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E X T E N S I O N  T H E O R E M S  F O R  F R E D H O L M  AND 
I N V E R T I B I L I T Y  SYMBOLS 

Israel  Gohberg and Naum Krupnik  

This paper is a continuation of [GK3] where the theory of Invertibility Symbol in Banach 
algebras was developed. In the present paper we generalize these results for the case when the 
Invertibility Symbol is defined on a subalgebra of the Banach algebras. The difficulty which 
arises here in this more general case is connected with the fact that some elements of the 
subalgebra may have the inverses which do not belong to the subalgebra. This generalization 
of the theory allows us to study the Fredholm Symbols of linear operators. Applications 
to subalgebras generated by two idempotents and to algebras generated by singular integral 
operators are presented. 

I n t r o d u c t i o n .  

1. Let B be a Banach space over the field C, L(B)-a lgebra  of all l inear  bounded  

opera tors  ac t ing in B, and  1C(B) its two-sided ideal of all compact  operators .  Recal l  tha t  

an opera to r  Ft (6 L(B))  is a Fredholm opera tor  if its image is closed ( ' ImA = I m A ) ,  

d imKer  < ~ and d imKer  A* < ~ .  

For any a lgebra  E we denote by E n•  the algebra of n x n matr ices  wi th  entries 

from ~.  Let A be a subalgebra  of L(B). We say tha t  A is an a lgebra  wi th  Fredholm Symbol  

of order  n if there  exists a set {7~} ( r  6 T)  of homomorphisms 7~ :  .4 --+ C t x t  (~ = ~(r)  < 

n) such tha t  any opera to r  A 6 ~4 is a Fredholm opera tor  in B iff 

(0.1) det 7~(A ) r 0 

for all v C T.  We denote  by FS(n ,  B) the class of algebras P~ which have Fredholm Symbols  

of order  n. 

2. Let  /~ be a Banach algebra with ident i ty  e over the  field C, G~l-the group of 

all invert ible  elements of /~,  #I some subalgebra of fii with ident i ty  e and {u~} (7 6 T )  a 
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set of representat ions of /~  such that  dim vr <_ n for all r E T and any element a 6 & is 

invertible in ~ ifi: 

(1.2) det vr(a)  # 0 

for all r E 7". 

In this case we say tha t  the set {~'r} ( r  6 7 )  generates an Invertibil i ty Symbol 

of  order n for ~ in an algebra ~. We denote by IS(n, ill) the class of all algebras/% which 

have an Invertibil i ty Symbol  in ~. In the case when ~ = / ~  we wr i te /~  E IS(n) instead of 

a e IS(n, a). 

3. Let a set {')'T} ( r  E T )  generate a Fredholm Symbol  of order n of an algebra 

.A C L(B).  Using the same arguments  as in [GK3]  (example 1.1) one can suppose tha t  for 

every T 6 iT" the representat ion "~r is irreducible and hence Im 'y r  = C t•  (~. ~- t(r)). 
Set /~ = L(B) /1C(B)  and A -- v(~4), where ~r is the canonical homomorph i sm 

~r : L(B) --* ~.  For any r 6 ~r by ~ we denote the following representat ion of Pl : 

~%(~r(A)) = "Y,(A0), 

where A0 is some opera tor  from 7r(A). The representations vr are well-defined, because 

7~(T) = 0 for all T E A M K:(B). Indeed for every r E T the set 

{~T(T) : T ~ ~ n ~:(B)} 

is a two-sided ideal in the simple algebra C tx t  = Ira 7T and thus it consists only of "yT(T) = 

0. 

It remains to note ([GK];  see also [GK4])  that  A 6 F(B)  if[ 7r(A) E Gh .  Hence 

{u~} ( r  E T )  generates an Invertibility Symbol for Pl in an algebra ill. Vice versa if {v,} 

(T 6 T )  generates an Invertibility Symbol for 7r(~4) in an algebra ~r(L(B)), then the set 

{7r} ( r  6 :T) of representat ions 7r(A) := ~r(~r(A)) generates a Predholm Symbol  for the 

algebra ~4 C L(B).  

