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I Integral Equations 
and Operator Theory 

ON THE SINGULAR BOCHNER-MARTINELLI INTEGRAL 

R. ROCHA-CHAVEZ, M. SHAPIRO, F. SOMMEN 

The Bochner-Martinell i  (B.-M.) kernel inherits, for n > 2, only some of proper- 
ties of the Cauchy kernel in C. For instance it is known tha t  the singular B.-M. 
operator  M~ is not an involution for n >_ 2. M. Shapiro and N. Vasilevski found 
a formula for M~ using methods of qnaternionic analysis which are essentially 
complex-twodimensional.  The aim of this article is to present a formula for M~ 
for any n _> 2. We use now Clifford Analysis but  for n = 2 our formula coincides, 
of course, with the above-mentioned one. 

1 T h e o r e m  on t he  square  of  the  s ingular  B o c h n e r - M a r -  

t ine l l i  

1.1 We consider the m-dimens iona l  complex space C ~ of the variable z = @1, . . - ,  z~).  

If {z, w} C C"' then <z, w) := s zkwk, Izt := ~ 2} where 2 := (2i, .. . ,  2,,). Topoi- 
k = l  

ogy in C ~ is determined by the metric dist(z, w) : :  Iz - w[. If z E C TM then Re z := 
(Re z l , . . . ,  Re z~) E ~'~, Re zj = xj ,  and I m  z = (Ira zi, . . . ,  I m  z~), I m  zf = yj. Hence 
C TM -~ ~2" t  Orientat ion in C is defined by the order of coordinates (xi, Yi, . . . ,  x,~, Y-0 

which means tha t  the  differential form of volume is of the form: dv := t - •  ~ axl A . . .  A 
�9 

dx,~AdyiA. . .Ady,~ = ( - 1 )  2 dxAdy = 
with dz := dzi A . . .  A dz,~. Standard  notation: ]B(z; e) := {(  E C'~I]( - z] < ~}. 

1.2 Denote, as usually, by tt((,  z) an exterior differential form (of type  (m, m -  1)) 

m 

( m -  1)[ E ( _ l ) k _  1 ?k--2k ~7 Ad(, 

where d~[k] :---- d~ i A . . .  A d~k_ i A ~ k + i  A . . .  A d ~ .  For m = 1 the form li(r z) is nothing 
d( more than  the Cauchy kernel 2~((-z)" 
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Let 9(r z) be a fundamental solution of the Laplace operator, i.e. 

(.~-2)! 1 
-- (2~r)~ Ir m > 1, 

g(~, ~ ) : =  

Then 

~(4, z) = - 1  dqk] 5 de = 
k = l  

= (-1)m-~-Ocg A s  ] A d~[k] 
k = l  

where cO := s d~k~.  /kC~ will stand for the complex Laplace operator 
k = l  

Ac~ := 0G0~k - 4 + 0y k 
k = l  k = l  

1.3 Let f~ be a bounded domain in C ~ with the piece-wise smooth boundary 
F = @~. For any f holomorphic in ~ and continuous up to the boundary F the following 
Boehner-Martinelli integral representation holds: 

f (z)  = / f (Ou( r  z) := Fs(z ), z e ~. (1.1) 

0~2 

For m = i one has just the, Cauchy integral formula but for m > 1 the kernel in (I.I) is not 
holomorphic (in z and r which causes many difficulties. 

In particular, the Bochner-Martinelli-type integral for an integrable function f on 

F ( f  E LI(F)): 

FS(z ) : = / / ( r 1 6 2  z), z 6 F, 

F 

is not holomorphic in ~ unless f is a trace of a holomorphic function. If z C F then F/(z) 
does not, generally speaking, exist as an improper integral because the integrand has a 

i That is why for z E F there will be considered the Cauchy principal singularity ~ .  
value of the Bochner-Martinelli integral: 

@(z):=~olim. f f(E)U(r z), zEF .  
r\~(z; ~) 

We restrict ourselves to the case of a Liapunov surface P. It is well-known (see, for instance, 

[Ky]) for f E C o, ~, the HSlder function space, FS(z ) exists everywhere on F, and for f E Lp, 
p > 1, El(z) exists a.e. on F and E s ~ Lp. 
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Let 

Form= 1 

Mm[f](z) := 2 j f  z), z e r 
F 

1 / f(r 
m l [ f ] ( z )  = ~-7 r - z 

F 
and it is very well known that  3//1 is an involution both on C O, " and on Lp: 

M12 = I ,  (1.2) 

I the identity operator. The property plays an extremly important role in many problems. 
It is quite natural then to ask the question about M~ for any m. In [Se] it was 

stated that M~ = I for any m, as well, but then an unremovable error was detected in the 
proof (see [Aiyu], [Ky, w The right correlation for m = 2 was given by M. Shapiro and 

