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Abstract. Refinement of programs is investigated in the context of fair transition
systems. Two kinds of refinements, property preserving and fixed-point preserv-
ing, are defined. Conditions are developed under which common program trans-
formations such as data refinement are property preserving and fixed-point pre-
serving. These conditions and relevant program refinements are illustrated
through a number of examples.

1 Introduction

Stepwise refinement of programs has been a successful method for the develop-
ment of programs. Originally intended for sequential programs [2, 6, §, 9, 117,
the technique has also extended well to concurrent programs [1, 3, 4, 5, 7,
12, 16, 17, 20, 21, 22, 28]. Its main advantage is a separation of concerns since
issues such as appropriate data structures, efficiency, and the peculiarities of
the underlying architecture can be handled one at a time. Program derivation
through stepwise refinement can be roughly classified into two kinds: property
refinement and program refinement. While the former deals with the refinement
of a set of properties, the latter deals with the refinement of a program text.
This paper investigates program refinements in the context of a fair transition
system [18].

A fair transition system is an abstract computational model characterized
by a set of variables, a set of states, a set of transitions, initial conditions,
and fairness requirements. Fair transition systems encompass most existing sys-
tems and have been widely used for modeling reactive systems. For our purposes
in this paper, we choose the framework of Unity [7] as the representative fair
transition system. The main reason behind our choice is the simplicity of Unity’s
logic and the ease with which refinements can be expressed and proved in it.
Even though we concentrate on one specific formal framework, most of our
results should translate across other frameworks based on fair transition systems.

* Work supported in part by NSF Grant CCR-9008628. A preliminary version of this paper
appeared in [27]
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We consider two kinds of program refinements — those that preserve all
properties (safety and progress), and others that preserve the fixed-point (ie.,
if the original program terminates, then so does the refined program, and the
set of final states of the refined program is contained in the set of final states
of the original program) [27]. The first kind of refinement, referred to as a
property preserving refinement, is useful for reactive programs whereas the second
kind of refinement, referred to as a fixed-point preserving refinement, is useful
for terminating programs. We concentrate on a few commoniy occurring pro-
gram transformations, viz., data refinement, atomicity refinement, and streng-
thening of guards. We develop conditions under which these transformations
are property preserving and fixed~point preserving. We also illustrate the applica-
bility of these refinements through a number of small examples. Though the
presented refinements are individually quite simple, together they can be quite
a powerful tool in the development of programs |3, 5, 28].

Data refinement has received considerable attention in the literature. Hoare
was the first to consider it in the context of implementation of abstract data
types for sequential programs [10]. Subsequently, a number of authors have
generalized his work to concurrent programs [4, 5, 20, 21]. Refinement of atomi-
city has also been investigated extensively. Lipton was the first to consider
the refinement of atomicity for concurrent programs [15]. He considered the
semantics of operations and developed conditions under which the refined pro-
gram would preserve partial correctness. Lamport and Schneider have general-
ized Lipton’s theorem to a larger class of safety properties besides partial correct-
ness [14]. Back generalizes Lipton’s conditions further by considering total cor-
rectness. He considers the framework of action systems and develops conditions
under which a refinement of atomicity is fixed-point preserving.

Recently, Sanders [22] has proposed a mixed specification language that
incorporates both a program text and a set of explicit program properties.
Any fair execution of the program text that satisfies the explicit program proper-
ties is considered an acceptable behavior of the program. She develops the
idea of refinements for mixed specifications and presents a number of interesting
examples.

The rest of the paper is organized as follows. Section 2 discusses Unity and
presents a brief introduction to its logic. Section 3 discusses the two kinds of
program refinements and their properties. Section 4 considers three kinds of
program transformations — data refinement, atomicity refinement, and streng-
thening of guards. A number of examples that illustrate the usefulness of these
transformations are also given here. Finally, Sect. 5 includes some concluding
remarks.

2 A brief introduction to Unity

We discuss the syntax of Unity in Sect. 2.1, the logic of Unity in Sect. 2.2, and
program compositions in Sect. 2.3.

2.1 The Unity syntax

A Unity program consists of four sections — a declare section that declares
the variables used in the program, an always section that consists of a set of
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proper equations, an initially section that describes the initial values of the
variables, and an assign section that consists of a non-empty finite set of assign-
ment statements. An assignment statement consists of one or more assignment
components separated by ||. An assignment component is either an enumerated
assignment or a quantified assignment. An enumerated assignment has a variable
list on the left, a corresponding expression list in the middle, and a boolean
expression on the right called the guard (which by default is true):

{variable-list) :={expression-list > if {guard).

A quantified assignment specifies a quantification and an assignment that is
to be instantiated with the given quantification; a quantification names a set
of bound variables and a boolean expression (the range) satisfied by the instances
of the bound variables.

Example 1. Examples of assignments are:

1. Exchange x, y, provided predicate b holds.
X, y=y, xif b

2. Add A[i] into sum and increment i, provided i is less than N.
sum, i==sum+A[i],i+1ifi<N [

Example 2. Examples of quantified assignments are:

1. Assign 0 to all components of array A[0..N].
i:0<i<N::A[i]:=0)
2. Given arrays A[0..N] and B[0..N] of integers, assign the maximum of
A[i] and B[i] to A[i], for all 0<i<N.
Ji:0<i<N::A[i]=max(A[Z], B[i])) O

An assignment component is executed by first evaluating all expressions and
then assigning the values of the evaluated expressions to the appropriate vari-
ables, if the associated boolean expression is true; otherwise, the variables are
left unchanged.

The set of assignment statements in the assign section is written down either
by enumerating every statement singly and using [J as the set constructor, or
by using a quantification of the form {{var:range::statement>. Symbol [ is
called the Union operator.

A program execution starts from any state satisfying the initial conditions
and goes on forever; in each step of execution some assignment statement is
selected nondeterministically and executed. Nondeterministic selection is con-
strained by the following fairness rule: every statement is selected infinitely often

[7].

Example 3. The following program assigns the maximum of variables x and
y to variable z. Its assign section consists of two assignment statements each
of which has one assignment component consisting of an enumerated assign-
ment.

Program max
initially z=0

assign
zi=x1if x>y
Oz:=y if x<y

end
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The following program sorts integer array A[0..N], N >0, in ascending order
by swapping adjacent elements if they are out of order. Its assign section consists
of N statements, one for every pair of adjacent positions.

Program sort
assign
Qi:0<i<N: AL, AU+ 1]=A[i+1], AUl if A[{1>A[i+ 17>
end

2.2 The Unity logic

Program properties are expressed using four relations on predicates — unless,
invariant, ensures, and leads-to. The first two are used for stating safety properties
whereas the last two are used for stating progress properties. The formal defini-
tions of these relations are based on the idea of the strongest invariant of a
program advocated by Sanders [23]. The strongest invariant of a program P
is denoted SI-P and characterizes the set of states reachable from the initial
state. It is defined as the strongest solution of X in the equation

(IUNIT= X) A (X = (Vs:seassign: wp(s, X))).

Here wp denotes the precondition predicate transformer due to Dijkstra [§].
The predicate SI-P denotes the set of states that are reachable initially as well
as the states that are reachable after executing some statement in the assign
section of program P. When program P is clear from the context, we write
the strongest invariant simply as SI.

2.2.1 Unless. For any two predicates p and g, the property p unless g holds
in a program iff for all statements s in the program the following implication
holds:

SIApA—TIg=wp(s,pVq).

Informally, if p is true at some point in the computation, then either g never
holds and p holds forever from this point on, or g holds eventually and p
continues to hold until ¢ holds. Note the use of SI to restrict the attention
to only reachable states.

Example 4

1. The value of x never decreases.
x=k unless x>k, for all k, or
x>k unless false, for all k.
2. Philosopher u stays hungry until eating.
hungry .u unless eating .u
3. In Program max, variable z retains its old value until it gets max(x, y).
z=k unless z=max(x, y), for all k. [

Derived rules. The following rules can be derived from the definition of unless
relation.
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Reflexivity rule:

SI=(p=q)
p unless q

Irreflexivity rule:
p unless —ip
Weakening rule:

punless q, SI = (q =r)
punlessr

Conjunction and disjunction rules:
{Vi::p.iunlessq.iy
Vivip.ipunless{Vi::p.ivgq.iy n{3i::q.iy  {conjunction},
Fizip.ipunlessVi::mip.ivq.iy A{dii:q.iy {disjunction}

For the case of two pairs of predicates, the rules simplify to the following.
p unless q, p' unless q'
pAp unless(pAgIvp AQvI(gAg) {conjunction},
pvpunless(mpag)v(Tip aq)vigag) {disjunction}

2.2.2 Invariant. For any predicate p, the property invariant p holds in a program
iff p holds initially and the program never falsifies p, i.e.,

initially p A p unless false.

Alternatively, an invariant of a program is any predicate that is implied by
its strongest invariant.

Example 5

1. Variable x is always positive.
invariant x >0

2. An eating philosopher u has all the required forks.
invariant eating .u = hasforks.u [

2.2.3 Ensures. For any two predicates, p and ¢, the property p ensures g holds
in a program iff p unless g holds in the program and there exists a statement
s in the program such that

SIApA—ig=>wp(s, q).

