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1. Introduction

In this paper we study the solvability of problems of the type
(1.1) —Au=f(x,u) in 2 , u=0 on 842,

where {2 is some bounded domain in R?, and the function f(x, s) has the maximal
growth on s which allows to treat problem (1.1) variationally in HJ(£2). More
precisely, we treat the so-called subcritical case and also the critical case, which
we define next.

We say that f has subcritical growth at +oo if for all o > 0

(12) @0l

1——>+oo got?

and f has critical growth at +oc if there exists ag > 0 such that

(1.3) lim M:o Vasap: lim J&N

t—+oo ¢ t—+00 eot?

=+00 , Va<a.

Similarly we define subcritical and critical growth at —oo. This notion of critical-
ity is motivated by the so-called Trudmger—Moser mequahty [12,9] which says
that if u is a H}(£2) function then the integral [ e* is finite.

Problems of the above type have been studied recently by several authors,
Atkinson-Peletier [5], Carleson-Chang [7] , Adimurthi et al. {1], [2], [3], [4]. In
this paper we improve the existence conditions in [2], and extend the results to
the nonsymmetrical case and to more general nonlinearities. Also we propose a

* These anthors have been partially supported by CNPg
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unified approach by putting all questions in the framework of the by now classical
Critical Point Theory as first developed in papers by Ambrosetti-Rabinowitz and
Rabinowitz. For a complete reference of the results used here, see Rabinowitz
[11; Theorems 2.2, 5.3 and 9.12]. As usual in the applications the hard points are
the verification of conditions which allow the use of this Critical Point Theory,
in particular the Palais-Smale condition.

In the results for nonlinearities with critical growth (Theorems 1.3 and 1.4
below) we give sufficient conditions for the existence of solutions. The proofs
of these results follow the ideas introduced by H. Brezis and L. Nirenberg [6]
in their pioneering work on the solvability of equations with critical growth in
dimensions larger than 2. In fact, one observes that (as in their case) the functional
under consideration satisfies the Palais-Smale condition only at certain levels.
In order to assure that the constructed minimax levels are inside the Palais-
Smale region we use test functions connected with the optimal Trudinger-Moser
inequality (while Brezis- Nirenberg used test functions related to the optimal
Sobolev imbedding).

For easy reference we state now conditions on f that will be assumed in all
theorems below.

(H1) f:2 xR —R is continuous, f(x,0)=0.

H2) Jd % >0, 3dM >0 such that

O0<F(x,t)= / fO,)ds S MIf(x,t)| , Y| > 0,Yx € (2.
0

(H3) 0< F(x,0) < %f(x,t)t , VteIR—{O} , Vx € 0.

Now we state the results which will be proved here. We denote by 0 < A <
Az < A3 < ... the eigenvalues of (—A, Hy (£2)). By “solution” in the theorems
below we mean weak solution u € Hy(£2).

Theorem 1.1, (The subcritical case, local minimum at Q). Assume (HI), (H2),
(H3) and that f has subcritical growth at both +o0 and —oo. Furthermore suppose
that

(H4) tll_I}(l) sup w < A, uniformly in (x,1).

Then, problem (1.1) has a nontrivial solution. Moreover if f(x,t) is an odd func-
tion in t, then (1.1) has infinitely many solutions.

Theorem 1.2. (The subcritical case, saddle at 0). Assume (HI), (H2), (H3) and
that f has subcritical growth at both +00 and —oo. Furthermore suppose that

(H5) 35 >0, 3 M < pp < Ay such that F(x,7) <
Vx € 2,V)t] < 6.

2
pt

N o=



Elliptic equations in R? 141

- 1
(H6) F(x,t) > 3 Aet? Vxe, Vrek.

Then, problem (1.1) has a nontrivial solution. Moreover, if instead of (H6) we
assume that f(x, t) is an odd function in t, then (1.1) has infinitely many solutions.

