,. (5.4)

Values ¥, and U, are X -independent. They depend on all other X , P=2,..,N
and on all A Due to the symmetry the Jacobian is a linear function in each X, The
coefficient U, in (5.4) is equal to another Jacobian

Uy=dety(00x/00},  Koj=2 N, (5.5)
o g ) X O
O T * Z " 7 9

a(2)=a(4)- f(4, 4,), d(i)—d Af Gy, 4). (5.7)
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So U, differs from the initial Jacobian by removing the first line and first column
and by replacing the vacuum eigenvalues a(4) and d(4) by a(l) and d(1) [see (5.7)].

This is a direct consequence of (4.2). Notice that in (5.6) 4,, j ., N are solutions
of a reduced system of TE
N
La(4,)/d(4,)] H LA 20/ f(Ap A)]1=1,n=2, .., N. (5.8)
jEn

The Jacobian is equal to zero at all X ;=0 and /; fixed:

detN{awK/aij}IXP:(,:O, p=1,..,N. (5.9)
Indeed
dety{00/04 }y - o=detM i,

and by means of (4.2) and (4.15) we have

N
My =5y {_Z — 2n>}—x(xx—xj, 20).
This matrix has an eigenvector with zero eigenvalue:
N
Y My V=0, Ve=1.

So detM =0 and (5.9} is proved.
At last

d  ally)

JOA =X =i—1 o

det, {0p;/0Ax} =X ld/ll nd(ﬂul)

It 1s clear that [ 1,...Ay]5 see (5.1), must possess the same properties. We shall
prove the following.

(5.10)

Theorem. To prove formula (5.2) it is sufficient to prove that |A,...Aylly has the
Sfollowing properties.
1) It is invariant under simultaneous replacement

Aged; and  XpeX (5.11)
2) It is a linear function in X | {5.3)
(Ais s Ayl y=U - X +V,. (5.12)
3) The coefficient U, is equal to
U;=12y, - Al %9, . (5.13)

It is given by formula (5.1) in the case of N — 1 particles. The particle corresponding
to A, is removed and a(A) and d(2) are replaced by a(2) and d(4) [see (5.7)].

4) It is equal to zero at all X ,=0 and A; fixed
41 .. Ayly=0 and X,=0, p=1,..,N. (5.14)
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5) For the one particle state
[A.0,=X,. (5.15)

The proof goes by induction in the number of particles starting from N=1
[compare (5.10) and (5.15)]. Assume that (5.2) is already proved for N=1, ...,g—1.
We shall show that it is valid for N=gq. Let us consider the value

A= 1215 ooy Agll,— det (Og/02)) . (5.16)

It is a linear function in X |, see (5.4), (5.12). The derivative with respect to X, is
equal to

0AJOX = |\ Ayy ..y AT —det,_  {0x/04}}, (5.17)
see (5.5), (5.13). The right hand side is equal to zero due to the inductive

assumption. So 04,/0X, =0and 4, is X, independent. Due to the symmetry (5.11)
4, does not depend on any of X . But due to (5.9) and (5.14).

4,=0 at X,=0, p=1,...4. (5.18)

So 4,=0 identically. So (5.2) is valid for N =g, which concludes the proof of the
theorem. In the remaining part of the paper we shall prove that ||4,...4y] [see
(5.1)] possesses the five properties mentioned in the theorem.

6. Description of the Scalar Products
We begin with the study of the scalar products in the generic case
£0|C(45)...C(A5)B(A5)...B(AR)(0> . (6.1)

All the A{ and A} are assumed to be different and independent ; in general they do
not satisfy any equation. The left hand side of (4.1) is a particular case of (6.1). We
shall deal only with the R matrix (2.8). By means of (2.9)(2.16) one can calculate
(6.1) completely. For example,

COIC(A)B(A%)|0) =g(A°, 27) {a(A)d(A%) — a(AP)d(A9)} . (6.2)

Let us try to characterize (6.1) for any N. Notice that after the calculation each /lB
and A must become either the argument of a() or of d(1). In this way each term 1n
the expression for (6.1) corresponds to some partition of the set

Sy={4S, ..., AS, 25, ... 1By = (IS} U {AB) 6.3)
into two disjoint subsets {44} and {A"}:
{A}n{AP}=0, {I*JIu{iP}=S5y. (6.4)

Let us denote the number of elements in the subset {41} by card4 and for
{AP} card D (card 4 +card D =2N). So we have:

COIC(AY)...CURB(AY). . .BUR)IOY

{AC} {ZB} card 4 A card D

partitions
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The coefficients K, are some explicit functions of all the 4, constructed by means
of f and g (2.5), independent of vacuum eigenvalues. We claim that the only
nonzero elements in (6.5) are those for which

cardA=cardD=N. {6.6)

