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The Diffusion of Self-Avoiding Random Walk
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Abstract. We use the Brydges-Spencer lace expansion to prove that the mean
square displacement of a T step strictly self-avoiding random walk in the d
dimensional square lattice is asymptotically of the form DT as T approaches
infinity, if d is sufficiently large. The diffusion constant D is greater than one.

1. Introduction

A T step self-avoiding walk on the d dimensional square lattice Z? is a set of T+ 1
points w(0)=0, (1), ®(2), ..., »(T) in Z* with |w(i + 1)~ o(i)| = 1 and w(i) * w(j) for
i#j. A probability measure is defined on the set of all T step self-avoiding walks by
assigning an equal probability to each such walk, Numerical and other evidence
suggests that the mean square displacement with respect to this measure, i.e., the
expected value {a(T)?) of o(T) - &(T), is asymptotically of the form DT*as T— co,
where a=1.5 for d=2, «=1.18 for d=3, a=1 with logarithmic corrections for
d=4, and o=1 for d=5 [4]. For d=1 there are only two self-avoiding walks,
{o(T)*y=T?, and a=2. Removing the self-avoidance constraint w(i)=+ w(j), i +j
gives the simple random walk, for which {(@(T)*) =T in all dimensions.

In spite of the apparent simplicity of the self-avoiding walk model, apart from
the result obtained below there is no rigorous proof that o is as stated above. In this
paper we prove that a=1 and D >1 for d 2 d,, for some d, = 5. No effort has been
made to obtain the best possible value of d,. It is not surprising that D>1 here,
since it is to be expected that a self-avoiding walk will on the average end up farther
away from the origin than a simple walk.

Other results for the critical exponents of self-avoiding random walk can be
found in [7, 8]. In [8] the connection between self-avoiding walk and quantum
field theory is also explained. Lawler [6] considered a related model, the loop-
erased self-avoiding random walk, and proved that for d=4 scaled loop-erased
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walk converges in distribution to Brownian motion. In particular, =1 for d =4
(with logarithmic corrections for d =4) in this model. Brydges and Spencer [3, 1]
used their lace expansion to show that =1 for d=5 for weakly self-avoiding
random walk, for which self-intersections are not forbidden but rather discouraged
by a small probability penalty.

The weakly self-avoiding walk was studied in [3] by exploiting the fact that it is
a small perturbation of simple random walk. But in high dimensions the strictly
self-avoiding random walk is also a small perturbation of simple random walk. A
result in this spirit was obtained by Kesten [5], who showed that in high
dimensions the main cffect of the constraint that a walk be self-avoiding is the
exclusion of immediate reversals. In this paper we apply the Brydges-Spencer lace
expansion to the strictly self-avoiding walk in high dimensions, obtaining
convergence of the expansion by taking 4 to be large rather than by taking the
probability penalty associated with self-intersections to be small asin [3]. Weuse a
simplified proof of convergence of the expansion, avoiding the intricate induction
argument used in [3]. To help make this paper self-contained a derivation of the
lace expansion is given in the next sectiomn.

We now introduce the notation. We begin by considering walks which have no
self-intersections on any time interval of length less than a memory 1. That is, we
consider T step nearest-neighbour walks @ whose probability is proportional to

Il (+Ugw),

steBAL0, TYH

where for an interval I of positive integers
B D={st:s<t,|s—t|<t,5,tel}, 1.1

and Ugw)= —1 if w(s)=w(t) and equals zero otherwise. For t=0 this is simple
random walk while for t= T it is strictly self-avoiding walk. For xe Z*, let

Nx, T)=2d)"" Zr [ (+Ugyw). (1.2)
ﬂ;;(l;?) :3‘ ste B([0,T])

We set N (x,0)=0, ,. The following transforms of N (x, T) are distinguished from
one another by their arguments:

Nk, T)=Y Nx, T)e* *, ke[ —n,=]*, (1.3)

Nik,z2)= Y Nk T)z",zeC. (1.4)

The expectation value for a T step walk is defined by
(Oe=)2-Nix, T)/ZNf(x, T).

The mean square displacement (a(T)?), of a T step walk is given by
— VAN (k, T)

2N kYD
@1 =g

where V% is the Laplacian with respect to the variable k.

, (1.5)

k=0
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Let

D(k)= ‘i cosk;, (1.6)

8| -

where the ks are the components of k. For simple random walk it is well known

that
No(k, T)=D(k)",

and hence
Nolk,2)=(1—zD(k))~*.
We define IT (k, z) and F(k,z) by
Nyk,z)=(1—zD(k)— I (k,z)) "' =F (k,z)"!. 1.7

The quantity I1 (k, z) will be used as a measure of the deviation of the self-avoiding
walk from the simple walk. The lace expansion is an expansion for IT(k, z) that can
be used to estimate I, and its derivatives.

Denote by r (k) the radius of convergence of the power series (1.4) and let
r,=r{0). Since 1+ U,=1 and Nk, T SN k=0,T),

rikyzr.2ro=1.
Let
Dya)={z:|z|Sr {1l +ar" ' In7)}.

We now outline the main ideas involved in the proof of the main result:

Theorem 1.1. There is a constant dy=5 such that for d=d,,
Ka(T)Dp=DT+O(T"*InT) as T—-co,

with D>1.

The first step in the proof of Theorem 1.1 is to use the lace expansion asin [3] to
obtain

lﬁz(kaZ)lé31N?}(xylzl)lloo[121+ i ilNi”(x,IZI)IE‘}"EiNiO)(x,lZD?l%N”Z], (1.8)

where
N®(x,z)= Y N{x,T)z",

T=0¢,1

and the norms are x-space I norms. Similar bounds are obtained for &0 I1 (k, z),
involving || x* 87 N®(x, |z])|| with ¢ Su, v <v, although if u=0 the first term |z] in
the square brackets in (1.8} is absent. We then note that the right side of (1.8) should
be small, in fact O(d™'), because the factor 2d)" T in N{x,T) should make
INDCe, |2 Od ™Y, N, 2], £O(1), and [ND(x, |2)) , O™ *2) uni-
formly in v and z € D (1/2). This will be explained in more detail below. The d ™ /% in
the I? norm can be understood from the fact that

