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Summary. In this paper, we consider the geometry of gyroscopic systems with sym-
metry, starting from an intrinsic Lagrangian viewpoint. We note that natural mechanical
systems with exogenous forces can be transformed into gyroscopic systems, when the
forces are determined by a suitable class of feedback laws. To assess the stability of
relative equilibria in the resultant feedback systems, we extend the energy-momentum
block-diagonalization theorem of Simo, Lewis, Posbergh, and Marsden to gyroscopic
systems with symmetry. We illustrate the main ideas by a key example of two coupled
rigid bodies with internal rotors. The energy-momentum method yields computation-
ally tractable stability criteria in this and other examples.
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1. Introduction

Geometric control theory has led to the development of a large body of results to
analyze and design nonlinear feedback systems. There is a beautiful structure theory
of nonlinear control systems that relates internal representations (state space models)
to external representations (input-output models). Methods from the differential ge-
ometry of foliations play a key role in the solution of fundamental problems such as
disturbance decoupling, noninteracting control, and so on, compare [21], [33]. In-
spired in part by the success of the linear theory and partly by the search for suitable
feedback invariants [10], the paradigm of feedback linearization has had diverse ap-
plications [38]. Much of this work is however concerned with generic dynamics and
often does not specialize well to the context of natural mechanical systems. However,
there is a growing body of literature devoted to development of a geometric control
theory for Hamiltonian systems. See [12], [33], [22] for recent developments.

A parallel intellectual program to geometrize mechanics has been very success-
ful and has had tremendous impact on many areas of mathematics (e.g., symplectic
geometry and topology) and physics (e.g., gauge theory, geometric quantization).
Some of the roots of this program may be traced to the problems of stability [4],
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symmetry and reduction, [44], [43], [13], and [32], and investigation of the topology
of phase space [42]. Modern expositions of these developments may be found in [1],
[5], and [6]. An exciting recent result is the block-diagonalization theorem for simple
mechanical systems with symmetry, [39] and [41]. This theorem provides refined
criteria for stability assessment for natural mechanical systems by careful exploitation
of the underlying geometric structure.

One of the principal goals of the present paper is to demonstrate the applicability of
geometric ideas to a large class of feedback systems derived from natural mechanical
systems. Here the feedback controls are of the gyroscopic type. A key point is that sim-
ple mechanical systems with symmetry, when subject to exogenous forces determined
by suitable classes of feedback laws, also admit Hamiitonian and Lagrangian struc-
tures. In [9] and {7], the Hamiltonian structures so derived are viewed as deformations
(by feedback gains) of the Hamiltonian structure governing the open-loop unforced
system. There, the methods of geometric mechanics such as reduction, reconstruction
phases, and the energy-Casimir algorithm for stability analysis are brought to bear on a
key example of rigid body control using external torques (as implemented by gas jets)
and internal torques (via reaction wheels/rotors), and the relationships between these
two methods of control. In the present paper, taking an intrinsic Lagrangian view-
point, we develop a systematic theory of gyroscopic feedback systems with symmetry.
Key examples of such systems include dual-spin satellites, and rigid-body satellites
with magnetic torques, and so on.

The principal reason for taking a Lagrangian viewpoint is that it leads very nat-
urally to the incorporation of exogenous forces/controls. Furthermore, in the setting
of constrained nonholonomic systems, the Lagrange-D’Alembert principle is the basic
principle of modeling. (See, however, related remarks about vakonomic mechanics and
the role of variational principles for constrained systems in [6].) Good representations
of higher-order tangent bundles together with the intrinsic/invariant formulation of
Lagrangian mechanics lead to effective modeling of the systems of interest. Here we
give variational principles for relative equilibria and their stability. One of the contri-
butions of this paper is the extension of the (energy-momentum) block-diagonalization
theorem to gyroscopic systems with symmetry. Thus, we are able to establish a set of
refined stability criteria for a wide class of feedback systems by fully exploiting the
underlying geometric and group-theoretic structures.

The outline of the paper is as follows. Section 2 lists relevant notations in geomet-
ric mechanics and group action. In Section 3, we give a brief treatment of Lagrangian
mechanics in invariant form. We formulate the Lagrange-D’Alembert principle in ge-
ometric terms. Our exposition follows Vershik and Faddeev [45] in large part, except
for certain conventions. We then display a useful representation of the second tangent
and cotangent bundles associated to SO(3). In Section 4, we axiomatize the notion
of gyroscopic feedback system with symmetry. The dual-spin equations are derived
as an example. In Section 5, we characterize relative equilibria by the Principle of
Symmetric Criticality. We give a careful exposition of the concept of relative stability
in the abstract setting. In Section 6, we prove the block-diagonalization theorem for
gyroscopic systems with symmetry. This extends naturally the previous work of Simo,
Lewis, Posbergh, and Marsden on block-diagonalization of simple mechanical systems
with symmetry. A distinctive feature of the present work is that all computations are
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done on the velocity phase space TQ, or loosely, on the “Lagrangian side.” We are
aware that D. Lewis has carried out a similar program [27], but the present work was
done independently and was primarily motivated by feedback stability problems.*
The correct modification of the amended and augmented potentials to incorporate
gyroscopic terms yields stability criteria that explicitly display said terms. This is
further made clear in the detailed example of two coupled rigid bodies with internal
rotors (the multibody dual-spin problem of [48]) studied in Section 7.

There are other aspects of gyroscopic feedback controls that we do not explore in
this paper but that we think are quite promising. Control strategies based on bifurcation
of relative equilibria may be effective in a variety of problems. We see instances in
[54] and [8]. In the present setting it would be worthwhile to investigate bifurcations
with respect to the gyroscopic feedback parameters. In the context of the dual-spin
problem, this has been carried out by Krishnaprasad and Berenstein who gave a
bifurcation diagram [25]. Also, in [7], the authors show in an example how the
phenomenon of geometric phase shift is affected by gyroscopic parameters. We hope
to discuss these aspects in a later paper. Some of the results in this paper appeared in
the Ph.D. dissertation of Li-Sheng Wang {46].

We would like to thank Professor Jerrold Marsden for critical and helpful advice
on an earlier version of this paper.

2. Notations and Preliminary

In this section, we introduce the notations used in later sections. First, we collect
together some basic geometric objects of Lagrangian mechanics. We follow Vershik
and Faddeev [45] closely, filling in details where needed.

Let O be a smooth manifest with local coordinates x, 7Q be the tangent bundle of
Q with local coordinates (x, v), and 7 : TQ — Q be the canonical projection from
TQ o Q. Let TTQ be the second tangent bundle with local coordinates (x, v, u, w).
Let T,y be the tangent space of TQ at (x,v), that is, Ty, wI'Q, and denote the
vertical tangent subspace of T,y consisting of vectors tangent to the fiber of TQ
by T . In local coordinates, each vector in TV T.y) can be written as (0, w), for
some w E T.Q. The tangent map T of the canomcal project, T : TTQ — TQ,
can be expressed in local coordinates as T, ,y(#, w) = u € T,Q, which projects a
vector in T, v) to its horizontal component. Define the map v, ,, : TxQ — T(x nIQ;
u—0,weT (x v which establishes an isomorphism between T,Q and T, (x v Let
X:TQ —>TTQ be a vector field on 7Q. The variable X is called a vertical vector
field if X(x,v) ET (X y or X(x,v) = (0, w), for some w € T, Q. This is equivalent
to saying T - X = 0. There is a unique vertical vector field X?V called the principal
vertical field defined by X*V(x,v) = yu0y v = (0, v).

* A feedback law is a rule that determines exogenous forces/controls as functions of the current
state of a dynamical system. The feedback stabilization problem is to find feedback laws that
achieve prescribed characteristics in the closed-loop system.
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Now we consider the dual spaces. Let @ be a 1-form on TQ. It is said to be
horizontal if for all vertical vector fields X, w(X) = 0, or in local coordinates,
w(x,v) = (a,0), for some o € T;Q. The dual of the map T7r(s ) : Ty, W/ TQ — T Q
can be defined implicitly through

Tm ., T:0 > T, ,TQ,
(Tl e, (u, w)) = {a, Ty, (u, w)) = (o, u),

where @ € T;Q. Thus, in local coordinates, T’]T(x e = (a, 0). Similarly, the dual

of ¥(x,,), denoted by 'Y(x,v) (x v)TQ -> T7Q, is defined by, in local coordinates,
<‘Y(*x,v)(a’ B), u> = <(C¥, B)’ Y(X,V) : u> = <B’ H)

Equivalently, v, (@, B) = B.
With these dual mappings, we define the bundle map T:T*TQ) - T(TQ) as

Tx,v) — T7r(x v ‘y(x »- In particular, for (o, B) €T, (x WIQ, we have

Toem(@ B) = T ) - Voo @, B) = (B,0). 2.1)

Thus 7 ,) maps any cotangent vector (covector) to a horizontal covector. Globally,
7 maps any 1-form on 7Q to a horizontal 1-form on TQ. On the other hand, we may
define a bundle map from the second tangent bundle into itself, = : TTQ — TTQ
as Tu(x,v) 4 Yx,vy * TT(x.vy. In local coordinates we can associate to each (#, w) €
T T Qs Tux (e, w) = (0, u). In other words, 7, ) maps any second tangent
vector to a vertical tangent vector, and, globally, 7. maps a vector field on TQ to a
vertical vector field on 7Q.

To treat second-order equations, we need the following concept. A vector field on
TQ, X € ¥(TQ), is a special vector field if and only if .X = X*V. In local coor-
dinates, assuming X(x, v} = (u, w), it says =X (x, v) = (0, v), which is equivalent
to the condition # = v. It then follows that this definition of special vector field X is
the same as saying X gives rise to a second-order equation on Q, compare p. 213 of
Abraham and Marsden [1].

Let T*H denote the space of horizontal covectors at (x, v) in 7Q. Define the map

T(’;Hv) — T;Q to be, in local coordinates, o, (e, O)Aa for a« € T;Q. This
map will be used later in defining the Legendre transformation. The maps vy, 7, =,
and o are intrinsic and do not depend on choices of local trivializations of the bundles
involved.

Now we collect together basic notions of group actions on Riemannian mani-
folds necessary to discuss natural mechanical systems with symmetry. Let (Q, <
-,+ >>) be a manifold with Riemannian metric < -, - >, We sometimes write
KXYy, wy) =< vy, wy >, for x € @, and v,, w, € T,Q. The Riemannian
metric induces a vector bundle isomorphism K b. TQ — T*Q, defined by

<Kb(vx)s Wx)x =<K vy, Wy 2y, Vv, we € T,.Q,

where (-, -), denotes the pairing between elements in T;Q and T,Q. Here, and in
what follows, the notation (-, -) is used to denote the dual pairing between appropriate
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spaces. By the Riesz Representation Theorem, this isomorphism is well defined and we
may write K* = (K®)™1: T*Q — TQ, which is also a fiber-preserving mapping. By
definition, for &, € T*Q and w, € TQ, we have (@, w,)x =<< K* -, w, =>,.
Via the isomorphism K # an induced inner product on T*Q can be defined, for
Qy, Bx € T; Q,

<ay, By Pro2<K* o, K* B>, (2.2)

Let G be a Lie group, and ® : G X Q@ — Q be a group action of G on the
manifold Q. We shall use the notations ®(g, x) = P,(x) =g - x interchangeably to
denote this action. The tangent lift ®7 associated with ® is defined as @] = T®,
TQ — TQ, or, in local coordinates, @T(x v) = (@g(x), TP, - v). The cotangent
lift ®T™* assoc1ated to @ on the cotangent bundle T*Q, ®™ : G X T*Q — T*Q,
is @T*(ax)— T*®,-: - a,, where T*®,, is the dual of T8 "', In local coordinates
we have (¢T*(x a) (8" x, V))gx (a, Ty ®g-1 - v);. It is straightforward to verify
that the tangent lift and cotangent lift are both well-defined actions on the spaces TQ
and T*Q respectively.

Let the Lie algebra of a Lie group G be denoted by 4, with its dual %", Recall
that the Lie algebra 4 is identified as the tangent space to G at the identity element e
or, equivalently, the set of left invariant vector fields on G, compare also [34]. Given
& € %, for a group action @ on a manifold Q, we define

d
fQ<x>éE Depec(x) ETL0,
e=0

the infinitesimal generator of the action corresponding to &. The group G acts on §
through the adjoint action .

Ad:G XG—G (g,6) > TRyt OL)E = Adé, 2.3)

where Ly, R, denote the left and right translation of a group element by g € G,
respectively. The map g ~> Ad, is also called the adjoint representation of G in 4.
The infinitesimal generator of this adjoint action,

d
&e(m) = d_é €=0Adexpé§(77)
can be shown to be equal to the Lie bracket of £ and 77, namely,
ge(m) = [£, 1] £ aden.