For the problem with critical growth, Adimurthi [2] showed that (1.1) has a
solution provided f satisfies (among other conditions) the asymptotic hypothesis
limy o0 f (X, t)te‘o“)’2 = +00. The next two theorems improve and generalize this
result. In order to state these theorems we introduce the following notations: for
0<ex1

1

M., = lim / ne(—ere =t gy
hA—00 0

M = lLmM,
e—0

Numerical calculations indicate that My = 2 and M = 1. We recall the concept
of inner radius of a set {2:

d =: radius of the largest open ball C (2.

Theorem 1.3. (The critical case, local minimum at Q). Assume (H 1),(H2),(H3)
and that f has critical growth at both +0o and —oo. Furthermore assume (H4)
and

4
(H7) lim f(x, e ®’t>p, B>

(1 + M())Ot()d 2
Then, problem (1.1) has a nontrivial solution.
Theorem 1.4. (The critical case, saddle point at 0). Assume (H 1), (H?2),(H3)

and that f has critical growth at both +0o and —oco. Furthermore assume
(H5),(H®6) and

. 4
(H8) limf(x,He "t >0, B> —=——
f MO(od2

(H9) 36 > 0and C > O such that |[f(x,2)| < C|t},Vx € 2,V|t| < 6.

Then problem (1.1) has a nontrivial solution.

3

Remarks on the conditions above. Conditions (H1) and (H2) imply an exponential
growth in ¢ for both f(x,t) and F(x,t), see relation (2.2) later on.

Condition (H3) is satisfied if we assume as in [2] that f is C! and that f/(x,z) >
fx, )t for all ¢+ 0. Indeed, such a condition implies that f(x,#)t~! is a
nondecreasing function of ¢, and from this fact (H3) follows readily. Condition
(H5) is satisfied if one assumes as in [2] that f is C! and

M < inf f(x,0) < sup f'(x,0) < Mt
x &0 x€n

In order to see this one uses the mean value theorem and the continuity of f’
at s = 0. If one assumes in addition, that f/(x,t) = f(x, )t "}, for all ¢t # 0, then
condition (H6) follows. Finally condition (H9) is satisfied if f is C'.
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2. The variational formulation

We assume (H1), (H2) and the existence of positive constants C and 5 such that
@2.1) fe,n|<Ce?  VYxef, VteR

(In particular, this is the case if f has subcritical or critical growth). Then

@(u)=—;/qu|2—/F(x,u)

isa C! functional @ : HJ}(§2) — R, and
< P (u),v >=/VuV'u—/f(x,u)v , Vv € H} (),

where < .,. > denotes the inner product in H} (we also write ||.|| for the corre-

sponding H}-norm). These statements follow from the fact that e is L\(£2) for
all v € HO1 (£2), see [12,9]. So in view of (2.1) we conclude that f(x, u(x)) is in
Li(2), for all g > 1, when u € H} ().

It follows easily from (H1) and (H2) that
(i) there is a constant C > 0 such that

(2.2) F(x,0) > Cewlll v 1| > 1;
(ii) given € > 0 there is z. > O such that
(2.3) Flx,t) <ef(x,t) VYx e, V| >t.

Proposition 2.1. Assume (HI), (H2), (H3) and (2.1). Then the functional ¢ sat-
isfies (PS). for all ¢ < %.

Corollary 2.1. Assume (HI1), (H2) and (H3). If f has subcritical growth at both
+00 and —oo then @ satisfies (PS). for all c € R. If f has critical growth at both
+00 and —o0 with the same «, , then @ satisfies (PS)¢ for all ¢ € (—oo0, -2077;).

Proof of Proposition 2.1. Let (u,) C Hol((z) be a Palais-Smale sequence, i.e.

(2.4) %/Wun]z*/F(x,un)—»c

(2.5) l/Vuan —fxuv| < eglvll, Yv € HOI(Q),

where £, — 0. It follows from (2.4) using (2.3) that, for any € > 0,

%”unnz < C+/F(x’un)§Ce+5/f(x»un)una

and using (2.5) we obtain
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1
§||unl|2 <Ce +5Hun|‘2 +&nl|unll,

which implies that

(26) “un“ <C, /f(x’un)un <C /F(x,u,,) <C.

