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Abstract. We prove the existence of a spontaneous magnetization at low
temperature for the one-dimensional Ising Model with 1/r? interaction energy.

1. Intreduction, Basic Ideas and Main Results

It has been known for some time that the one-dimensional Ising model exhibits
a phase transition when the forces are sufficiently long range. If the interaction
energy is given by

J(i-f)znr)gc[‘ﬁ.w],

e |

then there is a spontaneous magnetization at low temperature. This result is due
to Dyson [2,4] and was obtained by comparison to a hierarchical model. On the
other hand if

N
lim [In(N)]~'2 Y J(r)r->0,
Now ne= 1
Rogers and Thompson [7] showed that the spontaneous magnetization vanishes
for all temperatures. The same result is expected if the exponent 1/2 is replaced
by 1. See [3,8] for other related results.

In this paper we establish a phase transition when J(r) = 1/r*. This is a borderline
case which has been discussed by Anderson and Yuval [1] in connection with the
Kondo problem. Thouless has also studied this model and predicted a discontinuity
in the spontancous magnetization as a function of temperature—the Thouless
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effect [10]. Simon and Sokal [9] have rigorously established this discontinuity
assuming

i) there is a spontaneous magnetization, for §= T~ ! large, and

ii) the spin—spin correlation (o0, >(f) — (o, >(f)* has a uniform power fall-off
for f>p..
Some time ago Dyson established the Thouless effect in a hierarchical model [4].

We shall apply an energy-entropy argument similar to the one we developed
for the two-dimensional Coulomb gas [ 5] to establish the existence of a spontancous
magnetization for the 1/r> model at low temperature, T= 7! < 1, thus establishing
1) above. The simplest form of this argument is due to Landau and Lifshitz [6].
In order to explain their idea we first set up our notation. Let

Hyo)= ) li—jlI"*(1 - o0} (1.1)

i<j

denote the energy of a configuration, ¢ = {0,},.z, of Ising spins ¢, = + 1. We impose
the boundary condition
o= +1, for li=L,

where 2L is the length of a finite subsystem, and we shall let L tend to oo. It is
convenient to introduce the lattice Z* of nearest neighbor bonds, b=(i,i + 1),
ieZ. (Note that Z* = 7 + 1/2 if we identify b by its midpoint.)

Each configuration ¢ of spins completely specifies a subset I' =I'(s) < 7§, where
Z¥ =7*n[— L,L], which is the set of spin flips, i.c.

ber lff TbEaiGi+.l = —1.

Note that our choice of boundary conditions implies that the cardinality of I'(g) (i.e.
the number of spin flips in I'(¢)) is even. Conversely, each even subset I' = 7} of spin
flips determines a unique configuration ¢ = ¢(I') of spins, Subsets of a configuration I
of spin flips are denoted by y,y",7,, 75, .... Given somey < I, let b_(y) be the smallest
and b_ (y) the largest bond belonging to y, and let d(y) be the diameter of y, i.e. the
total number of bonds of Z* lying between the left endpoint of b_(y) and the right
endpoint of b, (y). (It is assumed that Z* is equipped with its natural order.)

The basic energy—entropy argument may now be described as follows: Consider
the elementary configurations, I' = {b_,b, } « Z*, whose energy is given by

HI)=4 Y |i—j 22C,ndI),
i<b.
b.<j<by

for some positive constant C,. Here, i <b means that i is smaller than or equal
to the left endpoint of b,i > b means that i is larger than or equal to the right
endpoint of b. [For the reader familiar with [5] we note that H(I") is proportional
to the electrostatic energy, with respect to the two-dimensional Coulomb potential,
of a dipole of length d(I') in the plane.] The entropy of the class of elementary
configurations I’ with diameter d(I")=1 is [~ 1, because there are /—1 such
configurations for which g, = — 1. In the approximation in which only elementary
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configurations are included one toncludes that for C,f = 3

L
l=o>fB)s Y e M- <3,
1=2
uniformly in L, hence
(00> (B)= lim (o) {(B)> 0.