(We follow the sign convention for Lie brackets used in [1]). The group G also acts
on the dual of the Lie algebra 4" through the coadjoint action

Ad":GXG -9 (g, uw)—>Ady p,

which is defined by, (Adu, §) (p, Ad g¢), for all ¢ € G, where (-, -) denotes
the duality pairing on 4" >< 9. The corresponding infinitesimal generator, &g. can be
shown to be determined by

Ee(p), ) = —(u, [£, 1)) & —(adjp, M),
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for all 7 € 4. From the previous definitions, it is easy to establish the identity,
(adip, m) = (u, adgn). With the above structure, group G acts on Q and §*
through the actions ® and Ad* respectively. A map J : Q@ — 9* is called Ad*-
equivariant if J o®, = Ad ;_1 oJ. For p € §*, we define the isotropy subgroup of

by
w ={g €G:Adp = pu}, 2.4
with isotropy Lie algebra

Y =M€Y adyp =0}, (2.5)

which can be shown to be a subalgebra of 4.

The notion of invariance is now ready to be introduced. A Riemannian metric is
G-invariant if it is invariant under the pull-back of the mapping ®,; that is, for all
g € G, P, K = K, or in local coordinates, K(x)(v,w) = K(g - x)(T» P,
TP, - w), Vv,w € TQ. It then follows that the inner product on T*Q defined
in (2 2) is invariant under the cotangent lift, namely, < a,, B >7g=< @T*ax,
<I> "By >7+g, for all g € G. This can be shown by using the following 1dent1t1es

k* ol a, = T,®, - K* -0, fora, €T'Q, (2.6a)
K® T, @ -w, = ®L - K°-w,, forw, €TQ. (2.6b)

Similarly, a 1-form ¥ € T*Q is called G-invariant if (b’; .Y = ¥, for all g EG.
A smooth function V : Q@ — R is a G-invariant function on the manifold if, for all
g EG, V(®,(x)) = V(x). A vector field Y on Q is a G-invariant vector field if for
al g €EG, (DY =Y, 0rY(x) =TD, - Y(g™' - x), forx €EQ, g €G.

Recall that a differential operator on the full tensor algebra can be defined from
its restrictions on functions and vector fields, compare the theorem of Wilimore [52].
Accordingly, the Lie derivative of a vector field on the tensor algebra can be found
from its Lie derivative on functions (directional derivative) and Lie derivative on vector
fields (Lie bracket). The following two lemmas are essential to the developments in
Section 6. Their proofs can be found in, for example, [1] and [46].

Lemma 2.1. Let Y, K be G-invariant vector field and Riemannian metric, respec-
tively. Their Lie derivatives with respect to vector field mg, where n € §, vanish,
namely, LyoY = 0, and L,oK = 0.

Lemma 2.2. Let Xy, X5 € #(Q), the vector fields on Q. For 1 & 4, we have

Ly < X1, Xy 2 =< LygXy, Xy >, + KX, LygX, >,

3. Lagrangian Mechanics in Invariant Form

Lagrangian mechanics provides a systematic formulation of mechanical problems from
a unified point of view. In contrast to working on the cotangent bundle as in most
of Hamiltonian mechanics, Lagrangian mechanics formulates the problems on the
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tangent bundle, or the velocity phase space. As we shall see, it admits greater freedom
in interpreting and formulating intuitive physical notion$ such as exogenous forces
and the principle of virtual power. In this section, we present the invariant form of
Lagrangian mechanics through local representations and show that the invariant form
of the Lagrange-D’Alembert Principle gives rise to the Euler-Lagrange equations in
local coordinates. Moreover, a similar equation can be applied to model mechanical
systems on the special orthogonal group (rotation group) SO(3) in a global sense.

Let O be a smooth manifold viewed as the configuration space. Let T7Q and TTQ
denote its tangent bundle and second tangent bundle, respectively. Since Lagrangian
mechanics is about second-order equations, we need to consider the corresponding
elements in the jet spaces of Q, namely the second tangent vectors. Let L : TQ — R
be a smooth function (or Lagrangian). The corresponding differential 1-form dL :
TQ — T*(TQ) can be written in local coordinates as

(dL(x,v), (u,w)) = TLy,,) " (u, w) 3.

or, in terms of Fréchét partial derivatives, dL(x, v) = (DIL(x, v), D, L(x, v)). The
horizontal 1-form ®; on TQ corresponding to L is defined to be, compare (2.1),

0, 2 r-dL. (3.2a)

In local coordinates, @p(x,v) = 7,  dL(x,v) = (D;L(x,v),0). Taking the
exterior derivative of the 1-form ®;, we associate to L a 2-form on TQ, Q; :
TTQ X TTQ — R, defined as

Q& -d0;. (3.3a)

If we write ®, = DL dx', then, by taking exterior derivatives on both sides, we
get

QO = —=dD,LN\dx' = D,;D,Ldx' Ndx/ + D,;D,Ldx' \Ndvi. (3.3b)

On the other hand, let (u1, wi), (u2, wy) € T, ,,TQ. From (3.3a), we derive the
following formula in local coordinates,

Qu(x, v){(u1, w1), (w2, w2)) = (D1D2L(x, v) - u2) - u1 + (DaDaL(x, v) - wa) - uy

— (D1D2L(x, v) - uy) - uz — (D2DsL(x, v) - wi)- us.
(3.3¢)

Next, we give the intrinsic form of Legendre transformation, which maps the
velocity phase space to the momentum phase space. The Legendre transformation
corresponding to the Lagrangian L can be defined as

¢ :TQ —»T*Q, (x,v) = (x, 0ey - OL(x, ), (3.4)

or, equivalently, €,(x,v) = (x,DzL(x, v)), compare the definition through fiber
derivatives in pp. 209, 219 of [1].

Assuming now that ¢; is a diffeomorphism (or L is hyperregular), we have
¢;!: T*Q — TQ. (This condition implies that, in local coordinates, D;DyL(x, v)
is nonsingular.) Denote the space of k-forms on a manifold M as @*(M). By the
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pull-back of £; 1, (¢;1)* : @X(TQ) — w*(T*Q), we can define a 2-form on T*Q as
Wy 2 (€1 Q. Although Qg is L-dependent, wo defined above is invariant under
the change of L. In fact, letting (x, p) be local coordinates of T*Q, where {p, w) =
(D,L(x,v), w), for w € T,Q, it can be shown that wy = dx /\ dp, which is the
canonical symplectic 2-form on the cotangent bundle.

Thus, when the Legendre transformation is diffeomorphic, the two approaches,
either based on the cotangent bundle or directly on the tangent bundle, are equivalent.
Moreover, (T*Q, wy), (TQ, 1) are both symplectic manifolds, carrying associated
Poisson structures.

Remark 3.1. The closed 2-form €y in (3.3a) is well defined for every Lagrangian L.
It is, however, nondegenerate, and therefore a symplectic structure, only when L is
regular. For a singular or irregular L, (); becomes presymplectic, namely )y is no
longer of maximal rank. Discussions of this case may be found in, for example, [14]
[15].

With the symplectic 2-form {};, one constructs a correspondence between vector
fields and 1-forms, I1; : w(T Q) — X(T Q) through, for 0 € w!(TQ),

QU (),Z) = 0@), VZEXTQ). 3.5)

In terms of the inverse of II;, an alternative expression is Qr(X, Z) = II; }(X)(2),
for all Z € (T Q), or

X)) = (X, ). (3.6)

It can be shown that II; maps horizontal 1-forms to vertical vector fields [45] [46].
Now define the energy function on 7Q, H; : TQ — R, as,

H 2 dL(x"')-1L, (3.7)

where XPV is the principal vertical field defined in Section 2. In local coordinates,
we have H;(x,v) = (£1(x,v),v) — L(x, v), which is exactly the same notion as
the energy defined on p. 213 in [1]. In particular, the function d L(X?V)is sometimes
called the action corresponding to L. From the energy function H; on the velocity
phase space, define the Hamiltonian on the momentum phase space as

H:T*Q0—>R H=H; o ¢ (3.8)

The Hamiltonian system (7*Q, wo, H) is the customary object of study in Hamiltonian
mechanics.
The Lagrangian vector field determined by L is defined as,

Xy, 2 T, (dH,.), (3.9q)

or, equivalently, O (Xy,,Z) = dHi(Z), for all Z € X(TQ). In local coordinates,
the matrix form is X7, [Q.]Z = VH]Z. Thus we may write the Lagrangian vector
field as

Xy, = (] 'Y VH,. (3.9b)
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One could also think of Xy, as the Hamiltonian vector field corresponding to the
Hamiltonian Hy on the symplectic manifold (7Q, €};), and thus Hy is a first integral
(conserved quantity) along the vector field Xy, . We say that we can define consistent
equations of motion if such an Xy, exists. It can be shown that X, is a special vector
field and thus gives rise to a second-order equation.

Now we introduce the important notion of Lagrangian force. Recall that in La-
grangian mechanics [45], virtual displacements can be thought as special vector fields
on TQ, and forces can be modeled as horizontal 1-forms on 7Q. For a Lagrangian
L, the associated Lagrangian force on a virtual displacement X, Fy(X), is defined
through

F1(X)Z) = W (X,Z)-dH1(Z), VZEXTQ). (3.10a)

The Lagrangian force F1(X) is a 1-form on 7Q. This 1-form can be shown to be a
horizontal 1-form on TQ. In fact, in local coordinates, with X(x, v) = (v, w), we
have

FrX)(x, vY(u, w,) = (—-DlDzL(x, v)'v—DyD,L(x,v)w+DL(x, v))-u. (3.10h)

Thus it is a well-defined force.

Definition in (3.10a) holds even for L singular, compare Remark 3.1. If L is
hyperregular, we may write, compare (3.5), F.(X) = HL'I(X) — dHy. This is the
definition used in [45] for the Lagrangian force. In the above setting, the Lagrange-
D’Alembert Principle can be now stated in the following form.

Principle 3.2. Lagrange d’Alembert Priniple. For a holonomic mechanical system,
on the virtual displacement (special vector field) that determines the real trajectory
of motion, the sum of the Lagrangian force and the exterior force vanishes.

For natural systems, the Lagrangian force consists of resultant force of inertia
and forces coming from the potential energy. Thus the principle here corresponds to
the classical D’Alembert principle, see for example, [26]. As discussed in [26], a
fundamental entity in analytical mechanics is virtual work, instead of the classical
notion of force. Here we present a unified treatment in terms of horizontal 1-forms,
where the classical forces are represented by the coordinates of this 1-form.

Let w be an exterior force or a horizontal 1-form. The D’Alembert principle says
that

FuX)+w =0, 3.11)

where X is a special vector field. The trajectories of motion of the mechanical system
with Lagrangian L obey the flow of this vector field. In the absence of any exterior
force and with L being regular, from (3.10a), we write () (X,Z) = dH.(Z), for
all Z € ¥(TQ), which, by definition of Xg, , implies that X = Xy, , that is, the
Lagrangian vector field gives the real trajectories of motion.

Now we express the D’Alembert principle in local coordinates where (3.11) reads

FiX)(x,v) +w(x,v) = 0.
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Letting @ = (a, 0), X(x, v) = (v, w), we have, compare (3.10b),
(= DiDsL(x,v) - v = DaDyL(x,v) - w + DiL(x,V)) u +a-u =0, Yu€T.Q.

By including time derivatives as v = x, w = v, we get

d
E;DZL(x,v)-u =D\ Lix,v)'u+a-u Vu€cT,Q. 3.12)

Integrating both sides with respect to the variable ¢, this equation can be rewritten as

T T T
D>L(x,v) - u —J DoL(x,v) - u, dt =J (D1L(x,v) - u + a - u)dt.
0

0 0

This corresponds to the Principle of Virtual Power in analytical mechanics, compare,
for example, [51]. The tangent vector u is sometimes called test function. In the case
that the pairing is nondegenerate, for example, in the finite dimensional case, we can
write (3.12) as

d

EDZL(.X, v) = DiL(x,v) + «a, (3.13)

which is the classical form of the Euler-Lagrange equation.