Observe that from (H3) the two integrals above are nonnegative. Now we take
a subsequence denoted again by (1,) such that, for some u € Hy, we have

U, —u in Hy ; wy, —u in LI(2), Vg >1; u,(x) — u(x) ae. in .
Next we assume the following result, which will be proved later.

Lemma 2.1. f(x,u,) — f(x,u) in LI(£2).

It follows from (H2) and Lemma 2.1, using the generalized Lebesgue dominated
convergence theorem, that F(x,u,) — F(x,u) in L'(£2). From (2.4) and (2.5)
we obtain

(2.7) lim ||un|[2=2(c+/F(x,u)) ; lim/f(x,un)u,, =2(c+/F(x,u)).

Using (H3) and (2.7) we conclude that ¢ > 0. So any Palais-Smale sequence
approaches a nonnegative level. It follows from Lemma 2.1 and relation (2.5)
that

/Vuw = /f(x,u)zp V 4 € D().

Since f(x,u) € L*(£2) we conclude that u € H2(2) and —Au = f(x,u) in the
strong sense. Hence

/|Vu|2=/f(x,u)u ZZ/F(x,u).

So @(u) > 0. Now we separate the proof into three cases.

Case 1. ¢ = 0. If this is the case we have using (2.7)
0 < &) < liminf &(u,) = /F(x,u) — /F(x,u) =0.

So {|up|| — |ju|| and then u, — u in H{. The proof is finished in this case.

Case 2. ¢ %0, u = 0. We show that this cannot happen for a Palais-Smale
sequence. First we claim that, for some g > 1, we have

2.8) /{f(x,an)lq < const.

Assume that (2.8) has been proved. Then using (2.5) with v = u, we have
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29) ’ / Vit ? - /f(x,un)un < eullin]) < Cey -

We estimate the second integral above using Holder’s inequality. And then from
(2.8) and the fact that u, — 0 in L9, we conclude that ||u,]| — 0. This
contradicts (2.7), which says, in this case , that ||u,||* — 2c # 0. So it remains to
prove (2.8). Since u = 0, it follows form (2.7) that, given > 0 , [|u,||> < 2c+e ,
for large n. So we estimate the integral in (2.8) using (2.1)

(2.10) /[f(x,u,,)|‘1 < c/eqﬁuf = c/e‘fﬁ”""““ﬁwz.

By the sharpened form of Trudinger’s inequality proved by Moser [9], the integral
in (2.10) is bounded, independently of n, if g 3||u, ||> < 4. But this will be indeed
the case for ¢ < %‘, if we choose g > 1 sufficiently close to 1 and ¢ sufficiently
small.

Case 3. ¢ #0, u #0. In this case we claim that
(2.11) D(u) =c.

If this is the case, it follows from (2.7) that ||u,|| — [|x|| and the proof is also
finished in this case. So it remains to prove (2.11). Assume by contradiction that
P(u) < c.

Then

(2.12) llu]? < 2(c +/F(x,u))

Let v, = uy /||uy]| and v =u/4/2(c + [ F(x,u)). Since v, — v, |Jv,| =1, and
[lvll < 1, it follows by a result of Lions [8] that

1
L= o>

Now we estimate the L?-norm of f(x, u,) using (2.1)

/lf(x’un)rl < C/eqﬁllunllzﬂi

and this will be bounded if ¢ and p can be chosen such that

c+ [Flx,u) 1
c—dw 1|

(2.13) sup/e‘”r””i <o , Vp <

qB||un|? < 4np < 4x

This will be the case for large n if

3 i
7w S c—dw)

which is actually so, since $(u) > 0 and ¢ < %’T

Finally, using the fact just proved that f(x, u,) is bounded in some L7, we
see as in case 2 that u, — u in HO1 (£2). This is impossible in view of (2.7) and
(2.12). Thus, the proof of Proposition 2.1 is complete. [

Now we give the complete statement of lemma 2.1 and its respective proof.
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Lemma 2.1. Let (u,) be a sequence of functions in L'(§2) converging to u in
LY(0). Assume that f(x, u,(x)) and f(x,u(x)) are also L functions. If

/vm%mmmnsq

then f{x,u,) converges in L' to f(x,u).