[Here (->/(f) denotes the expectation in the equilibrium state of the model at
inverse temperature f with boundary conditions g;= + 1, for [i| = L. The limit
L— oo exists, by correlation inequalities [117].]

The above argument is similar to the Peierls argument for the two-dimensional
Ising model. To make it rigorous, we must consider general configurations of spin
flips. This makes our rigorous energy—entropy arguments somewhat involved.

We now establish some further notation and definitions. Each configuration
I’ of spin flips is partitioned into disjoint subsets y,,7,,..., called “primitive” (or
“connected”) contours in such a way that the following Condition D (D for “distance”)
holds:

a) The cardinality of each y, is even, | | y, =1, and

a1
VeV =0,  aF o
b) dist (3,.,) = M[min(d(y,),d(z,)] 72, for a#a. (12)

c) Ifyis a subset of some y, (called a “constituent” of y,) satisfying the inequality
dist (y, y, ~ y) 2 2M d(y)*? (1.3)

then card (y) is odd, [we say that y is charged], for all «.
In b} and ¢) of Condition D, M is a constant independent of I' and v, to be chosen
later.

In order to establish the existence of a partition of each configuration I" into
primitive contours {y,,y,,... } satisfying Condition D, we choose the finest partition
{Vala=1,2,.. of I satisfying a) and b). Then c) is automatically fulfilled (see also Sect.
2 of [5]). The uniqueness of {y,} will not concern us-—we arbitrarily assign to
each I' an arbitrary, but fixed partition satisfying Condition D. We briefly comment
on the construction of {y,} in the appendix [For readers familiar with [5] we note
that the y, correspond to the neutral multipoles, or molecules, p, introduced in
Sect. 2 of [5]. Charges in the Ising model studied here are defined modulo 2-even,
odd. Thus, each y, can be interpreted as a neutral molecule of spin flips.]

Condition b) ensures that neutral molecules, y,, are far separated, and hence
their total energy is nearly additive, ie.

H(}’GU'YJ/) =~ H(})a) + H(’ya’)) 4 /i G(,'

[Recall that in the nearest neighbor Ising model the energies of disjoint contours
are exactly additive.] In Sect. 4 we show

Theorem A. Let I'c Z} be an arbitrary configuration of spin flips, and let y be
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a primitive contour of I'. Then
SH(I'; T ~y)=H(I)— H(I' ~v)
= H(y)(1 — const M~ }(In M)?), (1.4)

Jor M sufficiently large.

Property ¢) in Condition D is our primitivity (or connectivity) condition and
will be crucial in the energy estimates, (i.c. in the proofs of Theorem B, below, and
Theorem 2.2).

Now we estimate the probability that ¢,= —1 in terms of our primitive
contours:

Y e POy (T)
H=00) L= (1.3)

r

where I" ranges over all allowed configurations, and y,(I') =0if 6o(I') = L, yo(I") = 1
if 64(I') = — 1. Here o(I') is the value of the spin g, in the configuration I'. Note
that if {y,} are the primitive contours of I" then y,(I') =0 unless there is some
contour y, separating 0 from + L. Given a set y of spin flips, let I(y) = R denote
the interval spanned by the endpoints of y. Thus %(I") =0, unless 0e(y,), for some
o. Let o = 1 label the primitive contour of minimal diameter enclosing 0. Then by
Theorem A
Y emBDHOg =BT~

r
51 =007 () < O

Y e~ FH(D)
r

z e~ B/DHGY) (1.6)

Y1
0el(y1)

IIA

if M is chosen sufficiently large; see (1.4).

The last inequality follows because, given any I' T’ ~y, also appears in the
denominator. To estimate the sum over y, we need rather involved energy—entropy
arguments similar to those in [5].

In order to estimate the energy and entropy of primitive contours y, we introduce
a sequence of length scales, 2",n=0,1,2,.... Let

g = [lnzd(V)] + 1> (lnz() = 1Ogbase 2('))’

where [x] is the integer part of a non-negative number x. For every n <n,, let
N,(y) be the minimum number of open intervals of length 2" needed to cover y.
For n> n, we set N,(y)=0. We define

N(y) = ;O N,(y). (1.7)

The quantity N(y) measures both the energy of a primitive contour y and the
entropy of the family of all primitive contours, y, such that OeI(y) and N(y) takes
some given value.
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Our principal estimates on the energy and entropy of primitive contours may
now be stated as follows.