Indeed let us apply formula (6.5) for the monodromy matrix (2.25), depending on
arbitrary ye C. The left hand side of (6.5) is manifestly y independent, while on the
right hand side each term is multiplied by the factor exp{card 4 — card D)-Iny}. So
the y independent terms are characterized by (6.6). All other terms must vanish.
Let us rewrite (6.5):

C — ad Ay g0 1D {’IC} UB}
@ H o) H B0 = Z{H ““f)d““f’} K"’(W} {x”})‘ D

The number of terms in the right hand side is equal to C)%. In the explicit
expression for K the following intersections are essential:

{Mn{ay=07%, WP ={2"%}

AT =047, (PIn{a%)={2""}. ©9)
Obviously one has following trivial identities :
HGoliF =04, {(1Gu{PG =05 69)
{APGU{APP = {2}, {(AMPpo{APP={2%}.
The number of elements in the subsets (6.8) satisfy the following identities:
n=card(DC)=card(4B), card(AC)=card(DB)=N —n. (6.10)
An example of the partition in (6.7) is
PAy={1,  (aP={4"}. (6.11)

In this case we have
A =0, =0, °9=0, (PH={%, n=0. (612

We shall call the term in (6.7) corresponding to this partition the highest term. In
Sect. 8 we shall demonstrate the following properties of K. First of all the highest
K is equal to

o (00
W 25
Here QN is a function of 2N variables, which is symmetric separately in all A% and

in all A%. Qyy depends on an individual A7 for fixed values of the remaining variables
as follows:

)=QN({A?},{AC} {n [ sinh=1(2— AC)} 613

j=1K=1

ON{AP}L (A=~ W D3P (e27). (6.14)

Here Py_, is a polynomial of degree (N — 1), with coefficients depending on all
other variables. Similarly Q, depends on individual A% as follows:

ON({AP}, {2 =W~ kP _ (7 R), (6.15)
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where ISN_ ; is another polynomial of degree (N—1). The most remarkable
property is the following. If one of the 1% coincides with one of A, say A% =4, our
Qy is expressed in terms of Qy_, with A% and ¢ removed

N
ON(APY, Ao p=(—isin zn){ I1 sinhuf—lﬁ—zin)}
K=2

| TLsioh(z2— 252 0, (0,11 U5 (616
i=2

J

Notice that Q, has already been calculated in (6.2)
Q,=—1isin2y. (6.17)

Due to the symmetry of Qy it can be reduced to Q, _, in all points A% =2%. One can
show that all these properties fix Qy in a unique way.
An arbitrary coefficient in (6.7) is expressed as follows:

S Al R

Here the Laurent polynomial 7, is equal to

GO oo by (148
nN(W} {}VD})—QN_KGA A7), (4%

'{H 11 sinh(zj?c—zéc—zm)} { T 11 sinhu?f*—zgﬂ_zm)}. (6.19)

jeDC Ke AC jeDB KeAB

For n see (6.10). The double product in the third factor on the right hand side
means that 22 runs through all the set {4}, and 14€ in an independent way runs
through all the set {4}, The last factor has a similar meaning. So we have
completed the full description of the scalar products. We shall prove these
formulas as follows. In the next section we shall construct a special case of the 6
vertex model with a lot of free parameters. We shall apply formula (6.7) for this
model and choose parameters in such a way that all terms, except one, on the right
hand side will be equal to zero. This will allow us to investigate the properties of an
individual coefficient K. Notice that scalar products for the XX Z model itself
were studied in [10].

7. Special Case of the 6 Vertex Model

We shall consider the inhomogeneous generalization of the monodromy matrix
(4.5). Namely we assume the spectral parameter in the L matrix (4.6) to be site
dependent

sinh(A—vg—inoy), —igg sin2y
Ll =vo= —io} sin2 inh(i— ines

X 7, sinh(A—vg +inoy)
=cosn-sinh(A—vy)—io>- o3 siny-cosh(L — v)

—isin2y(c " -op +0" - 0g). (7.1)



Calculation of Norms of Bethe Wave Functions 403

The monodromy matrix
T =Ly(A—vy)...Li(A—v,) (7.2)

obeys the commutation relations (2.3) with the R matrix (2.8). The pseudovacuum
is the old one, see (4.8). The vacuum eigenvalues are now equal to

a(d)= ﬁ sinh(A—v;—in), d(i)= ﬁ sinh(A—v;+in). (7.3)
L 1L

J J
Such an inhomogeneous generalization was used for example in [19-21].
Let us consider the special state
B(4y)...B(A)I0>. (7.4)