Thus, if p is true at some point in the computation then g holds eventually
and p continues to hold until ¢ holds.

Derived rules. The following rules can be derived from the definition of ensures
and unless relations.

Reflexivity rule:

invariant p = q
D ensures q
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Weakening rule:

p ensures q, invariant g = v
p ensures r

Conjunction rule:

p unless q, p’ ensures q'
pAp ensures(pAd)v(p' AqQV(gAag)

2.2.4 Leads-to. The relation leads-to is denoted as +, and is defined to be
the strongest relation satisfying the following three rules.

® p ensures q = pr>(q,

® (p—qAgr>r)=> pr>r, and

@ For any set W
(Vm:meW:p.m—qg)= (Im: meW: p.mj—q).

The first two rules imply that — includes the transitive closure of ensures and
the third rule allows us to induct over sets. Given that p+»¢q in a program,
we can assert that once p becomes true, eventually g becomes true. However,
unlike p ensures g, we cannot assert that p will remain true as long as g is
false.

Example 6

1. A hungry philosopher u eventually eats.
hungry .ur->eating .u

2. If a message m is sent, then it is eventually received.
send .mr—receive .m

3. In Program max,
true—z=max(x, y). [

Derived rules. The following rules can be derived from the definiton of leads-to
and other relations.

Reflexivity rule:
invariant p = q
pr—>q
Strengthening rule:

invariant p = q, q+—>r

pt—r
Weakening rule:

p—q, invariant g = r

prr
Impossibility rule:

pr false
invariant 71 p
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Completion rule:
(Vi::p.ir>q.i,q.iunless b)
Vii:p.i)—>(Viizq.i)vh
PSP (Progress-Safety-Progress) theorem:

p—q, runlessb
pAar—=(gar)vhb

Induction rule:

Vki:pax=ki>(pArx<k)vgq)
The domain of x is well-founded under <.
pr—4q
2.2.5 Fixed point. The fixed-point of a program F, usually represented by FP-P,
denotes the collection of states that are invariant under the execution of every
statement of the program. It is obtained by replacing the assignment symbol
:= by the equality symbol = in every statement of the program and taking

the conjunction over all such predicates. For example, the fixed-point of program
max in Example 3 is

(xz2y=z=x)A(x<y=>z=y).
Similarly, the fixed-point of program sort is
Vit A[]>Ali+1] = A[i]1=A[i+1]),

which simplifies to (Vi::A[i]<A[i+1]). When program P is clear from the
context, we write the fixed-point simply as FP. In general, the fixed-point of
a program includes states that are not reachable by the program. The set of
fixed-point states that are reachable is obtained by taking the conjunction of
the fixed-point and the strongest invariant of the program; for a program P,
this is represented by the predicate FP-P A SI-P.

Derived rules. The following rules can be derived from the definition of fixed-
point and other relations.

Stability at fixed-point:
FP A p unless false
Point predicate ! rule 1:
For any point predicate p,
p unless false = invariant p = FP
Point predicate rule 2:
For any point predicate p,
p—1p = imvariant (p = 1 FP) []

The preceding definitions of unless and ensures rely on the definition of the
strongest invariant of a program. However, when reasoning about a program

L A point predicate is a predicate that is true at exactly one point in the state space.
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we are seldom interested in computing the strongest invariant. One way to
infer program properties without calculating the strongest invariant explicitly
is through the use of the substitution axiom [7]. This axiom allows a program
invariant I to be replaced by true and vice-versa in the context of the program.
The validity of this axiom stems from the fact that the strongest invariant of
a program implies any invariant of the program. Consequently, any property
inferred by applying the substitution axiom can also be inferred by a direct
application of the definition of the unless, ensures, and leads-to relations [23].

2.3 Program composition

Program composition in Unity is achieved either by union or superposition.

2.3.1 Program composition by Union. Let F and G be programs with compatible
declare sections (i.e., the declarations of the variables are non-conflicting), com-
patible always sections (i.c., the two sets of equations are consistent), and compat-
ible initially sections (i.e., the initial values of the variables are non-conflicting).
Then, their composition is a new program denoted F{1G; every section of this
program is obtained by a union of the corresponding sections of F and G.
Since the states reachable by a program may change when it is composed with
another program, reasoning about a composite program requires considerable
caution. For example, it may be incorrect to infer the property p unless g for
a composite program if it holds for each of the individual programs. We solve
this problem by introducing the notion of a context [16]. The context of a
program F is another program representing the environment in which program
F executes. All program properties are specified relative to a context, which
is specified within a pair of square brackets following the statement of the proper-
ty. For example, p unless g in F[G] denotes that program F satisfies the property
p unless q¢ when placed in a context G. The formal definition of program proper-
ties relative to a context mirrors the definition of the properties without a con-
text. For example, the unless and ensures properties are defined as follows.

punlessqin F[G] =(Vs:5eF:SI{FOG)ApA—1g=>wp(s,pVvq)
pensures in F[G]=punless gin FIG] A(ds:seF:SI{FOG)ApA—Iq=>
wp(s, g))

Note that SI-(FG) denotes the strongest invariant of the composite program
FOG. Its usage in the above definition amounts to counsidering all program
states that are reachable by the actions of F and G as opposed to considering
only the states reachable by actions of F. All the theorems stated earlier for
unless, ensures, and leads-to continue to hold for the above definitions. A special
program nil is defined to be the identity of composition, i.e., Flnil=nilj F=F.
The definitions of unless and ensures in Sect. 2.1 follow as a special case of
the above definitions under the substitution G :=nil. Henceforth, we assume that
the assertion P in F.is an abbreviation for the assertion P in F [nil].

The substitution axiom can be used to rewrite a program property with
the help of an assertion I only if I is an invariant of the composition of the
program and the context mentioned in the property. Reasoning about a compos-
ite program is carried out by the following restatement of the union theorem

[7].



Program refinement in fair transition systems 511

p unless q in (FOG)[H]=p unless q in FLGOH] Ap unless q in G[FOH],
and
p ensures q in (FOG)[H]=(p ensures q in F[GOH] A p unless g in G[FH])
v (p unless g in F[GOH] A p ensures q in G[F1H]).
Leads-to properties do not compose in general. However, the following theorem
defines a limited composition of these properties [25].

Composition of leads-to:

p—qin F[G],r = FP-G
p—qgv rin FOG

2.3.2 Program composition by superposition. Superposition is another mechanism
to structure programs in Unity. Suppose we are given a program F and a
statement r that does not assign to any of the variables of F. Then, the statement
r can be superposed on program F in two ways — either it can be combined
with a statement s of F to yield an augmented statement s|r, or it can be
added by itself to F, thus resulting in the composite program F[r. In either
case, all the unless, ensures, and leads-to properties of the original program
are preserved. Moreover, the fixed-point of the transformed program implies
the fixed-point of the original program and all invariants of the original program
are preserved. This result is referred to as the superposition theorem.

3 Program refinement in Unity

There are two kinds of program refinements in Unity: those that preserve all
unless (safety) and leads-to (progress) properties [7], and others that preserve
the fixed-point (i.e., if the original program terminates, then so does the refined
program and moreover, the fixed-point of the refined program implies the fixed-
point of the original program). The first kind of refinement is useful for reactive
programs whereas the second kind is useful for terminating programs. Formally,
the two refinements are defined as follows.

Let F and G be two programs. We say that G is a property preserving
refinement of F iff for all predicates p, g the following two assertions hold.

® (p unless q holds in F) = (p unless g holds in G), and
® (pr—gq holds in F) = (p+>q holds in G).

Note that the preservation of ensures properties is not required in this definition.
This is because leads-to (and not ensures) is used as the basic relation for specify-
ing progress properties, and preservation of leads-to is all that is required in
most situations. Similarly, we say that G is a fixed-point preserving refinement
of F iff the following two assertions hold.

® (true+—> FP-F in F) = (true— FP-G in G), and
® (FP-G A SI-G) = (FP-F A SI-F).

An invariant of a program provides a simple way to obtain a refinement that
is both property preserving and fixed-point preserving. Suppose we have a pro-
gram F and an invariant f=g that holds in the program. Then, any occurrence
of f in the text of the program can be replaced by g to obtain a program
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G that is a property preserving and fixed-point preserving refinement of F.
The explanation is as follows. Since the invariant f=g holds at all the reachable
states, all the program properties of F continue to hold in G. This implies
that G is a property preserving refinement of F. It is also possible to show
that SI-F A FP-F=S8I-G A FP-G. Consequently, if truer FP-F, or equivalently,
truer— SI-F A FP-F in program F then we can assert the following in program
G:

truer— SI-F A FP-F, or equivalently,
truer—SI-G A FP-G, or equivalently,
true— FP-G.

This implies that G is a fixed-point preserving refinement of F. We refer to
the above result again as the substitution axiom since we are now substituting
in a program’s text instead of in a program’s properties.

It is not too difficult to construct fixed-point preserving refinements that
are not property preserving. The existence of property preserving refinements
that are not fixed-point preserving is more interesting. The relationship between
the two kinds of refinements is considered next.