INSDx, 12D = X Ti:l N{x, T)N(x,8)|z* "> LNLx, 12 |2* = Q2d) ™" |-

Similarly |62 (k,z)| and |0,I1(k,z)| will be bounded by inverse powers of d,
uniformly in t and ze D(1/2).
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Given these bounds on [T, and its derivatives we argue as in [3] that N (k, z) has
a simple pole at r (k) for small k%, with r,(k)e D (1/4), and is otherwise analytic in
D(1/2). Then N (k, T) is evaluated using the Cauchy Integral Formula to be the
sum of the residue of — N (k, z)z~"*V at r (k) and a small correction involving an
integral around 6D (1/2), yielding

Nk, T)~ — [0, F (k,r (k)] r (k)= 7D, (1.9)

Estimates on IT, and its derivatives can then be used to show that the dominant
contribution to ¥2N (0, T) is given by

BENLO, )= [0.F 0,r)] (T +1)r; T 2R (0). (1.10)

Taking the memory to be T and using (1.9) and (1.10) in (1.5) gives
{aT)? >T~DTT where Dy=r7'V?r;{0). It can then be shown that
Dy=D+0(T™") with D>1.

We now describe the method for obtaining bounds on norms of x“92 NV(k, z),
uniformly in 7 and z & D.(1/2). First we obtain bounds for v <2, [u| £2, 2v+|u| <4,
uniformly in 7 and z e D (0). It is then straightforward to extend the estimates to
ze D(1/2) at the expense of one z-derivative, ie., for v <1, [u] <2, 2v+u| < 2; see
Theorem 4.3. The bounds for z e D (0) are the main technical problem faced in this
paper. This is also the place where our method differs from that of [3].

To obtain the estimates for z e D (0) we proceed as follows. We first show that
for fixed u, v, 7 the relevant norms of x*0° N®(x, g) are continuous in g. We then
show that there are constants K, and d, such that for d>d,, o€ [0,r.], and all 7,
P, = P,, where P, is the statement that the various norms are bounded above by
aKyd ™~ ?. Here p is the power appropriate to a particular norm and is determined by
looking at the leading behaviour of the corresponding simple random walk norm.
It then follows from the value of the norms at ¢ =0 that they are in fact-bounded
above by 2K ,d ™. This type of argument has been used in a different context in [2].
The basic idea in proving the implication P, = P, will now be illustrated for
IN(x, 0)]2-

Using the assumed bounds 4K ,d~” on the norms, it follows from (1.8) that
|k, z)l <K,d" !, and from the analogue of (1.8) for 67 i A1k, z) that |62 2 Ak, 2)]
<K (64" /2 +d- %), where K, is a constant depending on K. It is only g e (1, r.]
that poses any difficulty, and an elementary argument shows that for d=d(K,)
and ge(1,r.],

Fik,0)=F{0,0)+e(1—D(k)+11(0, 0) — I1.(k, ) 2 c(1 — D(k))=cFo(k, 1),

where ¢ is a universal constant which does not depend on K, Then using
Parseval’s equality to convert an x-space I? norm to a k-space I? norm gives

I|N£1)(X,Q)”2§ z”Nr(xag)_éx,OHZ

> Nfx,T)p"
T=1

- - oDk + 1Tk, 0)
NGk, )= 1],= “ o

+Kd1‘1

2
1
1_

<

(1.11)
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The norms on the right side of (1.11) are norms of simple random walk

T and ” Y Nolx, T)
2 T=0
and ¢, respectively, so

||N1(:1)(xu Q)”z§951C_1dﬂ/2+K1‘3_101d‘1-

The assumption P, can be used to show that ¢<1+K,;d™'. Thus taking
Ko=cie™! and d sufficiently large (depending on K,) gives |N®M(x,0)|,
<2K,d~ 2. The other norms are handled similarly.

This paper is organized as follows. In the next section the lace expansion is
derived and it is shown how to obtain bounds like {1.8). In Sect. 3 estimates are
obtained for the various simple random walk norms which are needed as explained
above. Section 4 is concerned with convergence of the lace expansion and contains
the proof of the implication P, = P, and estimates for IT, and its derivatives.
Finally in Sect. 5 the bounds on IT, and its derivatives are used to fill in the details
of the argument involving the Cauchy Integral Formula sketched above and to
complete the proof of Theorem 1.1. The proof that D is greater than one can be
found at the end of Sect. 5.

w0
quantities and in x-space are respectively || ¥ Ny(x, T)
T=1

2
1/2

These are bounded above by ¢,d”

2. The Lace Expansion

This section contains a derivation of the lace expansion, following [3, 1].
Elements of the set #(I) defined in (1.1) are referred to as bonds. Define

wh= 1] (1+Uy). 2.1
ste BI)
Then
p)= % ]I Ug. 2.2)

BC A I) steB

A connected graph G on I is defined to be a subset of 4 (I) such that each endpoint
of I is part of a bond in G, and for each m in the interior of I thereisa bond st G
with me(s, t). Subsets of 4,(I) are in a one-one correspondence with partitions of I
into ordered subintervals I, ..., I, with disjoint interiors but possibly overlapping
endpoints, with a connected graph on each I, as in Fig. 2.1. A subinterval may
consist of a single point. It follows that

pih)=} L2 Wl o). wdly), (23)
where the sum is over partitions of I as above and
vl)=3 [l Uq, 24
G stel

the sum being over connected graphs G on I. We use the convention that if I
consists of a single point then p(I)=1.

N L FeNTTS ~ B2 10,101
0 3 10

1 2 3 4 5 6 7 8

Fig. 2.1 I = (0,21, 1, = [3,3], I = (k7] , 1, = {7,101
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26 /*N—\

Fig. 2.2 ¢ 1 2 3 & 5 § 7 8 8

Let #(I) denote the set of connected graphs on I such that the removal of any
one bond from the graph results in a graph which is not connected. Elements of
ZL(I) are called laces. The following prescription defines a way of obtaining from
any connected graph GC % [a,b] a lace #(G)CG. Z(G) has bonds s,ty, 8,5, ...,
where s;=a, t;=max{t:ateG},

iy =max{t:steG,s<t;},
s;=min{s:st;eG}.

