Constr. Approx. (1992) 8: 401-426

CONSTRUCTIVE
APPROXIMATION

© 1992 Springer-Verlag New York Inc.

On the Sensitivity of Radial Basis Interpolation to
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To I. J. Schoenberg—a tribute from admirers afar

Abstract. Motivated by the problem of multivariate scattered data interpolation,
much interest has centered on interpolation by functions of the form

N
f&x) =3 aglix —xl),  xeR,

i=1

where g: R™ — R is some prescribed function. For a wide range of functions g, it
is known that the interpolation matrices 4 = g(||x; — lel)f‘_’j=1 are invertible for
given distinct data points x;, x,, ..., Xxy. More recently, progress has been made
in quantifying these interpolation methods, in the sense of estimating the (I,)
norms of the inverses of these interpolation matrices as well as their condition
numbers. In particular, given a suitable function g: R* — R, and data in R® having
minimal separation g, there exists a function A: R* — R, which depends only
on g and s, and a constant C,, which depends only on s, such that the inverse of
the associated interpolation matrix A satisfies the estimate |4~ '|| < C,h{q). The ’
present paper seeks “converse” results to the inequality given above. That is,
given a suitable function g, a spatial dimension s, and a parameter g > 0 (which
is usually assumed to be small), it is shown that there exists a data set in R® having
minimal separation ¢, a constant C; depending only on s, and a function k(g),
such that the inverse of the interpolation matrix A associated with this data set
satisfies |4 ![| = C,k,(q). In some cases, it is seen that h(q) = k(qg), so the bounds
are optimal up to constants. In certain others, kJg) is less than h(g), but
nevertheless exhibits a behavior comparable to that of h(qg). That is, even in these
cases, the bounds are close to being optimal.

1. Introduction

During the past several years, questions concerning the interpolation of scattered
. data in the Euclidean space R® have led to various generalizations of a striking
result of Schoenberg. In [S1], Schoenberg showed that if x,, x,, ..., xy are distinct

points in a Hilbert space, then the matrix A4 =(||x,-—xj||)?f j=1 1s invertible.
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Consequently, for given data d,, d,,...,dy€R, and distinct points x;, x,,...,
xy € R, it is possible to find an interpolating function f: R®* — R of the form

N
flx)= z aij - xj”-
j=1
Motivated by the problem of multivariate scattered data interpolation, much
interest has centered on interpolation by functions of the form

N
S =) aigllx —x;),  xeR,
i=1
where g: R™ — R is some prescribed function. For a wide range of functions g (see
Section 2), it was shown [M], [MN1] that the interpolation matrices 4 =
g(llx; — xj[|)§f j=1 are invertible for given distinct data points x;, x,, ..., Xy.

More recently, progress has been made in quantifying these interpolation
methods, in the sense of estimating the (l,) norms of the inverses of these
interpolation matrices as well as their condition numbers. For example, in [B],
such estimates were derived for matrices associated with the function g(r) = r. In
[NW1], a general approach, using Fourier transform techniques, was developed
for obtaining such estimates for interpolation matrices arising from conditionally
negative definite. radial functions of order 1 (see Section 2). This approach was
later adapted in [NW2] to obtain estimates for ||4™'| for matrices 4 determined
by radial functions of order m > 0 that are generated by completely monotonic
functions. Moreover, in case m = 0 or 1, all such estimates depended only on the
minimal separation distance for the data and on the dimension s of the ambient
space R®. Thus, given a suitable function g: R* — R, and data in R® having minimal
separation g, there exists a function h;: R* - R™, which depends only on g and
s, and a constant C,, which depends only on s, such that the inverse of the
associated interpolation matrix 4 satisfies the estimate |4 ™! < C,h(q).

In the present paper, we seek “converse” results to the inequality given above.
In particular, given a suitable function g, a spatial dimension s, and a parameter
g > 0 (which is usually assumed to be small), we show that there exists a data set
in R having minimal separation g, a constant C, depending only on s, and a
function kJq), such that the inverse of the interpolation matrix A associated with
this data set satisfies |4~ !|| > C .k (g). In certain cases (see Section 4), h(q) = kq)
and thus, up to constants, the results are optimal. In case g{(r) is the Hardy

multiquadric (i.e., g(r) = /1 + r?), it turns out that hg) > k,(¢). Nevertheless, our
methods do show that, with s fixed and g(r) = /1 + 12, k{g) grows exponentially
as g tends to zero. Thus, our investigations may be viewed as a systematic
extension, to a broad class of functions, of the observation made in [B] (also see
[Bal]); namely, for the special case g(r) = r and s = 1, hg) = /g, C, =2, and
there exist data sets in R for which

2-9

A~ =—— for given &> 0.
q

So, in effect, we wish to determine the extent to which the upper bounds given in
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[B], [Bal], [NW1], and [NW2] reflect the actual value of |4~ !| for matrices
associated with certain data sets in R®

An outline of the paper is as follows. In Section 2, we detail a suitable class of
functions g to which our methods pertain. This section is necessarily technical in
nature and the trustful reader may omit a significant portion of it during the first
reading. Section 3 describes our main results. In particular, given a suitable
function g and parameter g, a data set is constructed and the corresponding |4 ™|
is estimated from below. For the benefit of the casual but curious reader, we
mention that the data set is a g-scaled version of a finite portion of the regular
integer grid, while the estimate on |4~ !| is obtained by carefully examining the
quantity | AA9||/|A®||, where A is a specific vector which will be defined in Section
3. It transpires that 4A® can be expressed as a certain divided difference, and that
[AA®] can be estimated purposefully by invoking Fourier analytic methods,
notably the Parseval identity and the Poisson summation formula. The final
section deals with specific applications of the methods developed in Section 3.

2. Background and Preliminaries

In this section we first recall a version of the scattered data interpolation problem
which forms the basis of our investigations. Second, we list pertinent definitions
and notation for use throughout the remainder of the paper. Finally, we also
discuss some technical results which we shall use in the subsequent sections.