In the paper  [GK3]  some extension theorems were proved for the Invertibil i ty 

Symbol  in the case ~ = /~ .  In this paper  we consider the more general case A C / ~  and as 

a corollary we obta in  the corresponding extension theorems for Fredholm Symbol  . The  

present paper  consists of an Introduction,  Chapter  I (w167 and Chap te r  I I  (w167 

Chap te r  I s tar ts  with some preliminaries (w The  necessary conditions of the ex- 

istence of an Invertibili ty Symbol  for A in fii is established in w Some sufficient conditions 
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are proved in w The Symbols extension problem from a dense subalgebra is considered 

in w Chapter II contains some applications of the results obtained in Chaper I. In w we 

show that  any subalgebra Pi, generated by two idempotents, has an Invertibility Symbol 

of order 2 in the entire algebra ill, even if g is not inverse-closed in/~l. The explicit form 

of the symbol is presented. A certain generalization is considered in w Using these re- 

sults we prove in w that the Banach algebra generated by singular integral operators with 

piecewise continuous coefficients on a simple contour F has a Fredholm Symbol of order 2, 

in the space Lp(F, p) with an arbitrary weight p. The general case of an arbitrary weight 

p and nonsimple contour is considered in w Algebras of n • n matrices with entries from 

the algebras Pt are also considered in w167 of Chapter II. 

The main results obtained in this paper were presented in the International Sym- 

posium, "Operator Equations and Numerical Analysis", September-October 1992, Gosen, 

Germany. 

The present paper was already written when we received a preprint [FRS] in 

which the above-mentioned results of w Chaper II as well as the results of w Chaptre II 

(with some additional nonessential requirement) are also obtained. 

C H A P T E R  I. E X T E N S I O N  OF S Y M B O L S .  

w Pre l iminar ies .  

Let Pt be an algebra. Set 

F k ( a l , . . .  ,ak) = ~ sgn~ra~(1)a~(2).., a~(k), 
trES~ 

where a l , . . . a k  E P~ and ~r runs through the symmetric group Sk. If for any element 

a l , . . . a k  E ~ the polynomial identity Fk(a l , . . .  ak) = 0 holds, we write ~l 6 PI(Fk). By 

the well-known Amitsur-Levitzki theorem [AL] the algebra C n• belongs to PI(F2~). From 

this theorem follows 

PROPOSITION 1.1. Let {v~} (~- E T)  generate an Invertibility Symbol  of order n /'or a 

8ubalgebra I% of a Banach algebra ~. Then t ' r (F2n(a l , . . . ,  a2n)) = 0 /'or any elements 

b, a l , . . . ,  a2n from the algebra Fi and the dement  w = e + bF2 , (a l , . . .  ,a2n) is invertible 

in f~. 

For details see [K]. 

Denote by T~ the radical of algebra ]~, i.e. the set 

n(f~) = {w E f~: ~ -  Tx E Gf~ for all x E A}. 
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PROPOSITION 1.2 [K]. An algebra ~ has an/nvertibility Symbol of  order  n (in itseIf) iff 

a/R(a) �9 PI(F2~). 

We call an element x 6/% l impotent  if x is a limit of a sequence of quasinilpotent 

elements, but  x itself is not a quasinilpotent element. 

w Invertibility Symbols for Banach algebras and their subalgebras. 
Let P~ be  a dosed  subalgebra of a Banach algebra ~ with the same identi ty e. In 

this section we establish some connections between the existence of an Invertibil i ty Symbol  

in an algebra/:% and the existence of the Invertibility Symbol for P~ in an algebra ~.  

THEOREM 1.1. Let Pt be a dosed subMgebra o f a  Banach algebra ~. Each of  the following 

assertions 1-5 is necessary for the existence of an lmvertibility Symbol for fl in the Mgebra 
A. 

1. The  quotient algebra P~(Tr is an algebra with poIynomiaI identity F2,~. 

2. Pt �9 IS(n).  

3. /1 does not have 1impotent dements .  

4. For any suba/gebra K dense in P~ any dement  a �9 r  can be approximated 

with any precision by dements  from K \ Gt:I. 

5. For any subalgebra K dense i n / I  any demen t  a �9 f l \Gf l  can be approximated 

with any precision by dements  from K \ G~.  

PROOF: 1. Let a l , . . .  ,a2n,x be some fixed elements in & and w := e + cx, where 

c := 2._, sgnaa~0)a~(2)  . . .  a~(2~). 
des2. 