Theorem 1. A4 property preserving refinement that does not introduce any new
variables (i.e., does not modify the state space) is also fixed-point preserving.

Proof. Consider a program F and its property preserving refinement G. Let
p be a point predicate such that p = (SI-F A SI-G). Now, observe the following.

p= FP-F

= {stability at fixed-point}
p unless false in F

=> {G preserves all unless propertics of F}
p unless false in G

= {point predicate rule 1, p = SI-G}
p=FP-G

= {point predicate rule 2, p = SI-G}
—1(p——1pin G)

=> {G preserves all leads-to properties of F}
—i(p——"1pin F)

= {point predicate rule 2, p = SI-F}
p= FP-F

Thus, (SI-F A SI-G) = (FP-F =FP-G). Next, we show that SI-G = SI-F. The
first condition for fixed-point preserving refinements then follows because G
preserves all leads-to properties of F and the second condition for fixed-point
preserving refinements follows from predicate calculus.

true
= {property of —}
false— false in F
= {SI-F is invariant in F}
—1 8I-F+ false in F
= {G preserves all leads-to properties of F}
—1SI-F— falsein G
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= {impossibility theorem}
invariant SI-F in G

= {definition of strongest invariant}
SI-G = SI-F

This completes the proof. [

Example 7. For an example of a property preserving refinement that is not
fixed-point preserving, consider any terminating program F and add to it a
statement ¢::x:=x+ 1, where x is a fresh variable. It follows from the Superposi-
tion theorem that program F[Jt is a property preserving refinement of F. How-
ever, since F[Jt does not terminate, program F[J¢ is not a fixed-point preserving
refinement of F. [

The following theorem also relates the two kinds of refinements.

Theorem 2. If G is a property preserving refinement of F and if both F and
G terminate, then G is also a fixed-point preserving refinement of F.

Proof. The first condition of fixed-point preserving refinements is satisfied be-
cause G terminates. For the second condition, we have to show that

(FP-G A SI-G) = (FP-F A SI-F).

Observe the following.

truet»>FP-F in F , assumption
true+>(FP-F A SI-F)in F , SI-F is invariant in F
true—(FP-F A SI-F)in G , G preserves leads-to properties of F

—1(FP-F A SI-F)t—>(FP-F A SI-F)in G , strengthening

FP-G A—1(FP-F A SI-F) unless false in G , stability at fixed-point
FP-GA—1(FP-F ASI-F)—falsein G, PSP theorem on above two
invariant FP-G = (FP-F ASI-F)in G, impossibility theorem

SI-G = (FP-G = (FP-F A SI-F)) , definition of strongest invariant
(FP-G A SI-G) = (FP-F A SI-F) , predicate calculus [

Theorem 3. The relations ““is a property preserving refinement of ” and “‘is a
fixed-point preserving refinement of  are preorders (i.e., reflexive and transitive).

Proof. Follows from the reflexivity and transitivity of implication. [

4 Some useful program refinements

In this section we discuss some program refinements that are useful in the
formal derivation of programs. In Sect. 4.1 we consider the subject of data refine-
ments. In Sect. 4.2 we consider the strengthening of guards. Finally, in Sect. 4.3
we consider the question of atomicity refinement.

4.1 Data refinement

Data refinement is a very effective tool in program derivation as it provides
a programmer the freedom to express an algorithm using a convenient abstract
data type. Later, the chosen abstract data type can be implemented by an avail-
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able data type on the target machine while preserving the correctness of the
original algorithm. In this section we develop conditions under which data refine-
ment can be carried out for reactive programs.

Let F[Is be a program using a variable x of abstract data type X. Assume
that statement s::x:==f(x) if p(x), which performs operation f on the abstract
object x provided guard p holds, is the only statement modifying x. We wish
to examine conditions under which variable x can be implemented by a fresh
variable y of the concrete data type Y. For this purpose, let t::y=g(y) if q(y)
be a statement that performs operation g on concrete object y provided guard
q holds. Intuitively, in order for program F[t to simulate program F[Js, there
should exist a function h (called the abstraction function) from Y to X such
that h(y) equals x at all times. Before we state the theorem, we discuss some
preliminaries.

Notation. For any expression e, define ¢’ to be the expression obtained by a
syntactic substitution of term x by the term h(y) and define F’ to be the program
obtained by syntactically substituting x by h(y) everywhere. We say that program
G is a property preserving refinement of program F under the coupling x="h(y)
if the following two conditions hold for all predicates b, c.

® (b unless ¢ holds in F) == (b" unless ¢’ holds in G), and
@ (b—c¢ holds in F) = (b'—<¢' holds in G).

Similarly, we say that program G is a fixed-point preserving refinement of pro-
gram F under the coupling x = h(y) if the following two conditions hold.

® (true— FP-F in F) = (truer» FP-G in G), and
® (FP-GASI-GAx=h(y))= (FP-F ASI-F). [

Define conditions A0, A1, and A2 as follows.

® {h(m)|m is an initial value for y} ={n|n is an initial value for x}. ... (40)

® p(h(y) = h(g(y)=f(h(y), forall y. ... (A1)
® p(h(y)=q(y),forally. ... (42) O

Theorem 4. Program F'[1t is a property preserving refinement of F[Is under the
coupling x="h(y) if conditions A0, A1, and A2 hold. Furthermore, if there exists
a function r from the program variables to a well-founded set such that

FP-(FOs)Ap(x) ng(y)Fy Ar=k=wp(y=g(y). r<k) ... (43)
then F'Qt is a fixed-point preserving refinement as well. [

Conditions 40-42 ensure that 4(y) equals x at all times in the transformed
program. Condition A3 ensures that if the original program terminates then
so does the transformed program (function r defines an upper bound on the
number of state transitions).

Proof. Let statement u be defined as y:=g(y) if p(x). The proof is in four steps.
In the first step, we show that program F[J(s|u) is a property preserving refine-
ment of F[Js. We also show that F[I(s|u) is a fixed-point preserving refinement
of F[is if Condition A3 holds. In the second step, we replace x by h(y) in
the text of F and u based on conditions A0 and A1 and show that the resulting
program F'[i(s||u’) is a property and fixed-point preserving refinement of pro-
gram F[(s|u). In the third step, we use Condition A2 and the substitution
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axiom to obtain a property and fixed-point preserving refinement F'[J(s||¢). Final-
ly, in the fourth step, we delete statement s and show that the resulting program
F'Qlt is a property and fixed-point preserving refinement under the coupling
x=h(y). The desired theorem then follows from the transitivity of the refine-
ments.

Step 1. From the superposition theorem F[I(s|u) is a property preserving refine-
ment of F[]s. It remains to prove that F[I(s|u) is a fixed-point preserving refine-
ment of F[ls. Let FP, be the fixed-point of F[Is and let FP,=FP A FP-u be
the fixed-point of program F[1(s||u). Clearly, FP, implies FR,. Since superposition
preserves all invariants, the strongest invariant of F[I(s||u) implies the strongest
invariant of F(Is. This implies that the second condition for fixed-point preserv-
ing refinements is satisfied. Our remaining proof obligation is to show that
if F[]s terminates then so does F[I(s/|u).

Assume that true—FF, in F[Is. Since leads-to properties are preserved in
F(s)u) and since leads-to is transitive, it will suffice to show that FR—FF
in F[I(s|u). Observe the following.

FR A1 FP-unr=k=>wp(y=g(y), r<k) , property A3

FRB, A1 FP-unr=k=>wplu,r<k) , definition of statement u
FRRAVFP-unr=k=>wp(u, FR nr<k) , u does not modify FR
FB A1 FP-unr=k=>wp(sfu, FB nr<k) , stability at fixed point

(Yo:veF:FRAVFP-unr=k=wp,r<kv(FR A1 FP-unrr=k))...(44)
, stability at fixed point
FRyA—1FP-unr=k ensures FR, nr <k in F[J(s|lu) , definition of ensures

FP AV FP-unr=k—~FE nr<kin F{(s}u) , definition of —
FRRA—VFR Ar=k—FR Ar<kin FQ(s{u) , definition of FP,
FP ATV FR ar=k—(FRRAFB Ar<k)vFE ,consequent weakening
FPyA—1FR~FR , induction over k
FB,AFP—FP, , reflexivity
FR—FP, , disjunction

Step 2. We first prove that h(y)=x is an invariant of program F[J(s|u).
h(y)=x = f(h(y)=f(x) : , Leibniz’s rule
p(x)AR(Y)=x=f(h(y)=f(x) , predicate calculus
p(X)Ah(»)=x = h(g(y))=f(x) , condition 41
h(y)=x = wp(s|u, h(y)=x) , definitions of s and u
(Vu:veF :h(y)=x = wp(v, h(y)=Xx)) , F does not modify x, y
h(y)=x unless false in F[(s}u) , definition of unless
invariant h(y)=x in F[(s||u) , condition A0

Next, we substitute using invariant 4(y)=x in the text of program F and state-
ment u. The resulting program is F'[I(s||«’). It follows from the substitution
axiom that this refinement is a property and fixed-point preserving refinement
of program F{(s(u).