Given a continuous function F: R®— R, distinct vectors {x;}/_; in R, and
scalars {y;}}_;, one version of the scattered data interpolation problem [P]
consists of finding scalars {a;}}_, such that

N
Y aFx,—x)=y, k=12, N

i=1

Equivalently, we wish to know when the interpolation matrix {F(x, — x)}} ;- is
invertible.

The following class of functions has played a prominent role in the study of
scattered data problems (see [GV]).

Definition 2.1. Let F: R°—= R be continuous. We say that F is conditionally
negative (positive) definite of order m if for every finite set {x;}}- | of distinct points
in R®, and for every set of complex numbers {c j}f’: . satisfying

for every qeIl,,_, (the space of s-variate polynomials of total degree at most
m — 1), we have

=

CioFlx; —x) <0 (=0).

Eod

Qk=1
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This class of conditionally negative (positive) definite functions of order m (on
R®) will be denoted by N3, (P}).

Definition 2.2. We say that a continuous function g: R™ —» R is a conditionally
negative (positive) definite radial function of order m if go(||-||) is in N}, (P;,) for
every 5. (Henceforth, unless otherwise specified, |-| will denote the standard
Euclidean (/,) norm.)

The set of all conditionally negative (positive) definite radial functions of order
m (on R®) will be denoted by RNj, (RP;). The class RNj;, includes those functions
g which are continuous on [0, cc) and for which (— 1)"‘“(d"‘/do'")g(\/;) is com-
pletely monotonic on (0, «©); i.e.,

m 20}
(=1t % 9/0) = J e~ du(o),
o 0
where dy is some nonnegative measure on [0, co). This latter class of functions
will be denoted by RN, ..

For the remainder of the paper, we will deal only with the cases m =0, 1. In
these cases, it is known from [S2] and [M] that RN, = RN?:= ()2, RN;,. So
we will drop the subscript ¢. We also define the class RP;; by requiring that f
belong to RPY precisely when —f € RN,;.

Now suppose that F: R® — R is continuous and that it is radially symmetric, ie.,
F(x) = F(y)if ||x| = [ly||. It is manifest that F may be identified with the following
function hz: R* — R given by

hp(r) = F(x) where x| =r.

Consequently, we may (and will) indulge in a slight abuse of notation and say that
a function F: R® — R belongs to RNZ(RPZ) if F is continuous, radially symmetric,
and its associated function Ay (as defined above) is in RN 2(RP).

Next, we wish to review some relevant facts regarding divided differences. Let
F: R° — R be a function, n a natural number, and e;, the jth (standard) unit vector
in R®. We define V;F, 1 <j <s, by

V,;F(x):= F(x — e}) — 2F(x) + F(x + e;), xeR’,

and
ViF(x):= V{(V;~ LF(x)).

An induction argument shows that
. 2n . 2}’[
VIF(x) = ). (—1) f F(x — (n — k)ey).
k=0

We also set
V*F(x):= ViV% - ViF(x).

Perhaps our choice of the notation V" is not altogether standard. However, in the
absence of any other divided difference, no confusion should arise.
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The emphasis in this paper will be on functions F (: R® — R) that belong to RP§
or RN{. These functions possess useful representations which we will exploit in
many situations. In particular, if F € RPZ, then F admits the representation [S2]

2.1 F(x) = j e X1 duye), xeR’,
0
where du is a positive measure satisfying the conditions
1 @
2.2) J dufty < oo; f e F du(t) < oo.
0 1

On the other hand, if F € RNY, then F may be realized as (see [M], [NW2], [S2],
and [Su])

© | _ - lixln
2.3) Flx) = F(0) + f —etm— dult),  xeR’,
]
where du is a positive measure such that
! ® du(t
24) J du(t) < o and J # <
o 1

In what follows, we shall use C, C’, €, and E to denote various generic constants.
The dependence of the constants on certain parameters will be indicated by
subscripts (e.g., C,, C;,), but the actual numerical values of these constants will
likely change from one occurrence to another. We will also freely employ the
standard Landau symbols O and o.

Lemma 2.3. Let F (:R*— R)e RPJ or RN, x € R®, and suppose that n (=2) is
a positive integer. Then

(i) IV'F(x)| < C, /(1 + |x[)"2 6> 0.
(i) V'F e L\R).

Proof. At the outset, we note that since F is continuous, so is V*F. So (ii) follows
from (i). Second, since V"F(x) = V*~ 2(V2F(x)), it is enough to prove (i) for n = 2.
Furthermore, by continuity of VF, it is sufficient to show that

C
]VZF(X)| < W, x|} large.
Thus, for the duration of the proof, we set x = (x, ..., x,), ||x|| =: r, and assume

that r is as large as necessary.
By (2.1), (2.3), and the fact that V(1) = 0, we see that
@ VZ - |Ixil*
2.5) IV2F(x)| < f Ve =00 g

0 "

w s 2, x%
- [T
0 t
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where m equals 0 if Fe RPJ and equals 1 if Fe RNY. Let 1 <j < s be fixed (but
arbitrary), and consider er"‘%‘. It is well known that er"‘ﬁ‘ equals a constant
multiple of Di(e™ )¢ ;) for some &;e[x; — 2, x; + 2]. Since

Die™") = (1212 — 48> + 16y*1*)e ™7,

we see from (2.5) that

o s 2 243 4,
26 IVZF(x)lsCl[ [B=a0128 + 481528 + 1618 1y

tm

0

Setting &:= (¢, &,, ..., &), and recalling that |{x| is large enough, we conclude
from (2.6) that

o0

Q.7) |V2F(x)| < CSJ e~ WR)lIxlHg2s = m ﬁ(u + 48 )12t + 16]x])*t?) du(t)

o] j=1

@« N 2s

=C, f e’ ‘/ths_"‘[ Y ak(rzt)"] au(e),
0 k=0

where ag, a;, ..., a; are constants depending solely on s.
Let e (3, 2) be fixed and write (2.7) as a sum of three terms

2/ 2s
1,:=C, J e_"zt/ztzs“”’[ Y ak(rzt)k:| duf(t),
k

[} =0

1 [ 2s ]
12:2 Cs J e—rzt/2t2s—m Z ak(rlt)k d,l,t(t),

2fr | k=0 _
and
© [ 2s 1
13 = Cg f e_thlztzs—m Z ak(rzt)k dﬂ(t).
1 Lk=0 _
Now,
2 2s—wm| 2s 2 k 1
neel 2] 5 () ] we
r k=0 r 0
C, C,
= p(2s=m)a—2s(a~2) = Rk 6>0,

since, for m =0, 1,
(2s —mya + 2s(x — 2) —~ s = s(4o — 5) —a = 3a — 5> 0,
and (2.2) and (2.4) hold.

