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ON THE SINGULAR BOCHNER-MARTINELLI INTEGRAL

R. ROCHA-CHAVEZ, M. SHAPIRO, F. SOMMEN

The Bochner-Martinelli (B.—M.) kernel inherits, for n > 2, only some of proper-
ties of the Cauchy kernel in C. For instance it is known that the singular B.-M.
operator M, is not an involution for n > 2. M. Shapiro and N. Vasilevski found
a formula for M? using methods of quaternionic analysis which are essentially

complex—twodlmensmnal The aim of this article is to present a formula for M?
for any n > 2. We use now Clifford Analysis but for n = 2 our formula coincides,
of course, with the above-mentioned one.

1 Theorem on the square of the singular Bochner-Mar-

tinelli

1.1 We consider the m~dimensional complex space C™ of the variable z = (21, ..., zm).
If {z, w} C C™ then {2, w) := > zws, |z} := /{2, Z) where Z := (Z1, ..., Zm). Topol-
k=1

ogy in C™ is determined by the metric dist(z, w) := |z —w|. If z € C™ then Re z =
(Re z1,...,Re zz,) €ER™, Re z; =z, and Im z = (Im 21, ..., Im 2,), Im z; = y;. Hence
C™ o~ R?™. Orientation in C is defined by the order of coordinates (z1, ¥1, ---, Zm, Ym)
which means that the differential form of volume is of the form: dv = (—=1)™ TRz AL LA
A ABYLA. - Ady = (~1)2F R dzAdy = (—1)"F2 (L)mdzndz = (—1)"F (—1)"dzAdz
with dz := dz A ... A dz,. Standard notation: B(z; ¢) := {¢ € C™||¢ — 2| < &}.

1.2 Denote, as usually, by U((, z) an exterior differential form (of type (m, m—1))

u(, » Z( et S 2y

27m

where dC[k] =dCyA... NdCy_y AdCyyy A ... AdC,,. Form =1 the form U(¢, z) is nothing
more than the Cauchy kernel 2—11'1(%_2)
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Let ¢(¢, 2) be a fundamental solution of the Laplace operator, i.e.

2 1
P Te=s

m>1,

9(¢, 2)
w=In|¢ — 2|, m=1.

Then
W, 2) = Z( 1 52y A dC =

= (~1)m"18<g A E dZ[k] A d{[kl
k=1

.
where 8 := 3 de%. Agm will stand for the complex Laplace operator
k=1

=, 52 1/ 82 6? 1
A i=S"—C N (L T A,
¢ Z«l 8C:aC, 4 (8:1:% ayg> 4K

1.3 Let Q be a bounded domain in C™ with the piece~wise smooth boundary
[ = §€1. For any f holomorphic in 2 and continuous up to the boundary T" the following
Bochner-Martinelli integral representation holds:

/f = Fy(2), z€ . (1.1)

For m = 1 one has just the Cauchy integral formula but for m > 1 the kernel in (1.1) is not
holomorphic (in z and (), which causes many difficulties.
In particular, the Bochner-Martinelli-type integral for an integrable function f on

I (f € 2(T);
- / FQU(C, 2), 2¢T,
T

is not holomorphic in {2 unless f is a trace of a holomorphic function. If z € T' then Fy(z)
does not, generally speaking, exist as an improper integral because the integrand has a
singularity Tg—z_\liW—T That is why for 2z € I' there will be considered the Cauchy principal
value of the Bochner—Martinelli integral:

Fio)=lm - [ fOuc, 2), zer.
M\B(z; €)
We restrict ourselves to the case of a Liapunov surface I'. It is well-known (see, for instance,

[Ky]) for f € C% &, the Hélder function space, Fy(z) exists everywhere on I', and for f € L,
p > 1, Fy(z) exists a.e. on I and Fy € L,,.
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Let

Ma[f(2) =2 / FOUC, 7). zeT.
I
Form=1

L [ f(Q)
M == | =4
() = - [ £Ear
T
and it is very well known that M; is an involution both on C% * and on Ly
M} =1, (1.2)

I the identity operator. The property plays an extremly important role in many problems.