Here the number of the particles [of the B(4)] is equal to the number of the sites in
the lattice N=M. Below we shall write N instead of M. All 4, in (7.4) are free. In
Appendix C it is shown that in the state (7.4) all spins are overturned, see (C.9),

B(y)...BU)I0>=Q- Z,. (7.5)
Here Z, is a c-number and
o- H 1. 7.6
The definition of Z, is
Zaliis), {vK})=£zjf[1 B()-[0). )

Several representations for Z, are given in Appendix D. Let us study the
properties of the Z,. Due to (2.10) Z, is symmetric in all A, Z, depends on
individual 4, as follows (all other variables kept fixed):

Zy=exp{—(N—1)1}Py_,(e**). (7.8)

Here P,_, is a polynomial of degree N—1, with coefficients dependent on all
other variables. Indeed, one can see by inspection that B(4) depends on 4 like (7.8).

From representation (D.21) one can see that Z, depends on v; in an anlogous

fashion. Zy is symmetric in all v, Zy depends on an individual v; as follows:
Zy=exp{(N—1)v} Py_ (e™ 7). (7.9)
Here P, _, is another polynomial of degree N — 1. Formula (D.24) shows that if
v =A +in, (7.10)

then Z, can be expressed in terms of Z,_, with v, and /; removed:
N
2135 ormig= — 5020 11 sinhid, v~ in)}
K=2

N
. { I_Iz sinh{(4,—v,— i”l)}'ZN~ s b el )). (711)
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Due to the symmetry of Z, similar formulas are valid in all points vy =iy + 4, For
N=1
Z,=—isin2y. {7.12)

In the next section we shall use this model to study the coefficients in the formula
(6.7). Notice that the norm of the highest eigenvector of the transfer matrix (7.2)
was calculated for the very special set of vy in [10].

8. Proof of the Formula for the Scalar Product
Let us calculate the scalar product of the state (7.4) and the dual state
O|C(A9)...C(A5), N=M (8.1)

in the inhomogeneous 6 vertex model by means of formula (6.7). We shall try to
choose the free parameters v; to annihilate all terms on the right hand side of (6.7)
except one. Put e.g.

v, =AS+in. 8.2)
Now the vacuum eigenvalues (7.3) are equal to
N N
a(A)= [] sinh(A—25—2in), d(A)= [] sinh(A— 7). (8.3)
=1 j=1

As d(A5) =0 all AS must become arguments of a(4). So on the right hand side of (6.7)
only the highest term remains:

N N
<ol [T cu) [T B>
/’LC /'LB N N
=K (i ici § /lyi) U I;[ sinh(A% — A9)-sinh(A% — AS — 2in). (8.4)
Let us calculate the left hand side

N N N N
ol T ¢ [T BPI0>= {<0¥ Il cu;%‘)s?} el B0}

=Zy({(A5}, (25 +im) Zy({A7) (A5 +im) . (8.5)

Here we have used the formulas (7.5), (7.7) and (D.17). The first factor on the right
hand side of (8.5) can be calculated by means of (7.11)

N N

Zy S5 5 +iny)= 11 [1 sinh(Ag— A5 —2in). (8.6)

K=1j=1

Combining (8.4)—(8.6), we obtain

{2 (4% A T By (1€ +
KN({AC} {AB}> {FlK]:[lsmh (A2 Aj)}ZN({Al},{/lj—l-m}). 8.7

If we change the notations

O} LS =25, U + i), 8.8)
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then it will be obvious that (8.7) and (6.13) coincide. Also properties (7.8)~(7.12)
turn into properties (6.14)-(6.17). In this way we have proved all the properties of
the highest term and of Q.

Let us discuss now an arbitrary coefficient in (6.7). We fix the partition
corresponding to one of the terms in (6.7) {41}, {A®} and choose

v;=A 4. (8.9)
This leads to

N N
a(A)= [] sinh(A— A —2in), d(A)= [] sinh(A—-1}), (8.10)
i=1 j=1
and so d(47)=0. All the Af must become the arguments of a(4). Therefore the only
nonzero term on the right hand side of (6.7) just corresponds to the fixed partition

0| ﬁ () IN] B(A%)|0) = { ﬁ [T sinh(i— /1"—2"1)}
j=1 I=1

K=1 j=

{f frmss-a (09 23

Let us calculate the left hand side

N N

<ol [T ¢(35) lﬂ BUDNOY = Zy({A5}, {4 + ) Zy({AT}, (2] +in}). (8.12)
i=1 =1

Since the intersections {A4€} and {A4#} are nonempty simultaneously, the right

hand side of (8.12) can be transformed by means of (7.11). We obtain

N N
<0| Ul C(5) zl—_[1 BODI0>=0,({2%}, {A*") @y ({APP}, {41Y)

: {ﬁ ﬁ sinh(Ag— Af — 2ir1)} { T T sinh(z2¢—4c— 2i'7)}

jeDC KeAC

{ T 11 sinh(lﬁB—;{?B—Zin)}. (8.13)
KeDB jedB

Here we use the notations (8.8), (6.8), (6.10). If we combine (8.11}-(8.13), we obtain
(6.18), (6.19). In this way we finish the proof of all the formulas given in Sect. 6.