Next,
! C
I, < Cseﬁrz_ur4s|:J‘ d,u(t):I = rs:a
0
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by (2.2) and (2.4). Lastly, we turn to I; and note that if m = 0, then

2o}
13 < Cs J‘ e—(r2/2 ~ Diyp2spdsy2s, 1 d/t(t),

1

whereas, if m = 1, then
w ,—ritj2,25..45.25
e trt
I, <C, J - du(?).
1

For large enough r, the functions

tr—>e_(’2‘/2_1)t4s and [l @~ Tt243s

decrease in ¢, so

* o

I; < Ci*se™2-1 e tdu(t), m=0,

J1
and

o dult

I, < Crse™r12 dptt) ), m=1,

J1 t

whence, by (2.2) and (2.4),
C,
13 = rs+6

This completes the proof. [}

As pointed out by M. J. D. Powell, the proof of the preceding lemma can be
simplified considerably by using the elementary inequality

12 4 4883t + 16312 < 288¢53, > 0.

Also, F. J. Narcowich notes that the function x— |x|**, xeR, 1 < a < 1, serves
to vitiate the lemma for n = 1.

Lemma 24. Let F (:R°*—>R)eRP§ or RN, and let du be its representing
measure. Suppose that n (>2) is a fixed positive integer, and define G(x):= V"F(x).
Assume that for some 6 > 0,

- du(r) C,
(*) f e lIvli7as aitm S T Iyl large,
o L Iyl

where m = 0 if F € RPS whilem = 1 if Fe RNY. Then

N C
IG(y)ls(—lq_—“sJ’)'il?:a for all yeR®
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Proof. Since G e L\(R%)(Lemma 2.3), G € C((R®). So it suffices to demonstrate that

N C
|GV < — 5, [yl large.
Iyl
Now,
o yn(,— I x]%
(2.8) Gy) = j U Vie =) du(t)}e“"‘y dx
rlJo ¢

= Jw[j Vn(e—llxlﬂt)e—ixy dx:l d_”g_)
0 Rs t

by Fubini’s theorem. We note here that for t = 0, V(e *I") = V(1) = 0, whereas
for t > 0, x+— e~ I*I" and hence x+> V*e~!*I*), belongs to L'(R®). That is, the
use of Fubini’s theorem is justified.

Assume that t # 0, and y = (yy, ¥, ..., V). Since

S
V(e 1*1%) = l—[ V;?(e_xﬁ‘), X = (Xg, Xy ves Xy

j=1

and

(Ve ) (1) = (122" sinz"(%f)(e-xﬁwyj)

, ~ ¥4
= O(—1y22 sin2"<&> ¢

2) g

(2.8) shows that
R ol A 6 PN 7 (3
G = (—1)m2sncs 2n( 7J [yl2/4s 277
o= t-ezee [ ] s () oo S

and the desired result follows immediately from (x). [ ]

Remark 2.5. It may be noted that for y s 0, the function ti—e™ IIVI*/4¢/ps/24m
m =0, 1, is defined, by continuity, to be zero at t = 0.

Corollary 2.6. Let F (:R*—>R)e RP{ or RNY, and let du be its representing
measure. Suppose that n (>2)e N and that F satisfies condition (+) of Lemma 2.4.
Then, for each y (0, 2n}°, the following relation holds:

Y (V'F)k)e ™ = ¥ (V'F)"(y + k).

keZ’ keZ®

Proof. This is a direct consequence of the Poisson summation formula [SW, Cor.
2.6, p. 252]. Its use in the present context is validated by the assertions of Lemmata

2.3 and 2.4. B

Remark 2.7. Suppose that F (: R —» R)e RPY or RNY, du is its representing
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measure, and g > 0 is a fixed number. Let F (-):= F(q-) and

y:(yl’yZ,"'ays)e(O: zn]s.

If n (=2)e N and m is defined as before, then the proof of Lemma 2.4 and the fact
that

(Ve @) (yy) = (= 1)2%" s 2"(y’>(e_"2x2‘) 7

— f 1)n22n 2n<y])

e J’j/4‘11

NG

imply that

s/Z( 1)sn22sn I‘L L Sann(yJ/z) ) d,u(t)
q ts/2 +m”°

(V'F) (y) =

In particular, if F (and hence F,) satisfies condition () of Lemma 2.4, then
(V,F,)"(y) satisfies the conclusion of that lemma, and by Corollary 2.6, we have

B s/2( 1)sn22sn s y ® o= liy+2mkl|2/dg
(2.9) Z (V"Fq)(k)e e l:[ 2"< J)](Z‘és . W dut).

keZs 2
It ought to be mentioned that condition (%) of Lemma 2.4 does not preclude
any of the salient functions in RP§y or RN that are prevalent in the literature
[D]. We now discuss examples of some such functions. The measures representing
each of these functions in Examples 2.8-2.11 may be derived by using standard
Laplace transform formulas (see, e.g., [EMOT]).