It is quite natural then to ask the question about M2 for any m. In {Se] it was
stated that M2 = I for any m, as well, but then an unremovable error was detected in the
proof (see [AiYu], [Ky, §22]). The right correlation for m = 2 was given by M. Shapiro and
N. Vasilevski, see [VaShl], [VaSh2]:

M2 =1+ (NoZ)* (1.3)
where the operator Ny acts by the rule

1[G = E)dG A d¢ + (G, — Z2)d¢u A d¢
2m? / I¢ —2|*

No[f)(2) = F(©),

and Z is the operator of complex conjugation: Z{f) := . It was shown also that
MyNy + No My Z = 0. (1.4)

Denote by wy(¢, z) the kernel of the integral Np[f]. It was proved later in [MiSh| that for
any f € CY(I'; C) and z ¢ [ there holds:

_ 1 o(f, p)
Juate, 210 = F/ 96 ) e et as 19

r

where I' = {z € C?|p(2) = 0, p € C}C*% R), grad p|T" ¢ 0}. Formula (1.5) explains the
commutation relation (1.4).

1.4 Formula (1.3) was obtained by the methods of quaternionic analysis which, by
their nature, fits the case of C2. In this paper we treat the general situation of C™ using
Clifford analysis.

1.5 Introduce the following notation for 1 <p < g < m:

m —1)!

— ol
NPa Q[f}(z) = 2 (271’?,)7”'

/ e —1312"1 ((ﬂl)q(zp - fp)f(C)d? A dg)

—(=1P(C, — Z) F()dC A i)
My, g = Np 402
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Let wy,, 4 be a kernel of this integral, then for m = 2 the only possible combination is p = 1,
g = 2, and hence w;_; coincides with wy; and No = N; ».

1.6 Theorem (Square of the singular Bochner-Martinelli operator). Under the
above described conditions the following equality holds on C% #(I'; C), 0 < p < 1; and
L,T; C), p>1:

Mi=I+ Y M,

1<p<gsm
2 Prof of the Theorem
2.1 Let Clg, 2, be a complex Clifford algebra with generators ey, es, ..., en. This means
that
el =—1=:—ey, ke{l,...,2m},

exeq + eqer = 0, k #q,

any element o € Clg, 2, is of the form
a = Z asep
A

where A = (aq, ..., ap) with1 <oy <... <@, <2m, {aa} CC, e = €ay + e €q,. All the
necessary information the reader can find in [DeSoSo| and in many other sources.
Mention that for the Clifford conjugation of a we use the notation a*:

a* = Z ase’
A
with €} :=¢}_...€4, = (—€q,)...(—€q,), and for the complex conjugation a:
Q= ZEA “ €4
A

with @4 := Re as — iIm a4. Note that sometimes both conjugationes are denoted by the
same symbol but we prefer to use different ones.

2.2 Let Q be a domain in R?™ and let f e CYQ; Clo, am)- f is called hyperholo-
morphic, or monogenic, or regular, in 2 if

2m 8f
Dif](t) = ;ek 5 =0 Vi e Q.

We shall denote ker D =: 91(Q2). For m =1 the definition reduces to the usual holomorphic
functions of one complex variable. For an arbitrary m the theory of hyperholomorphic
functions inherits many basic structural properties of one—dimensional complex analysis.
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Let t = {t1, ta, .-, tom1, fom); T = (T1, T2y ..., Tom—1, T2m) D€ two points in
R?™. The Clifford-Cauchy kernel X(7 — ¢t) is defined as
1 (r—#)*
X(t—1) = ————— .
(T ) AZm !7_ _ t[Qm (2 6)
where gy, = [S771] = £ = 20y,
2m
T—t = Z(’Tk ~ tr)ek,
k=1
2m 2m
(r—ty* = E(?‘k — e = — Z(Tk —tr)es.
k=1 k=1

Let ¢ := o, denote a differential form

2m

Oy 1= Z(—l)jﬂledem,

=1

where drj) :== dn A...Ad7;_1 AdTj41 A .. AdTom, then for any function Fem(; Cly, om) N
C(Q; Clg, om) the Clifford-Cauchy integral formula holds:

o), teq,
/ 5 (r o f(r) = (2.7)
r 0, t € R?™\Q.
Let f € C% #(T; Clo, om) thenon T
S =2 [ &(r = o) 25)

r

exists in the sense of Cauchy’s principal value; what is more on C% &(T; Clg, om)
5% =1, (2.9)

compare with (1.2) and (1.3).

If f € Ly(T; Clo, 2m) then the Cauchy principal value of (2.8) exists almost every-
where on I' and (2.9) holds on L.