9. Norm of an Arbitrary State

Thus far we have described the general scalar product. To obtain the formula for
the scalar product of the eigenfunction and its dual (4.1) we just do two steps. First
of all we must let /10 tend to /1” in (6.7) in order to have the expression for the scalar
product of an arbltrary wave function and its dual. Secondly we must let A$ = A?
=/, tend to a solution of the system of TE (2.18), (2.5). In this section we shall

make the first step gradually. Let
Ao =2y, ©.1)
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while all the other 4§ and A% are fixed. We are interested in the dependence of the
limit on the vacuum eigenvalues. There exist four types of terms on the right hand
side of (6.7) which have different behavior in the limit (9.1).

1) Terms corresponding to partitions with the following properties Ae {44},
/8 {)*}. These terms have finite limit and their dependence on the vacuum
eigenvalues of argument 4, is the following: a*(1,).

2) Terms corresponding to the partitions A§e{i?}, ABe{AP}, whose de-
pendence is d*(4,).

3) Terms corresponding to the partitions

Ke{4y, e (AP} 9.2)
We use following enumeration:
A=24=]4¢, IB=)D=)D8, 9.3)

These terms have a pole in the limit (9.1) due to the factor

sinh™ 122 — A4) =sinh ™ }(4% — 4S) (9.4)

in the expression for Ky (6.18). Let us calculate the residue. The terms of the third
type are summed up to give

T () D T atia) 03
Here j=2, ..., N and the summation is carried out by partitions of
Sy-1={F tuidfe,} (9.6)
into two disjoint subsets {4}, } and {47, ,}, for which
card A=cardD=cardC=cardB=N—1

[compare with (6.3), (6.4), (6.6), and (6.7)].
To calculate the residue we shall rewrite Ky from (9.5) by means of (6.18)

N N
Kstinh‘l(/lf—/l‘f){ I1 sinh'l(}tﬁmflf)}-{ﬂ sinh-l(xlf—z;i)}
K=2 j=2

(4 5

In Appendix E it is shown that if 1{¢=12%, then = is reduced to my_, with A§ and
43 removed. Finally we have for the singular part of each Ky in (9.5)

{5 {AL 1})
ey Ry
(9.8)

. {fj Kﬂz sinh™ (4D — )&?)} Ty 9.7

}bflc_y‘;{PB

N
K y— —i(sin2n) sinhﬁl(iff——},‘f){ [T fO&A) fG, A2 }KN—I(
K=2

Here we use the notation (2.5), (6.18) and formula (E.2). By means of (6.7) one can
show that the singular part of the sum (9.5) is proportional to the scalar product
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for N—1 particles

. 9dus XN .
—isin2y- %Mf)‘f%iﬂ»% 0| ,-Hz C(:9) BZ B(AB)j0ymee (9.9)

Here “mod” means that during the calculation of this scalar product we must put
AN =a()0>,  aM)=a(h)f (4 41),

“ - 9.10)

DAI0>=d(|0>, dAH=dA)f(1s,7).

Before analyzing the finite part of these terms, let us study the terms of fourth type.
4) These terms correspond to the partitions

ACe (AP}, JBe{iA}. ©9.11)

These terms have the same denominator (9.4), see (6.18). The singular part of the
sum of these terms is calculated in just the same manner, by means of (E.5). This
part is equal to
B [ N
isin2y- % <01 [1 €6 ﬂ B0y (9.12)
(41— 49)
and cancles (9.9) exactly.

Now we are in a position to calculate the finite part of terms 3) and 4). We must
use 'Hopital’s rule. After calculating the indeterminacy one sees that the sum of 3)
and 4) depends on the vacuum eigenvalue with argument A, either as a(4,)-d(4,) or
as d'(4,)d(4,), a(A,)d'(1,). To calculate the coefficients of the last two terms is very
simple. It is just the same as to calculate the residues (9.9), (9.12). The answer for
the terms with derivatives is as follows:

N N

isin2n[a'(A)d(4,)— a(L)d'(2,)]-<0| Uz C(45) Bz BUDIOY™. (9.13)

Thus we can write down the dependence of the scalar product in the limit {9.1) on
the vacuum eigenvalues of argument 4, in the explicit form

0 ﬁ CU$) ﬁ B(ADI0> =E-a*(A,)+ F-d*(A,)+ V-a(2,)d(4,)
j=1 =1
+ U aldy) (i) 7 ln [a(A)/d(A ). (9.14)

The coefficients E, F, ¥, U are independent of vacuum eigenvalues of argument 4.
The last one is equal to

N Y
U=isin2n<0| [T CCGS) T BGDHI0)™ 9.15)
j=2 i=2

[see (9.13), (9.9), (5.10)].