Example 3.3. (On the group SO(3)). Now we illustrate the Lagrange-D’Alembert
principle in the setting of the special orthogonal group S O(3) as configuration space.
Recall that each element A in SO(3) is an element in GL(3), the group of all 3 X 3
nonsingular matrices, which satisfies the condition ATA = 1 and det(4) = 1. Let
the operator ~ denote the natural isomorphism from R* to so(3), the space of 3 X 3
skew-symmetric matrices, defined by

W1 0 — W3 wa
wa = w3 0 —wi ]. (3.14)
w3 —w2 W 0

Given A € SO(3), recall that (A, AQ) is an element in T'S O(3). In rigid body mechan-
ics, the variable () corresponds to the instantaneous angular velocity of the motion

in body coordinates. With the representation of the elements in the second tangent
bundle TTSO(3) as

(4,40, 4a, A2 + w), (3.15)
and the frace pairing in GL(3)

(A, B) = —;—tr(ATB), for A, B € GL(3), (3.16)

we can write elements in 7°7SO(3) canonically as

4, AQ, AbO + a), Ab). (3.17)
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Here u, w, a, b are vectors in R?, and the pairing between T*TSO(3) and TTSO(3)
becomes

<(A,AQ,A(EQ + ) Ab), (4 4D, An, Alaf) + w))> —a-u+b-w

We remark here that these parametrizations of TTSO(3) and T*TSO(3) are glob-
ally defined via the embedding of SO(3) in GL(3). Our goal has been to make
the pairing analogous to that on Euclidean space. The global representations (3.15),
(3.17) of the second tangent bundle and the dual of the second tangent bundle on
S0O(3) also prove to be useful in computing the derivatives or variations of a function
(Lagrangian) on TSO(3) and in deriving the reduced Poisson bracket [49]. In the
following, we state the Lagrange-D’Alembert principle in terms of these representa-
tions.

On TS0O(3), let a system be described by a Lagrangian L. The Lagrange-
D’Alembert principle in the invariant form (3.11) applied to motions on SO(3) gives
rise to the Euler-Lagrange equation, namely for all A &€ T4xSO(3),

<%DZL(A, AQ), Aﬁ> = (D1L(A, AQ), Ad) + (a, AR), (3.18)

where a is the exterior force. See [46] for detailed discussions.

4. Gyroscopic Control

In this section we demonstrate a class of feedback control laws that transform a
simple mechanical system with symmetry with exogenous forces (controls) into a
gyroscopic system with symmetry, compare Theorem 4.4 later in this section. Al-
though the concept of a Lagrangian system with symmetry is by now well known
(see [1], and [5]), in the interest of keeping our treatment self-contained, we give
a rapid exposé of the basic ideas around the concept of a gyroscopic system with

symmetry.

Definition 4.1. A gyroscopic system with symmetry is a 5-tuple, (Q, K, Y, V, G),
where

(1) (Q, K) is a Riemannian manifold.

(2) Y is a vector field on Q, called a gyroscopic field.

(3) V is a function on Q, a potential.

(4) G is a Lie group with an action ® : G X Q — Q, which leaves K, Y, V
invariant and is referred to as the symmetry group.

(5) The associated Lagrangian L : TQ — R is given by

1
L) = SK() (e, v2) + K(x)(vx, Y(x)) — V(x). @.1)
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On the other hand, in the framework of Hamiltonian mechanics, a gyroscopic
system with symmetry is characterized by a Hamiltonian H : T°Q — R of the
following form,

H(a,) = % <a; — KoY (%)) ar — KOV (x)) >7-9 +V (). 4.2)

where < -, * >7. is the induced metric on 7°Q defined in (2.2).

The word word “gyroscopic” comes from the second term in the Lagrangian (4.1),
which includes the gyroscopic field Y. This term is linear in the velocity variables
and is responsible for the paradoxical behavior of gyroscopes. The Coriolis force in a
rotating reference system and the magnetic force due to electric currents are examples
of the effect of gyroscopic terms in the Lagrangian function. To see how the gyroscopic
term enters the dynamical equations, we restrict our attention for the moment to a
gyroscopic system (without symmetry consideration) on R" (or in local coordinates)
described by the Lagrangian

L(x,v) = -;- <v, MOxWw>+<Yx), v>-V(), 4.3)

where M(x) is a symmetric positive-definite second-order tensor, vectors x, v(= Xx)
are in R*, ¥ is a map from R"” to R”, and V is a real-valued function. The notation
< -, - > denotes the inner product on the Euclidean space R". This is a gyroscopic
system in the sense of Definition 4.1 with

Kx)wv,v) = vIM(x)y and Y(x) = M(x) 'Y (x).

Abstractly, ¥ should be regarded as a 1-form in T*Q.
To obtain the dynamical equations associated with the Lagrangian in (4.3), we
invoke the classical Euler-Lagrange equations, compare (3.13). First, we find

gL _ M(x)-v+ Y (x).
v

By taking time derivatives, we get

d oL J Y
= = M(x)- v+<—(x) v) v+£(x)-v,

where dM /dx is a third-order tensor, and Y /dx is a second-order tensor. With
standard notations in tensor algebra, compare, for example, [3], the above equation
can be rewritten as

%% =Mx) v+ a—(x) vv + a—(x) V. 4.4)



Gyroscopic Control and Stabilization 379

Now we compute the partial derivative of L with respect to x. By definition,

d
——a—(vTM(x)v)-w = — vIM(x + EW)V
dx de|,_
d
= — M(x +ew): (vv)
de €e=0

(g(x) . w): (vv) = (%(x)* : (vv)>- w
Jx ox

where (M /dx)* is the cyclic transpose of M /dx defined through

oM oM
—(x)*'ll'V’W 4 —(x) w-u-v, Yuv,weR”
ax Jx

Accordingly, we have

3 oM,
b;(vTM(x)v) = —— ()" (). (4.5)

On the other hand,

a—(}(va/(x)) W

]
TN
Q;l%
<
e
e
-
S
<
|
TN
=
—_
=
N’
~
<
S———
2

where the superscript 7 denotes the transpose of the second-order tensor. Thus we
have

3 re _adY 5
M(v Y(x) = - x)¥ . (4.6)
By substituting (4.4), (4.5), and (4.6) in the Euler-Lagrange equations, we obtain
. oM k)4 1M, oY av
. —_ ' + — . —_— - —_— : + —_— . —_————
M(x) v+ o (x): (vv) py (x)-v 39 (x)" 1 (vv) T (x) v e (x),
which can be further written as
1 oM

£)% 1%
M) v = (——( )y = —(x)) (vv) — (—(x) - —(x)T) v = (9—x—(x)~
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Define
Yy Y
@ 2 = @ 4.7a)
1oM ., oM
g A 55— o). (4.7b)

The equations of motion for a gyroscopic system with Lagrangian of the form (4.1)
can be then expressed as,

M(x)-)'&=97-5c-5c—%-5c—ﬂ(x). 4.8)
ox

Note that R is a skew-symmetric tensor, thus the second term on the right of (4.8) gives
the gyroscopic force in the dynamical equations as discussed in [11]. We remark here
that the component form of M(x)~'J is nothing but the Christoffel symbol associated
with the geodesic flow. Compare, for example, [1]. By multiplying both sides of (4.8)
with M™!, we get

F-M@E T %k x=Mx)"'R-x - M(x)_lg(x). 4.9)

In terms of covariant differentiation, we can write the left-hand side of (4.9) as V; x.
Moreover, with ¥ being a 1-form, by taking exterior derivative of Y, we obtain, in
local coordinates,

d¥ (x)(v,w) = (DY (x) - v)- w — (DY (x) - w)- v
=DYx) v w—DY@) -v-w=R-v-w.
Thus we may write
R-x = dY(x)(%, ),

which is actually a 1-form. On the other hand, the third term on the right of (4.8)
also corresponds to a 1-form, namely, dV. Recall that K # transforms a 1-form to a
vector field. We define the following notations

grad V& k*-qy,
(curve; ¥ & K* - dP(x)(x, ).

Here grad V denotes the gradient of V. As a consequence, (4.9) can be expressed in
its invariant form as follows.

Theorem 4.2. The invariant form of the equations of motions of a gyroscopic system
Q, K, Y, V)is

Vet + curvi 7)Y = ~grad V. (4.10)
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These are the equations of motion of a charged particle in a magnetic field dY . They
are thus a special (simplest, abelian) case of Wong’s equation for the motion of a
particle in a Yang-Mills field [53], [17]. The term (curv;Y)* is the corresponding
force of interaction with the field.

Example 4.3. We consider the dynamical system treated in [11] in the following form.
X =—ax-—gy, ¥, = —By+ gx. 4.1

The skew terms in velocities —gy and gx constitute the gyroscopic forces that do
not network but affect the stability of the system. It is easily checked that this is a
gyroscopic system with the Lagrangian in the form (4.3) with the following entities,

M =1 %) Pay = (8) vy = (xy) @ 0
01 0 0 B

With the equations of motion of a gyroscopic system (4.8), or (4.10), we are ready
to state the main ideas of gyroscopic control. This notion is isolated here to highlight
the role of the gyroscopic term from the viewpoint of designing control algorithms. A
simple mechanical system with symmetry with exterior forces can be transformed into
a gyroscopic system with symmetry by using suitable feedback laws, that we refer to
as gyroscopic feedback. This process is described in the following theorem.

Theorem 4.4. Consider a simple mechanical system with symmetry, (Q, K, V, G).
Let the exterior force exerted on this system be denoted by a horizontal 1-form (a, 0).
Let Y be any G-invariant 1-form on Q. Then, with the Jeedback law (gyroscopic
feedback),

a(vy) = —d¥ (v, ), (4.12)

the closed-loop system becomes a gyroscopic system with symmetry (Q, K, Y, V, G)
where,

Y =K*-7. (4.13)

Proof. We prove this theorem in local coordinates where the Riemannian metric is
expressed as

K@), w) = vIM@x)w.

Also the feedback law (4.12) can be written in local coordinates as
Y’
a(x,v) = (—( )~ —(x)) (4.14)

Recalling the derivation of Equation (4.8), the dynamical equations for (Q, K, V, G)
with exterior force can be found to be, in local coordinates,
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. . 9V
M(x)-jc'=9'-x'x—£(x)+a, (4.15)

where J is defined in (4.7b). With the feedback law (4.14), it is then easy to see that
(4.15) becomes (4.8) which, in turn, corresponds to a system with Lagrangian in the
form of (4.3). With the transformation rule (4.13) expressed in local coordinates,

Y(x) = M(x) 7 (x),

the system can be further identified as a gyroscopic system with symmetry,
(@, K, Y, V, G). The G-invariance property of ¥ follows from the G-invariance
of the Riemannian metric and the 1-form Y.

Accordingly, we have a family of gyroscopic feedback laws induced by G -invariant
1-forms. The techniques used for analyzing gyroscopic systems with symmetry can
then be applied to the study of the corresponding closed-loop system. In particular,
the method for stability analysis based on the energy-momentum method that will be
developed in the following is applicable. The gyroscopic term affects the dynamical
behavior in many ways. For example, it changes the location of equilibria as well
as their stability properties. As a consequence, suitable gyroscopic feedbacks may be
chosen to fulfill design objectives. Much work remains to be done on general methods
for selecting ¥. The dual-spin problem illustrated below gives a simple example of
gyroscopic systems with symmetry.

Example 4.5. (Dual-Spin Problem). Consider the system consisting of a rigid body
(platform) with on-board rigid symmetric rotors moving in free space, compare Figure
4.1. With the rotors spinning at constant rates relative to the platform, the dynamical
behavior can be captured by a gyroscopic system with symmetry.

First we consider the system dynamics with locked rotors. We assume that the
center of mass of the system is fixed in some inertial frame. Let B € SO(3) denote
the orthogonal transformation from the body frame to the spatial frame, and then
describe the attitude of the body. We have B = BS), where the operator " is defined
in (3.14) and Q is the instantaneous angular velocity of the body relative to the body

Fig. 4.1 Dual-spin configuration.
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frame. Let J be the total moment of inertia of the platform with locked rotors. The
Lagrangian for this locked system can be written as

LB, BO) = 3(0,J0).

With this Lagrangian, we now invoke Lagrange-D’Alembert Principle specialized to
the current situation, compare (3.18). Using the parametrizations introduced in Sec-
tion 3, the dynamical equations are nothing but the Euler’s equation for rigid body
dynamics,

JO = —Q xJQ.

Next we let the rotors spin at constant rates. Let 6;, i = 1,2, 3 denote the relative
angles between the three rotors and platform, respectively, and ® = (6, 6,, 63). Let
the corresponding moments of inertia of rotors relative to the spinning axis be denoted
by (Is,)i, i = 1,2, 3, respectively. The reaction force exerted on the platform from
the rotors can be derived from the following gyroscopic 1-form,

7(8) = BI56), 4.16)

where I¥ = diag{(Is,)1, (Is,)2, (Is,)3}. In fact, by using the formula (4.12), we can
show that

a(B, BO) = —BOXT6).