Since P~ 6 IS(n,  fl) there exists a set {u~} ( r  E T )  of representat ion of ~ which generates 

the Invertibil i ty Symbol  of order n for N in ~.  By Proposi t ion 1.1, det u~-(w - Ae) = 

(1 - ),)~(~)(g(r) = dim u~). It  follows f rom here tha t  the spec t rum a(w, [%) of w in the 

algebra/% is a singleton A = 1 and hence a(w, ~) coincides with the spec t rum a(w,  r of 

w in the subalgebra/%. Thus,  w is invertible in P~ for any x 6 / 1  and (by the definition of 

radical) c 6 T~(P~). This implies tha t  a /T~(a )  6 PI(F2, ) .  The first assertion of the theorem 

is proved. 

Taking into account theorem 1.1 of [GK3] it remains only to prove assertion 5. 

Let /% E IS(n, h) .  Assume tha t  a 6 A \ GA. Then there exists a representat ion u 6 {ur} 

(7 E T )  such tha t  det ~,(a) = 0. If an E K and Ilan - all -+ 0 then det , (an)  --~ 0 

and there exists a sequence of eigenvalues -~n of the matrices u(a~) which tends to zero: 
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An --+ 0. Now for the elements b,  := an - A,,e we have: b,~ 6 K and Ila - bnll ~ 0. Since 

det v(b,,) = 0, b, E K \ G~l and the theorem is proved. 

The  condition g 6 IS(n) is not sufficient for the existence of the Invertibili ty 

Symbol for Pt in an algebra ill. This follows from an example which is given in [K] (example 

14.2). For completeness we state it here. 

EXAMPLE 1.1: Let g l  be some Banach algebra with identity e and elements a, b such tha t  

ab = e and ba # e. We set fii = g~x2 and 

where x belongs to the Banach algebra Flb, generated by one element b, y 6/ : la  and z E fll .  

It is not difficult to check that  tl is the Banach subalgebra of ill, and every element x of 

the form 

belongs to the radical "R.(~I). The quotient algebra ~I/T~(/:i) is commuta t ive  and thus ~ E 

IS(l) .  However, the algebra ~ does not have any Invertibility Symbol in ~. Let us first show 

tha t  N ~ IS( l ,  ~) .  Suppose that  ~I 6 IS(l ,  ~ )  and {Ur} ( r  E T )  is a set of one-dimensional 

representat ions which generates an Invertibility Symbol for ~ in ~.  Since ba 7 ~ e the 

element 

is not invertible in ~. Thus there exists a representation u 6 {u,-} ( r  6 T )  for which 

u(u) = O. Since I m u  is a commutat ive algebra 

a b b :][0 ~176 

and hence the element 

is not invertible in ~. 

v :~-- 0 

a 

But,  in fact, v is invertible in /1  : 

:] :]=[: 0] 
The contradict ion shows that  /:l • IS(1, Yl). Moreover, ~I r IS(n , [ l )  for any n E N. This 

follows from the following lemma. 
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LEMMA 1.1. Let P~ be a Banach subalgebra in a Banach algebra ~. / f  A 6 IS(n, ~) and 

a c Is(m),  some m < . ,  then a e IS(m, A). 

PROOF: Let {ur} ( r  6 7") be a set of representations which generates an Invertibility 

Symbol of order n for gt in /~. Using the same arguments as in [(]K3] (example 1.1) 

one ca~ assume that Imur = C t(r)xt(r). Let a l , . . . a2m be any elements from ~. Since 

E IS(m), the element w -- F2m(al , . . .  a2m) belongs to the radical 7~(A) of an algebra 

~. It follows from here that for each ~" E T the matrix ur(w) belongs to the radical of the 

simple algebra C (t(r)• i.e. ur(w) = 0. So we have obtained that C t(r)• E PI(F2m). 

It is well-known (see, for example, [H], lemma 6.3.1) that in this case t ( r )  < m. Thus 

e Is(m, A). 

w Inverse-closed and locally inverse-closed subalgebras. 
Let ~ be a Banach subalgebra of a Banach algebra/~,. A subalgebra/~ is inverse- 

closed in ~ if a~y element a -1 inverse in an algebra gt to an element a E /:% belongs to 

Let A E IS(n) and {u~} (T E T)  generate an Invertibility Symbol in/1.  In this 

case the following two properties of this algebra are evident. 

PROPOSITION 1.3. // 'A is inverse-closed in P~ then A 6 IS(n,/~) and the set {v~} (7" 6 7") 

generates an Invertibility Symbol for l~ in ~. 

PROPOSITION 1.4. / f  the set {v,} (t E 7") generates an Invertibility Symbol for P~ in 

then g~ is inverse-closed in ~. 

It is clear that there exist examples of algebras/5, and their subalgebras P~ 6 IS(n) 

such that ~ is not inverse-closed in/~, but ~ 6 IS(n,/~). Here we present a simple example. 