Just now we can do the first step all at one. We let AS—4?= 4. Here all the 4;

are different. It is easy to check that the results of the previous analysis will not be
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broken down. So the scalar product of the wave function and its dual is equal to

(0| ﬁ C() ﬁ B0 =E-a*(J,)+ F-d*(A,)+ V-a(A,)d(4,)
ji=t j=1

+ Uald )~ Inat, )d(,). (9.16)

The coefficients E, F, ¥ and U are independent on vacuum eigenvalues of
argument A, and

U =isin25(0| ﬁ C(4) ﬁ B(2,)|0y™d. (9.17)
=2 j=2

Here “mod” means (9.10). This is the end of the first step. In the next section we
shall do the second step. Namely we shall make 4; the solution of the system of TE.

10. Proof of the Norm Formula for the Eigenstates

Let us rewrite (9.16) in a form close to {5.1)

<0| ﬂ C(4) H B(4)10> ah,) (i)
= = E !

}_ iy T ey

(siBZW)N{ a0 HH flip

(10.1)
+Vi+U,; z—l (/1‘)
)’
where

N

<0l H C(4; ),H B(Apj0p™
(81n2n)N I{Ij] A)d(2 H I1 f(i,,ix)}'

JFK=2

(10.2)

Here we use (9.10), (9.9). Now let 4; become a solution of the system of TE (2.18).
By means of

N
a(A)/d(A)= IJZ f(/lj’ A S (A, A‘j)

the dependence of the first two terms on the right hand side of (10.1) on a(4,) and
d(%,) may be eliminated. The dependence on X, =idIn[a(4,)/d(1,)1/d4, [see (5.3)]
can not be eliminated by means of TE, sece Appendix B. So the value of
415 . Axlly in (5.1) depends on vacuum eigenvalues of argument 4, only by
means of X,
A5 oo dnlly=V,+U X, (10.3)
where
U, =114y o Ay, . {10.4)

Here we use (10.1), (10.2), and (9.10).
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Now we are in a position to check all the five properties of the theorem in Sect.
5. The symmetry property 1) is obvious from (2.10). The property 2) is proved by
(10.3). The third one is proved by (10.4). The fourth one is proved in Appendix B
[see (B.3)]. To prove the fifth one we must consider the limit A#— A% in (6.2) and use
the definition (5.1). Thus our argument is now complete. We have proved formulas
{5.2) and (4.1). The proof of the formula (3.1) is similar. From a formal point of
view one does not even need a separate proof as all formulas for the R matrix (2.6)
can be obtained directly from formulas for the R matrix (2.5) in the limit (2.7).

Appendix A. Construction of the Quantum Space

We shall show that a monodromy matrix, which satisfies relation (2.3) with the R
matrix (2.8) and possesses arbitrary a(1) and d(1), can be constructed. A nontrivial
problem is to construct T(4) which possesses arbitrary ratio a(4)/d(4). Indeed,
under multiplication of T(1) by an arbitrary ¢ number function »(1) the vacuum
cigenvalues are changed as follows: a(d)—v(A)a(l), d(A)—v(L)d(4).

In the beginning we shall show that the models known from the literature give
us a rich set of a(A)/d(A). First of all let us give an example of two models with the
same R matrix but with different vacuum eigenvalues. The monodromy matrix of
the lattice sine Gordon model (L.SG) is equal to

T(A)=L,/A)...L (%), (A.1)

as in (4.5). The statistical weight L(4) was constructed in [17, 18]. It depends on the
spectral parameter 4, the coupling constant # and on the step of the lattice r:
L(A)=L(4,n,7). The vacuum eigenvalues are equal to

a(A)=[1+2rcosh(2A+2in]™,  d(A)y=[1+2rcosh@i—2i)]™. (A2)

Thus the monodromy matrices of the 6 vertex model (4.5), (4.6) and of the LSG
(A.1) possess the same R matrix (2.8), but different vacuum eigenvalues (4.10) and
(A2).