An example is shown in Fig. 2.2. Given a lace L, the set of all bonds ste Z (I)\L
such that £ (Lu{st})=L is denoted by ¥ (L). Bonds in %(L) are said to be
compatible with L.
With these definitions we have
UJC(I Z H U - Z n Ust }: H Ust
Gonl steG Le ¥ (I) steL G: #(G)=L steG\L

= ¥ MU IT (1+Uy. (2.5)

Le¥ () steL Stste‘e&(
The following theorem gives the lace expansion for IT (k, z).
Theorem 2.1 (Brydges-Spencer).
T
11 (k,z)= Z 2 (i> etr® 5 1 Uy [l (1 +Uy). (2.6
2d Le £.00,T1 stel

T=1 o lo}=T st (L

Proof. By Egs. (1.2-4), (2.1), and (2.3),

ko= 3 (5) e

T . T+1
=1+ Z ( > Y e Dy N wdlly).pdl).  (27)
2d o, Jol=T n J ETI

The contribution to the sum on the right side coming from partitions with
I,=[0,0]is

© z\T . T+1
) <"> Yy et ™y ¥ wdl)...pdl)
T=1 2d @, ] T 7#=2 Iz, In

o) =

-3(Z) 5 e

=1 o,lo]=T
@ z T—1 . 7 .
= Tél (ﬂ) Izl: . eHeM =y, TT) % e**M) = 7D(k) N (k, z). (2.8)
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The contribution to the sum on the right side of (2.7) due to partitions with

I,%[0,0] is given by the following expression, where s=1 is the upper limit of
I,=[0,s]:

® [ z\T oo T
Z <ﬁ> Z et Z wc([oa S]) W([S, T])
s=1

T=1 o, lo|=T
_wf{ZYy < ikools) z\T7 K((T) ~ fs)) T
-5 g e (5) e
=L (2‘2‘) 5., edl0shNlk2). 29)

Replacing the sum on the right side of Eq. (2.7) by {2.8) and (2.9), using (2.5), and
comparing with the definition of II {k, z) in Eq. (1.7) completes the proof.

The quantity [] U, in the right side of (2.6) gives a nonzero contribution to
steL

I1 tk,z) only for walks which intersect themselves as indicated in Fig, 2.3. The
product over €(L} in (2.6) disallows many but in general not all other self-
intersections. The generic walk whose topology is that corresponding to a lace
with N bonds will be denoted Gy. Consider the walk Gy to consist of 2N —1
subwalks over time intervals [0,5,], [s5.¢,), [t1, 831, 83,851, .., [ta— 1, T]. Each
subwalk consists of not more than t steps because every bond st in a lace
Le Z [0, T] satisfies |s—t| < 1. Also, it is consistent with the definition of a lace to
havet;=s;, , fori=1 but inconsistent to have t;=s,, , fori=1, and so for N> 2 at
least N + 1 of the subwalks consist of at least one step. £xcept for G, no subwalk
consisting of at least one step on an interval [« f] begins and ends at the same
place since af € € (L). The set of lines in G which must consist of at least one step is
denoted by GI. The remaining lines, which may have zero length, comprise the set
GY. In Fig. 2.3 lines in G¥” are slashed.

The lace expansion (2.6) can be used to obtain an upper bound on [IT (k, 2)| as

follows: take absolute values inside the sums of (2.6), factor Iz among the

2d
L w
T 3 :
0 T 0.7
85,7
{//”,w’“‘:;;r(:::::———-\s‘\\\\\\* GZ
0 S, t T 0,t]
Syt
‘//‘7<—_><—_\, @ 65
0 S2ohoss b T 0.t TS, T

Sy. s ST
(//’:;><::—_‘j>*:::—-:?<:::‘\\\ égijg:;g? 64

U;t] 53/1:3
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subwalks, and omit factors (1 + U,) whenever st is a bond linking two distinct
subwalks. We let x, =0 and denote the position of a generic walk at time s; by
X,;_ 4, 122 and at time t; by x,;, 1, i= 1. (Many x;’s are equal, for example for G,
x3=xy =0, Xx5=x,, and x5=2x,.) We denote the line in Gy corresponding to the
subwalk from x; to x;,; by £, With this notation the upper bound is

stefAL=0T)

mkas g v () p avu

0 i

+ > > I1 1T, NP0 —xsl2)), (2.9)

N=2 x9,..,x2neZd 6=0 {i:£;c G

where

N9x,z= Y NixT)a. (2.10)

T=84,1

The first term on the right side of (2.9) is special in that it cannot be bounded above
by N0, |z|)=0. However using {x,0) to indicate the nearest neighbours of the
origin we have

£ 2 () el g1, 0+v0=2 5 3 v T-ppr
T=2 w,lo}=T ste b A0T) {x,0) T=2
.

where the norm is the x-space L* norm. It is shown in [3] how to use the Young
and Holder inequalities to obtain the bound

1
@y, .
X2 XoN 6=0 (i:;ile_[c;%"}NI (cir 1 =X 2l)

S NP 2D o [N, 12D INOx, 12D15

The norms here are x-space I? norms, Thus from (2.9) we have

Tk, 2) < [N, |2])] [IZI + Niz INO 121 N, lzl)“]zv_zJ-
2.11)
Similarly upper bounds on k and z derivatives of II. can be obtained by
factoring both (I l) and % °T) among the subwalks and using the product rule

to have the derivatives act on single subwalks, giving

|0k 0L L ke, 2)| £ 8,,, 0| 0x(zNV(x, |2 o + Z > H H [l 82 N x, |z -
2.12)
In the first term on the right side the derivative is performed before evaluating N
at|z|. Foru=0 the first term on the right side is absent because for G, w(T)=0, and

so the contribution to II, from G, is independent of k. The unlabelled sum is over
ways of choosing nonnegative multi-indices u; such that Xu; = u and nonnegative v;
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such that Xv;=v. Any one norm in the product can be taken to be the L norm. The
others are I? norms. The unlabelled sum consists of (2N —1)*/*? terms.
Since the contribution from G, to T1(k, z) is independent of k,

Lk, z)—I1(0, 2)| 2| NV(x, 2] o N§=Z2 INE(x, (215 I NG, |2DI5 2
(2.13)
To control the rate of convergence of the diffusion constant D, to its limiting

value D it will be necessary to have estimates for 811(k, z)=IT (k, z)— II ,(k, z) and its
derivatives. For t1>0, Z,[0, T1C %[0, T]and for Le £ [0, T], 4 {L)C% (L). This
last inclusion is often strict, but if L contains no bond of length greater than %, then
% (L) can contain no bond of length greater than ¢, and hence ¥ (L)=%(L).
Therefore in 411 there is a cancellation of all terms involving laces with all bonds of

length less than or equal to % and

[0I1(k, 2)| < Tk, z)| + [Tk, 2)] ,
where IT' is defined by the right side of (2.6) with just laces having at least one bond
of length greater than % participating.