Let A be a commutative subalgebra of ~ and suppose that A is not inverse-closed in/~. 

Denote by A1 the maximal commutative subalgebra of ~ which contains ~ (A C fl~l C ~). 

Let {VM} be the set of all multiplicative functionals acting in /~1. By the well-known 

theorem of Gelfand ([GRS]) {~'M} generates an Invertibility Symbol (of order 1) in an 

algebra/~1. Since P~I is inverse-closed in/~ the set {~'M} also generates an Invertibility 

Symbol for fl~X in /~. In particular, {~'M} generates an Invertibility Symbol for /% in ~. 

Thus ~ has an Invertibility Symbol in an algebra/~. 

The class of commutative subalgebras are simple examples of locally inverse-closed 

8ubalgebras which we are going to introduce. 

Let A be a Banach subalgebra of a Banach algebra/~ and C = C(A) some subal- 

gebra of the centre Z(Pt) of an algebra/~. 
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Denote by A the commutator of the algebra C(~) in Pl i.e. 

A = {x E h :  ax = xa for everya 6 C(Pt)}. 

It is not difficult to check that A is a Banach Mgebra of ~, C(gt) is a subalgebra of the 

centre Z(A) of an algebra A, and A is inverse-closed in ~. 

Let M = M(C) be the set of all maximal ideals of the algebra C. For every ideal 

M E M(C) we denote by JM the smallest two-sided ideal in A which contains all elements 

of the form 
m 

~ akbk 
k = I  

where ak 6 M,  bk E A and m 6 N. If JM # A then JM is a closed two-sided ideal in A. 

Denote by Me the set of all maximal ideals M 6 M for which JM # A. 

For any element a 6 A we denote by aM the element a M :--- a + JM (6 A / JM) .  

If E is a subalgebra of A then by ~M we denote image 7rM(E) where 7r is the canonical 

homomorphism r M : A ~ A/JM.  

Let us introduce the following definition. P, is a locally inverse-closed subMgebra 

in fii (relative to C) if for any M E Mc the quotient algebra P~M is an inverse-closed 

subalgebra in AM. 

THEOREM 1.2. Let ~ be a dosed subalgebra os a Banach algebra ~ and let ~ E IS(n). I f  

Pt is a locally inverse-closed subalgebra of h, then ~, E IS(n,/~). 

For the proof of this theorem we need the following lemma. 

LEMMA 1.2. I / '~M 6 IS(n, AM) t:or MJ M E Mc then A 6 IS(n ,h) .  

PROOF: Let {v M} (r  E T ( M ) )  be a set of representations which generates an Invertibility 

Symbol for A M in A M. For any M E Mc and r 6 T ( M )  we denote by Vr,M the following 

representation of the algebra A:  V~,M(a) = vM(aM). The set {v~ M } (M E Mc, r 6 T ( M ) )  

generates an Invertibility Symbol for Pi in ~. Indeed, let a E A. Since A is inverse-closed in 

the element a is invertible in ~ iff a is invertible in A. By the well-known local principle 

[A], a is invertible in A iff aM is invertible in AM for all M 6 Me- Thus a is invertible in 

if[ det 1]r,M(a) • 0 for all M E k~c and all ~- 6 T ( M ) .  The lemma is proved. 

PROOF OF THE THEOREM: Let a l , . . ,  a2n 6/~l and c -- F2n(al,. �9 �9 a2n). In the conditions of 

the theorem we assumed that & E IS(n). By proposition 1.1 c E R(Pl). It is not difficult to 

check that  in this case CM belongs to the radical ~(AM) of the algebra P~M (= 7i"(O)), hence 

~M(~"~(~M) ~ PI(r2n ) and by proposition 1.2 aM 6 IS(n). Since/% is locally inverse-closed 

in ~, ~M is inverse-closed in AM. By proposition 1.3, P,M 6 IS(n, AM) for all M E Mc 

and by lemma 1.2,/:% 6 IS(n, f~). The theorem is proved. 
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COROLLARY 1.1. Let A be a closed subalgebra of  a Banach a/gebra ~ and C a subalgebra 

of  the centre o f  an dgebra A. If  

(1.1) sup dimAM = rn < c~ 
M6Uc 

then A E IS(n, A) for some n <_ v ~ .  