With this exogenous force, the dynamical equations for the closed-loop system be-
come,

JQ = -0 x(JQ + ). @.17)

It is readily checked that this system is a gyroscopic system with symmetry with the
following entities,

Q =500, KBy, Biiz) = (uy, Juz), 8
— (4.18)
Y(B) = BJ7'FO), VB) =0, G = S0(Q)

where By, Bit; € TgSO(3). The group action here is G X Q — Q, (R, B) — RB,
and the Lagrangian is

L(B,BO) = —21—(Q,JQ) +(Q,1°0). (4.19)

Keeping in focus our program of understanding the closed-loop behavior of a system
with gyroscopic feedback, we return to the abstract framework of gyroscopic systems
with symmetry. We remark first that a simple mechanical system with symmetry in
the sense of Smale [42] is a special case of a gyroscopic system with symmetry. We
simply take ¥ = 0 and consider the quadruple (Q, K, V, G). Many key results in the
category of simple mechanical systems with symmetry can be extended to gyroscopic
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systems [46]. First, for a gyroscopic system with symmetry, the Lagrangian (4.1) is
invariant under the tangent lift ®, which follows directly from the invariance of the
metric K, the gyroscopic field Y, and the potential V. The Legendre transformation,
compare (3.4), is given by

€(vy) = Ko(vs + Y(x)). (4.20)
Its inverse can be then found as, for a, € T*Q,
€ (o) = K¥(a,) = Y(x).

It follows that €, is a diffeomorphism, and L is hyperregular. As a consequence, the
space (TQ, Qp = —d0p) is a symplectic manifold, where the symplectic form
is defined as in (3.3) through the 1-form ®,, which in turn can be written as

Or(vy) - (u, w) = K(x)v + Y (x), u).

From Lemma 4.6, the group G acts on TQ through the tangelt lift ®7 as a symmetry
group. It can be further verified that this action is symplectic, namely, (®7)*Q; = Q.
Within this framework, a momentum mapping J : TQ — 94" can be constructed such
that the infinitesimal generator of the action ®7 corresponding to & € % is the vector
field induced by the function (J,§) : TQ — R, through the symplectic structure,
compare (3.9). Consequently, we have the following theorem.

Theorem 4.6. The gyroscopic system with symmetry (Q,K,Y ,V,G) has the fol-
lowing properties:

(i) The 1-form corresponding to L defined in (3.2) is invariant under the tangent
ll:ﬁ, that is, (CDZ;)*@L =0,.
(ii) There is an associated Ad*-equivariant momentum mapping J : TQ — 9",

JE) = r(vy), (X)), =< vy +Y(x), &x) >y, 4.21)

where € € § is an element in the Lie algebra of G and §p(x) denotes the
infinitesimal generator of & on Q. Here 4" denotes the dual of the Lie algebra
9.

(iii) The momentum mapping defined in (4.21) is a vector-valued integral of any
vector field induced by a G-invariant function on TQ through an analogous
Sformula in (3.9). In particular, it is an integral of the Lagrangian vector field
Xy, .

Proof. For (i), we note that (Cbg)*L = L, by Lemma 4.6. Since the exterior differ-
entiation commutes with the pull-back operator, (i) follows immediately. Statements
(ii), and (iii) can be shown by directly applying Theorem 4.2.2 and Corollary 4.2.14.
in [1].

The quadruple (7Q, Q, ®T,J) is an example of a Hamiltonian G-space. The
energy function for the gyroscopic system can be derived as, compare (3.7),
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Hi(vx) = (€L(vx), vi)x — L(vy)

1
=<y, + Y(x), vy >, ~3 Ly, vy >, — <Ky, Yx) >, +V(x)

N =

K vy, v, 2, V(). 4.22)

It is easy to see that the energy function is not affected by the presence of the
gyroscopic field Y. However, the dynamics are different from what one would see
if Y = 0. The differences in the dynamical behavior arise from the Y-dependent
symplectic 2-form €};.. In particular, the gyroscopic term in the Lagrangian gives rise
to the magnetic terms in the symplectic 2-form. On the other hand, on the momentum
phase space T7*Q, the Hamiltonian associated to the system is, compare (4.2),

H(a,) = Hy o€ " (ay)

= % < K*(ay) — Y(x), K*(ax) — Y(x) >, +V(x)

= % <a, — KUY (x) ar — KV (%) >7p +V(2).

Accordingly, on the momentum phase space, the Hamiltonian is affected by the gyro-
scopic term through a momentum shift, while the canonical 2-form wg is unchanged.
This subtlety is best explained by the following example.

Example 4.7. We consider again the system in Example 4.3. The energy associated
with (4.11) on TQ is

.. 1, .
Hi(x,y,x,9) = E(x2 + y2 +ax? + Byz),

with the symplectic 2-form in matrix representation

U
-2 0
(= 2§

10
0 1
00
0 00

1
This can be checked from the differential equation (4.11), compare (3.9b),
. -1\T
X =Xy, (x) = ([QL] ) VH,,

where x = (x,y, X, y). The left-upper 2 X 2 block in [QL] is called the magnetic

part. On the other hand, on T*Q, we have the conjugate momentum variables defined
by

p1=x+gy, p2=7.

The dynamical equation (4.11) can be written as
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X = p1—gy y = p2,
p = —ax, p2 = —By + glp1 — gv)

which is a Hamiltonian system with the Hamiltonian function

1
H(x,y, p1 p2) = 3{(p1 = gy + pi + ox” + By?).

The symplectic structure is the canonical symplectic 2-form wq, that is, in matrix
representation,

0 0 10
o) = 0 0 01
-1 0 0 0
0 -10 0

In summary, the gyroscopic term affects the symplectic 2-form on the TQ side,
whereas, on the TQ side, it affects the Hamiltonian function. To gain more insight
on how the gyroscopic field enters the symplectic structure {};, we consider an even
simpler case than (4.3). We assume that the second-order tensor M is independent
of x in (4.3). It can be easily seen that the symplectic 2-form is now, compare
(3.3),

Qu(g, V{1, w), (2, wa))

oY )4
——-uz-ul+M~wz-u1—————-u1-u2—M'w1‘uz
dx ox

H

I

~ AT
oY oY
—— M u
(uy w) | ax  I9x (—2>
w2
-MT 0

The block dY /dx — d¥T/dx is the so-called magnetic term.

5. Reduction, Relative Equilibria, and Stability

By recognizing the symmetry, under suitable regularity hypotheses, it is possible to
reduce a gyroscopic system with symmetry (Q, K, Y ,V, G) to a lower-order dynam-
ical system. The reduction process has a long history. For Jacobi and Liouville [1] [5],
this meant reduction of the Hamilton’s equation via first integrals in involution. For
Routh [37], this meant a process of eliminating ignorable variables. In the following,
we shall discuss the reduction from two modern points of view, namely, symplectic
reduction and Poisson reduction.

First, we consider symplectic reduction in the sense of [32]. As discussed in Sec-
tion 3, if L is regular, (TQ, ) is a well-defined symplectic manifold. By the Prop-
erty (i) in Theorem 4.6, the Lie group G acts symplectically on (TQ, ;). Also,
from Property (ii) in Theorem 4.6, there is an Ad *-equivariant momentum mapping J
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for this action. Thus all the conditions in the Symplectic Reduction Theorem, see
Theorems 4.3.1, 4.3.5, pp. 299, 304 in [1] are satisfied, and we can state the following
reduction theorem specialized to gyroscopic systems with symmetry.

Theorem 5.1. (Marsden-Weinstein). Consider the gyroscopic system with symmetry
(Q,K,Y,V,G). Assume that u. € G" is a regular value of the momentum mapping
J, as defined in (4.21), and that the isotropy subgroup G, defined by G,, = {g €
G:Ad ;-1 mo= ,u} under the Ad* action on §" acts freely and properly on J (),
then (TQ),JL 27" (w)/G,, has a unique symplectic form , with the property
Ty Wy =i QL, where 7, 1 J " \(pn) — (TQ)y is the canomcal projection and i, :

1(,u) — TQ is the inclusion map. Letting Hy be as in (4.22), the flow F; of Xy,
induces a flow F* on (T Q),, satisfying myFy = F -1, This flow is a Hamiltonian
flow on (TQ),, with a Hamiltonian function H}' satisyfing HY - 7, = Hy - i ws With
respect to the symplectic structure £),,.

The function H} on the reduced space is called the reduced energy. The corre-
sponding vector field H H¥ on the reduced space (T'Q), is called the reduced dynam-
ics. Thus in symplectic reduction, we first restrict the dynamics to a level set of the
momentum mapping, and then factor out the isotropy subgroup.

Next, we consider Poisson reduction [31]. We first recall the basic setup of Poisson
manifolds. A Poisson manifold P is a smooth manifold equipped with an R-bilinear
map (Poisson structure) on the space of smooth functions, {:, -}p : C*(P) X C*(P) —
C™(P) satisfying the axioms, for f, g € C*(P),

(1) {f’ g}P = _{g:f}P
(11) {fg’h}P = g{f’h}P +f{g’h}P
(111) {f’ {g’ h}P}P + {g: {h’ f}P}P + {h, {f’ g}P}P = 0.

Associated to a Poisson structure, there is a unique twice contravariant skew-
symmetric, smooth tensor field A on P such that {f, g}p = A(df,dg), where
df,dg are differentials of f, g, respectively. The tensor field A defines a vector-
bundle morphism, A# TP - TP, a, — A#(ax) € T, P, satisfying,

B:(A% (@) = Ax)ar, B) Y B ETIP.

Let G be a Lie group and let ¥ : G X P — P, (g, x) = ¥,(x), be a group action
such that W, (-) is a Poisson morphism for every ¢ € G, thatis, ¥, : P — P is an
isomorphism and preserves the Poisson structure. Suppose that the action is proper
and free. Then the quotient space P/G is a manifold that carries a Poisson structure
{, '}p/c induced from the one on P satisfying, for f, g € C*(P/G),

{f.glpjgom = {fom gom}p. (5.1

Here m : P — P/G is the canonical projection. By construction, it is a Poisson
morphism.

G-equivariant dynamics on P induce dynamics on P/G. Suppose & : P — R is a
G-invariant Hamiltonian function on P, that is, h(q)g(x)) = h(x),VY g € G. Define
a vector field X, through
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Xulf1=Af.hlp V¥V feC*(P) (5.2)

where Xj[f] denotes the Lie-derivative of the vector field X; on the function f.
The Hamiltonian % descends to & : P/G — R and determines a Poisson-reduced
dynamics x; on P/G by

Xilf] = {f h}pe Y feC?(P/G). 5.3)

Here A([x]) = h(x) for an equivalence class [x] in P.
Recall that the symplectic manifold (TQ, €,) has a Poisson structure induced from
the symplectic structure, namely, for f, g € C*(TQ),

{F, ghelve) & df(vs)- X, (vi) = Quve L(df), Ti(d g)) (5.4)

compare (3.5). Since the energy function H; is G-invariant, we carry out the Poisson
reduction as follows. Assume G acts on TQ freely and properly. Let 7 be the projection
from TQ to TQ/ G, f, g € C*(TQ/G), the induced Poisson bracket of f and g is
defined analogous to (5.1) as

{f g}, 0F={for go7,. (5.5)

Referring to the framework of Poisson reduction, we can identify the induced Hamil-
tonian Hj, and associated dynamics Xj as:

Hy 0#(v:) = Hi(vx), (5.6)
Xg[f] = {7 A}, VFecC To/o). 5.7)

Here the vector field X5 is called the project Hamiltonian vector field on TQ /G.

The reductions discussed here are on the Lagrangian side, or TQ side. We could
perform a similar reduction process on T*Q side, or Hamiltonian side, by noting that
the Hamiltonian function on T*Q, namely H in (4.2), is invariant under the cotangent
liftt 7" (this follows from (2.6)). The underlying symplectic manifold is (T*Q, wo),
with the corresponding momentum mapping,

J:T°'Q =9 (J(a:),é) = {ax, fp(x)x VEES (3.8)

Since L is hyperregular, the reductions on TQ and T*Q are equivalent, but we shall
use the one on TQ side in the following development, bearing in mind that the
Lagrange-D’Alembert Principle is formulated there.

We proceed to discuss a characterization of relative equilibria. The concept of
relative equilibrium goes back to Poincaré. In the context of symplectic reduction, we
define the notion of relative equilibrium as follows, compare Theorem 5.1.