Steps 3 and 4. Shown in the appendix. (End of Proof)

Though Theorem 4 assumes y to be a single variable, it can be easily extended
to the case of y being a vector of variables. The theorem is motivated by Hoare’s
correctness conditions for implementation of abstract data types for sequential
programs [10]. As in there, we assume that the abstract state is functionally
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dependent on the concrete state. This functional dependence has been later
generalized to an arbitrary abstraction relation between the abstract and the
concrete states [6, 20, 21].

Observation 1. A simple way to satisfy condition A4 3 is to ensure that

ph(y)) = (h(g(y)=h(y) = g(¥)=y),

for then the antecedent of Condition A3 reduces to false. [

If the program under consideration includes mutiple statements s; that modify
the abstract variable, then it can be refined by including a new statement ¢;
corresponding to each abstract statement s;. The correctness conditions for the
refinement now include Condition 40, and a set of conditions A1-A3 corre-
sponding to each pair of statements (s;, t}). (All the conditions corresponding
to A3 should however refer to the same function r). The proof is once more
in four steps. In the first step statements #.i, one for each s;, are added to
the program. The proof of correctness of this step is same as before except
that in property A4 the universal quantification has also to range over state-
ments (s;|u.j), j+i The proof obligation for these new statements is easily met
because each statement s; is at a fixed point and statement u.j can only decrease
r at each state change. The remaining three steps and their proofs of correctness
are similar to the proofs provided for Theorem 4.

Given a property preserving refinement of an abstract object x by a concrete
object y through an abstraction function 4, it is possible to add a statement
t::y=g(y) if q(y), and obtain a property preserving refinement provided q(y) =
h(g(y))=h(y) for all y. Statement ¢ refines a skip statement s::x:=x if q(y)
of the abstract program. Condition A1 is satisfied because [ is the identity
function and q(y) = h(g(y))=h(y). Condition 42 is satisfied vacuously. Such
statements that preserve h(y) by merely restructuring the concrete object are
called restructuring statements. As an example, consider implementing a bank
account x by a checking account y and a savings account z through the abstrac-
tion function h(y, z}=y+ z, 1.e., the sum of accounts y and z is meant to simulate
abstract account x. In this case, if conditions A0—42 (which link program vari-
ables x, y and z and are needed for the proof of correctness of the refinement)
hold, then a restructuring statement s::y, z=y—1, z+1 if y>1 that transfers
one dollar from y to z can be added without affecting the correctness of the
refinement. The addition of restructuring statements allows the concrete object
to repeat a state by stuttering without changing the abstract representation
[1, 13].

Restructuring statements cannot be added freely in the case of fixed-point
preserving refinements because the new program may never reach a fixed-point.
For example, for the banking account instance if we add a restructuring state-
ment u::y, z:=y+1, z—1 if z>1 in addition to statement t, then the new pro-
gram may not terminate even if the original program terminates. This is because
there is no function that bounds the number of state changes before the new
program reaches a fixed-point.

Example 8. Consider the following program in which variable x is a natural
number.
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Program simple
initially x =0

assign
x=x+1if x>5
Oz:=x2
end

We wish to replace variable x by a fresh variable y of the type queue. The
abstraction function h that we choose here maps a queue to the number of
elements in the queue, i.e., h(y)=size(y).

The incrementing of x is replaced by the appending (the symbol *;* denotes
concatenation) of some arbitrary element e to the queue. Condition 40 is sat-
isfied by setting y to null initially. Condition A1 is satisfied because size(y; e)=si-
ze(y)+ 1. Condition A2 is satisfied vacuously. Condition 43 is satisfied because
size(y; e)+ size(y) (see Observation 1). Thus, we obtain the following refined pro-
gram that is a property and fixed-point preserving refinement.

Program simple
initially y=null
assign
y=y;eif size(y)>5
0z :=(size(y))’
end U

Example 9. In this example taken from [7], we consider replacing a shared
variable by unbounded FIFO channels. Consider a variable x that is shared
between two processes F and G. Process F accesses x only by statement s
and process G accesses x only by statement f; these statements are defined
as follows:

siix=x®dif p,and
t:ivs, x:=f (vs, x), g(x) if b(x)Aq.

Variable vs represents local variables of G. Both x and d are assumed to be
of the same type and @ is an arbitrary function of the type X x X —» X. It
is further assumed that predicates p, ¢ do not mention x. It is apparent from
examining the statements that process F only modifies x while process G tests,
reads, and modifies x.

We wish to replace the shared variable x by two variables: one, a channel
from process F to G called ¢ and the other, a local copy of x at G called
y. Thus, type(y)=X and type(c)=X*. We wish to transform statement s to
a statement s’ in which variable d is appended to the channel variable ¢. Similarly,
we wish to transform statement ¢ to a statement ¢ in which process G accesses
variables y and c instead of variable x.

s'i:c=c; d if p, and
t:ivs, y=f(vs, y®c), g F byDdec)ng.

The question then arises: under what conditions does this transformation pre-
serve all unless and leads-to properties? The answer lies in the conditions A0,
Al, and A2 of Theorem 4 presented earlier. Here x represents the abstract
object and the pair (y, ¢) represents the concrete object. We choose an abstraction
function & as follows:
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h(y.0)=y®ec,

where function @ is generalized to accept strings in its second argument as
follows:

Se= y if c=null
ywe= (y ® head(c)) @ tail(c) otherwise.

Condition A0 of Theorem 4 is satisfied by choosing initial values for y and
¢ such that initial value of x =initial value of y @ c. Condition A2 of the theorem
is satisfied as b(y @ c)=>b(h(y, ¢)). Henceforth, we concentrate on the satisfaction
of condition A 1. In order to satisfy it, we have to show that

Lh(y, c;d)=h(y,c)®d, and
2.b(y®c)=higy), c)=g(hy, )

The proof of satisfaction of the first condition is as follows:

h(y, c; d)
= {definition of &}
y®(c; d)
= {definition of @, induction}
Geodd
= {definition of h}
h(y, )®d
In order to prove that the second condition is satisfied, we assume property
B0 defined as follows:

bx@®o)=(g(x®c)=g(x)@c),forallx,c. ... (BO)
Based on this property, the proof of the second condition is as follows.
second condition
= {definition}

bly® ) = (h(g(y), c)=g(h(y, ¢)))
= {definition of h}

by@co) =g Dc=g(ydc)
= {assumption B0}
true

This proves that the transformation of statements s, t to statements ', t’ preserves
all unless and leads-to properties if Condition B0 is satisfied. Note that property
BO follows from the simpler property B0 defined below. (The proof is by induc-
tion on the length of sequence c.)

gxPd)=g(x)®d ... (BO)

Having completed and proved the first refinement, we now add a restructur-
ing statement u to the transformed program.

u::y, ci=y ® head(c), tail(c) if ¢ = null
This transformation fulfills the conditions of restructuring statements because

c#Fnull = h(y, c)=h(y @ head(c), tail (c)).
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At this point let us recapitulate what we have done so far. We set out with
the task of replacing shared variable x by an asynchronous channel from F
to G. Statement s in process F represents the transmission of a data item to
channel ¢ and so fits in with the message passing paradigm. Statement u (which
is a part of process G) represents the reception of a data item (along with
an update of local variable y) and therefore, also fits in with the message passing
paradigm: However statement ¢’ (which is a part of process G) is not yet in
the right form as it mentions the channel variable ¢. Thus, this statement will
require further transformation. We will return to this example in the next subsec-
tion after we have stated and proved another theorem about program transfor-
mations. []

4.2 Strengthening of guards

Strengthening the guard of a statement obviously preserves all safety properties
of a program because any state that is reachable in the refined program is
also reachable in the original program. In this section we develop conditions
under which this program transformation preserves other desired program prop-
erties.

Notation. Given a program, we say that a function g of the program variables
is non-increasing if the execution of any statement of the program does not
increase the value of g, i.e.,, g=k unless g<k. [

Theorem 5. Let F be a program and let s::A if p be a statement. Let statement
t:: A if p A q be obtained by strengthening the guard of statement s. Then, program
FQt is a property and a fixed-point preserving refinement of the program F[ls
if the following two conditions hold in F in the context of statement s.

® p—q
e There exists a non-increasing function g from the program variables to a
well-founded set such that

(g=kAnq)unless(—ipvg<k),forallk. [

Proof. The proof is in four parts: first, we show that F[]t preserves all the
safety properties of F[]s; second, we show that F[J¢ preserves all the progress
properties of F[]s; next, we show that the conjunction of the fixed-point and
the strongest invariant of F[It implies the conjunction of the fixed-point and
the strongest invariant of F([]s; finally, we show that if F{t terminates then
F{Is also terminates. Before we proceed with the proof, we note that since state-
ment t is obtained by strengthening the guard of statement s, SI-(F[Jt) = SI-
(FQs) and FP-(F[s) = FP-(F[1t).