At least one of the subwalks corresponding to a lace with a bond of length
g
2
derive (2.12) we have

. g
greater than — must consist of 3 or more steps. By the same argument used to

|0k 0z 01I(k, 2)] £ 2| 8,0l 03(z0N(x, |2)) ]

|

+ szz fl [| x5 5% N@)(x, [z|)|l*] . (2.14)

a=0 G

2%

Here
5N(x,IZI)=maX{ Y N, D", ¥ Ni(x,T)IZIT},
T=0/6 T=4/6

one 6*N®@ is chosen to be SN, and the remainder are taken to be max { N, N®}.
The unlabelled sum also extends over ways of assigning one §*N® to be N. One
norm in the product is an L” norm and the remainder are I? norms.

3. Estimates for Simple Random Walk

The proof of convergence of (2.12-14) will be obtained in Sect. 4 using estimates for
simple random walk which we obtain in this section.
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By virtue of its definition in Eq. (1.2), Ny(x, T) is the probability that a T step
simple random walk starting at the origin ends at x. Since D(k) [defined in (1.6)] is
the characteristic function of a single step,

No(x, 2T+ 8)=(2n) "% [ dke ™ ™D(k)>T+S < (2m) ™ [ dk D(k)*T = N o(0,2T). (3.1)

Here we have used the fact that [D(k)] £1. The integrals extend over [ — 7, 7%, and
S, T=0,1,2,.... Also, since a 2T step walk which ends at the origin must lieina T
dimensional subspace of Z¢, for T<d we have

d T 2T TZT
No(0,2T)= (T> <g> S i (3.2)

The following lemma is a simple extension of a result of [5]. In the proof ¢
stands for a universal constant which may be different in different occurrences.

Lemma 3.1.

T TNy0.2T)S0(dY. (33)

Proof. The sum of the first four terms on the left side of (3.3) is O(d ~!) by (3.2). By
(3.1) and (3.2),

d—1 d—1 10
Y T3No0,2T)< ¥ T3No(0,10)§(d-1)3(d—5)-5§,F <od™Y).
=5 !

T=35 T

To bound the sum over 7>d we observe that
S TING0,2T)< 5 (@T)QT—1)2T—2)(2n) " | D(kYT dk
T=d T=4

:(271)“*)"[ Y mm—1)(m—2) D(k)’"‘ﬂ D(k)® dk . (34
m=2d

The factor in square brackets is the third derivative of x*(1 —x)~! evaluated at
x = D(k). Explicit evaluation of this derivative together with [D(k)} <1 can be used
to bound (3.4) above by

cd32m) ™ { dk D(k)* i (1—D(k))"?.
r=1

Arguing as in [5] we observe that if 0<k;<3<k;<n for j=1,...,m and
I=m+1,...,d, then

d m d
ID(k)| <d ™! lecoski|§1—4n'2d_1.Zlk]?‘—4n_2d“1 Y (n—ky)>

I=m+1

i=

§exp[—4ﬂ"2d‘l<il k7 + _§ 1(?:—1{3)2)]. (3.9)
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By symmetry and (3.5),
d3Q2n)~? { D(ky*¢(1 —D(k))"?dk

d f2 3
=3zt Y (i) ] dk, ... dk, ;dem“...dde(k)z"’(I—D(k))"’

m=0
d
§d3<%> { dkexp(—8n~2k*)(4n~2d"'k*)"P
[o.5]"
2 N\p
gd%—d(%@) { dkk 2Pexp(—8rn~?k?)

(— 0, 00)¢

v ¥ 2 4/2 o
=d3n‘d(—g> F(Z/Z) (j;dtt"_zf’“exp(-——iin_ztz)

d
22d\? 742 [g2\2 d
() fan(5) 7G)
Cdp+3r<%l "P) z\42
=ﬂ.7_w<§> <o@d™Y. (3.7
3

This provides the required bound for the left side of (3.4) and the proofis complete.
We now use Lemma 3.1 to obtain bounds on I? and L* norms of

x*02 Y. No(x, T)z" for |z| less than or equal to the critical value of 1, where
T=1
Ny(k=0,z) diverges.

Lemma 3.2,
(a) @ ¥ Nolx, D)z')) 207, v=0,1,2,]z|<1.
=1 ©
w0 2
(b) 3 Y Nolx, T)z"|| £0d™"), v=0,1,]z=1.
T=1 2

Proof. (a) For v=0,1,2 and |z|<1,

87 ¥ Nolx, T)z"
T=1

< Y T?Nyx, T).
=1
By (3.1) and Lemma 3.2,

Y. T2Nolx, T)=Nox, 1)+ T{Zl (QT) No(x,2T)

1
QT+1)Y No(x, 2T+ 1)<

" -1
+ ) _2d+0(d ).

s
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(b) For v=0,1 and [z £1,

2

= § ZNO(x: T) No(X, S)ST
2 §,7T=1 x

7 ¥ No(x, T)z"
T=1

2 ©
§ “ Z TNO(xa T)
2 T=1

— 3 STNJO,S+T)S ¥ (n—1)° Nof0, <0 1),
S, T=1 n=2

using Lemma 3.1 in the last step.

Lemma 3.3.

1<|No(x,z=1)[3=1+0d ™).
Proof. Since Ny(x, T=0)=9, ,,
2

INo(x, z=1)]|3=

2

5x,0+ Z NO(x7 T)
T=1

=142 ¥ No(0,T)+
2 T=1
By Lemma 3.2 the sums on the right side are O(d %)

Til No(x, T)

2

Before dealing with norms where a factor x* is present we derive a consequence
of Lemma 3.3 for certain k-space integrals. It follows from the definition of D(k)
that

1
P R B <. ]2
7K 1-DR) < 5k

(3.8)
Let B={ke R*:|k|<d'/2}. Then for 2<m<[(d—1)/2],
(2)*§(1~ D) "dk=(2m)~* (1 ~D) " dk
tem™ f A-D)ydk=litl. (39)

Now by (3.8) and Stirling’s formula,

d/2 g1z

2n n2d\™
< ~d d—1—2m
I, =(2n) Tz (j) dtt (—-—~2 )

d qd/2 a2
g dm (VY A dm ()T 1 o4y (a0
d—2m 21/,; IdfRy d—2m\2n W
The term I, is bounded as follows:

Zd m-—2 7[2 m—2
< —d _m-2{ Tl < | ~d
Lsen™ [ (1-D) (2k2) dk=<2) 2

[—= =]

(1—D)"2dk.