Definition 5.2. A point v, in TQ is called a relative equilibrium if w,(vy) € (TQ),
is a fixed point for the symplectic-reduced vector field Xy, where u = J V).

In the context of Poisson reduction, we can define a similar notion, compare (5.6),
(5.7). A point v, in TQ is called a relative equilibrium for Xy, with respect to
the Poisson reduction if X ,;,L(ﬂ"'(vx)) = 0. It turns out that the two notions of relative
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equilibrium are equivalent. In fact, it can be shown, compare [1], that, for both cases,
v, is a relative equilibrium iff there exists a £ € 9§ such that the flow of Xy, ,

FXH (vx) = Py p(t§)(vx) (5.9

namely, the dynamical orbit is simply a group orbit. Thus if the observer were to be
set in uniform motion according to the one-parameter group exp(t¢), then for such a
moving observer, a relative equilibrium will appear to be stationary. For instance, if

= SO(3), then F} Xy (vx) corresponds to a uniform rotation about a fixed axis £ in
space with the rotational speed |¢|. In a central force field, a relative equilibrium for
the motion of a point mass corresponds to a circular orbit, compare [49].

Relative equilibria can be characterized by the following result of Souriau-Smale-
Robbin.

Theorem 5.3. v, ETQ is a relatlve equilibrium for Xy iff there exists a ¢ € §
such that v is a critical point of Hy = HL (J,&), where (J,£): TQ — R is the

real-valued function given by v, — (J(v,), £), associated to the momentum mapping
J.

In particular, for gyroscopic systems with symmetry, we have, compare (5.8),
(4.22),

1
Hf(vx) = E K vy, vy =y HV(x)— v, + Y (), §Q(-x) =>4,

= % < v, — §Q(-x): Vy — fQ(x) >y
+ V(x)— K Y(x) é(x) >, —% € p(x), fp(x) >, . (5.10)

From Theorem 5.3, it is then easy to check that the necessary and sufficient conditions
for v, to be a relative equilibrium are

vy = ép(x), (5.11)

and
1 | V(x)— < Y(x), &(x) >, —% K p(x), §p(x) >, | = 0.

We thus have the following algorithm (principle of symmetric criticality [35]) to find
relative equilibria.

Algorithm 5.4.

0. Pick £ € 4.
1. Search for the critical points x, of the function

1
— = K gp(x), fo(x) >,

Vi:Q >R Vilx) & V(x)- < Y(x), &x) >, 5
(5.12)
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2. Substitute x, in (5.11) to find the corresponding v, = &o{(x,).

We note that the computation in step 1 is fully on the configuration space. Thus the
process of searching for a relative equilibrium is greatly simplified. We remark that,
for simple mechanical systems with symmetry, the principle of symmetric criticality
stated above appears as Theorem 1.1 in Part II of Smale[42]. Smale also notes that
special versions have been known earlier, for example, in the study of symmetric
geodesics. See also p. 355 of [1], Theorem 16.7 in Hermann [19], Arnold [6], and
Palais [35]. Here the augmented potential function V; has one additional term to
accommodate the gyroscopic effects. Through this term, we can change the number
and locations of the critical points. This provides us an effective tool in controlling
the phase portrait. Compare [46].

There is an additional symmetry in the augmented potential V;. First, we define
the stabilizer of £ to be G = {g € G|Ad,(¢) = £} C G, where Ad is the adjoint
action of G on %4 defined in (2.3). The stabilizer G¢ is actually a subgroup of G,
and thus defines an action on Q. By an argument similar to the one in the proof of
Lemma 4.6, it can be shown that V; is invariant under the action of G¢ on Q, that is,

Vel®,(x)) = Ve(x) V g EGg. (5.13)

We assume that the quotient space O /Gy is well defined. Denote the projection from
Q to Q/G¢ by me. By (5.13), we can define an induced function Vg on 0/Gg from
the augmented potential such that the diagram in Figure 5.1 commutes, namely,

V;om: = V. (5.14)

This symmetry of V; will be used later in establishing a stability result associated with
Ve.

As mentioned earlier, reductions could be worked out on the Hamiltonian side
as well. Thus there is a similar algorithm corresponding to Algorithm 5.4 on the
T*Q side. We only need to find the corresponding conjugate momentum vari-
able p., by substituting x, obtained in Step 1 of Algorithm 5.4 in the formula,
p. =K b(Y(xe) - & (xe)). The point (x., p.) in the momentum phase space T*Q is
then a relative equilibrium corresponding to the reduction on T*Q with respect to the
cotangent lift action.

We now address the stability of relative equilibria. Although both symplectic re-
duction and Poisson reduction lead to equivalent notions of relative equilibria, the

Ve
Q - > R

71'6 VE
Q/Ge

Fig. 5.1 Symmetry of V;.
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associated stability issues are quite different. In the following, we shall state the
main ideas in a somewhat more general setting than needed for this paper. However,
we think that this added generality keeps the treatment free of confusing details.
In general, let B, P be differentiable manifolds, and G be a Lie group. Consider a
principal G-bundle, (P, G, B), namely, G acts differentiably on P freely and properly,
B = P/G is the quotient space of P with the canonical projection 7 : P — B
being differentiable. Moreover, P is locally trivial, that is, every point ¥ € B has a
neighborhood U such that there is a mapping from 7~ }(U) to U X G, z —> (7T(Z )s ¢(z))
that is a diffeomorphism and ¢(g - z) = g - ¢(z), for all g € G. See Figure 5.2 for
an illustration of the geometric structure of such an object. For more details, see, for
example, [34].

A vector field X on P is said to be projectable if for each f € F(B), there exists a
f € F(B) such that X[f owr| = f o, compare, for example, [30], [18]. Now, given
a projectable vector field X on P, the corresponding projected vector field X on B is
defined in the following way. Given a smooth function f on B, the Lie derivative of
X on f is defined as

X[f12F o X[flom =X[fon] (5.15)

It is easy to verify that the vector field X, defined in (5.2) is projectable with the
projected vector field X;, defined in (5.3) in the above sense.

Definition 5.5. For the principal G-bundle, (P, G, B), a point z € P is called a
relative equilibrium of a projectable vector field X € Z(P) if m(z) is an equilibrium
of the associated projected vector field X € ¥(B). Moreover, a relative equilibrium
z € P is relatively stable modulo G if the equilibrium 7(z) is Lyapunov stable with
respect to the projected vector field X.

Remark 5.6. In [28], the smooth manifold structure of the quotient space P/G is
not explicitly invoked in defining the notion of stationary motion and relative stabil-
ity modulo G . However, when the group action is free and proper, P/ G is a manifold.

/' \Gez

Fig. 5.2 Principle G-bundle.
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This is the case considered in this paper, and hence Definition 8.13, p. 242 in [28] is
equivalent to Definition 5.5.

For a gyroscopic system with symmetry, the definition of relative equilibrium v, €
TQ in Definition 5.4 matches with the Definition 5.5 by noting that the principal G-
bundle is now (TQ, G, TQ/G). Accordingly, the relative equilibrium v, is relatively
stable modulo G in TQ if #(v,) is a stable equilibrium with respect to the projected
Hamiltonian vector field Xz . On the other hand, in the symplectic reduction process,
we have the bundle structure (J “Y(w), G, (TQ),L). The relative equilibrium defined
in Definition 5.2 can be regarded as a relative equilibrium with respect to this principle
G-bundle. Correspondingly, we may define relative stability modulo G, in J~'(u)
with respect to the reduced dynamics X HE - Since the space (T'Q), is diffeomorphic
to a symplectic leaf in TQ/G, relative stability modulo G in TQ implies relative
stability modulo G, in J~!(u). The converse is illustrated by the following theorem
from [28], Theorem 8.17, p. 244, see also [50] [24].

Theorem 5.7. Let v¢ be a relative equilibrium, compare Definition 5.2. Definiteness
of the Hessian D*H P ar w(ve) € (TQ), implies the relative stability modulo G in
TQ of ve, if there exists a neighborhood W of ¥(v¢) € TQ/G such that the rank of

x?
the Poisson structure {-, -};, defined in (5.5), is constant in W.

Those points v, in T7Q satisfying the constant-rank condition stated in the above
theorem will be referred to as generic points. The following example demonstrates
that the sufficient condition in Theorem 5.7 is essential. This example is from [28].
A detailed discussion can be also found in [24].

Example 5.8. Consider a symplectic manifold (P, w), where
P =R"={(q1,92 p1, p))} © =dgi/\dp;+dg,/\dp,. (5.16)
Let

G = Af f+([R) é{(oz, b) E [Rz} with the group structure
(a,b)-(c,d) =(a+c, b+ e%d).

517

It can be shown that G defined in (5.17) is a Lie group. We define the action of G
on P as

GXP—P (ab)(q g2 p1, p))—(a+qib+e%qr pre *pa).

It is easy to check that this is a symplectic action on P. This action is also free and
proper. It follows that P/G is a manifold (= R?). The symplectic structure @ in
(5.16) defines a Poisson bracket on %(P), which, in turn, induces a Poisson structure
on P/G. Let a Hamiltonian function H be defined at H(qi, g2, p1, p2) = pa2e?,
which is a G-invariant function. It can be checked that (0, ¢, 0, 0) € P is a relative
equilibrium corresponding to the vector field Xy . Moreover, this relative equilibrium
is relatively stable modulo G, in J~'(u), since the quotient space J '(u)/G, de-
generates to a point. However, it has been shown in [24] that this relative equilibrium
is not relatively stable modulo G in P. Note also that the induced Poisson structure
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does not have a constant rank at (0, ¢, 0, 0) and hence the condition in Theorem 5.7
does not hold.

There are several methods for determining relative stability in the appropriate sense.
For example, the energy-Casimir method [20] [46], or the Lagrange multiplier method
[29] [49] [46] can be used to determine relative stability modulo G in TQ. On the
other hand, the energy-momentum method [39] [41] is useful in determining relative
stability modulo G, in J~!(u). For simplicity, we will drop the underlying spaces
in the definition of relative stability, for example, we say merely relative stability
modulo G,. The underlying space is clear from the context. In the next section, the
energy-momentum method will be adopted to study stability properties of relative
equilibria for gyroscopic systems with symmetry.

6. Energy-Momentum Method for Gyroscopic Systems

As pointed out in Section 4, the use of gyroscopic feedback laws can affect the
location of relative equilibria and their stability properties. In the work of Bloch,
Krishnaprasad, Marsden, and Alvarez [7], an example of rigid body stabilization using
such a control law is considered. Here we give a general method to explore stability
under gyroscopic feedback laws. A key requirement is to obtain stability criteria that
are explicit in the parameters of the feedback law, for example, the gyroscopic field.

In this section, the relative stability modulo G, will be examined via the energy-
momentum mapping. Here we apply the energy-momentum method to the general
framework of gyroscopic systems with symmetry. The block-diagonalization tech-
nique for simple mechanical systems with symmetry is extended here to account for
gyroscopic terms. The decomposition of the symplectic structure is also presented.
Key references for this section are [39] [41].

Let (P, w) be a symplectic manifold on which the Lie group G acts symplectically,
and let J : P — 9" be an Ad"-equivariant momentum mapping for this action
(see Section 2 for definitions). Assume we could perform symplectic reduction on
P in the sense of Marsden and Weinstein [32]. The reduced phase space is denoted
by P, = J '(u)/Gy. Let H : P — R be invariant under the action of G. It
induces a Hamiltonian function H* on P, satisfying H* om, = H 0i,, where
m, © J 7} (u) — P, is the canonical projection and i, : J~!() —> P is the inclusion
map. We are interested in the stability property of a relative equilibrium associated with
the reduced dynamics Xp» on the reduced space P, , or the relative stability modulo
G, in J ~!(w). By construction, H* is a first integral of the reduced dynamics. Thus if
H* has a strict local minimum at 7 ,(z.) where z, is a relative equilibrium, then H*
serves as a Lyapunov function. Standard Lyapunov stability analysis can be applied
to conclude stability. Since, for z € J " }(u) C P,

H*(mu(2) = H(iw(2) = H |;-10() ,

the condition for 7, (z.) to be a strict local minimum of H# is equivalent to the con-
dition for z, to be a strict local minimum of H | J-1(u) modulo the tangent directions
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of the group orbit, G, - z. This in turn corresponds to checking that the relative
equilibrium z, solves the constrained minimization problem,

minimize H(z) subject to J(z) = p. = J(2.).

This problem could be further formulated as checking z, to be a strict local minimum
of H— (J,&) in all directions on J '(u.) except along the tangent directions to
the group orbit generated by G, where £ serves as the Lagrange multipler. These
heuristic remarks are formalized in the following, giving rise to the energy-momentum
method, compare [40], [41], [36], [39].