Part 1.

bunless cin F[ls , assumption
(Vu:ueF[Os:SI(FOs)AbA—1¢c= wp(u, bvc)) , definition of unless
(Vu:ueFQt: SI{(FOs)AbA—1¢c=>wp(u, bvc)) , thasastronger guard than s
(Vu:ueFQOt:SI-(FO)AbA1c=wplu,bvc) , SI{FD) = SI-(F[s)
bunless cin F[Jt , definition of unless
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Part 2. Shown in the appendix.

Part 3.
pAT1q=> FP-t , observing ¢
FP-FApAa—1q= FP-FAFP-t | predicate calculus
FP-F ApA—q=- FP-(F[{) , FP-(F1t)=FP-F A FP-t
FP-F A pA—1qunless false in F[It , stability at fixed-point
pr—qin FQit , property C 5 in the appendix
FP-F ApA— g false in F[Ot , PSP theorem

SI{(FOt)= —(FP-FApAa—4q) ,impossibility theorem ... (C7)

Let R denote the fixed point of assignment A that is a part of statements s
and t. Now observe the following.

FP-(F0?) A SI-(F )
= {definition of FP-(F{1¢)}
FP-F A FP-t ASI-(FQ¢)
={FP-t=(p Aq = R)}
FP-F A(pAg=> R)ASI{(F[t)
= {predicate calculus}
FP-FA(lpr—iq)v(p= R)ASI(FD1)
={FP-s=(p = R)}
FP-FA((p A—1q) v FP-s) A SI{(F[11)
= {predicate calculus}
(FP-FApA—1gASI{(FOt) v (FP-F A FP-s A SI{{F0t))
= {simplifying using C7}
FP-F A FP-s A SI{FQ{)
= {definition of FP-(F[s)}
FP-(FQ1s) A SI-(FQ¢)
= {SI(FQOt) = SI{(FQs)}
FP-(F{s)ASI-{(F[s) (End of Part 3)

Part 4. . .
truer— FP-(F[s)in Fls , assumption
true— FP-(F[Is) in F[Jt , preservation of leads-to
truer>FP-(F(t)in FOt , FP-(F0s)= FP-(Ft) (End of Proof)

Corollary 1. Let statement s be A if p, statement t be A if pAg, and F be any
program. Then, program F[t is a property and fixed-point preserving refinement
of FOs if the following two conditions hold in F in the context of statement
s:

® p—g, and
® g unless —1p.

Proof. Define g to be a constant function. Thus, g is non-increasing and bounded
from below. Consequently, both the conditions of Theorem 5 are satisfied. [

Corollary 2 [7] Let statement s be A if p, statement t be A if q, and F be any
program. Then, program F[t is a property and fixed-point preserving refinement
of F(s if the following three conditions hold:

@ invariant g = p in F[s,
® pi—qin F[s], and
® g unless —1pin F[s].
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Proof. Let statement u be A if pag. Then, it follows from Corollary 1 that
Fu is a property and fixed-point preserving refinement of F[Is. Because g = p
is an invariant of F[ls, ¢ = p holds initially in F{ls and g => p unless false
holds in F[Js. Since the initial conditions remain unchanged and F[Ju preserves
all the safety properties of F[s, it follows that g = p is also an invariant of
FQu. Therefore, pAq=q in FOu. Consequently, the guard of statement u can
be changed from p A g to g by the substitution axiom, thus yielding program
FQt. The theorem follows. [

Theorem 5 was first proved in [26] and used in [28] to synchronize processes
that accessed a common resource. Processes accessed the resource when a certain
predicate was set to true by an underlying mutual exclusion algorithm. This
predicate was added to the guard of each statement that accessed the resource.
The correctness of the refinement followed from the starvation-freedom property
of the mutual exclusion algorithm.

Example 9 (Continued from previous subsection). In the last section we discussed
the implementation of variable x shared between processes F and G by a channel
c from F to G and a local variable y at G. We transformed the pair of statements
s (in F) and ¢ (in G) to three statements s’ (in F), £ (in G), and u (in G). The
transformation was proved to be correct provided Condition B0 (or the stronger
condition B0') held. The transformed statements s and u were in the right form
whereas statement ¢ needed further refinements. Here, we use Theorem 5 to
transform statement t’ into statement v defined as follows:

vi:vs, yi=f(vs, y), g0 if b(¥) A q

This statement is in the right form as it mentions variables local to process
G.

In order to carry out the transformation from ¢’ to v, we assume the following
two conditions:

b(x)=-b(x@®d), for all x,d,and ... (B1l)
b(x)=f(vs, x@®d)=f(vs, x), for all x, d, vs. ... (B2)

The proof of correctness is in two steps: first, statement t' is transformed to
statement t"::vs, y:=f(vs, y@® ), g(¥) if b(y) A q and later, statement " is trans-
formed to statement v. These two steps are detailed next.

First, consider the refinement of statement ¢ to ¢’. It can be shown by
induction on the length of ¢ and Condition B1 that b(y) = b(y @ c¢). Therefore,
by Corollary 2, the guard of statement ¢’ can be strengthened to b(y) A g provided
the following two conditions hold in the remainder of the program (ie., the
program without statement t'):

1. y®c=mr—y=m, and
2. b(y) unless false.

For a proof of Condition 1, observe that on account of statement u, y ® head(c)
=k ensures y=k. The required condition follows from the repeated application
of this progress property. For a proof of Condition 2, observe that statement
u is the only statement in the remainder of the program that modifies variable
y. Furthermore, from Condition B1, b(y) = b(y @ head(c)). Consequently, b(y)
unless false holds over the remainder of the program. This completes the proof
of correctness of the transformation of statement ¢’ to statement ¢
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Next, we consider the refinement of statement ¢’ to statement v. It follows
from repeated application of conditions B1 and B2 that

b(y) = f(vs, y® c)=f(vs, y).

Consequently, by the substitution axiom, the expression f(vs, y@c) may be
substituted by the expression f(vs, y) in statement ¢”. As a result, we obtain
statement v, as desired.

Summing up the sequence of refinements, the statements s and ¢ can be
replaced by the statements s, u, and v provided Conditions BO, B1, and B2
hold. Similar conditions were defined by Chandy and Misra in [7] as the Asyn-
chrony Condition. Our stepwise derivation of the condition provides a useful
illustration of the program refinement theorems discussed here, in addition to
providing some insight into their theorem. Recently, Sanders has also presented
a development of the Asynchrony Condition in the framework of mixed specifica-
tions [22].

If, in addition, we want the above program refinement to be fixed-point
preserving, then it can be shown, on the basis of Observation 1, that the following
two conditions suffice:

p=x@®d=+x,forall x,d,and ... (B3)

b(x®@c)nrng=(gx)Pc=x®c=g(x)=x),forall x,c. ... (B4 [

The following example taken from [7] illustrates an application of the refine-
ments developed here.
Example 10. Let statements s and ¢ be defined as follows:

siix=x—dif p, and

t::vs, x=vs+1, x+eif x<0Agq, where d>0 and e>0.

Conditions B0’ (which implies B0), B1, and B2 for this example translate to
the following three properties respectively.

(x—d)y+e=(x+e)—d,

x<0=>x—d<0, and

x<O0=vs+1=vs+1.

Because all these conditions hold, statements s, t can be transformed to the
following set of statements that use a channel ¢ and a local variable y while
preserving all unless and leads-to properties.

ci=c;dif p

Oy, c:=y—head(c), tail(c) if c*+null

Qus, y=vs+1, y+eif y<Onag
It follows from conditions B3 and B4 defined earlier that this refinement also
preserves the fixed-point provided p = d >0 is an invariant of the program. [

4.3 Refining atomicity

Concurrent algorithms that use a fine grain of atomicity are more efficient as
more processes may execute concurrently. On the other hand, it is easier to
prove algorithms with a coarse grain of atomicity as a less number of interleav-
ings may need to be considered. Consequently, one method for program develop-
ment is to derive a program with a coarse grain of atomicity and later refine
it into another program that uses a finer grain of atomicity. Techniques that
allow the atomicity of an algorithm to be reduced without compromising its
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correctness have been investigated by a number of authors. Lipton examined
the semantics of operations and proposed the idea of left- and right-commutativity
[15]. Later he used these definitions to define left and right movers and developed
conditions under which a single coarse grain atomic operation could be replaced
by a sequence of fine grain operations consisting of some right movers followed
by a single operation followed by some left movers. Such a replacement would
preserve the partial correctness and the deadlock freedom properties.