2.3 For what follows we need some properties of idempotents in Clifford algebra
Clo! 2m- Set,

1 .
Jip = 5(1 + iegk-162t)

for k € {1, ..., m}. Jy is an idempotent: J; = Ji. Besides J;Jp = JxJ;. The product
J = Ji - Jy is a primitive idempotent: J? = J, and J;-J = J-J; for any j. Very important
for us is: for any j

62]'.] == iezj_lJ,

62]'_162]'J = —iJ.
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Both J; and J, are zero divisors:
Jk-—jk =Jp J.=0.

2.4 Introduce notation:

Wy 1= €951 +’i€2j, je {1, ey m},

then

Ej = €951 ’L'ezj.
Of course .

Jp= _562k—1mk

which is equivalent to

Wy = 2ege_1- Ji;

wy = 2eg_1- Jk.

This gives immediately: for any j
wj-Jj=O, Tu"j-—jjzo,

and

One can check up directly the following equalities:

wy; Wy = —Wi-w; for j#k;

[

Ej-—u_)k —Uk-wj for j#k,

e2p—162q—-le for .7 ¢p7 .7 74 q, P 7é q;

Wjeap—1€2¢-1

’UJJ' . -’lﬂj = —4-. Jj,
—’il_)—j . ’LUj = —4 . t}—j,
0, =k
W Wy J = 7=
dey; yeok1d, J#K;
_4‘]7 .] = k,
ws - Wy J = )
0, J#k
T WeWeJ = 16egj_1e9p_169p_160,-1J for j, k, p, g different in paires .

2.5 On the underlying space, R?™, of the Clifford algebra Cly, om, we introduce
now the following complex structure. If ¢ € R?™ then we write z; for ty;_; and y; for iy,
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setting after this z; := z; +1y;, 2 := (#1, ..., Zm). In the same fashion 7 € R®*™ gives us

G =¢& +1in, (=((, ..., (m). In these notations, we have:

2m

(T—t) = Z(Tk—tk)ek:

k=1

= ) (& — x)eae-1 + (M — ye)eak) =
k=1

= %Z((C’C - Zk)er—l + (Zk - Ek)emc-l +
k=1
+i(C,, — Zr)ea — (G — 2zk)ear) =
= %Z((Ch — Z) Wy + (Cp —Zx) - wy).
k=1

Let
1 G-y _ (m-1) G-z

JCJ‘(C_Z) = 249 |C — 22 = lc_z|2m’

hence

((-2)= Zﬂc((—z )W+ G(¢ = 2) - wy).

Introduce the following no‘oamons.

oy o DALY

om g 4
(cyE-BHEymE
/Bj = 2m2m) ) 36{17"'7m}‘
We have:
1 _
drj1 = 5(dG +dg;),
i —
dry = 5l —dg;).
Thus
1 — 7,
drgj—1y = “(dC1 +dCy) A (dC1 —dG) A 5

/\§(de —dg;) A %(de—H FdGr) AL A 5(d2m -

= " gy (0~ dG) \(6Ge+ ) A (s~ ) =
o
= ;—:(d@ — d¢;) k/=\1 d¢e A dC, =
im(— 1)[—~—]+(m—3 1

= — o (dC; — d¢;) A dlpy A dCy

(dC;-1 — dGj—1) A
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and

ey L A T\ A
dnas = "7 gy (G + dG) N\ (@G + ) A (dC ~ dG) =
oy
7;m—l - .
= Q—m(dcjwcj)/\dcmdck:
o
(_1)[%—%]+(m—-1)_z~m—1 _ .
= o (CZCJ -+ de) A dgm A dgm

All this gives:

(p-il-1 _
o = ~(—1)——-Z(iezj(dcj+dfj)+

2m
j=1
+egj-1(d(; — de)) A dZm AdQy =
-y
= —W———- Zl (dC](ZEQJ + 62]'_1)"‘
=
+dGj(iey; — ez5-1)) A d{py A dy =
_E-Ha 4 _
_ pEm S (=107 eas + eaj1)dT A diiy+

m . qm .
=1

+(—1)m*j(1:62j - egj_l)d—c—m AN dC) .