N. Vasilevski, see [VaShl], [VaSh2]: 

M~ = z + (N~Z) ~ (1.3) 

where the operator N2 acts by the rule 

N2[S] (z):~--- - - ~ 2  f (~1 -- ~1)d~[2] A d~'~___z.~ ~- (~2 -- ~2)d~[1]/k d~'s(~) , -  
F 

and Z is the operator of complex conjugation: Z(f)  := 7. It  was shown also tha t  

M21V2 + N~M2Z = O. (1.4) 

Denote by w2(r z) the kernel of the integral N2[/]. It was proved later in [MiSh] that  for 
any f E C](F; C) and z ~ F there holds: 

f w2(c z)s(c)= / g(C z) 
1 O(f , P) dS (1.5) 

Igradp(r O(G, G) , I  . 2  

F F 

where r = {z E C2lp(z) = O, p E C1(C2; ]~), grad pip ~ 0}. Formula (1.5) explains the 
commutat ion relation (1.4). 

1.4 Formula (1.3) was obtained by the methods of quaternionJc analysis which, by 
their nature, fits the case of C 2. In this paper we treat  the general situation of C "~ using 
Clifford analysis. 

1.5 Introduce the following notation for 1 ~ p < q < m: 

(m - 1)!/ 1 
Nv, q[f](z) := 2 - ~ ) - ~  J ir  m ((-1)q(-r 

F 

M~,q := Nv, qoZ. 
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Let wv, q be a kernel of this integral, then for m = 2 the only possible combination is p = 1, 
q = 2, and hence w], ~ coincides with w2 and N2 = N1, 2- 

1.6 T h e o r e m  (Square of the singular Boehner-Martinelli operator). Under the 
above described conditions the following equality holds on C O, "(F; C), 0 < /z < 1; and 
Lp(P; C), p > 1: 

M =I+ E 
l <_p<q<m 

2 P r o f  o f  t h e  T h e o r e m  

2.1 Let Clo, 2m be a complex Clifford algebra with generators el, e2, . . - ,  e2,~. This means 
that  

e~ = - i  = : - e 0 ,  k E {1, . . . ,  2m}, 

ekeq+eqek=O, k ~ q ,  

any element a E Clo, 2~ is of the form 

a ~ E a A e A  
A 

where A = ( a l ,  . . . ,  OZp) with 1 _< a l  < ' . . .  < a v <_ 2m, {aA} C C, eA := e~l . . .  e~ .  All the 
necessary information the reader can find in [DeSoSo] and in many other sources. 

Mention that  for the Clifford conjugation of a we use the notat ion a*: 

a* := E ane*A 
A 

. . .  e* := ( -e~v) . . .  ( -e~l) ,  and for the complex conjugation ~: with e~ := e* v ~I 

: ~  ~ j a A  " eA  

A 

with aA := Re aA -- i-,rrr~ aA. Note that  sometimes both conjugationes are denoted by the 
same symbol but  we prefer to use different ones. 

2.2 Let ~ be a domain in R 2"~ and let f E C1(~; CIo, 2,0. f is called hyperholo- 
morphic, or monogenic, or regular, in ~ if 

2m a/ 
Dill(t) := E e k .  ~ k  - -0 ,  

k = I  

V t ~ .  

We shall denote ke< D =: !r~t(f~). For m = 1 the definition reduces to the usual holomorphic 

functions of one complex variable. For an arbitrary m the theory of hyperholomorphic 
functions inherits many basic structural properties of one-dimensional complex analysis. 
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Let t = (h,  t2, . . . ,  t2m-1, t2m), r = ('rl, r2, 
R 2m. The Clifford-Cauchy kernel X(r  - t) is defined as 

i 
x ( r  - t )  . -  A2m I r  - t l 2 m  

where A>~ = IS2m- i l  = ~27r~ : (m--i)!'2u~ 

2 m  

k= l  
2m 2m 

k = l  k : l  

Let cr := or, denote a differential form 

2 m  

er, := E ( - 1 ) J - l e j d r b - l ,  
j = l  

= -- E ( %  -- tk)ek. 

..-, %m-i,  r2~) be two points in 

(2.6) 

where dr~] := d~-i A . . .  A drj-1 A d~'j+l A. . .  A dr2m, then for any function f E ~(~'/; Clo, 2,,) N 
C(~;  CIo, 2m) the Clifford-Cauchy integral formula holds: 

f ( t ) ,  t < Q ,  

f x(r - t)~W(r) = (2 .7 )  

r O, t c IR2m\'~. 