Indeed, it follows from (1.1) that dim AM < m. Hence (see, for example [H], lemma 

6.2.2), AM 6 PI(Fm+I). By proposition 1.2, AM 6 IS(k) for some k. Since dimAM < oo, 

the algebra AM is inverse-closed in AM and thus AM 6 IS(k, AM) for all M 6 Me. 

By lemma 1.2, A E IS(k, ~). Let {z,~} be a set of representations which generates an 

Invertibility Symbol for AM in AM. We mentioned above that the representations v ~  

can be taken with the conditions Imv M = C txt, Since d imlmv  M _< dimAM we get the 

inequality t 2 < m. Thus AM 6 IS(t, AM) with some t _< x/-~. Hence A 6 IS(n, ~)  with 

s o m e  n < v ~ .  

COROLLARY 1.2. Let I:i be a closed subalgebra of  a Banach Mgebra ~ and K a dense 

subalgebra of  f~. I f  K is an m-dimensional module over its centre, then A 6 IS(n,/5i) for 

s o m e  n < V ~ .  

Indeed in this case (1.1) holds. 

w Extension of Symbols. 
In this section the conditions are given for the possibility of an extension of In- 

vertibility Symbols from dense subalgebras to their closures. 

THEOREM 1.3. Let A be a subalgebra of  a Banach aJgebra/~, K a dense subalgebra of 

Pl and {ur} (v 6 9-) a set of  continuous homomorphisms which generates an Invertibility 

Symbol  o f  order n for K in an adgebra ]~. 

Under these conditions the following two assertions are equivalent: 

1. A n y  element a E A is invertible in f~ iff 

(1.2) jg I det > o 

2. A n y  dement a E A \ G ~  can be approximated with any precision by elements 

from K \ g~. 

For the particular case when A = fI this theorem was proved in [GK3]. The same 

arguments can be used for the proof of this theorem in the general case A C/~1. 
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COROLLARY 1.3. Let gi be a dosed subalgebra of a Banach algebra/~,  K a dense sub- 

algebra of  Pi and {v~} ( r  E T )  a set of  representations which generates an Invertibility 

Symbol of order n for K in ~. K A 6 IS(m, /~) / 'o r  some m E N then any eIement a E ;l is 

invertible in fil iff(1.2) holds. 

COROLLARY 1.4. Let [% be a dosed subalgebra o f a  Banach algebra f~, K a dense subalge- 

bra of  Pi and {vr} (r  6 T )  a set of representations which generates an Invertibility Symbol 

of order n for K in f~. I l K  is a finite-dimensional module over its centre then any element 

a E Pl is invertible in f~ iff(1.2) holds. 

COROLLARY ]-.5. Let Ao be an algebra of linear bounded operators acting in a Banach 

space B and A = Ao the closure of`40 in an algebra L(B). Suppose that 

1) ,4 has a Fredholm Symbol (of some order) in B and 

2) a set of  homomorphisms {7~ } (r 6 T )  generates a Fred_holm Symbol of  order 

n for `40. 

Then any operator A E `4 is a Fredholm operator in B iff 

inf Idet~(A) l  > 0. 
rET 

C H A P T E R  II. EXAMPLES.  

w Matrices with entries f r o m  a n  algebra generated b y  t w o  i d e m p o t e n t s .  

Let /~ be some Banach algebra, p , r  6 ~ and p2 = p, r 2 = r. Denote by K 

the smallest (generally speaking nonclosed) subalgebra of /~ generated by p, r, and denote 

by ~ the closure of K in ~.  It is shown in [W] (see also [GK3])  tha t  the subalgebra C 

genera ted by one element t = (p - r) 2 is a subalgebra of the center of K and K is a four- 

dimensional module  over C. The algebra K mxm of matrices with entries from K is also a 

finite-dimensional (4m2-dimensional) module over the subalgebra 

!] ,} Cl = a . . .  (a 6 C 

. . ,  

of the centre of K mxm. 

By corollary 1.2, Pi mxm E IS(2m,/~) for every m E N. 

In order to describe the Invertibility Symbol for/%" ~xm in an algebra/~i mxm we 

need the following notations: 
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For any # 6 C we define the mapping 

(2.1) g . :  {e,p,r} -~ C ~• 

by the equalities 

(2.2) , g . ( p ) =  , vZdH_  ) 

with some fixed branch of the root V / ~ - / ~ ) .  By h(h : {e,p, r} --* C; k �9 {0, 1,2, 3}) 

we denote the mappings, defined by the following equalities: 

f 0 ( e ) = l ,  fo (P)=fo(r )=O;  f l ( e ) = y l ( p ) = l ,  f l ( r ) = 0 ;  

(2.3) f2(P) = 0, f2(r) = f2(e) = 1; f3(e) = f3(P) = f3(r) = 1. 