Proof. 1t suffices to prove [ |f(x,u,)] — [If(x,u)|, cf. [10, p.89]. Since
fx,u(x)) € L'(£2) it follows that given & > 0 there is a § > 0 such that

(2.14) /lf(x,u(x)t <e if  |A] <6
A

for all measurable subsets A of (2. We use | - | to denote the Lebesgue measure.
Next using the fact that u € L'(£2) we find M; > O such that

(2.15) H{x € 2:ju@)| > M} <é.

Let M = max{M;, Cy/e}. We write

\/vmwn—/wLw

and estimate each integral separately.

F O, un)uy C
I = )| = e < o<,
l /lunIZM s, ko) /|un|zM |u4n mo=°

By the choices made above we have

§I1+12+I3

135/ fx,u) <e
lu|>M
Next we claim that
125/ [f(x,un)|—/ [f(x,u)) — 0 as n — o
|un]<M lul<M

Indeed, g,(x) = If G, unGNIX i j<ar — F O, 8| Xpuj<p  tends to 0 ae. in £2.
Moreover g, (x)] < |[f(x,u@)|, if |u,| > M and |g,(x)] < C +{f(x,u@x))|,
if |ua(x)] < M, where C = sup{|f(x,?)] :x € 0, |t| < M}. So, the claim
follows from the Lebesgue dominated convergence theorem. O

The next proposition concerns the behaviour of @ at oo.

Proposition 2.2. Assume (HI) and (H2). Let Z be a finite dimensional subspace
of HO1 (£2) spanned by L™ functions. Then @ is bounded above in Z, and moreover,
given M > O there is an R > O such that

P(u) < -M, Y ||ull = R ueZz.
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Proof. Given up € Z with ||ug||z= =1 , let us define

2
f(t)=¢’(tu0)=%/IVuolz—/F(x,tuo) —

It follows from (2.2) that, for p > 2, there is a constant C > 0 such that
F(x,t) > C|t|P ~ C for all x and ¢. So

2
60 < 5wl -~ cip [ ol - cla.

By the equivalence of norms in Z, we obtain

2
60 < ol — CleP ol — €

which implies that £() — —oo as t — 00. The result follows by compactness.
W]

Next we study the behavior of the functional ¢ near u = 0.

Proposition 2.3. Assume (HI1), (H2), (H4) and condition (2.1). Then there exist
a > 0and p > 0 such that

D) > a if le]l = p.
Proof. From (H4) we have that there exist ;< Ay and § > O such that
1
F(x,0) < 3 ptt if | <6

On the other hand, from (2.1) we obtain for g > 2

F(x,n) < Ce5’2|t|‘1 , if |t > 6,
Putting these two estimates together we obtain

1
Fx,n) < 7 K 1?4 Ceﬂ'2|t|‘1 YV reR,

which implies

P(u) > %/IWIZ ~%M/u2—c/eﬂ”zlul"
/p 1/p’
1 TR / o\ f ,
> (1 - 2 _ pu 4p
= 50 Al)HuH C( e |u|

Next we observe that

/eﬁpuz _ /emvnullm,;—”)2 < const

if jul]] <&, where Fpb < 4w So

V

B0) 2 51— L)l = ¢ ul

Now choose p > 0 as the point where the function g(s) = %(1 - {\il)s2 — Cst
assumes its maximum. Take a = g(p). O
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The above proposition will be used in the proofs of Theorems 1.1 and 1.3. For
the proofs of the other theorems we shall need the next result. Let us denote by
V the subspace of HOI(Q) generated by the eigenfunctions ¢; of (—A4, HOI(Q))
corresponding to the eigenvalues A; forj=1,...,k. Let W = Vi

Proposition 2.4. Assume (H1), (H2), (HS5) and condition (2.1). Then, there
exist a > 0 and p > O such that

Sw)>a if ||ull=p and uew

Proof. The proof is completely analogous to the previous one; here we use the
variational characterization of Az.q.