Example 2.8. Let F(x):= ||x|?%, xeR®%, 0 <« < 1. Then FeRNP, and its re-
presenting measure dy is given by

dt
du(t) = C, rr O<a<l.
Suppose that {y| > 0 and note that
w o= IIvllFas w o= llyll/4
ts/2+1 d;t(t) - 2+t dr
0 0
=C, J‘w em IPwysizta=l gy oy =1/4¢

o, s
ls+2a’

iyl

whence condition () obtains. The last step in the preceding analysis follows from
the fact that the integral in the penultimate step represents the Laplace transform,
evaluated at ||y|? of the function ur> 427>~ 1 It may be noted that the said
transform exists because ||y >0 and s/2 + o« — 1 > —1.
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Example 2.9. Let F: R — R be given by F(x):= . /1 + ||x||%. Then Fe RN¥, and
its representing measure du is given by

-t

du(ty = C — dt.

Q

<

Now, if |[y| > 0, then
@ o= llyil?at @ o= IylI?4t,—t
pizHl duft) = C (52312 dt
0 0

0 o= llyiitar

= c J‘ £5/2+3/2 dr
0

a

P

Iyt
as demonstrated in Example 2.8. Thus F satisfies condition (x).

Example 2.10. Define F(x):= log(l + ||x]|?), x € R®. Once again, Fe RNYT, and is
represented by the measure

du(r) = Ce™ " dt.
Suppose that {|y| is large and observe that

w o= llyil?a: w o= lhyli?4
— -1
1241 d'“(t) - (2 +1 e”tdt
0 0

o0
=C, f e IWug—Lduysi2=1 gy -y = 1/4¢.
0

Now, this last integral above is the Mellin transform, evaluated at s/2, of the
function ur e~ W+ 149 Copsequently, by [EMOT, p. 313], we conclude that

o o= livlizae c.
j AL du(t) = e Kyl
0

where K, is the modified Bessel function of the third kind. The standard
asymptotic expansion of K (| y|) for large ||y|l [AS, p. 378] guarantees that

Kgallyl) = 0™, jiy|l large,

S0

® o Iyl
J (Si2+1 du(t) = Ole” “y“), Iyl large.

0

In particular, F satisfies condition ().

Example 2.11. Let F: R° >R be given by F(x) = 1/{/1 + lix|I2. This function,
called the inverse multiquadric, belongs to RPY, and has for its representing
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measure, the measure

duft) = C — dt.

=S
<l

If ||y|| is large, then
w® o~ llyll2/a w© o= lyilZat
_ -1
J 52 d:“(t) =C f 12412 e " dt
0 0 :

o«
= C, j e IIPug—1/duyts= 12 =1 gy, u=1/4,

0
— O(e—HyH)’

exactly as in the previous example. This shows that the inverse multiquadric also
satisfies condition ().

3. Main Results

This section is devoted to the development of a method which will be utilized to
derive lower estimates for the norms of inverses of interpolation matrices asso-
ciated with functions F (: R®* > R)e RPZ or RN{ and certain data sets in R®. Our
object, as discussed in the introduction, is to establish that for a given F, there
exist certain data sets having (small) minimal data separation g, an appropriate
function k(g), and a constant C_, such that the inverse of the associated interpola-
tion matrix A satisfies |47 !]| > C k/(q).

In the sequel, we assume that F (:R*— R)e RP{ or RNP. Given a data set
Sy = {x;}}~1 in R®, and a function F e RP§ or RNY, F:R* - R, we will call the
N x N matrix, with entries {F(x; — x)}¥,_,, the interpolation matrix associated
with Sy and F.

Let us also recall the following elementary, yet useful fact, that for any N x N
matrix 4,

1
IA7H = §7——: 4eRY, 4] = 1.
Infl| 44|
In particular, we have the estimate
Al

3.1 A =
(3.1) I II>”/M”

for any AeRM\{0}.

Crucial to most of our subsequent analysis is the introduction of the following
special vector.

Definition 3.1. Let ne N and let Ae R*"*! be given by

72
,1j=(—1)f< ,”), 0<j<2n
j
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Denote by A, the s-fold tensor product of A with itself. That is, 1 e R?"* 1 and
is given by

.. . s . (2n )
j'(S)(JD J2s "‘713) = n(_l)Jk<J >: 0 S]k, < 2n.
k

k=1

Lemma 3.2. Let A be defined as above. Then there exists a constant C, such that

4sn 4sn

2
<91 < ¢, ——
W/’

W/

Proof. By definition of 1%, it suffices to establish the existence of an absolute
constant C such that

C—1

4n 4n

<|A*=<C .
REIrsc

(3.2) ct

To this end, note that

. 2n 2112~ 4n\  (4n)!
) 4 ‘,;o(j) ”<2n>“[(2n)!12’

while the well-known Wallis’ formula [AS, formula 6.1.49] warrants that

] (m')222m :|
34 Lim| —— | = /.
. mirg[(zm)! Jm Ve

Now (3.2) follows from (3.3) and (3.4). B

We proceed next to the description of data sets in R® which we shall use to
obtain appropriate norm estimates. Let neN and let %, be the set of lattice
points in R® given by

=5/ps,n:= {(jl,jlr"’js): 0 S.]k S 2"7 1 S k < S}'

Note that the cardinality of %, , is (2n + 1)°. Suppose that g >0 and that
F (: R*— R)e RPY or RN{. The interpolation matrix A on which we wish to focus
is the one associated with %, , and F,. (It should perhaps be pointed out that
studying the interpolation matrix associated with ., , (which has minimal separa-
tion 1) and F, is tantamount to studying the interpolation matrix associated with
9%, .= {ql:1e &, ,} (which has minimal separation g) and F.)

The simplest example of such an interpolation matrix is the one associated with
#,.» and F . In this case

F0) F (1) e F(2n)
4= Fq(.—l) Fq.(O) Fq(2n.—1) '

F(—2m) F(-2n—1) -  F0)
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We draw the reader’s attention to the fact that A is, in fact, symmetric because F
is radial. The reason for displaying it as we have done will emerge momentarily.