3.11)
By Parseval’s equality and Lemma 3.3 the right-hand side of (3.11) is O(1) and
hence

Cm 4 (1—D) "dk<0(1), m=234,..,[[d—1)2]. (3.12)
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The estimate (3.12) will be used repeatedly. Note that in the next lemma the I?
norm is not squared, unlike in Lemma 3.2 (b).

Lemma 3.4. For v=0,1,|z|<1 and p=2 or oo,

(@)

x;0; Y. Nolx, T)ZT
T=1

£0d™h),

p

(b) <6,;0(d™ )+ 0(d™?).

P

x;%;0% sz No(x, T)z"

Proof. Part(a)is an immediate consequence of (b) since |x;| < x7. The left side of (b)

is bounded above by putting v=1 and z=1. Let g= Li Then

xx;07 3 Nolx, T)z"
=1

S 1074, 0:Nolk, z=1) .
}4
Throughout this paper k-space norms are with respect to normalized Lebesgue
measure on [ —n, 7]% Using subscripts to denote partial derivatives,

324, 0.Nofk, 1)=(1—D)~D;;+4(1—D)"*D,D;+2(1~D)~>DD;,
+6(1—D)"*DD,D;. (3.13)

By (1.6),|D)|<d ™ "and [D,| £;d . With these inequalities and (3.12) the lemma is
proved.

4. Analyticity of II

In this section we show convergence of (2.12) to prove that IT,(k, z) and 07, 11 (k, 2)
are analytic in ze D (1/2) and suitably bounded. First bounds are obtained on I?
and L® norms of x*0°NY(x, g) for [u| £2, v <2, |u| + 20 <4, uniformly in g € [0,7_].
Then these bounds are used to bound I? and L* norms of x*8:N'V(x, g) for |u| <2,
v=1, |u+2v=2 (ie, one less z-derivative than above) uniformly in
0€[0,7,(1+(1/2)r~ ' In1)]. The method is conceptually simpler than that used in
3] and could be used to give an alternate proof of the results of [3]. However,
the extra z-derivative used here would lead to divergent integrals in d=5 and
would have to be replaced by a fractional derivative.

They key idea is contained in the following theorem. It is similar in form to an
idea used in [2]. The universal constant K, in part (b) will be fixed in the course of
the proof.

Theorem 4.1. (a) For fixed © and d and for any u and v, the norms
| x*0END(x, 0)l| 5. o are continuous in geR.

(b} There is a universal constant dy, such that for d=d,, ¢€[0,r] and all 1,
P, = P,, where P is the following:

Ix* N (x, @)ll3 0 <aKod™°, Jul£2,0=1
105Nx, 0) | o S aKod ™, v=2.

a*

Here s=1 unless x"=x;x; with i=j in which case s=2.
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Corollary 4.2. (a) With parameters fixed as in Theorem 4.1 (b),
Ix“@NM(x, @) |30 <2Kod ™*  and  |OENI(x, 0)]| o 2K od ™"

Also
Ix* BN x, @) 1320 <2 and ||OINO(x, 0)lf , 2.

(b) For lul|<2 and v<2 with lu|+20<4, {1k, z) is analytic in D (0) with
0307 I (k, 2)| £6,,00(d™ 1)+ O(d™>/?)
uniformly in © and ze D {0).

Proof of Corollary 4.2. (a) For ¢=0 P, is satisfied, and hence by Theorem 4.1 P,
holds for g €[0,r.]. This proves the inequalities involving N{V. The inequalities
involving N then follow from the fact that N'%(x, g)=4, o+ N(x, o).

(b) The desired bound on the derivatives of IT, follows from part (a) and (2.12),
where in the sum over N the L norm is always associated with factors having no
k-derivatives. The factor z in the right side of (2.12) is bounded because 1—¢
— 11 {0, ¢) =z 0for g <r, by definition of r,, and therefore by (2.12) g — 1 £ ¢ constd ~ .
It follows that g <1+ 0(d™?).

The proof of Theorem 4.1 (b) begins by using (2.12) to convert the assumed
bounds P, into bounds on ;11 (k, ¢). These bounds are then used to show that
there is a constant ¢ such that 1 —gD(k)— IT (k, ¢) = c(1 — D(k)). The x-space norms
of x*32NM(x, ¢) are bounded by k-space norms of 826N (k, o), which are in turn
bounded by corresponding simple random walk norms using the above inequality.
The simple random walk norms were controlled in Sect. 3. Any contributions
coming from &5d2I1(k,0) are multiplied by an inverse power of d which
compensates for any coefficients 4K, which arose in applying (2.12).

The constant K, comes from estimates on simple random walk and is defined to
be the sum of the various universal constants ¢y, ¢,, ... occurring in the proof. We
use K, to denote constants which are larger than K. In different occurrences K,
may be different constants.

Proof of Theorem 4.1. (a) For fixed t there are only finitely many x € Z¢ for which
T
x*0% Y N,x, T)g" is nonzero. Hence the I? norm is the square root of the
=1

absolute value of a polynomial in g, while the L* norm is the maximum of a finite
family of functions, each of which is continuous in g. Thus both norms are
continuous in g.