3. Proof of Theorems 1.1 and 1.2.

It follows from the hypotheses in both theorems that & satisfies (PS). for all
¢ € R, cf. Corollary 2.1. To finish the proof of Theorem 1.1 we use Propositions
2.2 and 2.3, and apply the Mountain Pass Theorem. To prove theorem 1.2 we
apply the Generalized Mountain Pass Theorem. Proposition 2.4 and the following
argument are used. Let R > p and such that $(u) < 0 for ||| > R and u €
V @ Rey.1, see Proposition 2.2. Let Q = {v+spisr & |[v]] <R, 0<s <R} and
0Q its relative boundary in V @Repy.;. Clearly &(u) < 0in 0QN{u : ||u|| > R}.
For u € 00 NV, we use (H6) to see that &(u) < 0. If the function f(x,?) is
odd in ¢, then we apply Theorem 9.12 of [11] in order to conclude the existence
of infinitely many solutions. 0O

4. Proof of Theorem 1.3.

It follows from the assumptions that @ satisfies (PS), forall ¢ < %TZ see Corollary
2.1. From (H4) we see that @ has a local minimum at 0, see Proposition 2.3.
To conclude via the Mountain Pass Theorem it suffices to show that there is a

w € HY, |lwll =1, such max {$(tw) : t > 0} < a—ﬂ, For that matter we start by
0

introducing the following functions

( 1
(ognm)'/2, 0<|x| < -
1 1
Tp(x) = —— gy 1
i —_— - < <1
7| Qg W SHIS

We see that W, € H}(B1(0)) and ||w,|| =1 foralln = 1,2,... Here B;(0) denotes
the ball of radius 1 centered at the origin of R?. Next let 4 be the inner radius
of £2 and xp € {2 such that B;(xo) C {2. We then define the functions
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wy(x) =W, <x :lxo),

which are in HJ(£2), ||w,|| = 1 and suppw, C Ba(xo).
We claim that there exists # such that

max{P(tw,) : t > 0} < %71
Qp

Suppose by contradiction that this is not the case. So, for all n, this maximum
L . o » . 2
(it is indeed a maximum, in view of Proposition 2.2) is larger or equal to —.

(&%)
Let ¢, > O be such that

2
@.1) max{B(tw,) : t > 0} = Bltywy) > a—”
0
It follows readily from (4.1) and (H 3) that
4
“4.2) 2>
Qo

d
Also at t = t,,, we have Z{;@(tw,,) =0, ie.

Iy — /f(xatnwn)wn =0,

which implies that

4.3) 1> T, by Yy
B (xo)

Now, it follows from (H7) that given € > 0 there exists s, > 0 such that
FOr,8)s > (B e, Vs > 5.

So from (4.3) we obtain, for large n

24
t, 5= logn —

\Y

2
(4.4) o> (ﬁ—cf)?r%e“"

Il

wgi?
(ﬁ . 6)7Td26210gn(-4—ﬂ_"-—-1)

which implies readily that #, is bounded. And moreover (4.4) together with (4.2)
gives that t2 — 47 /ay.
Next let us estimate (4.3) more precisely. Let

Ay ={x € B4(xo) : tywn(x) > 1.} , By =Bai(xo)\A, ,

and break the integral in (4.3) into a sum of the integrals over A, and B,. Using
(H7) we estimate (4.3):