Define the energy-momentum functional

He(z) = H(z) — {(J(2), é). 6.1)

From the relative equilibrium theorem, compare Theorem 5.3, each relative equilib-
rium of the system is a critical point of H¢, for some ¢ € 4, namely,

DH¢(z,) 8z =0 VézET,P.

From previous discussions, the definiteness of the second variation of H; on a subspace
¥ of T, P satisfying

P =T, () TGy - 2¢), (6.2)

implies the relative stability modulo G, of the relative equilibrium z,. One way to
find such a space & is to construct a complement of T, (G, - z.) in T,,J “(ue)
such that 7,,J Y(u.) = ¥ D T,,(Gy - z¢). Since T, J }(u,) = Ker DJ(z.), which
is the kernel of the operator DJ(z,.), we summarize the energy-momentum method
for relative stability as follows.

Algorithm 6.1. (Energy-Momentum Method).

. Pick £ € 9.

. Solve the problem DHg(z) - 6z = 0, YV 6z € T, P, for a relative equilibrium z,.

. Compute u, = J(z.), and determine the space Ker DJ(z.).

. Find & C Ker DJ(z,.) such that Ker DJ(z,) = ¥ @ T,,(G, - z¢).

. Check the second variation of Hy on &. Definiteness of the second variation
implies stability.

N - O

For visualizing the geometric picture, see Figure 6.1.

Now we restrict our consideration to gyroscopic systems with symmetry introduced
in Section 4. The underlying space is P = TQ with the symplectic structure Q. In
this setting, the momentum mapping is given by, compare (4.21),

J@IE) =< vy + Y (x), §(x) >, (6.3)

and the energy-momentum functional is Hg(vy) = Kg(vy) + Ve(x), where, compare
(5.12),
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TZ(G ) z)

T w)

Fig. 6.1 Energy-momentum method.

1
Kg(vx) = 5 <K v, — fQ(x)r Vx = ‘fQ(x) >,

1
Ve(x) = V(x)— K< Y(x), &(x) >, ~3 K fp(x), fp(x) >,

We define the space
Ne & {npx):n €Y, 6.4)

which is a subspace of 7,0, and thus N 2 UxeoNyx, is a subbundle of 7Q. We then
decompose T:Q = N, ® N} where N is the orthogonal complement of N, with
respect to the inner product associated with the Riemannian metric. Every element
v € T, Q can be thus written uniquely as v = no(x) + 7, for n € 4, v € N}. With
this decomposition, the function K¢ could be further written as

1 1
Ke(x,v) = 5 [[no(x) = &))"+ 5 ¥

Note that at relative equilibrium (xe, §Q(xe)), we have v, = §Q(xe), and v = 0. Thus
the second term in K is nonnegative and vanishes at a relative equilibrium with a
positive semidefinite second variation. Define

~ 1
He(x,m) = 5 o) = &0* + Ve, ©.5)
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From the above observations, relative stability modulo G, can be determined from
this modified function on the space of @ X %§. Moreover, taking variations in the space
Q X % corresponds to taking variations in the subbundle N C T Q. We define the
following embedding:

F:0XG>TQ,  (x,m) = (x,mp()).
Hence H; = H; 0%. A G-action on the space Q X ¢ can be constructed as

T GX(QOXY—>0Xx%G

(6.6)
(g, (x, M) (g - x, Adgm),
where Ad is the adjoint action defined in (2.3). It can be checked that
Yio% =%oy,. (6.7)
Define the premomentum mapping
J(x,m) = JTo%(x,m) = J(x, ng(x)) (6.8)

A straightforward argument shows that the premomentum mapping J:0XG—>g
is Ad*-equivariant. Thus the level set J- 1(w) is invariant under the action of the
isotropy subgroup G, . Furthermore, let & : Q X § — R be defined as H=Ho%.
From (6.7), the funct10n H is 1nvar1ant under the group action ¥. The functional Hg
can be now written as Hg = H — (J, £). By the invariance properties of A and J,
the restriction of Hg on J ~'1(/u,),

Hy ‘i-l(u) = HL—_I(M) =, &)

is invariant under the group action of G,. As a consequence, the geometric picture
is the same as in Figure 6.1. An algonthm analogous to Algorithm 6.1 can then be
applied to check if (x, £) is a local minimizer of Hg restricted to J ~!(u). Before doing
so, we introduce a few notations. The Riemannian metric restricted to the subspace
N provides an x-dependent bilinear form on the Lie algebra 4. This, in turn, induces
a pairing (locked inertia tensor associated to x € @), Ljpce(x) : 4 — §*, defined

through
€ Lok ()M &< 9 (x), mo(%) >, 6.9)
for £, n € 4. From the symmetry property of the Riemannian metric, we have

<§» Ilock(x)n> = <Ilock(x)§) 77);

namely, I;,.;(x) is symmetric. Also, we assume that, at x, the locked inertia tensor
has an inverse, Liocr(x)™! 1 §* — %. On the other hand, the gyroscopic field also
induces for each x € Q an element Iy(x) in 4" defined by

Iy(x), m) B Y(x), no(x)>, Vn€EQL. (6.10)
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We refer to Iy(x) as the (x-dependent) gyromomentum. The function Hg can now be
expressed as

~ 1
He(x,m) 5(”/7 ~ & Locr(x)(n — €))

V() = 5 Toer (0) = (), ) 6.11)

1
§<TI =& Lioer(x)(n — €)) + Ve(x)

with the premomentum mapping, from (6.3), (6.8), for n € 4,
TG, &) = (lx, me(), &
=< T]Q(x), {Q(x) >+ K Y(x), {Q(x) >,
= (Loer ()M, £ + Ty (x), ),
or we may write
J(x, ) = Lok (x)m + Iy (x). (6.12)
For u € 97, the associated isotropy subalgebra 9§,,, is defined in (2.4). With the inner

product induced on % by the locked inertia tensor at x,, we define the orthogonal
complement of §,,, to be

G, 2 {{EG: (L Lpa(xeIn) = 0, YV 1 E Gy} (6.13)

Following the notations used in [39], we define the maps A:9—> €, and A:4—
9, by

() & adipe, M) & Toe(xe) ™ (), (6.14)
respectively. As proved in [39], we have the following lemma.

Lemma 6.2. Provided that (Qte is finite dimensional or S is elliptic with respect to
the inner product induced by 1;,.4(x,), we have

(i) 4 maps 4 onto G .
(ii) A maps G onto 4. C G, where §;, = {[.L EG :(n,m) =0,V €& ‘Q,Le},
is the annihilator of §,,,.

With these notations, we are ready to apply Algorithm 6.1 to check if (x.,€)is a
local minimizer of H; restricted to J ~'(u). We proceed as follows.
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Step 0. Fix £ € 4.

Step 1. It is straightforward to derive

DHg(x, n)(8x, 81) 1
= DV;(x)3x + (81, Lioei(x)(n = €)) + 541 = &, (Dhioer()3x)(m — ).

The relative equilibrium is given by the conditions DVf(xe) =0, n, = &, which
match with the conditions we obtained in Algorithm 5.4.

Step 2. For the relative equilibrium determined by the pair (x,., £), we have
pe = J(xe, ) = Doer(xe) € + Iy(xe). (6.15)

Now we find the space Ker DJ(x., £). From (6.12),

Je J(x + €bx,m + €dn)

€=0 (6.16)
(DLioek (x)8x)m + Lioct (x)8n + DIy (x)8x.

DJ(x, n)Bx,8n)

Here again x + €dx denotes the integral curve corresponding to the tangent vector
6x at x. For (6x, 81) to be in Ker DJ(x,, &), we must have, from (6.16),

én _Ilock(xe)_l((DIlock(xe) 8x)€ + DIY(xe)3x>

Liock(x)”'ident] (x.)8x.

where the map ident! : ¢ X TQ — ¢* is defined by, for (x,8x) € TQ,

identg(x)ﬁx £ —((Dllock(x)ﬁx)f + DIy(x)8x>. .17

This map specializes to the map ident, defined in [39] when Y = 0, that is, for simple
mechanical systems with symmetry. The properties of this map play an important role
in our subsequent development. We need the following lemma.

Lemma 6.3. For x € Q and {, v, n € 9, we have the following identities,
@&, DLk (X)Me()) = (€, M, Lok (x)¥) +{[v, 1], Ioek (x)E),  (6.18)

¢, DIy(x)mo(x)y = {Iy(x), [, n)). (6.19)

Proof. The proof of (6.18) can be found in [39]. Here we only verify (6.19). By
definition (6.10),
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(Iy(expen - x)¢)

e=0

<{’ DIY(x)'UQ(x))

4
de
d

K Y(expen - x), {p(eXpen * X) P expenx
=0

de
=Ly, <Y,{> (x)
=<K Ly Y (1), L) >y + K Y (1), Lyylo(®) >,

by using Lemma 2.2. Also we have the identity L,,lyp = [, nlg. With Lemma 2.1,
it follows that

(¢, DIy(x)mg(x)) =< Y (x), [{, nlo(x) >, = (Iy(x), [{, n]).

We now evaluate the map identé' (x ) restricted to the space Ny, .
Lemma 6.4. For n € 9, at relative equilibrium (x,, £),

identg(xg)nQ(xe) = adype + Loer(x ), €. (6.20)
Proof. From the definition (6.17), for arbitrary v € 4,

<identg(xe)nQ(xe): V> = _<V’ (DIlock(xe)nQ(xe))g) - <DIY(xe)nQ(xe)) V)-
From Lemma 6.3, this could be further written as

—<[V: 77]’ Ilock(xe)§> - <[§’ 77]: Ilock(xe)V> - <IY(xe)» [v, 77])
= (Lock(xe) € + Iy(xe), [, v]) + Lo (x )IE, M1, v),
= <ad:]:ue’ V> + <Ilock(xe)[§: 17]; V>,

where the formula for u, in (6.15) has been used. We thus established (6.20).
The discussions in Step 2. can be summarized by writing

Ker DJ(x.,£) = {(6x,m) € T, (Q X 9 : 1 = Lper(x.)” 'ident] (x.)x}.
(6.21)

Step 3. As seen in (6.21), the component of %4 in Ker DJ (xe, §) is determined from
the variation éx in T,,Q. We thus only need to decompose the kernel space with
respect to Ty (G, * x.). Since

Nie & T, (Gy, - xo) = {mo(x.) ET,,0: 1 €4,.], (6.22)
we find the orthogonal complement of N#¢ with respect to the Riemannian metric as
V ={6x €ET,,0 :<<bx,m9(x.) >,,=0, Vn€EY,} (6.23)

Consequently, the space & can be written as

P ={0x,m) EV XG:n = Lya(x.) "ident] (x.)8x] . (6.24)
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and we obtain Ker DJ (x,, &) = $ DT, 5 (G,Lz “(xe, 5)), where, with respect to the
action I defined in (6.6),

TG, (xe. 6) = {o(x0), adif) 1 { €96,
can be shown to be a subspace of Ker DJ(x., &).
Step 4. Now we check the definiteness of the second variation of H¢ on the space
. The block diagonalization techniques prove to be useful in this context. First, we

note that, under conditions specified in Lemma 6.6 (see below), the space V" can be
decomposed as

V = Vric © Vinr, (6.25)

where
Vric £ {lo(x): L EG; ), (6.26)
Vinr £ {8x €V : (¢, ident] (x.)8,) = 0, V{ €45 . (6.27)

It is this decomposition that the block diagonalization is based on. On the other hand,
by definitions (6.14), (6.22), and (6.26), we have Ny = N#<@®Vg;s. The relationship
between these spaces is geometrically depicted in Figure 6.2.

Next we check the second variation of ffg given by

D?Hg(x,., £) - (Ax1my) - (Sx2, M)
= (m, Lok (x)m2) + D*Ve(x,) - 8x1 - 8x

= (identg(xe)ﬁxl, Ilock(xe)_lidentg(xg)6x2) + Dz\/g(xg) <8x;6xy,

for (6xq, m), (6xa, M) € Ker Df(xe,f). For convenience, a bilinear form on
T,,0 X Ty, Q is defined as

AT ? Vric

VINT

Fig. 6.2 Decomposition of T,Q.
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B:(5x;,6x,) 2 (ident] (x.)8x1, Liock (%) ident] (x,)8:x2) (6.28)
+ D*V(x,) - 8x; - 8x2.
Accordingly,

D*Hi(x., &) (8x1,m) - (8x2, M) = By(8x1, 8x2).

We have the following key proposition.

Proposition 6.5. For 7g(x.) € Vzig, and 6x € Viyr, Bg(nQ(xe), Sx) = 0.