Now we wish to consider the action of the interpolation matrix associated with
4, and F,, on the vector A®. It turns out that the vector A1 (e RZ"*1)
comprises as its entries, appropriate divided differences of F, evaluated at certain
lattice points. Indeed, for 0 < j, < 2n, 1 <k <5, we have (4A49); = V'F (ne — j)
where e = [1, 1,..., 1]". To see this, we first note that

2 2
i(s)) Z Z ( )k|+-~+k5<kn>...<kn>Fq(j - k).
k1=0 1 s

ks=

However, by definition, we also have

2n 2n
V'F (ne —j) = Z Z (=1t (k ) "(k )Fq((ne —J) — (ne — k),
1 s
whence the required assertion follows because F, is radially symmetric. Con-
sequently, the components of AA® are given by V'F(j), —n<j, <n 1 <k<s.
(Although the purport of the preceding proof was present in the original version
of our paper, it was not quite so transparent. The pithy argument given above is
due to the referee whom we acknowledge gratefully at this juncture.)

Our primary objective in this section is to obtain a quantitative upper estimate
for || 4492/ A9]|%, where A is the interpolation matrix associated with %, , and
F,(FeRPg or RN?). Such a result, via (3.1), will provide us with a lower bound
for ||A!||. Additional insight in this regard has also, been offered by the referee,
who points out that the sequences of Definition 3.1, appropriately normalized,
form the coefficients of a suitable approximate identity centered at [x,...,n]", a
fact which may be used to simplify the forthcoming estimates in Section 4. In this
connection, we also refer the interested reader to [Ba2] where this very point of
view is made much more explicit. (The recent articles [Ba2] and [Sc], both of
which deal with issues related to those considered in the present paper, came to
our attention a few months after the original version of our manuscript was
submitted.)

Theorem 3.3. Suppose that F(:R°*—>R)eRPy or RN, and its representing
measure is du. Assume that g > 0, n(=>2)e N, and that A is the interpolation matrix
associated with %, , and F,. If F satisfies condition (x) of Lemma 2.4, then

14217 _ f ny RN N S A " Ol &
|I/1(S)“2 < q 1_.[ sin E o kz e i’ o ts/2+m dya

(0,27 j=1 eZs

where m is O if Fe RP§ and is 1 if Fe RN?Y.

Proof. From our foregoing discussion, we know that

4492 < 3 |VIF (k)%
keZs
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By Parseval’s Theorem and (2.9), we have

2

YAV F (ke ® | dy

keZs

C 2431: s |
= j 11 sin‘“‘(&)
q 0,27 j=1 2
w o= lly+2nki}/aqt 2

keZs JO

keZs

(3.5) Y IV'E(k))? = C, j
(0,2}

Using the monotone convergence theorem in (3.5), we conclude that

AP C 2% s N du()
(s) “2 < 2ss s))2 J‘ H sin4”<&>[J (Z e_\i)’+2ﬂklz/4qzt> S/I;E—L:l d
A= g~ A®| (0,22 j=1 2 o \iozs ; -

An appeal to Lemma 3.2 now finishes the proof. |

The upper estimate for | 44°||2/]| A}, as given by Theorem 3.3, involves the
infinite sum Y, . e” "+ 2mII%4¢ Tt will be more convenient to replace this sum
by an amenable majorant. This is done as follows. For the sake of clarity, we first
detail the procedure in the bivariate case. Following that, we shall indicate how
the procedure can be extended to dimensions higher than 2. The univariate case,
which we do not treat explicitly, can also be dealt with similarly, if not more easily.

When s = 2, the sum in question is

(3.6) Y emlrmkbined Y (R, ),

(k,l)eZ? (k,})eZ?

where y = (y,, y,)€(0, 2n]%. (Assume t #0.) The dominant terms in (3.6) are
T(0,0), T{—1,0), T, — 1), and T(—1, —1). Accordingly, we split (3.6) into four
parts, each of which is assigned to one dominant term. More precisely, we set

Sl:: Z T(k’l)7 SZ:: Z T(k’ l)’

k,1>0 k<—1
=0

Sy= Y Tk,  Sy= Y Tk
i) 1500

Factoring the dominant term out of each of these sums, changing k— —k in §,,
I+ —lin S5, and (k, h+—>(—k, —]) in §,, we arrive at

: |
Sp= e UTHdbAC L T lont2mk ot 2n - yi - yRagh
b
k,1>0
k,D#(0,0)

P At ool I S (O i R e L

k>1,120

®.D#(£,0)
S, = e Dit@roydlagt]y 4 ¥ e [01+ 2mkP+ (2l —yoP —yi = QR yaPldg |

kz0,1>1
k. D#(0,1)
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and

S,= e—[(2n*y152+(2n‘—yz)2]/4qzt 1+ z ¢~ [@rk =32+ (2al =2~ 2 —y1)? =~ (27~ y2)?)/dqt
k21,121
k. D*(1,1)

Let us consider §; and S,. Beginning with S, note that if k, [ > 0, then

(y1 + 27k + (y, + 27D)% — 2 — y2 > 4n*(k? + %),

S0
(3.7) S, < e~ 0Ty 4 Z e~ PRI |
KI>0
(k, ) #(0,0)
Now

0 .
z e~ a2k +12)q% _ 2 Z e n2k?/qt + Z e w2k + 12) /g%

k1>0 k=1 ki>1
k() (0,0}
= 2Sll + Su'
Observe that
[ee] [esl N
(3.8) S, < f j e~ MW dy dy,
0 0

As to §,;, we consider two cases. If, on the one hand, 0 < ¢*t < 1, then

18

(3.9) e MR < N TR = K(1).
k=1

k

N

1

On the other hand, if g%t > 1, then

1
J e n2uliglt du>e” ,tz,

0
SO
o 1
(3.10) e” J il T f e dy > 1,
0 0
Consequently,

w @ . © o
(311) Z e_,czkz‘;qzt < f e*rzzvzlqzt dv < enz Jv j 8—1:2(u1+92);’42: du dv.
0 0

k=1 0

Setting K := max{K(1), e"z}, we see from (3.9) and (3.11) that

(3.12) S < [1 + J j g M gy du:I.
. 0 o]
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Therefore, it follows from (3.7) that