Let us show that by means of the LSG model we can construct the T(1), for
which a(2)/d(}) depends on an infinite amount of parameters. Indeed T{J) for the
inhomogeneous lattice is equal to T(A)=L,{A—v,,7,74)...L{{A—v,, 5, r,). Here
the spectral parameter and the step of the lattice are site dependent. For this
monodromy matrix we have

ady & [14+2rgcosh(24+2in—vy)
d(A) g4 1+ 2rgcosh(21—2in—vy) |’

(A3)

The ri and vy, K=1,...,M are free parameters. We shall achieve our aim if
M- 0.

Now let us give the full solution of the problem by means of an algebraic
scheme independent of the models. We shall construct the quantum operators
A(u), B(u), C(u), and D(p) at fixed a(A) and d(2). First we shall construct the space in
which these operators act. The basis vectors are

wa{4;3)=B(Ay)...B(1/)0 . (A4)
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Here N varies from 0 to oo and all the 4; are free. The whole space consists of the
linear combinations of the basis vectors. We shall define all four operators by
means of their action in this space. The action of these operators on the basis
vectors can be calculated by means of (2.9)+2.16). Operator B(y) acts as a raising

operator. The action of the operator A{y) is well known [6]
A(WB(4,)...BUNOY = A-B(4y)...B(14)0>

N N
+ X 4, B EB(ij)|0>, (A.5)

where

N N
A=a(y) ﬂ1 fwdy),  A,=ald)g(4, 0 [Il O 4),
- J‘zn
as well as that of the operator D(u)
D(B(,).--B(AI0) = A- B(A,)...B(Ay)I0)

N o N
+ 3 A,Bw [] BGI0),

N i j¥n
A=d(w IJ; JOuw,  A,=d,)g( 4,) l;[ [y, (A.6)

Operator C(u) acts as a lowering operator

N N N
1M.1];[B(/1,-)|0>+ 2. My, Bl L} B(AI0>, (A7)

K>n

Cw) lz_[1 B(A)I05 =

n=

where
M, =g(u, 1,)-a(p)- d(4,) l;] Jp 2,) f (s 2)) + g(Ay, a4, )d(10)

GG 4,

j¥Ean
M=) ald,)- g1 ) Gl 1) F ax){‘ 11 131G Aj)}

J¥K,n
1

+d(4,)all)g (i A)g(hie ) f (e &J{ Sy ) g 4 j)}' (A8)

In this way the action of our operators on any vector in the quantum space is
defined. By means of direct calculations one can show that all equalities containing
in the relation (2.3) are valid.

The dual vacuum <0| can be defined as a linear functional in the space
constructed above. The main properties of this functional are as follows:

0[0>=1, <0 ﬁ B(/lj)|0>:O, for Nz=1.
j=1

Then the second line of (2.16) can be simply proved. Commutation relations (2.10),
(2.13), (2.14), and (2.16) permit one to prove (2.21).
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Appendix B. The Norms at X =0

Notice that in Appendix A we showed that operators A{y), B(), C(u), D{u) can be
realized in the case of arbitrary a(/) and d(4). Let 4; be a solution of TE (2.18). We
shall show that the variables

a('{x)
d(dg)

XK-—i-——] (B.1)

are 4; independent. They can change freely at fixed 4, Indeed, let us choose the
new function a(l)/d(/l) which coincides with old one only in the points 1;:
a(A,)/d(A,)=a(A,)/d(},). The set of A; satisfy also a new system of TE

Lai(2,)/d(2,)] -I_[ LG A/ f (4 A0]=1, (B2
e
but the variables X, are changed.
Let us use this transformation to prove (5.14)

lag, - wdyly=0 at X,=0, p=1,..,N. (B.3)

We construct the new function as follows:
aAyd()=a()/dd), if A—~S<i<i+§. (B.4)

It is constant in some vicinity of each 1. Since all the /; are different, let us choose
45=min |A;— Ag]. (B.5)
j*K
In other regions a(l)/&(ﬂ) must be smooth (see Fig. 1). Let us calculate the
lAs, ..., Axlly for the vacuum eigenvalues. As all X, =0, now, we have

12y Ayl =12 A1, <o (B.6)

So to prove (B.3) it is sufficient to show that the scalar product of the eigenfunction
and its dual

OIC(Ay)...C(A)B(A,)...B(Ay)0> =0 (B.7)

for the new values &(4) and d(4). Notice that now not only the A; are solutions of
(B.2) but

Ay=ii+y, —8S<y<S§ (B.8)

Fig. 1
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are also solutions of (B.2), due to the fact that f(4,,4,) depends only on the
difference 4,—4; and a(1)/d(4) are constants in this region. We shall see that the
scalar product