2,2 2 2
(4.5) 17 > (8 —e¢) e+ | f(X, tywn Mgy — (B —€) [ ™
Ba(xo) B, B,
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Since t,w,(x) < t. for x € B, we see that the characteristic functions x5, — 0
a.e. in B;(xp) as n — o0. Hence, the two last integrals in (4.5) go to 0 as n — o0,
in view of the Lebesgue Dominated Convergence Theorem. Passing to the limit
in (4.5) we obtain

(4.6) 2—“ > (8 —&)lim /
0

By (xo)

aot w? > (,3 _ 5) hm/ 64711‘1,2l

B, (xp)

The last integral in (4.6), denote it by 1, is evaluated as follows:

2[ T amk U tel?
(4'7) In = d2 e " = d ™ og 1 + 27‘(‘ e TTx Toan lugn rdr
Bi(0) n? 1/n

. 1 .
Changing variables in the integral in (4.7), s = 10g<;> /logn, we obtain

1
I, = d2{7r +2rlogn / ¢%” logn—2s ]"g"ds}
0

So finally from (4.6) we get
4w > (8 —e)d*w(1+My) , Ve>0,
Qo

which implies 8 < 4/aod?(1 + Mp), a contradiction to (H7). O

5. Proof of Theorem 1.4.

2
It follows from the assumptions that @ satisfies (PS), for all ¢ < _7r’ see

Qo
Corollary 2.1. The proof is accomplished by the use of the Generalized Mountain
Pass Theorem. For that matter we have to select a w € W, ||w|| = 1, such that
for some R > p, [the p of Proposition 2.4], one has the set

O={v+sw:ijvll <R, veV,0<s <R}

2
with the properties: (p;) @lag < 0 and (p2) Su) < a—w, Yu € Q. Property (p;)
0

follows easily from (H 6) and Proposition 2.2; in fact this part is true no matter
which w we choose in W. However, in order to get (p2) we choose a sequence
wy, like in the proof of Theorem 1.3. We then need to show that there is n > p
such that

2
max{@(v +sw,) : [lv]| <n, 0< s <n} < —
o
Assume, by contradiction, that this is not the case. So for all # this maximum is

27 . . . . .
> —. Let u, = v, +t,w, be the point where this maximum is achieved. So
Qo

5.1 Bu,) > o
Qg
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(52) Hun“2 - /f(xaun)un =0

where we have used the fact that the derivative of @, restricted to V & Rw,,
is zero at u,. A contradiction will be obtained after the proof of the following
assertions.

Assertion 1. (v,), (¢,) are bounded sequences. See proof later.

So we may assume that v, — vg and 1, — #.
. , 4w
Assertion 2. vy = 0 and 1y = —. See proof later.
Op

In view of Assertion 2, the part of the integral in (5.2) over §2 \ B,(x) goes
to 0.
So

(5.3) lim ||, ||* = lim F(x, tn)u
B (xp)

The integral in (5.3), denote it by ,, can be estimated as in the previous theorem

54 Lz@-o[ e[ feuum—@-e / ¢oons
B, B,

By(xo)

Again the characteristic functions of B, go to zero a.e, and consequently the
last two integrals in (5.4) go to 0. Now given € > 0, there is c(¢) such that
u? > (1 — e)t2w? — c(e)v?. Since t? — 47 /ap, we get for large n

4
u2 > (1 — e —w? — c(&)||vn e -
ap
So the first integral in (5.4) is estimated from below by

(5.5) B - E)e—c(e)llvnllfm / e(l—e)zzmwﬁ

Bg(xp)

The integral in (5.5), denote it by J,, can be evaluated as follows

56) Jy=d / M-nT d2{1e<1-€>21°g"
. = =
B1(0) n?