Let ~, be some representations of/~. By v ('~) we denote the representation of the algebra 

;~m• defined by the equality 

(2.4) b'(m)((ajk)r~,k=l) := (l](ajk))j,mk=l (ajk �9 t~). 

By a(x, ill) we denote the spectrum of the element x in an algebra/~. 

TItEOaEM 2.1. Let 1~ be a Banach subalgebra o f a  Banaeh a/gebra/~l, generated by two 

idempotents p and r. Then 

1. For any m �9 hd the algebra l% m• has an Invertibility Symbol of order 2m 

in an algebra fii m• 

2. Let g~ and fk be the mappings defined by (2.2) and (2.3). For any # �9 

a(prp, A) \ {0, 1} and any k �9 ~(p + 2r, ilL) n {0,1, 2, 3} it is possible to extend 

the mappings g# and fk to homomorphisms os the algebra t21 (we denote 

these extensions by the same letters gt* and fk). 

3. The set oerepr sentations �9 a(prp,~i)\ {0,1}) and {f~m)} (k 6 
a(p+ 2r)N{O, 1, 2, 3}) defined by (2.2)-(2.4) generates an Invertibility Symbol 

of order 2m for/~l "*xm in an algebra f~m• 

The following two assertions give some additional information about the Invert- 

ibility Symbol.  

1 ~ If 0 ~ cr((e - p - r) 2,/~) and 1 ~ cr((e - p - r) 2, f~), then a(p + 2r, [=%) fq 

{0, 1, 2, 3} = 0 and the Invertibility Symbol is generated only by 2m-dimensional 

representations {g(m)} (# �9 a(prp, fl) \ {0, 1}). 

2 ~ If 0 �9 a(prp, f~), 1 �9 a(prp, [%) and these points are not isolated points of 

a(prp, f~), then the set {g(m)} (# �9 a(prp)) also generates an Invertibility 

Symbol . 
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In the second case, all the m-dimensional representations f~m) belong to the set 

of representations which generates the Invertibility Symbol in an implicit form: 

The proof of Theorem 2.1 as well as of the additional assertions 1 ~ 2 ~ coincides 

with the proof of the theorem 2.1 and corresponding additional assertions in [GK3] for 

the case ~ - / ~ .  

w G e n e r a l i z a t i o n .  

Let ~ be a commutative closed subalgebra of a Banach algebra/~; p and r two 

idempotents which belong to the eommutant of E and ~, the Banach subalgebra of/~ gen- 

erated by E, p and r. Set C = E. For any maximal ideal M 6 k4r the quotient a l g e b r a / l u  

(=/:% + JM) is isomorphic to the subalgebra of AM generated by two idempotents PM and 

ru. In the previous section we showed that ~ x m  E IS(2m, A ~  xm) for any m 6 N. Hence 

(see corollary 1.1) / l  m• E IS(2m, film• Moreover, let U be an arbitrary maximal ideal 

from Me and {u M} (r 6 T(M)) the set of all two- and one-dimensional representations 

which generates an Invertibility Symbol for P~M in AM, then the set {Ur,M} defined by the 

equalities ur,u(a) := u~M(aM) ( M E Me, r 6 T( M) ) generates an Invertibility Symbol for 

, (m)~ (M E Me, T 6 T(M)) generates an Invertibility in ~ the set of representations lU~,Ui 
Symbol for/~mxm in ~raxm. 

w A n  algebra generated by singular integral operators with piecewise cont in-  

uous  c o e m c i e n t s  on the simple con tour .  

Let F be a simple closed oriented contour on the complex plane C, 1 < p < o~ 

and p : F --* R+ a weight function such that the operator 

1 ~r ~p('r)dr 
= ; i  7 - - 7  

is bounded in the weighted space Lp(F, p). 

Let ~ 1, t 2 , . . . ,  t2s be some different points on F which divides r to 2s arcs F1 , . . . ,  F2s. 

By PC(F)  we denote all functions a : F --~ C piecewise continuous on F and continuous 

on F \ { t l , . . . ,  t28}. Let .A denote the Banach subalgebra of L(Lp(F, p)) generated by the 

operator SF and all operators Ra of multiplication by functions a 6 PC(F) .  