(b) Itsuffices toconsider g (1,7} because N (x, T)Z Ny(x, TYand fort=0and
¢<1 P, holds by Lemmas 3.2 and 3.4, for some universal constant K, We first
obtain the lower bound on F (k, ¢) mentioned above. Suppose that P, holds. By
definition [Eq. (1.7)],

F(k,0)=1—0D(k)—1II(k, g)
=1—0~11(0,0)+o(1 = D(k) + IT(0, ¢) — I (k, 0) . (4.1)

By definition of r,,
F(0,00=1-¢—-11(0,020 (4.2)

for g &[0, r.] with equality only for o=r..
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Now by (2.13) and assumption,
'Hr(k: Q)—HI(O,Q)‘éKld_Z (43)

The bound (4.3) is however not adequate for our present needs and we proceed to
obtain a k dependent bound. By (2.12) and assumption, the dominant behaviour of
074, 1T.(k, @)l is bounded by

ellxae; N2 [N TN, + el NV, NV, NSO

51

1 -5
§K1[d 2+d‘1‘1“]§K1[5Ud2 +d‘3]
By (2.6), I1(k,p)=IH{—k,p), and hence 0, I1(0,0)=0. Therefore by Taylor’s
Theorem
2

1k, 0) 1140, )= [[ 1 — 0. L1k, )

d
s Z a?%ikjﬂz(tk; Q)klkj

i, j=1

d
Kl[gld‘mkﬂ— Y d‘3|k,.kj(]

i*j

IA

d
§K1[d‘5/2k2+d‘3 5 |kikj]1]
1

Lj=

<K,[d™3PK+d3Qd) k] =K, d 5Pk,

using the Schwarz inequality in the last step. Using (3.8) and the above inequalities,
and allowing c to represent different constants in different occurrences, we have
from (4.1) and (4.2)

F(k,0)Z (1 —D(k))—Kd™>*k*2(cd™' —K,d~>?)k* Zcd ™ 'k* Z c(1 — D(k)).
(@4

Here d may have to be taken larger; this remark will be left implicit in the sequel.
There are three conclusions to be checked:

Case 1: [|0;Nt(x, 0)ll o <2Kod ™1, v=0,1,2,
Case 2: |:N(x,0)I3=2Kd ™1, v=0,1,
Case 3: [x*0INI(x,0)],<2Kod ™5,  [u|=1,2,v=0,1.

We consider these cases in turn.

T
Case 1. By differentiating NV(x,9)= ¥ N.x, T)o", it is seen that
T=1

N(x,0) 00, N(x,0) SgNfx, T=1)+¢*8IN"(x, 0).

Since N(x, T=1)< —2%, it suffices to show that 82N™®)(x, ¢) < (universal const) d 1.
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[As in the proof of Corollary 4.2(b), o=1+0(d").] Now
0<OINM(x, Q) S OIN (x, 0)=(2m)~* [ dke ™3I N (k, 0)

0711 (k,0) = 2AD(k)+ 0,1 (k, Q))z]
F (k,py? F {k, py®

=(2n)~* jdke”“‘"’[

2 2 2
@i dke_ikx[azn, L 2D?  4Do.n.  20.11) ]

FZ " F} T F? F? *3)

We examine each term on the right side, working from right to left. By
assumption and (2.12), |0,1T| < K,;d™ !, and hence the fourth term is bounded by
K ,d™?, using (4.4) and (3.12). The third term is bounded using (4.4) and (3.12), the
Schwarz inequality and Lemma 3.2 (b) as follows

Dol D 1
=0 < e | M | I | B “1.4-12,
N R A A
where the middle factor is readied for application of Lemma 3.2 (b} as follows:
D ® T
"F? , = a‘:D—)z s =C[0,Nolk, 1), =C|i0.], T§1 No(x, T)z R
The second term on the right-hand side of (4.5} is bounded by
2D? _
CIW 1=C63N0(X=O,Z=1)§Cld 1

by Lemma 3.2(b).

The first term on the right side of (4.5) is more subtle. Write IT (k, o) = ITI{V(k, ¢)
+ 11 Yk, o), where IT{V(k, ) is the contribution to the right side of (2.6) from walks
of the form G, i.e., from the lace consisting of a single bond. Evidently

02 IIV(k, 0)= 07 I119(0, 0) <0,
because [ U,=—1 when L=0T. Therefore

steL

G211k, o)
F(k, 0)*

since the integral on the right side is the convolution in x-space of N (x, ¢) with

itself and hence is positive. But the lace expansion can be used to bound

[O2ITC Yk, g)| by K ;d ™2, since the first term on the right side of (2.12) will be absent.
Putting it all together gives

0ZOIN(x,0)<Cid™ +0(d 7).

(2m)~* [ dke™ ™ =0z117(0,0) (2m) ™" [ dke™ "*N (k, 0)* <0,

Case 2. As noted in Case 1, NV(x, 9)<00,NM(x, ¢), and it suffices to consider

v=1. Now
18N (x, )13 £ 10N (x, @)lI5 = 0. Nk, 9)lI3

(D(k) + 0,11 (k, 0))*
F(k,0)*
D?+2D 4,11+ (8,11,
F* ‘

=(Qn)~ [ dk

=(2m) 4| dk
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By (4.4) and Lemma 3.2(b) the first term is bounded by
D |? .
= 2< -
CH(i o], =CIoNolk DIZSCod
By assumption and (2.12) |0,1,(k, 0)| £ K,;d™ ', so the third term is O(d~?). The
second term is less than

K| D D
(1-Dy*{, (1-Dy|

by Lemma 3.2(b) and (3.12). Therefore
10NN (x, 0)|3=C,d™ " +0(d 7).

Case 3. Since |x<x?, it suffices to take |u|=2, and as in the previous case it
suffices to take v=1. Now

uxixjazNil)(xﬁ Q)H 2 § Hxixjaer(x5 Q)“Z = Hél%ikjaer(ka Q)H 2-

Using the obvious abbreviations,

K,

1
(1-Dy

=K1d—3f2

Fy,  2F.F;  OF.F, F.F; GF.FF,
a’%ikjasz(k’p)=— Fi 3 Fjs + F3 L — 4 ]a (46)
with
Fi=gsinki-ﬂi, Fzz““D'-Hzﬁ
5 jcosk;—1I1; F —lsin’ -1
d ijs zi_d 1% zi»
Fi.= d5 jcosk,—1II;;,.