(3.13) S, < Ce—(yf+v%>/442t[1 + f J e W gy dv:l
0

2
- Ce—(y%+y§>/4qzt[1 + 2
4n

where C:= 3 max{2K, 1} is a constant independent of y, ¢, and ¢. Turning to S,,
we note that for k, [ > L, (y., v,) € (0, 2x1?,

@uk — y;)? + (2nl = yo) — 2n — p1)* — (21 — 2)* 2 4n?[(k — 1* + (I ~ 1],

SO
S, < e rTIPT@E YA | Y Ik 1O 1P

k,ix1l
*k,DF(, 1)

< Ce*[(21:—y1)2+<2n—yz>21/4q2t[1 " %_t]’
T

as before.
1t is quite evident that S, and S can be handled in the same fashion, thus giving

4 2
Y S < C[l + at [e~OT+yage | g-lzn—y+yiyegs
/= 4n

i=1

+e” Iyi+Q2r—y)2dgt + g l@r— y1+(2n— y2)2]/4t12t]

4
=y fiy 1.
i=1

Consequently, Theorem 3.3 gives

e o ]
= " " , dy, dy,
Wn & o Jo > | 00 dndy

2 4 2r (2n
st e
q i=1J0 0 \ 2 2 "

by the Cauchy—Schwarz inequality. Changing y, +— 27 — y, in the second integral,
y, 27 — y, in the third, and (y;, y,)— (27 — ¥y, 27 — p,) in the fourth, we see
that each of these three integrals equals the first. Thus, the following bivariate
version of Theorem 3.3 results.

Theorem 3.3. Suppose that s = 2, and that F, g, n, m, and A are as in Theorem
3.3. Then
423 Cz(\/z)z anf VLN o anf V2
TOTE] S5 sin™"| — | sin™"} —=
Hj' “ q (0, 2x]? 2 2

* qt\ _iynzag d/"(t)J
% 1 [lyll%/4g% dv.
[fo < - 473) g d .
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The procedure described above may be adapted, mutatis mutandis, to higher
dimensions. We start with the infinite sum Y z. e~ ¥ 2™I742 and split it into
2° parts corresponding to the 2° “octants” of Z°. Each part is dominated by an
appropriate term [e.g., when s =3, the eight dominant terms correspond to
0,0,0),(—1,0,0), (0, —1,0), (0,0, —1), (-1, —1,0),(—1,0, —1),(0, —1, —1), and
(—1, =1, —1), and Z® is then divided suitably into eight octants]. Proceeding
exactly as we did in the bivariate case, we obtain 2° sums, each dominated by a
term f(y, t), | < i< 2% which consists of an appropriate exponential term multi-
plied by a common factor

0 o5} s sts/Z
Cs|:1 + f J e—n(u%+u§+-~+u§)/q1t du, duz"'dus] —_ Cs[l + qs 5/2:’_
0 0 2’n

So, once again, Theorem 3.3 and the Cauchy—Schwarz inequality give

4 i‘s)llz C/m & sl VN du() T
M'(s)”z < \/> Z l_[ sin® (%)':JO fiy, t) ts/l;er:] dy.

0,2xn) j=1

Finally, we make an appropriate change of variables in each of the last 25 — 1
integrals and conclude thereby that all these integrals equal the first. This, taken
in conjuction with the obvious inequality 1 + ¢°/?/2°n%% < 1 + ¢°t*?, yields

Theorem 3.4. Suppose that F, n, q, m, and A are as in Theorem 3.3. Then

14292 G Y islrage Q) T
e < q\[ Hsm‘" = (1+qts/2) 'y”/“‘“ts?rm d

(0,2xF j=1

4. Applications

Having developed a general framework in the preceding sections, we now turn to
specific applications. As in the past, our attitude towards constants will continue
to be somewhat cavalier.

Theorem 4.1. Let n(>2)eN, g > 0, and F(x):= ||x|?*, xeR®, 0 < o < 1. Assume
that A is the interpolation matrix associated with %, , and F,. Then

144912 . 1
Wscmq“ 07; + 1], n— 0.

Proof. Recall that Fe RNy and its representing measure is du(t) = C(dt/t*).
Example 2.8 shows that F satisfies condition (x) of Lemma 2.4. Consequently, by
Theorem 3.4,

4.1)

142917 _ Cy/ny s N (P s it dE T
“j’(s)Hz < > H Slrl4 EJ . (1+qt/2)e vl Mqtm dy

q 0,27F j=1
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Suppose that y e (0, 27]°, and consider

LY N iylliy4q?
: S35/
J‘O (1+qt ) ts/2+1+a dt

=, j (1 ’ (4u1)s/2>e_ Wil tel gy, u = 1/Ag,
0

" P S
= Cs,aqs+2“|:fo e~ ylPuys/2+a=1 gy o L e o~ Iyl si2+2—1 du]‘

Each of the two integrals above represents (up to constants) the Laplace transform,
evaluated at [ly||?, of the functions ur>u¥?"*"! and ur>u*"!, respectively.
Computing these transforms leads us to conclude that

o " e~ IyiiP/aq s 1 1
4.2) f (I + q ")~ dE < 67 C m[— + —a]
Jo et Lyl iyl
C s+ 2a
< S,D(q

|s+2a :

— oyl
Using (4.2) in (4.1), we obtain

|AZ9)2 € /nra® [[-1sin™y2) |

1292 = ©2p  IVIFTH

SCs,an'“[f (2" 511;4;:(3110{2 ](fs 1 HJ 4n< )dy,

JO

4.3)

Now, note that for each 2 <j <s,

2n ; fri2 ' 27n(4n)! 1
an( Vi _ an _ 2nlan)!
L o (2)”4” ) dy"‘r‘"(zn!)z‘o(ﬁ)’

where the last equality follows from Wallis’ formula (see (3.4)). Consequently, (4.3)
implies that

A L (" sin®(y)
@4 < Coag/n e

(P 0

Observe that

n sin“”(y ) 1 7 sin‘“‘(y )
4.5) J 2s+4azl dy, = + 2s+4: dy,
o J1 0 1 Y1
1 ylll:n T
< f o Ay + j sin**(y;) dy;.
o V1 1
If 4n > 2s + 4o, then the first integral in (4.5) equals (4n — 2s — 4a + -t