An algebra ~ can be considered as an algebra generated by an operator St ,  all op- 

erators Re of multiplicaions by continuous functions c and an operator R x of multiplication 

by the characteristic function X of the set F1 U F3 U .. �9 U F2s-1. 
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Consider the quotient algebra ~ = L(Lp(r, p))/IC. Recall that ~ = /C(Lp( r ,  p)) 

is the two-sided ideal of all compact operators acting in the space B = Lp(F, p). For any 

operator A E L(B) by .4 we denote the element A = A + ~ E ~. 

So we have a Banach subalgebra Pi of a Banaeh algebra [1 and r is generated 

by a commutative subalgebra E --- {/~c : c E C(F)} and two idempotents: /~z and /5 = 

(-T + S t ) / 2  which belong to the commutator of an algebra E. Such algebras were discussed 

in the previous section. It is shown here tha t /1  6 IS(2, ~)  and for any m E N, fl mxm E 

IS(2m, ~mxm). Thus an algebra .4 has a Fredholm Symbol of order 2 and for any m 6 N 

the matrix algebra .4m• has a Fredholm Symbol of order 2m. For the space Lp(F, p) with 

the weights of the form 

(2.5) p(t) = f i  It - tkl ~k 
k = l  

this statement as well as the explicit form of a Fredholm Symbol was obtained in [GK1]. In 

the case of general weight, the explicit form of a Fredholm Symbol for a nonclosed algebra 

.4~• dense in A m• is given in [Sp]. We proved above that  `4mxm �9 FS(2m, Lp(I', p)). 
By theorem 1.3 (see corollary 1.5) the symbol constructed in [Sp] for the dense subatgebra 

`4~• can be extended to the algebra .4rnxrn 
The results obtained in this section conclude the investigations of the structure of 

Banaeh algebras generated by singular integral operators with continuous and piecewise 

continuous coefficients on the simple contour in the spaces Lp(F, p). The beginning of this 

theory was stated in [G]. 

w A n  Algebra generated by singular integral operators with piecewise con- 

tinuous coefficients on a nonsimple contour.. 

Let I '  be a closed non-simple curve which consists of a finite number of simple 

arcs Fj without common interior points. If the point z E F belongs to n arcs Fj then z is 

a node of the multiplicity n. Let 1 < p < co and p : I" --, R+ be a weight function such 

that the operator 

1 fr  ~(r)dr Srq0(t) = ~r--i ~---~ 

is bounded in the space B = Lp(F, p) with the norm 

IlfllL,(r,o) = Hp~ fllL,(r) �9 

In this section we denote by M the Banaeh subalgebra of L(B) generated by an operator 

St ,  all operators Rc of multiplication by continuous functions c and all operators RXj of 

multiplication by characteristic functions Xj of the arcs Fj. 
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THEOREM 2.2. Let n be the maximal number of mutliplicities of the nodes of contour F. 

Then 

1. For any m E N, the algebra A 'n• has a Fredholm Symbol of order mn in 

the space L~(F,  p). 

2. Let {Tr} (t 6 T) be a set of representations of  some subalgebra .T dense in 

A mxm and 

sup{~mT~ : r 6 T} < oo. 

If the set {Tr} (r 6 ~1") generates a Fredhohn Symbol for the algebra .7: then 

any operator A 6 .A m• iS a Fredholm operator in L~'(F, p) iff 

inf b~(A)l < oo. 
r 6 T  

PROOF: Let ,40 be the nonclosed subalgebra of L(Lp(F,p)) generated by the operator 

St ,  all operators Rc (c 6 A(P)) and all operators RXj; ,4 the closure of .A0; Pi = 

L(Lp(P, p))/tC(Lp(r, p)); h = A/JC(Lp(r, p)); C the subalgebra of the centre Z(/I) of/% 

which consists of all operators f~c = Rc + IC with c 6 C(F); A the commutator of the 

algebra C in ~; M~ (z E P) the maximal ideal in C defined by 

Mz = {Re 6 C: c(z) = 0}; 

Jz the minimal two-sided ideal in A which contains Mz; Az the quotient algebra: Az = 

A / J z  (:= ~r~(A));/~z = ~r~(;i) and for all A 6 A by Az we denote the element A + J ~  6 A~. 