Let f E C o, "(F; Clo, 2m) then on F 

S[f](t)  := 2 f X(T - t) trrf(T) (2.8) 

F 

exists in the sense of Cauchy's principal value; what  is more on C O, ~(F; Clo, 2m) 

S 2 = f ,  ( 2 . 9 )  

compare with (1.2) and (1.3). 
If f C Lp(P; Clo, ~,~) then the Cauehy principal value of (2.8) exists almost every- 

where on P and (2.9) holds on Lp. 
2.3 For what  follows we need some properties of idempotents in Clifford algebra 

Clo, 2. .  Set 
1 

Jk := 3(1 + ie2k-ie2k) 

for k E {1, . . . ,  m}. J~ is an idempotent: J~ = J~. Besides J jJk = JkJj.  The product 
J := 21.." Jm is a primitive idempotent: j2 = j ,  and Jj.  J = J.  Jj for any j .  Very important  
for us is: for any j 

e2jJ = ie2j-la, 

e2j-le2yJ = - i J .  
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Both Jk and 7k are zero divisors: 

2.4 Introduce notation: 

then 

Of course 

which is equivalent to 

This gives immediately: for any j 

& .  7k = 7 k .  A = o. 

wj : = e 2 j _ l + i e 2 j ,  j C {1, ., m}, 

w--j := e2j-1 -- ie2j. 

1 

~ k  = 2e2k-1 �9 Jk; 

we = 2e2k-1 �9 

~ j . 4  = 0 ,  ~ 5 . 7 j  = 0, 

and 
2 = 0 ,  (~j)2 = O. wj 

One can check up directly the foIlowing equalities: 

w j . ~ k  = - ~ k ' w ~  for j C k ;  

Wj 'wk  = - w k - w j  for j C k ;  

w'--je2p-le2q-1 = e2p-le2q-lW--~ for j 7~ p, j 7~ q, p ~ q; 

wj.w-'-j = - 4 .  Jj, 

~-,-- ~ j  = - 4 -  Y~, 

wj  " wk " J = { 

g 

Wj 
[ 

O) 

4e2j-ae2k-lJ,  

- 4 J ,  j = k, 

0, j # k ;  

j ~C k; 

w j w k w p w q J  : 16e2i- le2k-le2p-le2q_lJ for j, /c, p, q different in paires . 

2.5 On the underlying space, ]R 2"~, of the Clifford algebra Clo, 2,~, we introduce 
now the following complex structure. If t E/R 2"~ then we write xj for t2j-1 and yj for t~j, 
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sett ing after this z j  : :  x j  + iy j ,  z :=  (z;, . . . ,  z,~). In the same fashion r E IR 2"~ gives us 
(5 = ~J + i~TJ, ~ = (~1, . . . ,  ~,~). In these notations,  we have: 

2rn 

(~- - t) = ~ ( ~  - ~)~ = 
k=l 

= ~((~  - x ~ ) ~ _ ~  + (~ - y~)~2~) = 

k = l  
m 

= ! E ( ( ( I c  -- Zk)e.2k_ 1 -F (~k -- ~k)  g2k-1 ~- 
2 

k = l  

+ i ( ~  - ~ k ) e ~  - i ( ( ~  - z k ) e ~ )  = 
m 

= 1 ~ ( ( ( ~  _ ~k). ~ + (~ _ ~) .  w~). 
2 

k = l  

Let 

hence 

- i  r (~-1)! r 
x j ( ( - z )  :=  2A2mi(-zl 2~ = 4rr'~ I r  2m' 

rn 

x ( (  - z )  = X : ( x , ( r  - z ) .  ~ + ~ j ( (  - z ) .  w ~ ) .  

j = l  

Introduce the following notations: 

( - 1 ) [ 9 - { 1 ( - 1 ) J  
O~j : ~  

2,~. i TM , 

( -1 ) [~ - �88  ( - 1 )  "~+j 
/3~ :=  2 m . i ~  

We have: 

Thus 

, j e { 1 ,  ., re}. 

dT2j_ 1 = ~(d~j -~ d~j), 
i - 

dT[2j-1] 

i ~  i ~  ~ - 
A~( ~j -- d~i ) A ~( ( j+l  q- d(y+l) A . . .  A ~ ( d ( m  - d ( ~ )  

i,~. 1 2~_---- ~ �9 (d~j - dCj) (d(~ + d(~) A (d(~ - dr = 
k = l  

2 "~ (d~j - d~j) d ~  A d~ k = 
k = l  
kC:j 

/-~ (_  1)[9-�88 
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and 

d7-[2~I 

All this gives: 

Thus finally 

Consider now 

ira_ 1 . 1 m 
~.,_---r " (d~ + d~) /~ (d~ + d~)  ~ (d~ - d~) = 

k = l  

k = l  

kr 

(_ 1)[-~-�88 . i~-~ 
2-, (d~; + d~) A s  a d ~ .  