Theorem B. Let {y,},., .3 . be a partitioning of a configuration I' of spin flips
into primitive contours satisfying Condition D. There exists a constant ¢ >0
independent of T such that for M sufficiently large

H(I')— H(I ~v,) Z3H(y,) ZeN(,), (1.8)

for every a.

Theorem C. Let 4,(R) be the collection of subsets y < Z§ such that N(y) SR,
R=1,2,3,...,and 0cI(y). There exists a constant C, independent of R and L such
that

card 4, (R) < %, (1.9)

Theorems B and C permit us to estimate the sum on the right side of (1.6)
uniformly in L:

Il—ogd} < Y e pedow
Oel(y1)

< Z e—ﬂaRQCZ(RJrl)
R>1

<1, for f»1,

uniformly in L. Thus we have proved
<Go>+(ﬁ)5m5Lﬁm (oo (B >0, (1.10)

for B> 1.

Next, we show that m = 0, for small §. This actually follows from the results
in [12]. Here, we sketch a proof based on Simon’s inequality [13] in a form given
in [14]: Let I, denote the interval [— 1,1 ], [,=0,1,2,3,.... Let j¢I,. Then in
the thermodynamic limit (L= co, the existence of which follows from [11])

(o000 "(BYS B Y. Koo > Bli — k72 Lava;> (), (1.11)

iel,
k¢l,

where (->%(p) is the equilibrium state at inverse temperature § with boundary
conditions 6,=0 when |n]>1,. Since {o,0,>°(f) <1, (1.11) implies that for
sufficiently small 8

(oo0;> T (B)—0, as |jj—c0; (1.12)

-1
see [13]. (Choose e.g. I, ={0}. Then (1.12) holds if g <{ ) |i|“’2) . For more
i#0
details we refer to [13] and Sect. 3 of [14]). By the Griffiths inequality [11]
(000> *(B) = tanh (B *) ~ Bljl 2 (1.13)
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Next, let 8, be the supremum over all those § for which

{oo0;> *(B) < const ||, (1.14)

for some £>0. Let f<B,. In (1.11) we may choose Iozlo(j)s[—g—i,%i—]. It

then follows from (1.11) and (1.14) by iteration that
(a0;> "B = CPII 2, (1.15)
for some finite constant C(§). Thus, for f <§,
Cooo;> "B~ 1172 as |jl— 0.

From Newman’s Gaussian inequality (e.g. [14], and refs. given there) it then follows
that all connected correlations fall off at least like 1/[distance]? if § < §..

If B> 1 one cannot use these arguments, because the correlations in (1.11) are
not connected. It is conceivable, however, that our definition of primitive contours
and Theorems A through C would permit one to prove convergence of a low
temperature expansion for connected correlations if # > 1 and M = M(f) is chosen
conveniently. We pose this as an open problem.

The remainder of our paper is organized as follows. In Sect. 2 we prove
Theorem C. The proof is quite easy in comparison to its higher dimensional
analogue [5]. This is because we can exploit the natural order of Z*. In Sect. 2
we also introduce a new measure of y, N'(y), which counts the number of far
separated, odd (i.e. “charged”) constituents of y, and we show that if y satisfies
Condition D, ¢, see (1.3), then

H)z3N'().

The following section is devoted to proving that N and N’ are equivalent,
ie. that there exists a constant C such that

CN'(y) 2 N(y) = N'(y).

These two inequalities and Theorem A yield Theorem B.