Lamport and Schneider generalized Lipton’s theorem and presented a set
of conditions under which a larger class of safety properties (not just partial
correctness and deadlock freedom) would be preserved in the transformed pro-
gram [14]. In a related work, Back considers the refinement of atomicity in
action systems [3]. His approach is also based on the idea of left and right
movers. However, the transformed fine-grained action system now preserves
the total correctness (in our terminology, a fixed-point preserving refinement)
of parallel programs. Similar results concerning refinement of atomicity appear
in a joint work by Back and Sere [5]. Theorems similar to those discussed
above can be developed in the context of Unity (or other state transition systems)
by developing an appropriate notion of left- and right-commutativity and by
defining left and right movers. However, instead of duplicating the existing work,
we focus here on atomicity refinements that preserve all program properties,
i.e., we concentrate on atomicity refinements that are property-preserving,

The need to preserve general program properties severely constrains the
kinds of refinements that may be applied. In particular, it is no longer possible
to replace a coarse-grained operation by a sequence of left movers and right
movers. It appears that refinements now can no longer decompose the state
transformation achieved by a statement since that would amount to violating
some safety properties. For example, consider an assignment statement s:: 4 if b
consisting of an assignment A4 and a guard b. It does not appear that the assign-
ment A can be decomposed without violating some unless properties. However,
it may be possible to decompose the guard b that defines when the assignment
can be applied. Such modifications will be useful when the guard is quite com-
plex, perhaps involving quantifications. (The usage of the term atomicity refine-
ment for such guard simplifications may appear to be misleading but such refine-
ments do reduce the number of shared variables that need to be accessed by
a statement.)

In the remainder of this section, we concentrate on refinements that decom-
pose the guards of statements while preserving the assignment components.
We consider two kinds of complex guards — one in which the guard is a disjunc-
tion of predicates and the other in which the guard is a conjunction of predicates.
4.3.1 Transforming existential quantification in guards
Theorem 6. Let F be any program and s:: A if (i::p.i) and t::{0i::t.i)y, where
t.i::A if p.i, be any group of statements. Then, the program F[It is a property
and fixed-point preserving refinement of the program F[s if p.i unless —1(3i::p.i)
holds in F[s] for eachi. []

Proof. First, we show that the strongest invariants of F[]s and F[]t are identical.
X =wp(s, X)
= {definition of s}
X=wpAif (3i::p.i), X)
= {definition of wp}
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X=((3i::p. )= wpld, X)A(MBi::p.0)= X))
= {predicate calculus}

X = Fi::p.i)=wp4d, XPA(X = (1 (Fi::p.))= X))
= {predicate calculus}

Vii: X =(p.i=wp(4, X))
={X = (T1p.i= X))=true}

Vi X=@.i=wpd, XD)A(X=(1p.i= X))
= {predicate calculus}

Vii: X =((p.i=wpd, X)) A(Mp.i= X))
= {definition of wp}

Vi: X =wpAdifp.i, X))
= {definition of ¢.i}

(Vi:: X = wp(t.i, X))

Based on the above derivation,

Vu:ueF[s: X = wp(u, X))
= {predicate calculus}
Vu:ueF: X = wplu, X)) A(X = wpls, X))
= {previous derivation}
Vu:ueF: X = wpu, X)AMi: X = wp(t.i, X))
= {predicate calculus and definition of ¢}
Vu:ueF[t: X = wp(u, X))

It follows therefore that SI-(F0s)=SI-(F[¢).

The remainder of the proof is in four parts: first, we show that F[J¢ preserves
all the safety properties of F[ls; second, we show that F[jt preserves all the
progress properties of F[Is; next, we show that the conjunction of the fixed-point
and the strongest invariant of F[1t implies the conjunction of the fixed-point
and the strongest invariant of F[s; finally, we show that if F[t terminates
then F[}s also terminates.

Part 1. Let b unless ¢ be a property of F[Is. Then, SI{(FOs)AbA—1¢c= wp(u,bv
¢) for all statements u in F and SI<{F[s)AbA—1¢c= wp(s,bvc). Since SI-
(FOs)=SI-(FO1), the desired proof of b unless ¢ in FOt will follow if we show
that SI-(FO0s)Ab A—1c¢=>wp(t.i, b v c) holds for each i. This proof is as follows.

SI{FOs)abA—1c=wp(s,bvc) , bunless cin F[Is
SI{FOs)anbAa—1c=wp(Aif(i::p.i), bvc) ,definition of s
SI{FOs)aAbA1cap.i=wp(A,bvc) , definition of wp
SI{FOs)AbAa—1cA—Ip.i=(bve) , predicate calculus
SI{FOs)aba—1c= wp(Aifp.i,bvc) , above two
SI{FOs)AbA—1c= wp(t.i,bVvc) , definition of ¢ . i

(End of Part 1)
Parts 2, 3, and 4. Shown in the appendix. (End of Proof)

A simplified version of Theorem 6 was used in [28] to map a program onto
a set of processes. There, we had a program fragment ((j::A.j if @n::p.j.n)>
in which statement A4 .j represented a task, n ranged over a given set of processes,
and predicate p.j.n was true if and only if task A.j was mapped to process
n. By applying the above theorem, we obtained a refined fragment {[Jn::<0j::4.j
if p.j.ny> in which the term of the outer quantification represented the code
of process n.

4.3.2 Transforming universal quantification in guards
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Theorem 7. Let F be any program and s::p:==true if 71 p A(Vi::q.i) be any state-
ment. Consider a refinement of statement s in which the predicates q.i are computed
asynchronously with the help of fresh variables y.i as follows: variables y.i are
initialized to false and statement s is replaced by program G=(s'||t)0<0i::u.i),
where statements §', t', and u.i are defined as follows:

S ip=trueif T pA(Vi:iiy.i), :

tlisiy.i=false if 7 pA(Vi::y.i)), and

u.iiiy.is=trueif IpAaq.i.
Then program F[1G is a property and a fixed-point preserving refinement of pro-
gram F[s if program F satisfies 7 p A q.i unless false, for each i, in the context
of program H =(s||t)0<0J::u.j)>, where statement t is defined as {J|i::y.i==false
ifpa(Vii:q.i)y. O
Proof. The refinement from F[s to FG consists of two subrefinements: first
from F([s to FOH, and the second from FOH to FG. Because of transitivity
of refinements, it is sufficient to prove that each of the two subrefinements
is a property and fixed-point preserving refinement. These proofs are detailed
next.

First, consider the subrefinement of F[]s to F{J H. In this refinement statement
t is synchronously superposed to statement s and statements u.i are asynchron-
ously superposed to the program. Thus, by the superposition theorem, program
FQH preserves all unless and leads-to properties of F[1s. Therefore, this is a
property preserving refinement. Also from the superposition theorem, the fixed-
point of F[IH implies the fixed-point of F[]s. Moreover, since superposition
preserves all invariants, the strongest invariant of F[JH implies the strongest
invariant of F[ls. This proves the second condition for fixed-point preserving
refinements. Our remaining proof obligation is to show that if F[]s terminates,
then so does F[1H. Let R.i denote the fixed-point of statement #.i. Then,

FP-(Fs)=FP-Fa(pv(3i::—gq.i),

FP-(FO(sll) = FP<(Fs),

R.i=pv—igq.ivy.iand

FP-(FOQH)=FP-(FOs)A(Vi::R.i).
We prove the following two properties of program F[1H for each i,

FP-(F1s) A R.i unless false,and ... (E0)
FP-(FOs)+— FP-(FOs)AR.i. ... (EY)
Based on these properties, observe the following.

truer— FP-(F[s)in FQs , assumption
true—FP-(FOs)in FOH , preservation of leads-to
FP-(FUs)—> FP-(F[s)A(Vi::R.i)in FOH , completion theorem on EQ, E1
truer—>FP-(FOs)A(Vi::R.i)in FOH , transitivity on above two
truer—~FP-(F[1H) , definition []

Proof of EO.

FP-(FQ(slit)) A R.i unless false in FO(s|t)0u.i[<0j:jFi:u.j>]
, stability at fixed-point
FP-(FOs) A R.i unless false in FQI(s||)0u.i[{Qj:j=Fi:u.j>]
. , FP-(FO(s||t)=FP-(F[s)
FP-(FO1s) A R.i unless false in {0j:j=i:u.i)[FO(s|it)0u.i]
, observing u.j
FP-(FOs) A R.iunless false in F1H , union theorem
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Proof of E1.

FP-(FQ(s||t)) unless false in FQ(s||t)[{0j::u.j>] , stability at fixed point
FP-(FQs) unless false in FO(s|t)[<0j::u.j>] , FP-(F[J(s|t))=FP-(F[s)
FP-(F[s) unless false in {0j::u.jy[ FO(s|lt)] , observing u.j
FP-(F(1s) unless false in F[(s||t)0K0j: :u.j> , union theorem
FP-(F{1s) ensures FP-(FOs)AR.iinu.i[FO(s|OOK0j:j=*+izu.jy]

, observing u.i
FP~(F(1s) ensures FP-(F(s)AR.iin FOH , union theorem
FP-(F{I1s)—FP-(FOs)aR.iin FOH , definition of leads-to

This completes the proof of correctness of the first subrefinement.

Next, consider the second subrefinement from FOH to F[]G in which state-
ments s and t are replaced by statements s' and t' respectively. In both of
these transformations the guard —1pA(Vi::g.i) has been replaced by —1pa
(Vi::y.i). Therefore, our proof obligation will follow from Corollary 2 in Sect. 4
if we prove the following properties.

1. invariant 7 pA(Yiz:y. )= "1pa(¥iiiq.i)in FOH,
2.pa(Viziy.i)unless pv (3i::—1q.i) in FO<Oi::u.i) in the context s|t, and
3.pa(Viiig.)—>—1pa(Vi:y.i)in FO<Oi::u.i) in the context s|t.