N N
<O TT €4) [T BG;+ 10> =G(y) (B.9)
j=1 j=1
is equal to zero at any 0<y<S, —S<y<0. Indeed, the object
N N
<Ol [T CE) LA+ D(w)] [1 BA;+y)I0> (B.10)
j=1 j=1

can be calculated in two ways. Either [ A(u)+ D(u)] goes to the left or to the right.
As both states are eigenstates we have two expressions for (B.10)

0, {2,;)G(y), or O {4;+y}) Gly), (B.11)
where
N N
0, {4;}) = alp) I;Il S A +d(p) Ul fpm, (B.12)

see (2.19). As O(u, {4;}) ¥0(u, {4,+y}) at y +0 we have G(y)=0 at y+0. As the
scalar product (B.9) depends on y in a continuous way we have G{0)=0 and
therefore (B.7), (B.3), and (5.14) is valid.

Appendix C. Eigenvalue of S, on the Bethe States

We discuss the inhomogeneous 6 vertex model. The operator of the third
component of the total spin

M
$3= 3 o3 (C.1)
K=1
is important. The pseudovacuum (4.8) and the state Q (7.6) are its eigenstates
S0y =M0>, S*Q=-MQ. (C2)
Any state (A.1) with free 4, is an eigenstate of §°
M
S 11 B(A)I0D =(M —2N)|0>. {C.3)
i=1
See for example [22]]. For completeness we shall give the proof. We use the identity
[L(A), 0 +063]=0, (C.4)
and locality
[Li(2),67]=0 at K=*I. (C.5)

Let us calculate the commutator

M
[TGA)5*]= Y LyLy ;.. Lxs [Leod1Ly ,...L,

K=1

M
—— Y Ly..[Lgo®].. L =—[T(),0%]. (C.6)
K=1
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Here ¢* is not a spin operator but a 2 x 2 matrix. From (C.6) we have
[B(A),S*1=2B(4). (C7)
Combination of this formula and (C.2) gives us (C.3). Let the number of B(4) be
equal to the number of the sites in the lattice N=M. Then (C.3) gives
M
S 1] B0y =—M[0). (C.8)
=1
Comparison with (C.2) leads to

_=1‘[1 B(A)I0)=Zy- Q. (C.9)

Here Z is a ¢ number.

Appendix D. Construction of the General Version of the 6 Vertex Model
The inhomogeneous 6 vertex model has the following weight matrix:
LA, —vg)=cosy-sinh(4, —vg)—isiny-cosh(i, — v ooy
—isin2ylo, 6§ +0, 0g). (D.1)

This statistical weight corresponds to the lattice vertex with the same index (see
Fig. 2). The matrix indices of the «™ space correspond to spins on the horizontal
edges (a,, b,), while the matrix indices of the K™ space correspond to spins on the

ag

ag bk
ay +ba (Lad o o

Fig. 2 bK
vertical edges ay, by. Before constructing the model itself we shall mention some
properties of the L matrix. Its commutation relations are given by (2.3)

Ryl Ap)Laie (= V)Ll Ag— Vi) = Lyl Ay — Vi) LoglAy = V)R g0 Ag) . (D.2)

with R matrix (2.8). One can change the position of the vertical and horizontal
spaces

Ri(vi, vi)LyBy = Vi) Lol Ay — v)) = Lyl — V) Lol — ViR (V1) - D.3)
If vg— 4,=in, the L matrix is especially simple
Lx(vg—A,=in)=—isin2yll . (D.4)
Here IT is the permutation matrix

I, ($%,) =0 5. (D.5)
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Here © and w are two-component c-number vectors. The index shows the space in
which this vector is situated. Then the L matrix {(D.1) has two simple eigenvectors

LA, —vi) (1,1 ) =sinh(d, —vg —in) (1,7x)

, (D.6)
Lol = vi) Uod ) =sinh(4d, —vg — i) (Ll ) -
Here we use the notation (4.9). The last property of L is
[LaK('lat“ VK), O-II(O-;] =0. (D7)

We shall construct the inhomogeneous 6 vertex model following [23]. Let us
consider an inhomogeneous square lattice with N lines and N columns (see Fig. 3).

A

V3 Y2 Y
" N
Fig. 3 M %

Each A, corresponds to a horizontal line, and each v, corresponds to a vertical
line. The statistical weight (D.1) is associated to the intersection of the o™ and K™
lines. The summation is carried out over the spins on the interior edges. This
summation is reduced to the matrix multiplication of the L operators in the
corresponding spaces. The spins on the boundary of the lattice are fixed. The
boundary consists of four lines. We denote spins on each of these lines by ii(v)),
A4, d(v ), (/1 } correspondingly (see Fig. 4).