In the final section, we show that the interaction energy between a primitive
contour and the remaining contours of an arbitrary configuration of spin flips is
relatively small. Thereby, we establish Theorem A. As shown above, see (1.6) and
(1.8)—(1.10), this will complete our proof of the existence of a phase transition and
spontaneous magnetization at low temperature,

2. Entropy Estimate and a Lower Bound on H(y)

An arbitrary collection of spin flips y = 7ZF may be specified by an increasing
sequence of integers {i,}, -, i <i,, . We define the logarithmic length, L(y),
of » by

PN

Liyy= Z {[ln2(ik+1 — )]+ 1}- 2.1

k=1,2,...
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Lemma 2.1. For any collection of spin flips y = ZF
NG z Lky), (2.2)
where N(y) is defined by (1.7).
Proof. We define
Lo=[n,{i, ., —igLk=12,.... (2.3)

Let .7 (y) be a minimal collection of open intervals of length 2’ needed to cover y.
By minimal, we mean that .# (y) contains the smallest possible number of intervals,
ie.

card S (y) = N(»),

see (1.7). For every [=0,...,1, .#(y) necessarily contains an interval covering i,
which does not cover i, ;. Lemma 2.1 follows by summation over k. []

Proof of Theorem C. Clearly every y is determined by fixing i, and specifying
In, (i, ,; — ). By (2.1)-(2.3) and the assumption N{y)< R, we have

SL+1<Lp)<R .4)

There are less than 28*! ways of specifying (in order) integers [, + 1 =1 which
satisfy (2.4). [In fact it is easy to see that there are precisely 2%~ ! way of choosing
a sequence of integers n, = 1 such that Zn, = L.] Furthermore, there are less than
2%+ integers z > 1 such that [In,z] =1, since

21" é z g 2lk+1.

Thus we conclude that there are less than

IR+1.9 T+l < HQR+ DI

collections of spin flips y with L(y) £ N(y) £ R and with i, fixed. If we require that
0el(y) then there are fewer than d(y) possible choices for i; and thus Theorem B
follows after noting that

dp) S 220 <t

Now, we turn to the definition of N’(y). Let .#(y) be the subcollection of
intervals, I', of length 2" contained in .7 (y) (defined in the proof of Lemma 2.1)
which are isolated in the sense that

dist(I',I) = 2M23%2 = 2b+3n/2, 2.5)
forallIe.#,(y), I # I'.I{.# (y) consists of a single interval we set # (y) = §. We define
NGy =+ Y 1501 (2.6)

nzl

Here |S| denotes the cardinality of the set S. Let I' be an arbitrary configuration
of spin flips, and let y < I" be an arbitrary primitive contour in a partition of I’
into primitive contours satisfying Condition D, Sect. 1. Then by (1.3} I' ny is charged



94 J. Frohlich and T. Spencer

for any I'e #(y). More precisely, | I’ ny|is odd. Thus |#{y)]is a lower bound for the
number of charged blocks of spin flips (i.e. ones containing an odd number of spin
flips) on a scale 2". The following theorem shows that N'{y) is a natural measure of
the energy, H(y), of 7.

Theorem 2.2. If I satisfies (1.3) (Condition D, ¢)) then

Hy)z3N'(). 2.7
Proof. Note that for any configuration I' of spin flips, g,6; = — 1 if and only if
i} is odd. (2.8}
Let y(i,j) =1 if (2.8) holds and y,(i,j) = 0 otherwise. Then
H(I) =2 ,;j =172y 0,)). (2.9)

Now, let I be given by y. If in (2.9) we consider the subsum for which |i —j| =1
we have

Y =720 =l (2.10)

[i-jl=1
i j

Next, let I, be an interval in £ (y) and I,,, an interval in .#,_,(y) covering I,.
We may then choose I, such that I, and I,,, are centered at the same point
which we may for convenience suppose to be the origin. Let

D,=D,(I) = {i,jli <0 <j.i,jel,,, ~ I}

If i and j belong to D, then, by the definition of .#.(y), |[i,j1n7| is odd. Thus
1,{6,7) = 1. It is then easy to show that

2 ) =4 =23 li—-j*z4 (2.11)
i.jD, =
[<j i<j

for each D,. It follows from the definition of .#/(y) and D, that the sets
DI Vef(y), n=123,...
are disjoint. By (2.10) and (2.11)

Hyz2+2Y Y Y |i—-j?
nz 1lelfy i,}'eilinjfl’)