In order to prove that A "x '~ E FS(mn, R mx'~) it is enough to show that A~ • 6 

IS(mn, Am~ xm) for all z 6 F (see lemma 1.2). Set K~ = ~r~(.A0). It is clear that K~ 

is a dense subalgebra of/%z. By theorem 1.2 (see corollary 1.2) in order to prove that 

/1~• 6 IS(ran, A~ • it is enough to show that the algebra Kz is an N-dimensional 

module (with N _< n 2) over some subalgebra of the centre of an algebra Kz. 

Finally, in order to prove that Jl m• 6 FS(mn, L~(P,  p)) it is enough to present 

N + 2 operators X, Y, W I , . . . ,  WN from A0 with the following properties: 

1 ~ X B  - B X  6 K:(Lp(F, p)) for a/1 B E A0 

and 

(2.6) 

2 ~ Every operator A E .d0 can be represented in the form 

N 

j , k = l  
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where f jk(X) are polynomials of X and the operator T has the following 

properties: there exists a neighborhood u(z) C F of the point z and a function 

h(z) �9 C(F) such that  h(t) = 1 for all t �9 u(z) and the operator  T1 : dRhT 
is a compact operator in the space Lp(F, p). In other words, T is locally 

compact  in the point z. 

We are going to present such operators X, Y, W1,. . . ,  WN (with N = N(z)). 

If z is not a node of the contour F we can take N = 2, X = Y -- I ,  W1 = I and 

W2 = Sr .  

Let z be a node of the contour F. Since F is a closed contour it splits the extended 

complex plane into two open sets F + and F -  such that  F constitutes the boundary  for 

bo th  of them ( [GK4] ,  p.15). It follows from here that  the node z is the intersection of 

2r arcs g l , . . .  ,~2~, half of them ~1,~3,... ,~2~-1 are directed away from the point z and 

~2,~4,. . .  ,g2r are directed to the point z. Set 

r 

i=l  

l,V2~ -- (~o~ + ~,~+l)Qr, W2~-1 = (~2i-~ + ~ ) P r  

and 
2r 

X = ~ WiYWi. 
i=1 

In order to  show that  these operators satisfy the required conditions we will first prove 

that  

(2.7) A0 n ~:(Lp(r, p)) = A0 n ~:(L~(r)). 

~_2/ 
We start with the case p # 2. In this case we set B, = L8 F, pp---='~ (1 < s < c~). 

In particular, lip = Lp( r ,  p) and [I 2 = L2(F) (here 8 = 2 and p # 2). Since an operator 

Sr  is bounded in the space Lp(F, p) it is bounded in the space Bs for all s from some 

e-neighborhood A(e) of the segment A = [min(p, p(p - 1) -1),  max(p, p(p - 1)-1]. This 

s tatement  for s �9 A was obtained in [S] and for s �9 A(r in [ H M W ] .  It is clear that  the 

algebra ~40 does not depend on 8. Moreover, if T �9 dt0 and T is compact  in one of the 

spaces B, (s �9 A(e)),  T is compact in every B, (s �9 A(e)), [Kra]. Thus for the case p # 2, 

assertion (2.7) holds. In the case p = 2 the proof is the same. One must only consider 

the scale of spaces [12,~ = L2(F, p~) with 7- from some e-neighborhood of the segment 

A = [--1, 1] instead of the scale B, considered above. Thus assertion (2.7) is proved and 
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it follows from (2.7) that one can restrict ourselves to the space L2(F) when checking the 

required properties of the operators X, Y, W1, . . . ,  W2~ in the space Lp(F, p). 

In the space L2(F) the algebra A is well investigated (see [GK2,5], [C], [RS]). It 

has a Fredholm Symbol,  it is semisimple and the explicit form of the Symbol is known. The 

operator T in this case is locally compact in the point z iff the local value of the Symbol 

of the operator T in the point t = z is zero (i.e. a zero matrix). Using, for example, 

the notations from [GK2] one can see that 7z, ,(X) = # E  (E is an identity matrix), 

= = = (~i*( , ) ) j , , - - - ,  and = (a;k)j ,k=l ,  where a .  1 and a~k 0 for (j, k) # (i, O, Y 

for any operator A 6 .Ao 

7~,~(A ) 2r ( ~  fjk(X)WjYI~k), = (f~k(~)Ujk(~))j ,k=~ = "~,~ \~,k=~ 

where fjk are some polynomials. Thus for the operator 

2r 

T = A - ~ fjk(X)WjYWk 
j ,k=l 

we have yz,~(T) = 0 for all 0 < # < 1. The first assertion of the theorem is proved. The 

second assertion follows from the first assertion and theorem 1.3. 
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