We number the terms on the right side of (4.6) as 1-5 and look at their I? norms,
working from left to right. We show that these terms behave like the corresponding
terms on the right side of (3.13). To begin,

D, 1
(1-Dy|, (1=Dy|

where |I7;;,] is bounded as |11, was bounded under (4.3). The terms 2 and 3 are
bounded the same way:

I,=C

+Clll

SCydd™ +Kd ™2,

(D;+11,;) (eD;+11))
(1-Dy>

|12H2§C”

2

+ClI

+C[ 1%00

“C“(i o7,

(- D)3

+CHLil o 1] o ||

SCd72+0d™ ),
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since [D}£d ™", |(1—D) ||, C by (3.12), and |I1,,] and |11 | are O(d~>/?) by the

same argument used to bound |II;;,] above. Similarly,

(D+0(d™ ") (eD;;+0(d™>2)
(1-D)? 2

S Csbid™ +0(d™ A +6,;,0(d™ )+ 0(d™ ).

H4H2§C‘

Finally,

(D+0(d™ 1) (eD;+0(d™*?) (gD, +0(d~>?)

< -2 -3
=D <Ced™2+0(d™3).

2

15l.=C

This completes the proof of Theorem 4.1.
We now increase the domain of analyticity of II(k,z) to ze D (3)={z:|z]
<r(1+37 !in7)} at the expense of one z-derivative in the estimates.

Theorem 4.3. There is a positive integer dy such that for d=d, I{k,z) and
O (k, z), |u| L2, are analytic in ze D 3) with |0°11 (k,z)| <constd ™1, v=0,1, and
|G (k, z)| < constd ™ *'2, |u| =1, 2, with the constants independent of 1t and ze D (3).

Proof. For |z|<r(1+ %r “lnr),

IND(, A=

Ax, T)zT < Z NAx, T)[r(1+%7" In7)]"

=1

k4

Z N, T)TrI 'T 11+ 37 T Ino)T.

It is easy to check that T~ *(1 447~ *Int)” is bounded uniformly in 7 and T for
1=T=r. Since r,=1—1I1(0,r,) is also uniformly bounded we have

IND(x, 2)| < cd,NPx, 7). @.7
Similarly
10, NM(x, 2)| S cO2ND(x, r )+ N (x, T=1) 4.8)
and
|0 N O, z)|géx,05v,0+65§+1N£”(x, r)+0, Nfx,T=1), v=0,1. (4.9

Now we use (2.12) and (4.7-9) to estimate the derivatives of II, occurring in the
statement of the theorem. For example,

1611 (x, 2)| S cl|0.NV(x, 2D

x [1 + 3 ON=1) N0 D] N =) ]
gc[||azN£“(x,n)nm ;d] [H ¥ (N =12 aNO

x (1+]0,N(x, fr)%lz)‘v““‘] 0™

by Corollary 4.2. The estimates for [IT(k, z)| and |0%II (k, z)| are similar.
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5. Proof of Theorem 1.1

In this section we prove Theorem 1.1 using the results of the preceding sections.
The approach is similar to that used in [3]. The first observation is the following
lemma, in the statement of which ¢ is a universal constant.

Lemma 5.1. Fork?<cdt 'Intand d=d,, N (k, z) has a simple pole at r (k) € D {1/4)
and is otherwise analytic in D [(1/2). The pole r (k) is twice differentiable in k.

Proof. Singularities of N, correspond to zeroes of F,. Zeroes of F, occur in
complex conjugate pairs since F (k, z)=F (k, z} [the right side of (2.6) is unchanged
by the replacement of k by —k]. Suppose z, and z, are two zeroes of F (k, z). Then

(z,—2z) Dk)y=1 (k, z,)— 1T (k,z,)= — (2, —z,) 3; Ok, tz,+(1—1)z,)dt.
5.1

For small k2, D(k)~1 while for large d, |0,IT|<Kd ™!, so (5.1) is only possible if
z,=z,. Thus for small k?, F (k, z) has at most one zero in D(1/2), which must be
real.

For k=0, r, is a simple zero of F(0,z). In fact

Fr(oﬁ Z) = Fr(oa Z) - Ft(oa rt) = [(Z - rr) + Ht(os Z) - Hr(0> rr)]
=—(z—r1) [1 + } 010, tz+(1—1)r) dt] .
0

and the second factor is nonzero in D(1/2) by Theorem 4.3. By the implicit
function theorem, for small k%, F (k, z) has a simple zero r (k) with r(k)e D (1/2).
Derivatives of r (k) are obtained by differentiating the equation F (k, r (k))=0. The
first derivative is

(k)d"" sink;— 0,01 (k,r (k) _rdk)

r’C
= e ) d

(5.2)

for small k2, using Theorem 4.3, Taylor’s theorem, and the fact that IT (k, z) is even
in k; to see that 3,11 (k,r(k))=0(d~ )k, The formula (5.2) is valid as long as
r(k)e D (1/2). Now rtk) is increasing in ¢ >0 since

d

%rr(tk) = Y orfth)k;xr tk)d *k*>0.
i=1

Therefore

1

r{l)y=r.+ | gf rdtk)dt <v,+c'rfk)d™k?,

4]

and so
rd)Sr(1—cd k) ' <r(1+c'd k) sr(1+417 ng),

provided k* <cdr™ ' lnr.
The second derivatives of r (k) are obtained from

Fi+Forj+Fpri+Fr+F, ry=0. (5.3)

izl j
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Theorem 1.1. There is a constant dy=35 such that for d=d,, {(o(T)?*>=DT
+O(T*1nT) as T— oo, with D>1.

Proof. Let C be the circle of radius 1/2 centred at the origin, oriented
counterclockwise. Then for k?<cdr ™ 'Int it follows from Lemma 5.1 and the
Residue Theorem that

1 dz
Nk, T)= =[Nk, 2) =51
2ni ¢ z

1 dz
= — Res Nk, T+ Nk, 2) =
z2=ry(k) {k2)z” 27‘ClaD(§1/2) ( )Z”1

=rf(k)-<”1>[ Flor) [ Nk >(’("))T“dz].