23iN'(). O

3. The Equivalence of N and V'
Theorem 3.1. There is a constant C independent of M such that
N'(y) £ N(y) £ C(InM)* N'(y), (3.1)

for any finite subset y < Z*.
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Proof. Define ¥, =.#, ~ #/, and set
f=HGn-b-2)], (3.2)

where 2M = 2°. We claim that if n is such that 2/®) < d(y)—so that .# ., (y) contains
at least two intervals—then
N = ;ljf(n)(y)l + N}(n}('}’)
(3.3)
= %N f(n)(')’) +N }{n}(?),
where N,(y)=|.,()l, Ni(y)=|£.(y)]. We note that if n is such that 2/® > d(y)
then, by the definition of .7 ,(y), N,{7) =0, so (3.3} holds trivially. We shall iterate
(3.3) to obtain (3. 1) To establish our claim, let I, be an interval in .#7,(y). By
the definition of .#7,, there exists an interval I, in .#7,(y) such that
dist(I,,1,) <2M2G/2/®
< 2b2n—b—2 — 2n—2.
Hence I, and I, can be covered by a single interval of length 2". Also if I,, I, and
I belong to #%,(y) and are such that dist(I;, I,) <2M2%/2/® =13 then
I,wl,ul, can be covered by a single interval of length 2", provided M is large
enough. Thus at most 3|.#7%,(y)| intervals of size 2” suffice to cover all the inter-
vals in .# }(n)( ), and (3.3) follows.
Let 6 =b — 2. Clearly, (3.3) can be applied only if

f)=[3n~08)120, ie.nzd. (3.4
For each n we now iterate (3.3) i(n) times, where [ = l(n) is the maximal number
for which

Fm) > 0.

Here f™ denotes the m-fold composition of f with itself. This yields

1
N, = }; 2_m+1N}m(n)(y)+2M1N_f!(n)('}))
(3.5)
!
= Z 2~m+1N,fm(n)(V)+2~l|V|-

m=1

Here we have used the fact that |y] = N (y), for all n. Now, we make two elementary
assertions which are easily checked (see Sect. 3 of [5] for details):

0,0=n<n,,
1) tr)2 {[(1112(3/2)) E-In, (n/n,)], otherwise, =

where
=23+ §)sconstln M.

2) Let
S, = {0l f"n) =]}
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Then
IS, i1 < 6G)™. (3.7)
By (3.5)
Ny =3 N,
n=0
o Hn)
é 20 {2»«2(:1)‘” + Z 9 mt IN}m(n)('}))}
n= m=1
SEp|+F ; Niy) S(E+F)N'(y),
where '

00 p
E=Y 2”‘”)§n0+2<%) < const (In M)?,

n=0 n

where 1 <p=(ln,3)~*' <2. Here, we have used (3.6). The bound on F follows
by summing over n with f™(n) =j fixed and using (3.7), i.e.

o ln) o [>s]
LY 2 NS X ( —12""“|Sm,,-|>N,<(y)

j=0
<363 N'(). O
j=0

Remark. Theorem 3.1, (3.1) and Theorem 2.2, (2.7) clearly imply the lower bound
on H(y,) stated in Theorem B, (1.8), with & = const (In M)~ 2.

4. Interaction Energy : The Proof of Theorem A

Let I' be an arbitrary even configuration of spin flips, and let {y, y,, y1....}
be a partition of I into primitive contours satisfying Condition D, Sect. 1. We set
r'=1Jy,

az2
,,,,,, of all spin flips contained in y, where the
sites i, belong to Z*, and i, < i, ,, k=1,2,3,....
We define W(y, I'") to be (— 1) x interaction energy between y and I'" which is
given by
— Wy, I") = H(I') — H(I"') — H(y). 4.1)

Using (2.9) and (4.1) we see that

W, Iy =2 3 li—j1™ *{xr () + 1,0.0) = 2,6}
i<j

4.2)
=43 i —j1 7?0, L )

i<

Theorem 4.1. If ' =yuy,uyyu... satisfies Condition D, Sect. 1, then there is a
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constant C; independent of M such that
0< Wy, I'<CyM ™ nM-L(y), (4.3)

where L(y) is the logarithmic length of vy defined in (2.1), and M is the constant
appearing in Condition D, (1.2) and (1.3).