O(n™1), whereas the second integral does not exceed [G sin*(y,)dy, = O(n” 1’2)
as shown before.
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Thus, from (4.4),

| AAC)? <C 41[0( 1 ) N 1} o o
s Gsed - » »
1292 Jn
and the proof is complete. |

Corollary 4.2. Let F, q, A be as in Theorem 4.1. Then there exists a constant C,,
such that for sufficiently large n, |A™ || > C, ,/q**

Proof. Theorem 4.1 shows that there exists a constant C;, such that for
sufficiently large n, |449|/|A9| < C; ,q** So, by (3.1),

(s) ’ -1
1A Z(Cs,a)
1429 7"

(7 S = n

Remark 4.3. (i) For the function F(x) = |x[??, xeR, 0 < a < 1, the matrix 4
considered in Theorem 4.1 (and Corollary 4.2) exhibits “optimal” behavior with
respect to the minimal separation distance g. More precisely, we recall from [NW2,
Theorem 2.4] that for any interpolation matrix B associated with F (x) = llgx %2,
O<a<l,

1 _E [® e nfT(s + 227+
4.6 TRt e (8, 6=12 ———
( ) ”B—l” e qs \[ ts/2+1+a( |: 9

Setting u = 1/g°t in (4.6) and evaluating the resulting integral, we obtain

E
4.7) IB™' < —

20 "

Assertion (4.7), taken together with Corollary 4.2, demonstrates the optimal
behavior of A.

(ii) It should be noted that for F(x) = {x| % the O(g~ 2% behavior of | 4™!| is,
in fact, a direct consequence of the homogeneity of the norm. So the additional
import of Theorem 4.1, and hence of Corollary 4.2, is that the bound for ||47!||
derived there is independent of n for large n.

Remark 4.4. As indicated in the introductory section, the purport of Corollary
4.2 and Remark 4.3 for the special case s = 1 and « =, was noted in [B]. A
rather elegant proof of this has also been furnished recently in [Bal].

Theorem 4.5. Let F(x)= /1 + |x[|?, xeR*, n(=2)eN, and 0 < q < 1. Suppose
that A is the interpolation matrix associated with %, , and F,. Then

1429)> _
oz = Ga'le Sl go(1)],  n— oo
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Proof. Since our interest centers around small values of g, it is no loss to assume
that g € (0, 1). Also, recall that F e RN{ and its representing measure is

e‘t
du(t) = C — dt.
N
By Example 2.9, F satisfies condition () of Lemama 2.4. So by Theorem 3.4,
(4.8)

[A297 _ C/ny S N S
TCIE < &), [T sin* EJ (1 + gt2)e o1 /4QIt(s+—3)/2-dt dy

0,2x) j=1 0

AN J 1l sin4"<X21>

0,2x)F j=1

® 1 2, 2, 2
X [J <1 + ‘Eﬁ)e— 19l%g ~ Lfa gy (s~ 1)/2 du] dy,  u=1/4¢%.
0 u

Suppose now that y = (y,, ,,..., y,) €(0, 2], and consider

o
J <1 + %)e“ Ny lup = Ldqhuy (s— )2 g,
0 u

© , s o o= llyll% R
— e~ WP = Lidqhuy =132 g0, o e~ Yaer gy
[ 0 U

=1, +1,.
From [SW, p. 6],

Ja
(4.9) 12 — e~ vl

Iyl

Turning to I, we write

1/aliyl o , ,
I, = + [e—HyH uy—1/44q uu(s—l)/2] du
0 t/gllyll

=0y + 1.
Note that the function ur— e~ /44 increases with u, so
o0
(4.10) I, < e~ Ivll/4a j e~ IWIPuy =12 g,
(4]
Cse' ltyll/4q

Iyt

Next, since e~ 144 < 1,

[+ o)
I, SJ e~ Iyliu s—1y2 g,
1/gllyll
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Now, observe that if s =2k + 1, then #® %2 =4* whereas if s =2k, then
w2 < Jqllyllu, for 1/g|lyll < u < oco. Thus, in either case,

(4.11) I,<C, j e~ IIPuyk gy,

/gyl

where s = 2k or 2k + 1. Now

a0 k ~
(4.12) e~ Iylu ke du = v_l_ e~ IINI/:{(M) + k<M>k ' 4ot k!:l
aliyl lyle2 q q

Cs w> —yllia
= Iy ( ¢ )

Cse—IIyH/Zq
|27

where we have used the inequalities ¢ < 1 and (x/2) < (k!)e¥’?, x > 0. Con-
sequently,

c,
s L-diviigz
@.13) IlzguyHmﬂwe yliizg

where y equals 1 if s = 2k + 1, and equals 4 if s = 2k.
From (4.9), (4.10), and (4.13), we infer that
e Ivliia  o=llylliae . ;= liyli/2e :I

+ +
(87 Iyle™t  y| @2

(I, +1,) < Cs[
and therefore,

C —llxll/2q
4.14) I, + 1, <=2

ol
Using (4.14) in (4.8), we get
(4.15) 14X _ 2(\/’)sJ [15- 1 sin*(y;/2) e~ lza gy,

]M(s) ||2 = ©, 27} ”)’”38+y

Noting that |yl > y,, and ﬁ” yll = 33, y; by the Cauchy-Schwarz inequality,
we have from (4.15),

()2 an
e[ o]
1

s 2rn i
[ ]
j=2 J0 2

sin*(
< quz(f )U 3s+yy‘ e via/s dyl}
x |:H J. sin“"(yj)e‘yf'/‘f\/; dyj].
=2 JO
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Assuming that 4n > 3s + 9, we note that

[ o = [+ [0,
o]

j P77 dy, eV j sin*!(y,) dy,
1

o)+ ()

as seen in the proof of Theorem 4.1. A similar argument shows that for each

2<j<Ls,
J sin“"(yj)e‘yf'/q\ﬁ dy; = 0<1> + e‘l/"‘/;O(——l—)
0 n \/ﬁ

Thus, by (4.16),
142997 [ s [ ( ) - ﬂ
IECERE 1 W AR

< Cyg?le v+ o(l)], n- o,
as desired. ]

Using (3.1) along with the preceding theorem, we obtain, as before,

Corollary 4.6. Suppose that F(x) = /1 + ||x||*, x e R®. There exists a constant C,
such that, for each q€(0, 1), we can find an ny(q)e N so that for all n > n(q), the
interpolation matrix A associated with &, , and F, satisfies

N
A~ > ¢, 5.