1 _
+ om / (1-e7200g idogm) ™" . 1
1/n

Using a change of variables as before we prove that the second integral in (5.6)
goes to 7M. So J, — wM . Hence

(5.7) limJ, > (8 — e)d*nM
On the other hand, for any e,

4
lim |[un |2 < (1 +&)lim 2 = (1 +€)a_7r
0
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So it follows from (5.3) and (5.7) that
4 ~
(1+e)-C > (B —e)d2aM Ve >0
Qo

which implies 8 < 4/apd 2M, a contradiction to (H8). O

Proof of Assertion 1. Given (t,) and (v,) as above, one of the following two
possibilities has to hold:
(i) either there exists a constant Cp > 0 such that ¢, /|jv,|| > Cy, or
(ii) there are subsequences, denoted again by (z,) and (v,), such that
tu/|lval| — O.
First, let us assume that (i) holds. Then there is a constant C > 0 such that

Hual]l < llvnll +ta < Cty

which applied to (5.2) gives

’ 2
58  CUH2> |l > / £y un)itn > (B — ) o
Bysn(x0) By /alx0)

1
where (H8) was used. Let m,, = —T(log )2, So
T

T

n 1
up(x) = t,my, (U—('x—)‘_“ + 1> > Vx € Bd/n(-XO)-
L, my,

Hence, given £ € (0,1), we have u,(x) > (1 — &)t,m, for large n and x €
Bg/n(x0). Going on with the estimate in (5.8) we obtain

2.2 T ap(l—eleim?
Cory E(ﬂ—s);ge“" R
which can be written as
(5.9) Czt,? > (6 — E)ﬂ,d262logn(ao(l——a)zt,fﬁ—l).
It follows readily that ¢, is bounded. Consequently ||v,|| is also bounded in case
().
Next, we assume that (ii) holds. Then, for large n, we have 1, < {|v, (|, which

implies ||u,|] < 2||v,||- Suppose by contradiction that ||u, || — oo. As before, let
se > 0 be such that

F(x,8)s = (B—e)e™ Vs > s..

It follows then from (5.2)

_ o,
(510) 1 2 / f(x1 un)un 2 ﬂ 3 / €
Un > Se 7

[fuen |12 4 Sz, llval?

Now in order to estimate the exponent in the last integral above we observe that
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U, Un + th Uy
T Xum2te = Wy —
o] X2 = Tloall ™ Toall " Tloal] X<

converges a.e. to U € V where 9 is the limit of v, /||v,|| in H{, and ||7]| = 1. So
using Fatou’s lemma in (5.10) and recalling that we have assumed ||v,|| — oo,
we come to a contradiction. So |ju,|| < const. and, consequently, also z, is
bounded.

Before proving Assertion 2 we show the folllowing auxiliary result.
Lemma 5.1. 12 > 47 /ap.

Proof. First observe that w, converges weakly to zero in Hy. So ||u,|> —
t2 + ||vo||*. On the other hand, we observe that u, — v in L'(£2) and the
other hypotheses of Lemma 2.1 are satisfied. So f flx,uy) — [f(x,v), and
consequently [ F(x,u,) — [ F(x,v). Using these informations in (5.1) we
obtain ) :

< 3@+l = [ Fex,uo)
Using (H6) we get

2r 1

1 i
Z <@ H— A 2< g2
a0_2(0+””0||) 2k/'Uo— 0

where we have used the variational characterization of ).

Remark 5.1. We may assume that in every neighbourhood of ¢t = 0, F(x,?) #
I X2, Since otherwise f(x,1) = Axt in some neighbourhood of ¢ = 0, and this
would imply that £, would be a solution of (1.1) for small € > 0 and ¢, an
eigenfunction of —A corresponding to the eigenvalue ;. Hence if v # 0 then
we actually would have 2 > 47 /ayp.

Proof of Assertion 2. We work again with the alternative set in the Proof of
Assertion 1. We first observe that in view of lemma 5.1 the alternative (i) cannot
hold. So let us assume (i). We conclude readily from (5.9) that

2 47T 2 471'
s —%

IA

This, in conjunction with Lemma 5.1, implies tg = 47 /. Finally, as a conse-
quence of Remark 5.1 we conclude that v =0. O
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