Remark. By (2.2) and Theorem 3.1,
L(y) S N(y) £ CIn M)*N'(y).
Thus by Theorem 2.2
Cy;M™*InM-L{y) £2C,CM ~Yn M)® H(y).
Using (4.1) and (4.3) we conclude that

_ H(I") + H(y) — H(I') < const M~ '(In M)> H(y),
ie.
OH(yuI'';I'y= H(I')— H(I")
= H(y)(1 — const M~ Y(In M)>).

Hence Theorem A is proven, and this yields the upper bound on ($)H(y,) in
Theorem B, (1.8), provided M is large enough.

Proof of Theorem 4.1. Let I, denote the interval [i, i, ], where {i},_; 23
defines y. Note that by (1.2) if y,n I, #0, for some o 22 then I(y,) = I,; [see
Condition D, b). We recall that I(y,) = R is the interval spanned by the endpoints
of y,]. In order to bound W we define for each k three sets of pairs (i,j) of sites,
A,, B, and C,, where

A, = {(i,))|iel(y,), for some y, such that I(y,) < I,,and j¢I,},
B, = {(i,j)|iel, and jel(y,), for some y, such that I(y,) = I3},
C.={(,pliel, and jel(y,), with

dist(j, I,) = Md(y)*’?, for some y, such that I(y,) > I,}. 4.4

[The sets C, deal with the events where I(y,) > I,. Hence by (1.2) d(y,) = Md(y)**
and dist(y,,y) = Md(y)*".]
We define

0= e + 2+ A
k

where y, is the characteristic function of the corresponding set defined above,
X = A, B, C,.
Now, we claim that

Xy(i’j)XI"’ (3’.}) § X;I“(isj) + X;‘,I"(ja l)' (4'5)

Clearly the left side of (4.5) vanishes if both i and j belong to I, for some k, since
then [i,j]Jny =0 which is an even set. Similarly if both i and j are contained in
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the complement of I(y) the left side of (4.5) vanishes. Thus we may suppose that
iel,,for some k, and jé¢I,. Now, suppose that the right side of (4.5) vanishes. Then the
conditions

i¢l(y,), forally, =1I,,
and

j¢l(yzz)’ fOr all ’ya = I?C’
a=23,..., and .
dist (j, I,) < Md(yy*”* 4.6)
must all be fulfilled simultaneously. We now observe that if y, n[i,j]1# 0 then
(4.6) and (1.2) imply y, < [i,/]. Thus we conclude that |I"" ~[i,j]| is even, hence the
left side of (4.5) vanishes, and our claim is established.
In order to prove (4.3) it suffices therefore to show that

2 li—jl "ZXxk(i,j) <const M~ InM-{[In,(4,  —i)] + 1}, 4.7)

i<j
for X, = A,,B,,C, and all k. For convenience suppose i, =0, i, =l First, we
consider the case where X, = C,. We bound the sum over i on the left side of (4.7)
by d(y) times the maximum over iel, which is less than

d(y)( 5 m-2>§°"““. 48)

JililzMdpy”? M

For the case X, = 4, we define U, to be the union of all intervals I(y,) such that
v, <l and 2" <d(yy <271
By {1.2) (Condition D, b)) such intervals are sparse:

dist[{0, {},1{y,)] = M2%7?,
dist [1(y,), 1(7,)] = M2*"", 49)
for o #+o'. Using these inequalities, we can bound the left side of (4.7) by

2%, ¥ li=jIm*u{ilie, ) Sconsty, 3 il {ilieU,})

r o j=0=i<] r 0<i<l

<const M~ !ln]y 2r+127 302
r

<const M~ 'lnl. 4.10)

The factor of 2 in the first line of (4.10) takes care of a similar sum ranging over
O<i<l<]

Finally, we consider the case where X, = B,. The left side of (4.7) is then bounded
by a sum of two terms, denoted by X, and X,, where X, is the sum over all jel(y,),
for all y, for which dist(I(y,),[0,/])= MI, and ¥, is the sum over all jel(y,), for
all y, for which dist(I(y,), [0, 1) < Ml Thus