Proof. We first find the second variation of V. By the property that V is G-invariant
and Lemma 6.3, we have

DVe(x) - mo(x) = DV(x) - mo(x) — %(5, (DXpei(x) - 'fIQ(x))§> = (DIy(x) - mo(x), &
=€, 1], Liock ()€ + Iy (x)).
It is then easy to see that, compare (6.17),
D?V(x) - mg(x) - 8x = —([€, m], (Dhoex(x) - 8x)¢ + DIy (x) - 8x).
(€. m), ident} (x)8x).

Next we evaluate the bilinear form on Vz;¢ X Vinr. Combining (6.28), (6.29) and
using Lemma 6.4, we obtain

fi

6.29)

Bg(nQ(xe), Bx) = (identg(xe)ng(xe), Ilock(xe)_lidentg(xe)6x> + (¢, 1], identg(xe)ﬁx
= (adype + Lock(xe)M, €1, Loer (x.) ™ 'ident (x)8x)
+ ([, ], ident; (x.)8x)
= (ady e, Lok (x.)” 'identf (x,)8x)

= (sd(m), ident} (x.)8x), (6.30)

where o is defined in (6.14). From Lemma 6.2, d(n) € @te. For 8x € Vinr, by
the definition of V;x7, compare (6.27), the desired property foliows.

With this proposition, the second variation of ﬁg on ¥ at relative equilibrium
is diagonalized into two blocks. Checking the definiteness of PD*H; on & is thus
equivalent to checking the definiteness of B; on the spaces of Vgrg X Vric and
Vint X Vynr independently, under the assumption that (6.25) holds. These techniques
often simplify the computations quite significantly. In particular, the form of B; on
Vzic X Vric can be worked out explicitly. From (6.30),

Be(no(x.), no(xe)) = (sd(n), ident] (x.)mg(x.))
= (Sﬁ(n)y ad:,/-"'e + Iluck(xe)[n) §]> (631)

= (adype, liock(xe) 'ad e} + (ady e, adyé).
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This is the Arnold block analogous to the one in simple mechanical systems with
symmetry {41]. The gyro-momentum is buried in . and can affect definitiveness of
this block. Definiteness of this block ensures the decomposition (6.25) of the space
V', which is proved in the following lemma.

Lemma 6.6. Positive definiteness of B on Vgrg X Vrig implies that V' = Vri D
Vinr .

Proof. The proof is analogous to the one in [39]. We only consider here the finite
dimensional case. Letting {p(x.) € Vgre N Vinr, we have { € (gle, and

(v, ident{ (x )p(x.)) =0 Vv E%G, . (6.32)

We choose, in (6.32), v = () € &Qle, which is ensured by Lemma 6.2. By
comparing with (6.31), we get

B:({o(x.), fo(x)) = 0

Since, by assumption, B; is positive definite, this implies { = 0. Namely,
Vrigc N Viyr = {0}. On the other hand, dimVg;g + dimV;yr = dim¥". Thus
the decomposition (6.25) holds.

With this Lemma, we do not need to verify the decomposition (6.25) explicitly.
It is guaranteed by checking the definiteness of the Arnold block. We summarize the
discussion in this step in the following theorem.

Theorem 6.7. If the bilinear form By is positive definite on both Vg X Vgic and
Vinr X Vinr, then the relative equilibrium (xe, §Q(xe)) € TQ is relatively stable
modulo G .

Now we have completed the process of Algorithm 6.1 of determining the relative
stability for a gyroscopic system with symmetry. The block diagonalization of the
second variation of Hg is achieved on the constrained subspace ¥. A few explanatory
remarks follow. First, we note a necessary condition for relative equilibrium. Namely,
at relative equilibrium (x,, £),

adjp, = 0. (6.33)

This result holds in the general setting of Hamiltonian systems with symmetry, see
Proposition 1.2 of [39] for the proof. Next we consider the amended potential intro-
duced for simple mechanical systems with symmetry. From (6.12), we may construct
a mapping from Q X §* to Q X G as

(x, p)— (x, Lper(x) Hp — Iy(x))>.

With this transformation, the functional A on the space Q X ¢* can be expressed as,
from (6.11),

He(x, p) = Vu(x) — (. £),



Gyroscopic Control and Stabilization 403

where the function

1
Vo(x) £ V(x) + {1 = Ty (x), Lock ()7 p — Iy (X)), (6.34)

is called the amended potential. It can be shown that, at relative equilibrium (xe, 5),
we have

DV,(x.)8x = DVg(x.)dx,
DZV,L(xe) “0xy16xy = Be(dx1, 8x2).

Thus the stability conditions in Theorem 6.7 are equivalent to the conditions for the
relative equilibrium to be a constrained strict local minimizer of the function V,,. This
conclusion is analogous in spirit to the Lagrange-Dirichlet theorem [6]. We phrase it
as a theorem.

Theorem 6.8. For gyroscopic systems with symmetry, the components of relative
equilibria in the configuration space are the critical points of the function V. If the
configuration component x. of a relative equilibrium is a constrained strict local
minimizer of the function V, (i.e., by taking out the neutral directions tangent to
G, " xc), then the associated relative equilibrium is relatively stable modulo G, .

Remark 6.9. In most practical problems, the augmented potential V; is easier to
compute than the amended potential V,,. From Theorem 6.7 and (6.28), it is clear
that positive-definiteness of the second variation of V; on V' is sufficient for stability.
Following arguments similar to the discussion regarding V,,, we get an analogous
statement as in Theorem 6.8 with V,, replaced by the augmented potential V;. However,
sufficient conditions obtained from V,, are clearly weaker than the conditions from V;.

Remark 6.10. Theorem 4.4 and Theorem 6.8 can be combined to assess the stability
of closed-loop relative equilibria obtained by the application of a gyroscopic feedback
law, compare 4.12, to a simple mechanical system with symmetry and exterior force.

In the following, we consider two special cases. First, it is easy to see that for
the case of 0 = G, compare Figure 6.2, V;yr = {0}. Consequently, we only need
to consider the Arnold block for stability. Secondly, for the case of G = SO(3), we
have

—

adgh = X adjp = u X E, (6.35)
where f, fi € s0(3), and 2 € 50"(3). Thus, condition (6.33) implies

peXE=0 or p, = A§, (6.36)

where A € R is a scalar. It follows that 4, is the subspace spanned by the vector
£, which, in turn, implies that §;, = (Qg. Recall that from (5.13), V; is invariant
along the group orbit, ‘@g - x.. From Remark 6.9, we conclude that for this case, the
function ‘7§ defined in (5.14) is sufficient for determining stability. We summarize the
discussion in the following corollary.
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Corollary 6.11. We consider a gyroscopic system with symmetry (Q, K.Y ,V,G).

(i) For the case that Q@ = G, positive definiteness of B, at relative equilibrium,
defined in (6.28), on Vg;¢ X Vric implies relative stability modulo G,,.

(ii) For the case that G = SO(3), a strict local minimizer of the function 175, defined
in (5.14) on the space Q/G, induced by the augmented potential V; gives rise to
a stable relative equilibrium.

These observations are very useful in applying the energy-momentum method to spe-
cific problems.

After discussing the block-diagonalization of the bilinear form, or the second vari-
ation of I:I,f, we consider the decomposition of the symplectic structure on 7*Q
side for gyroscopic systems with symmetry. We follow closely the derivations in
[39]. Recall that for gyroscopic systems with symmetry, the symplectic structure on
T*Q side is unaffected by the presence of the gyroscopic term, and is hence the
canonical one. The associated momentum mapping is given by J : T*Q — ¢
with (J(x, p), &) = (p, &p(x)). We define the fundamental mechanical connection
a:TQ —>%Gas

a(vy) & L () (x, KP(y). (6.37)

It can be shown that & is a connection on the G-bundle Q — Q/G and a(ép(x)) = &.
Given u € 9", a 1-form &, : Q — T*Q is induced through the connection «,

<%;L(x), ve) = (M, a(vy)). (6.38)

Regarding %, as a map from Q to 7*Q, we can find the corresponding tangent map
T#, :TQ — TT*Q. Recall that the space ¥ C T, Q is decomposed into Vz;¢ and
Vint as defined in (6.26), (6.27), respectively, by assuming that the Arnold’s block
is definite. We define

>

{Txe%ug ) {Q(xe) : { € (gte},
{Txe%”z -8x:06x € OVINT}, (639)
{(0,8p): (8p,mo(x.)) =0,V n € ¥}.

It can be verified that ¥ = Yri¢ D Winr D Wyr. Also, we have the following
proposition.

Hic
Wint

*
Winr

1>

>

Proposition 6.12. At the relative equilibrium, z, = (x., p.) € T*Q, we have
(1) forf, vES; ,
0oz ) Tx Ep,  So(xe), T, Fp, - vo(x)) = ~(e, [£, VD),
(2) for { €%, (6x,8p) € Winr @ Wiy,
0oz )Tx, Ep, - bo(xe), (6%, 8p)) = —(hse, [, €(8)]),
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(3) for 8xy, 8x, € Vinr,
wO(Ze)<Tx,,g£I-Le * 8.761, Txegiﬂf ’ 8)62) = dg#e(axz’ 5361) - <g£/"e’ [6.7(72, 5X1]>,

@) for n €%, 0,8p) € Wy, @0z NTx, %, * Mo(xe), (0,8p)) =0,
(5) for (0,8p1), (0,8p2) € Wyr, wo(zNO,8p1), (0,8p2) = 0.

The proof is omitted here. It is very similar to the proof of Proposition IV.4, pp.
61-62 in [39]. Define the map

p:G, X Viyr X [@-xe]A—>9’,
where [% - xe]A is the annihilator of G - x, in T*Q, as
p(l,6x,8p) = TXESX,LZ “fo(x,.) + Txeff,,% -8x + (0,8 p).
This map induces a bilinear form

w,((&1,8x1,8p1), (&, 8x2,8p2)) = wo(z) (&1, 8x1, 8 p1), p(la. 82,8 ).

From Proposition 6.12, this bilinear form can be written as

0 (&1, 8x1,8p1), (&, 8x2,6p2))
= _</“Le) [{lr ZZD_(Me! [glr a(SXZ)]>+</Le, [ZZ: a(axl)]>

+d%,,(8x2,8x1) — (Fu,, [6x2,8x1]) +(8p2, 6x1) — (5 p1, Bx2).

This shows that the restriction of the symplectic structure can be block-diagonalized
as in Figure 6.3. This is analogous to the case of simple mechanical systems with
symmetry [39]. However, the gyroscopic effects enters through the definition of .,
compare (6.15).

Upon the completion of the discussion of the abstract framework, now we imple-
ment the energy-momentum method in more detail for the special case of G = SO(3).
This physically corresponds to the study of stability properties of rotating structures.
Through the isomorphism between R?® and skew symmetric matrices defined in (3.14),
we define the locked inertia dyadic I, (x) as

E Lok (D) = €10, (x)m, (6.40)

where we have used the trace pairing, compare (3.16). The matrices Ijyc (x), I7, ., (x)
are related by the following formula. For

9L Vint G- x)*
9. [ .. LiePoisson Bracket _: Rigid-Internal Coupling : 0
Vinr | —Rigid-Internal Coupling __ Canonical Symplectic Structure
[4- xe]A 0 : plus a Magnetic Term

Fig. 6.3 Block-diagonalization of w,
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Iy Iy Iis Iy + I3 =1 —I3
Lock(x) = Iz Inp Ips |, 1}, (x) = 2 VI ST o £ —In
Iz Iz I3z =1 —In3 Iy + Iy

Also, we define

Iy(x) = E(x), (6.41)
where I9(x) € R3. Namely,
Iy (x), ) = Ip(x) - 7. (6.42)
With these two objects, we have the following new representations,
To(x, ) = T, (1) + I (x), (6.43a)
V= V() = 26 B E —500) £, (6.43b)
ident;”(x)8x = —(DIf, (x)8x — DI;(x)5x, (6.43¢)

The bilinear form defined in (6.28) is now

B:(8x1,8x2) = identy’(x.)8x1 - I, (x.) 'ident}* (x )8 x2

(6.44)
+ Dng(xe) “8x1 - 6x;.
The Arnold block in (6.31) can be then written as, compare (6.35),
(ad}fre, Lok (xe) adffue) + (adfe, ad ;&)
= (e X 0} I, ()" (e X M) + (e X M) - () X £)
(6.45)

_ 1
= AZ(‘E xXm): (Iloock(xe) ' — X1>(§ X 7)

It is thus clear that for the Arnold block, we need to check the definiteness of the
matrix 17, (x¢)™' = (1/2)1 along all directions except £. Note that here A is nof an
eigenvalue of the locked inertia dyadic in contrast with the case of simple mechanical
systems with symmetry. The gyroscopic field affects A through the gyro-momentum
term, compare (6.36). The above formulae will be used in the following section for
the example of two rigid bodies with rotors coupled via a ball-in-socket joint.