Remark 4.7. It is worthwhile to compare the lower estimate for |4 ™" derived
above with the general upper bound for the same, obtained in [NW2, Theorem
2.47. Therein it was shown that for any interpolation matrix B associated with the
Hardy multiquadric, and é as in Remark 4.3, we have
e jm e _C g
[

t(s+ 3)/2

[+ 0]
=Eq j e~ Pupm Udtuys=1I2 gy u=1/q%,

[

e}
> Esq \f e—ézue—~1/q2uu(s—1)/2 du
1/dq
e o)
> E —dlg —§% d —1/q%u ; d 1
> E.ge e fu (asure increases and g < 1)
1/6q ’

> E.ge” %%,
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Now, by Stirling’s formula [AS, formula 6.1.37], lim,., J/(s+ 2) = 6/e; in
particular, é ~ s. Thus :

E- lelé/q E- 1eZS/q
B! < —m v = -
q

At this time, it is not clear to the writers whether this upper estimate can in fact
be sharpened to obtain eV behavior.

Our next illustration concerns the inverse multiquadric.

Theorem 4.8. Let F (:R*— R)e RPZ be given by F(x) = 1//1 + |x||%. Suppose
that 0 < g < 1, n (=2)eN, and that A is the interpolation matrix associated with
%, nand F,. Then
14492
149]2

<Cle V" +0()], n- co.

Proof. Recall that F is represented by the measure du(t) = C(e“/\ﬂ) dt, and
satisfies condition (*} of Lemma 2.4. So Theorem 3.4 ensures that

4.17)

HA)"(S)HZ Cs( n)s g . Vi “ S48, - 2,442 e“t 2
”A(S)HZ < { ( H sin®" EJ 1+gqg t/Z)e Iyil2/4q% t(s+—1)/2 dt dy.

q 0,27 j=1 0

Let y = (yy, Va5 ..., ¥) €(0, 27]°, and consider

w© e—t
j 1+ qSIS/Z)e—IJyHZ/‘tth dt

0. st
K e——t 0 e_t
= J e~ Iyll7/4q e dr + J‘ qse—llyliz(4qz_! A
0 o p
=:Il + 12.
Again, from [SW, p. 6],
(4.18) 12 = \/;qse— ”}’”/q_

Next,

o3 e—l
— —flyll2dg% _ =
L jo e st 12 dt

st o1 | —lyli%u e A (s—1)/2 2
=2""1q e —_— Y du, u = 1/4q*t,

o u

1/4a./s uo o~ V4atu
=257 1gsd + lie*liyilzu u(s—l)/ljl'du
0 1/44./s u

=0y + 145,
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As the function u+>e™ 1/*%%/y increases on 0 < u < 1/4¢4° and since 1/4q\ﬁ <
1/4q < 1/44q%, we see that

(4.19) I, 325+1\/;qse—xﬁ/qj e~ vy s-12 g,
0
quse_\/;/q
Iyt

Since e~ /44" < 1,

o0
I, < 25“\/;qs J g~ Iyl =102 gy,
1/4a\/s

00
< C,q° J e Ik gy,
1/4g/5

where s = 2k or 2k + 1. The rest of the proof now runs almost parallel to that of
Theorem 4.5. First, we get

(4.20) CT iy

<
12 =
Iyli2e*?

where y equals 2 if s = 2k, and equals 0 if s = 2k + 1. Second, from (4.18), (4.19),
and (4.20), we arrive at

NG ||y\>2/4qJ§]

|2s+2 +

(11 + 12)2 < quZS[e—ZIIyH/q +

[4s+2y °

iyl Iyl

whence, from (4.17),

(s)]12 s 1 4n
142 S(f)s M [e~2I»la 4 e~ 4 e—HyMl/4q\ﬁ] dy

M(S)”Z = (0,27 H}’“4s+2y
= T’l + T2 + T3.

Finally, we note that ||y[|> = >_, y7, and invoke familiar techniques to conclude
that for n > s + 1,

T, < C[e~~"1 + o(1)],
T, < CLle™¥ 4 o(1)],
and
T, < Cle V" + o(1)], n- .
This yields the required result. [ ]
Corollary 4.9. Suppose that F(x) = l/m, x € R, There exists a constant

C, such that, for each 0 < q < 1, we can find an ny(q) €N, so that for all n > ny(q),
the interpolation matrix A associated with %, , and F satisfies

IA~Y) = C,ev,
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Remark 4.10. Let 0 < g <1 and let B be any interpolation matrix associated
with F(x) = 1/i/1 + llgx||?, xeR°. With J being the same as before, we know
from [NW2, Theorem 2.4] that

“21)

o -t
- > % J‘ o~ et ¢ dt
BT ) ¢

© —1/q%u
= Es J P R du, u=1/q%.

q Jo u

Choose a constant a (depending only on s) such that a/é <1 (recall that
8/(s + 2) - 6/e as s > o). Since the function ur> e~ */u increases on [0, 1/¢%],
and g < 1, we deduce from (4.21) that

so that

a/é —1/q%u
q

a/23q u

afdq
- — 52
> Ee™ 294 j e % du

aj2dq
~d/g(2ja+tal2
> E e~ %a2iatai2)

“B— 1 H < Es— leé/q(Z/a+a/2) ~ E; les/q.

Remark 4.11. The techniques developed here may also be applied to F(x) =
log(1l + |x||%}e RN?. We shall, however, refrain from carrying out this analysis.
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