2,22 Y Ji—jl"*<constM™ ", (4.11)

O<i<l
jE-Mi
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Next, we bound X,. Let U be the union of all intervals I(y ) such that
I(y)c[—Ml, —M2>?] and 2"=d(y)<2"1,
where r < [%In,/[]. Then X, is bounded by
2y Y li —jI 2 x({jljeU;}) S const M " In(MD Y 2r+127372

¥ —Ml<j<O<i<l
<const M ‘InM(Inl + 1). 4.12)

The argument leading to this bound is very similar to the one used in (4.10).
Inequality (4.7) follows from (4.8), (4.10), (4.11) and (4.12). With (4.5) this
completes the proof of Theorem 4.1. []

Appendix

In this appendix, we sketch the construction of a partition of an arbitrary, even
configuration I'c Z} of spin flips into primitive contours {y,},-; , 5 _ insucha
way that Condition D, Sect. 1, is satisfied. The construction proceeds inductively
over a sequence of length scales 2", n=90,1,2,....

On scale 2° we first group adjacent spin flips (i.e., ones separated by a distance
of 2% in pairs, in an arbitrary way. This yields a partition of I' into subsets
{00} ,=1.2.3,.., where each ¥ consists of a single spin flip or a nearest neighbor
pair of spin flips. Next, we regroup adjacent subsets, @9, 93, (i.e., dist(p}, ¢3) =
2% in pairs, in an arbitrary way. For finite L, finitely many sweeps of pairing
operations suffice to provide us with a partition of I' into subsets {y2},., 55 .
with the property that dist (y%,y%) > 2°, for a # o', For every 72 we define

79 = {jldist (7,79) < Md(y2)*?}.
We define
PO = (30115 is even, andy—fmyf, =0, fora#a},

and inductively,

n—1 —
9”"":{?2{1721 is even, vSe(F~ IUO 9’0‘>,v2w$«= 0,

n—1
for yS,e(F~ U 9°l>,oc#oc’}.
i

=0

Finally, we set
Po=P"= | ) 2. (A1)
n=0

It is easy to check that Condition D is satisfied for 2° and that dist(y, y') = Md(y)*/?,
for all ye2®, y'el’ ~ #°.

We now suppose that on scale 2%, after k induction steps, we have arrived at
a partition of I" with the following properties:

=20 {VZ}u= 1,2,3,...0
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where #, = {y,},_1 23 satisfies Condition D, and
dist (y,, ) = Md(y,)*?,
for all y,e2,, yel' ~ 2,. Moreover
dist (%, %) > 2%,

for yk, y¥in I ~ 2, p+#v.

In order to do the induction step, i.e., increase the distance scale from 2* to
2%*1 we regroup the subsets ‘{Vg}u=1,2,3,..4 into pairs ¢¥ = y%Uyk in an arbitrary
way, but subject to the rule that

dist (pr e EPARER

for two subsets forming a pair. For finite L, finitely many sweeps of such pairing
operations suffice to partition I ~ 2, into new, larger subsets {y4*'} _,,;
with the property that

dlst(yk“, P S 2R for k. (A2)
Let yk™ ! = {j|dist (j,yk™ ") < Md(y * 1)*/2}. We define

Q"“O—{yu“mﬂ‘“ﬁseven yﬁﬂmyz;ﬂ g, for v},

and inductively

Lg}k-!h i,n = {yﬂ

n-1
Pyk+1| is even, yft“e<1"——(§"ku U 9”””))
=0

— n—1
MR =g fory’v‘“¢<9’kUU9’“"’)}-

=0

Then we define

gk—kl = @ ea}k-%-l,n

n=0
(this union is finite for L < o), and
P =P OPTL

By (A2), '~2,., =0 if k is such that 2*** > L, ie., the induction terminates
after finitely many steps when L < co. It is straightforward to check that Z_(= 2,
for k2 [In, L] +1) is a partition of I satisfying Condition D. For more details
concerning a closely related, but more difficult problem see Sect. 2 of [5].
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