= 7 z : F  ~ ( i ~ ( ~  + dcj)+ 
j = l  

m 1 j. (_l ) I~-~l-  

j = l  

+dij(!ev - ev-~)) A d~ij 1 ~ d ~  1 = 

j = I  

j = l  

Hence: 

x ( (  - z )  . ~ r  • ( x A r  - z ) .  ~ .  d? A d(L~ 1 �9 ~ j .  ~ +  
j ,  [r 

+~j(< - ~)' ~ .  d l  A dCt~ 1 - ~ j .  ~ + 
+ ~ j ( ~  - z )  . Zk " d~[k I A d~ . w j  . w ~  + 

s [ f ] (O := 2 / X ( ( -  z).(rr f(~) 
F 

"~ 2 ~ (/9~j(~-z)'~ 
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Denote: 

Hence 

+ / ~ ; ( (  - z). ~ .  d~ A d(f~l. ~ j ~  
F 

+ / X d (  ( -- z).  ilk" d~[k] A d( .  Wj~k 
F 

+ f ~j((  - z). Zk. ~t~t a d(.  ~,-~k 
F 

f(() + 

f(() + 

~jk[fJ(C) := 2f/3k~j(C- z)f(C)d~N A dC, 
I" 

~k[f](~) := 2 f f  /3kKj(~-- z)f(r A d~, 
F 

Qjk[f](() := 2J'~kx~(~- - z ) f ( ( ) ~ f  d(tk 1, 
P 

Rjdf](O := 2fakxj(C- z)f(C)d~A d(ik 1. 
F 

S = ~ (Qjk~jwk + Rjkwjwk + SjkwFk + P/~j~k). 
j,k=l 

2.6 Consider now S .  J. Taking into account Section 2.4 we have: 

S. J = ~ ($jkwj~. Y+ ~k~j~k" J) = 
j, k=l 

m 

= -4  Z s~kJ + 4 Z Pjk~2~-le2k-lJ. 
k=l j r  

From here, again applying Section 2.4, 

k=l  q=l 

- - 1 6  E ~ P J k S q q e 2 j - l e 2 k - l :  + 
j#k  q=l 

+ ~ E Qkk]gpq~kllJk'~P~qJ "j- 
k=l p#q 
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Compute now all the terms: 

2) 

fn. 

k= l  pCq 

+ ~ ~ Q ~ g ~ y ~ J  + 
j C k  p#q  

.47~k p:fiq 

i~k vCq 

ir pCq 

m 

k~l  p~q 

= - 1 6  ~ ( Q n ~  + Qqq)Pme~p-le2q-lJ; 
p~q 

k = l  pCq 

= - 1 6  ~ SkkPpqe2p_le2q_zJ; 
p•cl 
k~p 
k#q 

jr p•q 

pr 

kr 

4) ~ Rj~Ppqwiw~p~q2 = 

pg:q 

P,q 

ir pg:q 

pvaq 

kCq 

iCk vCq 
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= 16 E 
j, k~ p, q 
different  
in pairs 

Pjk Ppqe2j- l ek- l e2p- l e2q- i J. 

2.7 This means that the equality 

S2 .J=J  

takes the form: 

MtJ- E M; J- 
l<p<q~_r~ 

m 

p~s k = l  

--16 E ( Q p  p + Qqq)t:'pqe2p-ae2q-lJ - 
P # q  

- 1 6  E SkkPpqezp-le2q-lJ + 
p~q 

k~q 

+ 1 6  ~_~ s ~ (  P ~  - P ~  )e~,_ ~ e~q_ ~ J + 
pCq 

k~q 

+ 1 6  ~_~ O,~(& - P ~ , ) ~ _ l e ~ , _ ~ J  + 
P~q 
kCp 

+16 E PJkPPqe2j-le2k-le2p-le2q-lJ=J" 
j, k, p, q 
different  
in pairs 

2.8 This operator equality can be applied to any function f from C O, U(F; Clo, 2~) or 
L;(F; Clo, era). In particular on the corresponding subsets of C-valued functions we get: 

t<p<q<_m 

((P~q - & ) M ~  - 2(#pp + Q ~ ) ( 5 ~  - &)-  

PCq 
k~p 
k~q 

+(Skq - eqk)(Pvk - Pkq) ) = 0 

for any 1 _< p < q < m. The first equality gives what is written in Theorem in 1.6. Compare 
also the second equality with (1.4). 
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