27i op.{1/2)
(5.4)

Since 0, F, and 8, r, both vanish at k=0, applying V;? to (5.4) and evaluating at
k=0 gives
szN‘I:(O’ T) = szlo[rt(k)_ T 1] a2171:(0, rt)_ !
- rt_(T+ D Vk2|0[azFr(ka rr(k)— 1]

dz
— V2N .
i op 1) N0, 2) 77 e (5.5)
Now
szlorr(k = _(T+1)rr_T_2Vk2rr(0): (56)
and
VI?'O[azFr(k’ rr(k))] “l=— [azFr(Oa rr)] ~2 [sz az Fr(oa rr) + ath(O’ rr) szrr(o)] .
(5.7)

By Corollary 4.2, 3,F(0,r)=—1+0(d" "), and 02F(0,r,) and V?0,F(0,r,) are
bounded uniformly in 7. Setting k=0 in (5.3) gives

Vird0)=—[0.F0,r)] ' PF(O,r,), (5.8)

which is similarly bounded uniformly in 7.
Putting t=T and using (1.5), (5.4-5) and the preceding paragraph leads to

<w(T)2>T=[(T+1)DT+0( HOU) | PN, z)( )T“dz]

Dr(3)

x[1+0(1) | N,(O,z)(%)ﬂldz}_l, (5.9)

0D(3)

where D, =r_ 'V?r 0).
To estimate the integrals occurring on the right side of (5.9) we first observe that
for ze 6D, (1/2),

T+1

=(1+3T ' InT)y " T+*V<LcT ™%,

Ir
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Therefore

P\
0r N0, 2) S dz

It follows from the equation above (5.2) that for some constant ¢
IN]{O,Z)IéC}Z“‘TTI_l, (5'11)

and hence for u=0 the right side of (5.10) is b~unded by ¢T " *InT. For u=2 we
have

<cT™+ N2zl (5.10)

oD1(1/2) 8DT(1/2

A2
0EN{0,2)= a_km (5.12)

By (5.11) and Theorem 4.3 the right side of (5.12) is bounded by cd ™ |z —r4| ™% and
so the right side of (5.10) is bounded by CT *d~" YT *InT) ' <cd~1T#%, when
u=2.

Substituting these estimates into (5.9) gives

(oT) <D, T +0(T*1nT)). (5.13)

To complete the proof we show that Dy=D+O(T™ %), with D> 1. Consider
two different memories o < 7. From the fact that F (k, r,(k)) =0 and F (k,r (k)) =0, it
follows that

(r k) —r,(k) Dk) = — [T (k, r (k) — T ,(k, r,(k))] . (5.14)
Setting k=0 gives
re—to=—[I1(0,r)—IT(0,r,)] - [11(0,r,) = IT,(0,r,)].
This implies that
A+ 10, r*) (r.—r;)= —8II0,r,),

where r¥*e(r,,r,) and 6I1=II,— I, By Theorem 4.3 the coefficient of r,—r, is
bounded below by a positive constant. The absolute value of the right side is
bounded using (2.14), where in (2.14) the L® norm is coordinated with the oN.
Each term on the right side of (2.14) has a factor

S N,o T)rT

T=0/6

1N, 7o)l = ]

<65?

o)

Y Nyx,T)Tr;™*
6

T=g/

rd’
[ee]

é 67'0.0'- ! HazNo'(xa ra)” ) éCOHStJ_ ! »

since ||0,N(x,7,)|, is bounded by the argument used in Case 1 of the proof of
Theorem 4.1 (b). Therefore

ro—r,Scot (5.15)
uniformly in 7 and so

ro—rp<cT™1. (5.16)
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The Laplacian is treated similarly. Differentiation of Eq. (5.14) gives
Verd0)=Vir(0)=r.—r,— [I(0,r)— VZI1,(0,r,)]
~[0,11(0,7) V7 (0)— 0,110, r,) Vir (0] (5.17)
Using Taylor’s Theorem as above,
VEIT(0,r,)— VI (0,r,)= 0,V 0, r*) (r,—1,) + V28110, 7,),

where r* e(r,, r;). The first factor of the first term on the right side is uniformly
bounded by Corollary 4.2 (b), and hence the first term is bounded by co~?, by
(5.15). The second term on the right side is bounded in the same manner that
8I1(0, r,) was bounded, apart from the fact that an L? norm is associated with any
subwalk involving an x* with u, +0, because in Corollary 4.2 (a) it was the L* norm
of k derivatives that was bounded. The final term on the right side of (5.17) can be
analyzed in a similar fashion with the result that

Verd0)—Vir,(O)lsco™!
uniformly in 7. Putting 6 =T and letting 1— 0 gives
e o(0) = Vir(0) <cT7H,
which together with (5.16) implics

Doe Ver0)  V2r(0)+O0(T™ 1)
™k r +0(TTh

=D+0(T™ 1),

where D=r_'V?r . (0).
We now complete the proof of Theorem 1.1 by showing that D > 1. Tt suffices to
show that D, > f where > 1, for all 7. By (5.8),
—~1 Vfcth(Oa rt) . 1 _rr—l szﬂr(o) rt)

De=r G For) ~ 1+adior) (>-18)

For large d the dominant contribution to ¢,I7,(0,r) comes from the G,
diagrams in the lace expansion. These diagrams evidently give a negative
contribution which is bounded away from zero uniformly in 7. In fact the
contribution from these diagrams is less than —r,d™*, which is the T=2 term in
the derivative with respect to z of (2.6), corresponding to walks which take one step
away from the origin and then immediately return to the origin. Using the lace
expansion to bound the difference between ,11(0,r,) and the G, diagrams gives
the bound (2.12) without the first term. By Corollary 4.2 this difference is O(d~?),
and hence for large d and some ae(0,1),

1+0,1100,r)=1—]0d ) <a<1. (5.19)

Similarly the dominant contribution to VZI1(0,r,) comes from the lace
~~7< T corresponding to the diagrams G,. This contribution is evidently

negative and less than d times the T=3 term with the lace 0/7<2\3 (i.e., the
3 1

three step walks of the form £3),i.e., less than — 24 (%) < —(1/4)d™'. We now
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argue that the contribution due to all other laces is O(d~>/?). In fact apart from
7 < T\, which corresponds to walks with (T)=0 and hence does not
contribute to k-derivatives, all other laces correspond to walks which can be
broken up into subwalks with at least five of the subwalks consisting of at least one
step. Estimating the difference between V2I1,(0,r,) and its dominant contribution
as in (2.12) gives the bound O(d "~ >/?), since by Corollary 4.2 two subwalks can be
bounded by O(d~ ') and the remainder are O(d™ /), while there are d terms in the
Laplacian. Therefore for some b>0, K2I1(0,r)< —|0(d™ 1) £ —b <0 uniformly
in 7.
From this and (5.18-19) it follows that

p21tb
a

since a<1 and b>0. This completes the proof of Theorem 1.1.
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