These three properties are proved in the appendix. (End of proof)

Theorem 7 originates from the two-phase handshake used in network protocols
and can be understood as follows. The statement that sets program variable
p to true represents a controller process and the statements that set predicates
g.i represent subordinate processes. After setting q.i to true, a subordinate pro-
cess waits for an acknowledgement from the controller (in the form of variable
p being set to true) before resetting it to false. The controller polls each subordi-
nate (through local variable y.i) and sets p to true when it finds every y.i
to be true. The correctness of the refinement is based on the fact that the subordi-
nate processes do not reset predicates g.i while they are being polled by the
controller. It is possible to introduce more asynchrony into the above refinement
by setting variables y.i to false asynchronously. However, it has to be ensured
that the next phase of polling g.i does not begin until every y.i from the previous
phase have been reset.

The refinement of a synchronous computation of guards by an asynchronous
computation is similar to the idea of delay insensitivity discussed in the context
of electronic circuits by Seitz in [24] and Martin in [19], and in the context
of programs by Chandy and Misra in [7]. A program is said to be delay insensi-
tive if for all the assignment statements, the right hand side of the assignment
does not change as long as the left hand side of the assignment does not equal
the right hand side. Thus, delay insensitivity allows an electronic circuit to
be designed without using a common clock. For example, consider the statement
s::p=p v (q Ar) that represents a combinatorial logic-gate. (Note that this state-
ment is equivalent to the statement p:=true if —1pv (g Ar).) For this statement
to be delay insensitive, the program that s is a part of should satisfy the following

property:

—pargnarunlessp. ... (P)
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In other words, a state in which p is false and q and r are true persists until
p is set to true. On the other hand, the conditions for refinement of atomicity
derived earlier ensure that the expression on the right hand side of a statement
can be computed piecemeal. Delay insensitivity in general does not ensure this
piecemeal evaluation; it ensures asynchrony among different statements as
opposed to atomicity refinement which ensures asynchrony in the execution
of a statement. For example, consider the statement s defined earlier and let
us try using property P as the condition for atomicity refinement. In that case,
it is possible that predicates g and r keep oscillating between true and false
such that they are never true at the same time. Consequently, condition P is
vacuously satisfied. However, if g and r are evaluated asynchronously then it
is possible that both will be found to be true and the subsequent setting of
p to true will be incorrect. This shows that condition P is not acceptable as
the correctness requirement. As is evident from Theorem 7, the correct condi-
tions for the refinement of atomicity in this case are:

—1p A q unless false and 71 p A r unless false.

5 Concluding remarks

In spite of numerous logics and methodologies, concurrent programming has
remained a very difficult and complex task. There are two possible explanations
for this complexity. First, most of the concurrent programs are unstructured
and written in an ad-hoc way. This makes the separation of concerns next
to impossible and consequently, the proofs are inextricably entangled. Second,
most of the concurrent programs contain a lot of irrelevant information that
has nothing to do with the underlying algorithm’s correctness. It is far easier
to prove the algorithms that the programs are based on than the programs
themselves. Program derivation through stepwise refinements is one possible
solution to the aforementioned problems. Such a formal derivation achieves
the separation of concerns by postponing efficiency and architectural decisions
until late in the design process. In this paper we discussed the program refinement
phase of stepwise refinements by considering property preserving and fixed-point
preserving refinements. We developed a small theory of these refinements and
discussed conditions under which some common program transformations are
correct. We hope that these theorems will be a first step towards building an
adequate set of tools for program transformations. Once a sufficient number
of theorems have been developed, it may be possible to implement recurring
themes in parallel program derivation (viz. abstract data type implementation,
process synchronization and scheduling) automatically while preserving the cor-
rectness of the original program.

The absence of local variables in Unity implies that every variable is treated
as a shared variable. Consequently, program refinements need to consider prop-
erties across all variables and not just those variables at the interface. We are
currently examining the introduction of local variables in Unity and the develop-
ment of a theory of program refinements that distinguishes between local and
interface variables.
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Appendix

Proof of Theorem 4

Step 3. Based on assertion A2, we replace p(h(y)) by q(y) in the guard of state-
ment #'. The resulting program, F'[1(s||t), is a property and fixed-point preserving
refinement of program F'[I(s|u’) on account of the substitution axiom.

Step 4. In this step, we delete statement s and obtain the desired program F'[J¢.
We prove that this program is a property and fixed-point preserving refinement
of F'I(s||t) under the coupling x = h(y).

First, we show that x="h(y) is an invariant of program F'[(s|/t). We showed
carlier that x="Ah(y) is an invariant of program F[I(s||u). Because program F'[1(s{t)
was obtained from this program by appealing to the substitution axiom, x="h(y)
is also an invariant of program F'[J(s||t), as required.

Next, we show that program F'[Jt is a property preserving refinement of
program F'(J(s|/t) under the coupling x=h(y). Consider program F'[I(s|¢) and
a property p unless ¢ that holds in it. From the substitution axiom, the property
p’ unless q' also holds in it. Because program F'[Jt and predicates p’, ¢ do
not mention X, it can be shown (by a result similar to the superposition theorem)
that the property p’ unless ¢’ also holds in the program F'[Jt. A similar result
can be proved for any leads-to property p+— ¢ that holds in F'[(s||f). This proves
that F'[It is a property preserving refinement of F'[J(s|z) under the coupling
x=h(y).

Finally, we show that program F'(t is a fixed-point preserving refinement
of program F'[i(s|f) under the coupling x=h(y). Assume that truers FP-
(F'0(s]|t)) in program F'[I(s|t). Because program F'[l¢ does not mention Xx, it
can be shown that truer— FP-(F'[Jt) in program F’'[Jt. This proves the first condi-
tion for fixed-point preserving refinements. For a proof of the second condition,
note the following.

e FP-(F'0(s|t)=FP-(F') Ax=h(y), and
e SI-(F'U(s|0))=SI-(F'0t) A x=h(y).
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Therefore, (FP-(F'0t) A SI-(F'0t) A x=h(y)) = (FP-(F'0(s||t) A SI-(F'[I(s|it)), as
required. This proves that F'[t is a fixed-point preserving refinement of F'[1(s|¢)
under the coupling x=h(y). [

Proof of Theorem 5

Part 2. Let b—c be a property of F[Is. We prove that br—c in F[It by induction
on the proof of b—c¢ in F[s.

Base case: b ensures c in F[Js.

From the definition of ensures, b unless ¢ in F[s and there exists a statement
u in F[s such that SI-(Fs)AbA—1c=>wp(u, ¢). If u belongs to F then the
proof follows as the refinement preserves all the safety properties and statements
in F remain unchanged. Otherwise, u=s, i.e.,

SI{(FOs)AbAa—1c=wp(s,c) ... (CO)

Since statement s consists of an assignment guarded by predicate p, it follows
that

SI{FOs)Aba—ip=c. ... (Cl)
We prove the following two properties of program F[1t.

bap—(bagve and ... (C2)
bagnang=k—cvg<k, ... (C3)

Based on the above properties, observe the following in F[1z:

SI{(FOs)aAban—ip=c¢ , property C1
SI.(FOQjrbar—1p=c , SI-(F[1t) = SI-(FQs)
SI-(FOt)=(bAr—1p=2¢) , predicate calculus
invariant bA—1p = ¢ , propertyof SI ... (C4)
bAa—Ipe , implication rule
b—bagive , disjunction with C2
g=k unless g <k , g is non-increasing
barg=k—(brgrg=k)vcvg<k , PSP theorem
brg=kr—cvg<k , transitivity with C3
b unless ¢ , preservation of safety properties
barg=k—cv(barg<k) , PSP theorem
b—c ,induction over k [
Proof of C2.
p—qin F[t] , assumption
—1(pArgq)= FP-t ,tisAifpag
p—qgv{pAag)in FOt , composition of leads-to
pr>qin F[Ot , predicate calculus ... (C5)
b unless ¢ in F[Jt , preservation of safety properties
bap—(bag)vcin FOt , PSP theorem
Proof of C3.
SI{FOs)AbA—1c= wp(s,c) , property (C0O)

SI{(FOs)AbAagAa—1c= wp(t,c) , definitions of s, ¢
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SI{FOt)AbAga—Ic=>wp(t, c) , SI{(F[1t) = SI-(Fs)
SI{FQ)Abagag=kAa—1c=wp(t,cArg<k) ,gisnon-increasing
SI{FU)AbAagarg=kAa—1c=wp{t,(bATIp)vevg<k)

, property of wp
bagng=kensures(bA—p)vevg<k)int[F] ,definition of
ensures ... (C6)
b unless ¢ in F[]s , assumption
b unless ¢ in F[s] , union theorem
gnrg=kunless—1pvg<kin F[s] , assumption

bagarg=kunless(bAa—ip)vevg<kin F[s] ,conjunction
bagnang=kunless(bAa—p)vevg<kin F[t] ,SI-{(F[t) = SI-(F[ls)
brgng=kensures(bA—1p)vcvg<kin F[t ,uniontheorem with C6
bagng=ki—cvg<kin F[t , property C4

This concludes the base case.
Induction step:

® b—rin F[s, r ensures ¢ in F[Js.

br—rin F[t , induction hypothesis
r—cin F[It , proof similar to base case
b—cin F[t , transitivity

® b=(Ji::b.i)and b.i+>cin F[s, for all i
b.i—cin F[t , induction hypothesis
(Fi::b.)>cin F[It , disjunction over i
b—cin F[t ,b=@@i::b.i) O

Proof of Theorem 6

Part 2. Let br—c be a property of F[]s. We prove that b—c¢ in F[Jt by induction
on the proof of br—c in F[]s.