T(vy) .. . . Tlyy)
“*,3’%%\%—70_3)

L TO,)
i)

-

Fig. 4 a(va). .dlvy )

The partition function is equal to:

Zta. e ={ 11 10} {fl i)

a=1 j=1

{ﬁ ﬁLam—vK)}{ﬁ ?(xa)}{jﬂ ). ©3

a=1K=1 a=1

In this product L, stands to the left of L, if Na+K>Np+1 If ¢+ and K I
these L commute. If o= f or K =1 they are multiplied as matrices in this space. We
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shall use the transfer matrix method to rearrange the partition function. Let us
collect the L matrixes along the horizontal lines

400 0)

N
160 11 Latu—= (o) oo D)

Here T, is represented as an explicit 2 x 2 matrix in o™ space. This T coincides
exactly with the monodromy matrix (7.2), (7.1). In terms of T, the partition
function is equal to

z={ 110y} ) {H i), (D.10)

j=1 a=1

Notice that 7(/11)7;(1&)7(/1&) is a scalar in the o space. To have another representation
for Zy let us collect the L matrixes along the vertical lines

tj(vj): Ij}l Laj(j'a_ vj) - (A(VJ) B(V))

vy Dy (D.11)

Here 7; is represented as an explicit 2 x 2 matrix in j space. The commutation
relations of t; are

Ry, vidtxvi)t(v) = 1 (vt (Vi RV Vi) (D.12)

with the R matrix (2.8), due to (D.3). In terms of 7(v,) the partition function is equal
to:

N N N
Zy= { 11 i(/la)}{ Il ﬁ(vj)rj(vj)d(vj)}{ 11 i"(/la)}. (D.13)
a=1 =1 =1
The following boundary conditions are of special interest for us:

R)La) = Ta b g(vK) = iK
] . (D.14)
Ad)=l.  dlvg)=Tg.

In this case

A (I ool 09
Due to (D.10) we have
Zy({4a), {v;})=QB(4y).. . B(A,)I0> . (D.16)

Here we use 1,T(4}],=B(/) and notations (4.8), (7.6). Notice that (D.16) and (7.7)
coincide, as the number of the sites in the lattice coincides with the number of B(A).
One can show that

Zy({Z}, 1)) =<0IC(4y)...C(A4)Q. (D.17)
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Indeed, let us introduce the operator

N N
U= 1@ I1 ok (D.18)
a=1 K=1
This operator has two properties:
N N
U, l_[ l_[ LocK(‘j'a - VK)} :Oa U*=1. (D19)
a=1K=1

Here we use (D.7). So
Zy=(1L) (T U {ﬁ f LaK} (T ()
~(T1) Tk {ﬁlZILaK} T AT, (D.20)

which leads to (D.17). To manifest the v, dependence of Zy, let us use repre-
sentation (D.13). By means of |7 (v)1,=C(v) we obtain

Z\({ A}, {v;3) = <0ICly)...Clv,)2. (D.21)

This means that Zy is symmetric in all v; due to (2.10).
Let us show at last that if v, — A, =in, then Z, is reduced to Zy ., with 4, and
v, removed. We have by means of (D.4)

L, {v,—2,=in)=—i-sin2y¢-I1,,. (D.22)

Notice that this L is the one farthest to the right in the product (D.15). Let us
calculate

The vector on the right hand side is the eigenstate of all the L, (4, —v)), j=2, ..., N,
see (D.6). It is also an eigenstate of all L, {A,—v,), =2, ..., N for the same reason.
After application of all L,; and L,, to the right hand side of (D.23) we have

N
Zult2ubs 0y = = 15in20 [T sinh(i, — =i}
K=2

ATLsinb v, =} 2y (aeid 0eh D29

Appendix E. Properties of the Scalar Products

In Sect. 6 the properties of the coefficients in the formula for the scalar product
(6.7) are given. Here we shall give some corollaries. Let {14¢} and {i”®} be
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nonempty sets as in (9.2), (9.3). Let us study the limit
Me=)PE=3 . (E.1)

Then from (6.19) and (6.16) we have

5 0B . A . .
(U’i} {AD}) =(—isin2n) <;I=Iz sinh(4? — A, —2in) sinh(4, — 1§ — 21;1))
i ) =
Similarly if {A1®} +0 and {AP¢} &0 we shall use the following enumeration:
JG=iP=PC, A= )B= )48, (E3)
The interesting case is
AC=qB=], . (E.4)

The formulas (6.19) and (6.16) lead to

G o
N({if} {l}?}) —(—lsm2;7)< [1 sinh(i, — 24— 2in) sinh(2? — 4, _.2"7))

j=2

(e} ()
" 1({%} {zj*l}) ()
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