7. Two Coupled rigid bodies with internal rotors

We now apply the energy-momentum method developed in Section 6 to a multibody
analog of the dual-spin problem. In [48], we show that, with an appropriate an damp-
ing mechanism, the system depicted in Figure 7.1 asymptotically approaches one of
the stable relative equilibria corresponding to an associated gyroscopic system with
symmetry. Here we will compute certain stable relative equilibria.
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Body 2

Fig. 7.1 Two rigid bodies with rotors.

The system under consideration consists of two rigid bodies connected by a three-
degree-of-freedom spherical (ball-in-socket) joint and three symmetric rotors mounted
on the center of mass of one body along its three principal axes, see Figure 7.1.
These rotors, called driven rotors, are set in constant motion relative to the carrier
body. We assume that the assembly is moving in a free space. For simplicity, the
inertial reference frame is placed at the center of mass of the assembly. This corre-
sponds to the reduction by the translational invariance of the system as discussed in
[16], [47]. Let my, my, ms,, i = 1,2,3, and I, I, Is,, i = 1,2,3 denote the
masses and the moments of inertia of body 1, body 2, and driven rotors, respec-
tively. Let € = ma(my + my + mg, + mg)/(my + mg, + mg, + mg, + my), the
reduced mass. As in the classical dual-spin example of Section 4, this system can be
put in the category of gyroscopic systems with symmetry with the following entities,
compare [46],
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g =803B3)xX500),
K (Blﬁl,Bzftz) (B]Wl,BQWZ) = (uf ug) JIT le w1 s
’ J12 J2 w2

Y(B1, Bs) = (B191,B292), V(B1,B2) =0, G =50(@),

where,

3
hh=L+edld +>I,

i=1
o 3
Jo=L+ Sdgdz + ZID"’
i=1
Ji2 = ed BT Byd>,
and the components y;, y, of the gyroscopic field are given by solving the equations
Jiyi+ oy, =1 = 10, Iy +Jy, =0.

The associated Lagrangian is
1 |
L(B1, Q1, By, ) = 7 < O, J1y > t5 < O, 1ol >

+e<Q,dBTByd, 0y >+ <Q),1>.

This system can be also viewed as a closed-loop system of a simple mechanical system
with gyroscopic feedback as described in Example 4.5.

Now we find the quantities introduced in Section 6. For the system under consid-
eration, the locked inertia dyadic, compare (6.40), can be determined from

<&1,(B1, Boy >
=< £(By, Ba), fig(B1, B2) >
=<¢,(B1J,BT + B2J:B! + B1J12B] + BJ,BT)n > .
Thus we have
I0,..(B1, B2) = BiJ1BY + BoJ:BY + B1J12BY + B,JT,BT.

The gyro-momentum in %9* induced by the gyroscopic field Y can be shown, compare
definition (6.42), to be

?z =B 1 l.
Accordingly, the momentum mapping is
m= I?ock(x)g + I;(x)

7.1)
= (B\J\BT + B2J2BY + BiJ1BY + B,J,BT)é + By 1.
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The augmented potential function V; is

1
Vf(Bl’BZ) = _5 <§’I?ock§ > = <Bll’§ >

1
—_—— < g, (BlJlB{ + BszBg + BlleB; + BzJ{zB{)f >

- <§,Bil >

[\®]

1 P e
-5 <& (B\J1BT + ByJ:BY + €Byd Byds + eByd2Bid >
- < gr Bll >

Now we apply the principle of symmetric criticality to find the conditions for
relative equilibria. The first variation of the augmented potential is derived as follows,

DVe(By, By)- (21B1, 12By) =< EB1JiBT € + €Bil + eB1d £Bydr€, uy >
+ < EBJoBIE + Byd2£Brd &, uy > .

From the above formula, we immediately read out the conditions for the configuration
components of the relative equilibrium (B, Bz.) as satisfying

£ x (BUIBIE + Bil) + eBid, x (£ X (Bada X €)) = 0, (7.20)

£ % (B2JoBTE) + oBads x (¢ X (Brd1 X €)) = 0. (7.2b)

These are very similar to the conditions derived in [47], except that a gyroscopic term
enters. By taking dot product with £ on both side of (7.2a), and letting s; = Bd1,
s» = Bad;, we obtain the coplanarity condition, compare [47],

£-(s1 X 52) = 0. (7.3)

Accordingly, the gyroscopic term does not affect the coplanarity condition for the
relative equilibrium for this problem. With this condition (7.3), equations (7.2) may
be re-expressed as

& X (B1J1BT€ + Bil) — e(Bid - €)Bads X £) = 0, (7.4a)
¢ X (BJ2B€) — e[B2d; - £)B1dy X £) = 0. (7.4b)

Now we find a particular relative equilibrium for this problem. Let {el,ez, e3},
{fl, fa, f3} be the coordinate frames corresponding to body 1, body 2, respectively,
such that

Jiei = Jye, Jofi = Joufi, i =1,2,3.

It can be checked that if the following conditions hold,
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£ = |¢[By ey = |€|B; fu, (7.5a)
I =1 e, (7.5b)
di = a; e, d, = ax 1y, (7.5¢)

conditions (7.4) are satisfied. Thus the conditions (7.5) are associated to a relative
equilibrium (B),, Ba.). From (7.5a), we know that

By, e; = By, fy. (7.6)
By substituting (7.5a}, (7.5¢) in the coplanarity condition (7.3), we get
e’ (ez X Befz) =0,

where B, = BlTeBze. With (7.6), this only happens when B; f = *e;. Thus, we
have two sets of relative equilibria expressed in terms of the relative shape variable
B ey

B.fi=e¢, B.fh= e, B.fz3= e, (7.7a)
Be f1 = €1, Be fz = —ez, Be f3 = —e3. (77b)

In the following, we will study the stability property of the relative equilibrium cor-
responding to (7.7b) with (7.5). This configuration is depicted in Figure 7.2.

The energy-momentum method is adopted here to determine the stability. We first
need to compute the second variation of the augmented potential. It can be found as
follows,

D?Vg(B\, B2) - (@1B1, #2B2) - (#1181, #12By)

d N N N N
= — DVg(eeulBl, eE”ZBz) . (ﬁlesulBl, ﬁzeeusz)
de e=0
=< {,BJ\BT& — B\J\B] i1, + i11Byl, iné > (7.8)

+ < 23B02BYE — BoYoBY o€, iinf >
+e&< (ftlml)gﬁ;dzf, uy > +e < (ﬁzﬁz\dz)gﬂlf, uz >
+2¢ < (11B1d))¢, (02B2d )€ > .
Define
u & B ui, u & B, u;.

The components of wy, uz will be denoted by (u11, u2, uy3) and (uz1, U2z, u2s),
respectively. Also, we will use the notations,

Ji = diag{J11, Ji2, J1s}, J, = diag{To1, Iz, T3} .

At relative equilibrium (Bj,, B».) such that (7.7b), (7.5) hold, we can further write
the second variation of the augmented potential as
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nnas

Fig. 7.2 Relative equilibrium configuration.

D*V¢(Bi., Bz.) - (B1.4i, Byo3) - (B1. Wi, By t3)
= el¢farasfun — 1121)2 + ((Jn — Jia)lé + ll)lﬂ”%z

+ ((Jn — Ji2 + saran)lE| + l1>|§|u%3 + (a1 — Tos)Puz, 7.9)
+ (ng — Ty + Salaz)l‘flzu%&

From Remark 6.9, we check the positive definiteness of the second variation of the
augmented potential on the space of V. For the relative equilibrium under investiga-
tion, we have the momentum mapping, compare (7.1),

Me = ((Jn + I + 28611612)15’ + ll)Ble €.

Thus the Lie algebra corresponding to the isotropy group is G, = Span|{B;. e},
with the orthogonal complement with respect to the locked inertia tensor,

4, = Span{Bi. e, Bi. e3}.
The space V" is given by
V = {(Bi.1i, Bt) << (B1.1, B2oW3), (71B1., AB2)>=10, ¥ n €G,,}
= {(B1.i, B2e W) : (T + earazuys + (Va1 + earazjuy = 0},
The second variation of the augmented potential restricted to V" is now
D*V¢(B\., Ba.) vy - (Bieti, Boo3) - (B1. Wy, B2, G3)

2
I +ea1as 2
—— + 1] uy
Jii +eajar

= 3‘§|Zalaz(

+ ((Ju - Jis)| €l + 11)§|U%2 + ((Ju — Iz + eajar)€| + 11)|§|u%3

+ (J21 - J23)|§]2u§2 + (le — Jn + sa1a2)|§|2u§3. (7.10)
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Consequently, we can read off the sufficient conditions for stability from (7.10) as
(i = TJns)lel + 11 >0,

(Ju —J+ sa1a2)|§| +1; >0,

Jo1 = I3 >0,
Jo1 = Jp + 8ajay > 0.

The above discussions are summarized in the following theorem.

Theorem 7.1. For the multibody dual-spin problem, conditions (7.5), (7.7b) give
rise to a relative equilibrium (Bi., B2,). Furthermore, assuming that

I I
= >Ji—J and +—
gl e g

the relative equilibrium (B1., B2.) is stable if

> Jip —Ji — eaias,

Joy—=Jn >0 and Jy —Jp + eaja; > 0.

Remark 7.2. Tt may be checked that the positive definiteness conditions for the Arnold
block are

Ui = Ji3 + Tt — Is)lél + 1, >0,
(T = Ji2 + Joy — I + 2ea;1a2)é| + 11 > 0.

These conditions ensure the decomposition of the space V', compare Lemma 6.6. It
is easy to see that these conditions are implied by the conditions in Theorem 7.1.
However, this is not sufficient for stability. There are additional conditions coming
from the other block. Thus, for such a coupled system, we could never regard the
system as a whole rigid body. The coupling effects should be suitably accommodated.

Now we consider the other relative equilibrium coming from (7.7a). The second
variation of the augmented potential corresponding to the case that the relative shape
is identity [i.e., that the two bodies are folded can be found from (7.8) to be, compare

(7.9)],
D*V;(B1., Bse) (B1oWi, Bao3) - (B1o W1, Booti3)
= —el¢Parasfon =l + (T — Il + 1 el
+ (10 = 312 = earazfé] + 1 ety + (a1 = Tos)iud,
+ (I — Ty — £aya)|fPu;.

Even restricted to the space V', there is always one negative term. This fact suggests
that this relative equilibrium may be unstable, irrespective of the rotor speed. Further
analysis is needed to justify this statement.
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8. Conclusions

The Lagrange-D’Alembert principle is a starting point for modeling natural mechanical
systems subject to exogenous forces. If the forces are determined through feedback
laws, then the structure of the closed-loop system can be used to assess stability
properties of the system. In the present paper, using an intrinsic formulation of the
Lagrange-D’Alembert principle, we have identified a class of feedback laws that lead
to gyroscopic systems with symmetry. The (energy-momentum) block-diagonalization
theorem for simple mechanical systems with symmetry has been extended to gyro-
scopic systems with symmetry, or the closed-loop system. Working consistently on
the tangent bundle side, we establish the splitting that block-diagonalizes the second
variation of the energy-momentum function at a relative equilibrium. The splitting
depends on a quantity that we refer to as the gyro-momentum that can be computed
in terms of the given gyroscopic vector field.

The gyro-momentum also enters the stability criteria. From the viewpoint of this
paper, the gyro-momentum is the key control parameter and thus it is possible, using
the methods of this paper, to determine whether a specific gyroscopic feedback law is a
stabilizing feedback law. This is illustrated in the example of Section 7 on two coupled
rigid bodies with internal rotors. This example is a natural generalization of the single
rigid body dual-spin problem studied by P. S. Krishnaprasad [23], Sanchez de Alvarez
[2], and more recently in the collaborative work with Bloch and Marsden [7]. Other
more complicated examples, including dual-spin satellites in central gravitational fields
and with flexible attachments, appear in the dissertation of Wang [46].

In future work, we plan to investigate bifurcations of relative equilibria with respect
to the gyro-momentum. Examples of this appear in the work of Krishnaprasad and
Berenstein [25]. Control strategies based on bifurcation of relative equilibria may be
effective in a variety of problems. We hope to discuss these and other aspects in a
later paper.
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