Base case: b ensures ¢ in F[s.

From the definition of ensures, b unless ¢ in F[s and there exists a statement
u in F[s such that SI{(FOs)AbA—1¢ = wp(u, c). If u belongs to F then the
proof follows as the refinement preserves all the safety properties and statements
in F remain unchanged. Otherwise, u=s, ie., SI-(F[s)AbA—1c=>wp(s,c).
Therefore, noting that SI-(F[1s)=SI-(F¢t),
SI{FOO)Aba—1(Jizip.i)=c,and ... (DO)
SI{FOOAbAa—T1cAp.i=wp(4,c), foreachi. ... (D1)

We prove the following two properties:

bap.i unless cv(bAa—1(3i:p.i)) in FOLOj:j=*i:t.j> in the context t.i
and ... (D2)
bap.i ensures cv(ba—1(3i::pd) in  t.i in the context
FOQj:j+iztj>. ... (D3)

Based on the above properties, observe the following in F[1¢:

bap.iensurescv{ba—i(3i::p.i)) , union theoremon D2,D3
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bap.i—cev(ba—i(3iiip.i) , definition of —

ba@ii:ip.iy—>cv(ba—1(3i::p.i) , disjunction over i

GAr(3iip.i)—c , implication rule with DO

ba@i:p.i)—c , transitivity on above two

bi—c , disjunction on above two [
Proof of D2.

SI(FOt)AbAa1cAp.i= wp(4,c) , condition D 1

SI{FO)AbAap.in—cAap.j=wp(A4,(bAp.i)vc) ,property of wpand
predicate calculus

SI{FOOAbAp.in—TicAaTIp.j=(bAp.ive , predicate calculus

SI{FOt)AbAp.in—1c=wp(Aifp.j(bAap.i)vc) ,abovetwo

SI-(FOtyAbap.in—1c=wp(t.j,(bap.i)vc) , definition of ¢.j

bap.iunlesscin (Qj:j=*i:t.jy[FOt.i] , definition of unless
... (D4)

b unless ¢ in F([1s , bensurescin F[1s

b unless ¢ in F[s] , union theorem

p.iunless 1 (3i::p.i)in F[s] , assumption

bap.iunlesscv(ba—(Ji::p.i)in F[s] , conjunction

bap.iunlesscv(bAa—1(Qi::p.i))in F[¢] , SI-(FOs)=SI<(F0?)

bap.iunlesscv(bAa—1Fi::p.i)in FO j=kit jy[t.i]
, union theorem with D4

Proof of D3.
SI{AFOt)AbA—IcAp.i= wp(4,c) , condition D1
SI{FOt)AbAp.inTIcAp.i= wp(4,c) , predicate calculus
SI{FOOAbAp.in—TIcATIpi=cC , antecedent =false
SI{FOtyAbAp.in—c=wp(Aifp.ic) , above two
SI{FOt)abAap.in—1c= wp(t.i,c) , definition of ¢ .1
bap.iensurescint. i[FOOj:j=it.jy] , definition of ensures
bap.iensurescv(ba—1(Fip.d))int. i[FOLOjjFit.j)]

, weakening

This concludes the base case.

Induction step:

® borin F[Is, r ensures c in F[Is.
biorin F[¢ , induction hypothesis
ri—cin F[t , proof similar to base case
b—cin FQt , transitivity

® b=(Ji::b.i)and b.ir>cin Fs, for all i
b.ir>cin F(Jt , induction hypothesis
(3i::b.i)>cin FOt , disjunction over i

b—cin F[t ,b=(3i::b.i). (End ofPart 2)
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Part 3. Let R be the fixed-point of assignment 4. Observe the following

FP-(F(1)

= {definition of fixed-point}
FP-FA(Vi::p.i=R)

= {predicate calculus}
FP-FA((@i::p.i)=R)

= {definition of fixed-point}
FP-(F[Is)

The required proof obligation then follows as SI-{(FQOt)=SI-(F({s). (End of
Part 3)

Part 4. ) )
truer—»FP-(F[ls)in F[ls , assumption
truer— FP-(F[Is)in F[Jt , preservation of leads-to
truer— FP-(F[It)in Ft , FP-(F[1s)=FP-(F[t)as shownearlier []

Proof of Theorem 7

Proof of 1. We prove the following properties of program F[ H.

pATy.iunlesspaTIy.i ... (E2)
“IpATIy.ing.iunless (TpAy.ing.)vipaTiy.d) ... (E3)
TIpATIy.iATIg. iunless 1y in(pvg.i) ... (E4)

—ipAy.ing.iunlesspa—y.i ... (ES)
Based on these properties, observe the following in program F[1H:

(pvqg.)day.dunless(TipaTIy.inT1qg.i)v (CIpAY.ing.i)

, disjunction on E2, E3
—iy.iunless pAy.ing.i , disjunction with E4
—1y.iv(T1pAgq.i) unless false , disjunction with E5
initially =1 y.i , observing F[1H
invariant 1 y.iv(TIpAq.i) , above two
invariant T pAy.i=>q.i , weakening the invariant

invariant 1 pA(Viiy.iy="1pa(Vi::q.i) , conjunction over i
Proof of E2.

p unless 1 pin F[H] , irreflexivity
1 y.iunless false in F[H] , ¥.iis afresh variable
pA—TIy.iunless1pAa—1y.iin F[H] , conjunction on above two
pA—1y.iunless false in H[F] ,p= FP-H
pA—iy.iunlessipAa—iy.iin FOH ,uniontheorem

Proof of E3.
—1p Aq.iunless false in F[H] , assumption

—1y.iunless falsein F{H] ~, y.iisafresh variable
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—\pAT1y.inq.iunless falsein F[H] , conjunction on above two
—pATiy.ing.dunless(Tpay.ing.i)v(paTiy.i)in H[F]

, observing H
TIpATIy.iaq.iunless(TipAay.ing.i)vipaTiy.d)in FOH

, union theorem

Proof of EA4.
—IpATIq.iunlesspvq.iin F[H] , irreflexivity
—1y.iunless false in F[H] , y.iis a fresh variable

—pATIy.inTIg.iunless 1 y.in(pvq.i)yin F[H]

, conjunction on above two
TIpATIy.inTiq.iunless falsein H[F] ,—q.i= FP-H
—ipAT1y.diaTiq.iunless 1 y.in{pvg.i)in FOH

, union theorem

Proof of ES.
—1pAq.iunless false in F[H] , assumption
y.iunless false in F[H] , y.iis afresh variable
TIpAy.ing.iunless false in F[H] , conjunction on above two

—ipAy.ing.iunlesspa—iy.iin H[F] , observing H
ApAay.ing.iunlesspa—iy.iin FOH ,uniontheorem

Proof of 2.
=1 punless pin F[H] , irreflexivity
(Vi::y.i) unless false in F[H] , ¥.i1s a fresh variable
—pa(Vi::y.i) unless pin F[H] , conjunction on above two

pa(Viciy.iyunless pin {0i::u.iy[FO{s|t)] , observing u.i
—ipA(Viriy.i) unless pin FOLi::u.i>[s|[t] , union theorem
—ipAa(Vitiy.i)unless pv (Jizi—q.i)in FOOiu. i) [s)le]

, weakening
Proof of 3.
—1pAq.iunless falsein F[H] , assumption
y.iunless false in F[H] , y.i1s a fresh variable
TIpAg.iny.iunless false in F{H] , conjunction on above two
TIpAq.iny.iunless false in <Qi::u.i>[F[(s|t)], observing u.i
—IpAag.iny.iunless falsein FOCOi::u.iy[s|t] , uniontheorem ... (E6)

apag.inTiy.dunless pag.iny.diin 0iu. i) [FO(s||t)]

, Observing u.i
IpAag.iny.iunless paqg.iny.din Oiu i [FO(s|6]

, reflexivity
—pagq.iunless ipaqg.iny.iin {0i::u.iy[FO(st)]

, disjunction on above two
ipaq.iensures TpAaq.iay.iin{[iu.iy[FO(s|t)]

, observing u.i
—1pAq.iunless false in F[H] , assumption
IpAaq.iensures IpAaqg.iny.iin FOKOi: u.i>[s]t]

, union theorem



Program refinement in fair transition systems 335

“IpAag.i->Tapag.iny.iin FOLOiiu iy [slit] , definition of leads-to
pAa(Viiig.)apa(Vinig.iny.iyin FOOi:u. i [s)lt]
, completion
theorem with E 6
—pAa(Viig.)—>—1pa(Viiy.d)in FOOiu. iy [s|t]
, weakening []