Thus finally
: T = Z(ajwjd? A dQy) + Bymsdly; A df).
i=1
Consider now
X(C=2) 00 = B (¢ —2)- o dT Al -y - wpk
7, k=1

_HTCJ(C_Z) e dz/\qu] s Wy - Wy -+
+%;(¢ — 2) ‘ﬂk-dfm A dC - TW; - We +
+XK; (¢~ 2) - B Of[k] AdE - w; fw,ﬂ),

Hence:

SO = 2 / K¢~ 2) - oc - £(C)
T

i

5 k=1 \p

2y (/ (¢ —2) - ap - dC A dpy - Tywe - FO+
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+ [ Ki(¢ —2) - o - dC A g - wiwy, - F(C) +

+ [ Ki(¢ = 2) - By - dlpy A dC - Tyw - fC) +

T T

+/@(C~Z) '5k'df[k1/\dC'wjﬁk'f(C)> :
T

Denote:
SHANG = 2 | ARG - PO A s
T
PilfllQ) = 2 / B (¢ = 2)f()dCyy A
r
QulflQ) = 2 / s (r — 2) F(Q)E A i,
T
Ralfl(Q) = 2 [ aui(¢ = 2)7(Q)dT A dGy.
Hence F

S = Z (ijﬁjwk + R]-kijk + Sjk’ll)jﬂ)_k -+ P]kijk) .
k=1

2.6 Consider now S+ J. Taking into account Section 2.4 we have:

S-J = Y (SpwWs - J + Py - J) =
1

3, k=

i

—4 Z Skrd +4 E Piregjeap-1J.

m
k=1 stk

From here, again applying Section 2.4,

§2.7 = IGiZm:SkkSqu—

k=1 ¢g=1
m
—16 Z Z ijsquQj_lezk_.l .] +
i#k g=1
+ Z Z Qkkaun‘kwkwp‘qu +

k=1 p#q
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Compute now all the terms:

1)

2)

3)

5)

m

-+ Z Z Skkaqwkkaﬁpqu -+
k=1 p#q

~+ Z Z ijquTU-jwkmp’qu -+
j#k p#tq

-+ Z Z RjkaqijkTu”pE'qJ +
J#k p#g

+ 3 Sk Poqu Ty ,.] +
£k pq

+ 3N Py Py, .
J#k p#q

Z Z Qkkﬁ,q'u“zkwkiﬁpqu =
k=1 p#q
= ~16 Z(Qpp + Qog) Ppap-162-17;

PEg

Z Z SkkaqwkTﬁkmpqu =

k=1 p#q
= ~16 Z Skkaq62p~162q—1 J;

p#q

ks#p
ksq

SN Qi Py i,y =

J#k p#e

=16 Z ka(qu - qu)62p—1€2q-1 J3
p#g

kep
k#tq

E Rjkaqijkwpqu =
J#k
g

=16 Z(qu Bog) Pogd
ZZSJkmejwkwpqu =

i#k p#g
=16 Z Spr(Prq — PyrJeap-1€24-1;
PEg

kp
kg

Z Z Pt Boq Wi T Wy Wy J =

J#k pFq

363
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=16 E Py Pogeoj—1€p-162p-1€24_1J.
g R opog

dif ferent
in pairs

2.7 This means that the equality
S§*.J=J
takes the form:

MLI— > MZJ-

1<p<g<m

—16 Z Z quSkkegp_162q_1J -

p#Eg k=1

—16 Z(Qpp + Qqq) Pogeop-1624-1J —
p#q

—16 Z Skkppq€2p_1€2q_1j +
r#q

kip
k#q

+16 Z Skp(qu - qu)ezp_lezq-]_-] +
P

kFtp
k#q

+16 Z Qo (Pgx — Prg)eap—1829-1J +

bl
kstp
ktq

+16 Z PipBpgegj1€a1-1€0p1€29-1J = J.
b orens
in pairs
2.8 This operator equality can be applied to any function f from C% #(I'; Cly, om) or
Ly(I; Clo, 9m). In particular on the corresponding subsets of C-valued functions we get:

Mi= > ML+
1<p<g<m
((qu - Pqp)Mm - Z(QPP + Qqq)(qu - Pq )‘“
~Mm(Fpq = Ppp) +2 Z ((Skp — ka)(qu — Pa)+

P#q
k#p
kg

+(Skg — Qai)(Pok — Prg) ) =0

for any 1 < p < ¢ < m. The first equality gives what is written in Theorem in 1.6. Compare
also the second equality with (1.4).
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