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We consider multigraphs in which any two vertices are joined by at most ¢ edges, and study
the Turan-type problem for a given family of forbidden multigraphs. In the case ¢=2, answering
a question of Brown, Erdés and Simonovits, we obtain an explicit upper bound on the size of the
matrix generating an asymptotical solution of the problem. In the case ¢ >2 we show that some
analogous statements do not hold, and so disprove a conjecture of Brown, Erdds and Simonovits.

1. Introduction

Brown, Erdés and Simonovits published a sequence of papers on the solution
of Turdn-type problems for digraphs and multigraphs (see e.g. (1, 2, 3]). The aim
of the present paper is to prove a conjecture of theirs, according to which the size of
some matrices generating the asymptotically extremal graph sequences is bounded
by an explicit function depending only on the forbidden graph. As they pointed
out in [1, p.82], this would imply the possibility of algorithmic solution of digraph
extremal problems. Later they gave an algorithmic solution to the digraph extremal
problems, avoiding this question [3]. We shall first give an “effective” upper bound
on the size of these matrices and then use this result to derive the main results of [3]
in a shorter and simpler way. Brown, Erdés and Simonovits also conjectured that
most of their results hold even for the case of directed graphs when two vertices
are allowed to be joined by more than 1 arc of a given direction. We shall give a
construction disproving this in some cases.

We fix a positive integer ¢ and consider finite multigraphs (without loops) in
which any two vertices are joined by at most ¢ edges. The word “multigraph” will
be replaced by “graph”. A simple graph is a graph in which any two vertices are
independent or joined by 1 edge. The number of vertices and the number of edges
of a graph G will be denoted by v(G) and e(G), respectively (edges are counted
with their multiplicities).

We consider the following general problem called Turan-type problem. Given a
family £ of graphs where VL €&£: ¢(L) >0 (graphs from £ we call prohibited). How
many edges can be in a graph with n vertices such does not contain a subgraph
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isomorphic to some L € £7 This maximal number of edges will be denoted by
ex (n;f).

From the averaging argument of Katona, Nemetz and Simonovits [6] it follows
that ex(n;&£)/(%) is a monotone non-increasing function of n and there exists the
limit

V&) = lim 3’1(;‘;@
n—=oo  (3)

Let M be the class of symmetric matrices whose elements are non-negative
numbers not greater than gq. Let A= (a;j) be a (r X r)-matrix from . For any
partition n=1x; +...+z, into nonnegative integers define a graph A(zy,...,z,) as
follows: n vertices are partitioned into r classes V1,...,V; where |V;|=2;; any pair
of distinct vertices ve V;, v’ € V; are joined by a;; edges. The class of all graphs
A(z1,...,x,) (for various n and various partitions) and all their subgraphs will be
denoted by 6(A). Using the terminology of [2] we may say that 6(A) is the class
of A-colorable graphs. If no graph A(zxy,...,zr) contains subgraphs belonging to £
(i.e. B(A)NL =0) we call A admissible for £. The subclass of matrices which are
admissible for a family £ of forbidden subgraphs will be denoted by A(£).

Unlike [3] we allow diagonal entries to be equal g. However, no matrix having
such a value in the diagonal is admissible for £ #0.

Following [3] we define the density

(1) g(A) = max{udu* |u=(u1,...,ur), y1+...+ur =1, 4, >0 =1,...,7)}

where the transpose operation is denoted by . The (r — 1)-dimensional polytope
w1+ +ur=1,4; >0 (i=1,...,7) in R" is called the standard simplez. A vector u at
which the maximum in (1) is attained, is called an optimum vector of A. The matrix
A is dense if for any proper principal submatrix A’, g(A4’) < g(A); equivalently (for
r>1), if any optimum vector belongs to the interior of the standard simplex.

The subclass of M consisting of dense matrices will be denoted by 2.

The following identity explains the significance of the definitions above:

(2) v(¥) = sup{g(A) : AecAL)} =sup{g(A4) : AeAL)NI}.

This identity follows from Theorem 2.6 [9] and from Lemma 6 [3].

A dense matrix A at which the supremum in (2) is attained is called an optimal
matriz for £. The asymptotic solution of the Turdn-type problem for ¢=1 (simple
graphs) was obtained in [5]. The general case was considered by Brown, Erdés and
Simonovits (1, 2, 3].

Theorem A [1]. In the case ¢=2 for any £ there exists an optimal matrix.

Theorem B [2]. For any A € D there exists a finite family £ such that A is the
unique optimal matrix for £.

In section 2 below we shall obtain the explicit upper bound on the size of the
dense matrix of Theorem A (see our Theorem 3). In particular, for the case of a
finite family £ it answers a question by Brown, Erdés and Simonovits:
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Theorem 1. Let ¢=2, k=min{v(L): Le£} and k' =max{v(L): Le£L}. Then any
optimal matrix for £ has at most (R(k,k+6)—1)(k' —1) rows where R(k,k+6) is
the Ramsey number.

Our Theorem 3 implies Theorem A and the main results of [3], namely, the
following theorems:

Theorem C [3]. In the case ¢=2 for any real v there exist only finitely many dense
matrices A such that g(A)=~.

Theorem D [3]. In the case g=2 the set of attained densities {y:y=g(A)} is well
ordered (under the usual ordering of the reals).

Theorem E [3] (Compactness property). In the case ¢=2 for every infinite family
£ there exists a finite subfamily £' C£ for which v(£")=~(£).

Theorem F [3]. Let ¢=2 and let a subroutine (“oracle”) be given for deciding for
the family £ and any dense matrix A, whether of not A is admissible for £. There
exists a finite algorithm (independent of £ except that it uses the subroutine) which
determines all dense matrices A which are optimal for £.

To prove Theorem 3 we shall use the fact that dense matrices cannot contain
certain principal submatrices (see Theorem 2 and Examples 1-4).

It was conjectured in [3] that Theorems C, D, E, F remain valid for any ¢ > 3. In
section 3 we shall construct counterexamples demonstrating that neither Theorem
C, nor some plausible analogues of Theorem 1 can hold for this case.

In section 4 we shall generalize our results to directed graphs.

2. Some properties of dense matrices

Theorem 2. A matrix A is dense iff

(a) A is non-singular, and all components of the vector eA™! are positive;

and

(b) A is of negative type, i.e. xAx* <0 holds for any vector x such that x#0 and
xe*=0 with e=(1,1,...,1).

Proof. The necessity of condition (a) was proved in [2, Lemma 2]. We first establish
the necessity of condition (b). Suppose, (b) does not hold. Thus these exists a
vector x such that xe* =0, x # 0, xAx* > 0. Let y be an interior point of the
standard simplex. Choose a >0 and 4> 0 such that y +ax and y — 8x belong to
the boundary of the standard simplex. We have

By + ax)A(y + ax)* + aly — fx)A(y - 8x)* =
(B4 a)yAy* + af(B + a)xAx* > (6 + a)y Ay*.

If y is an optimal vector then y+ax or y—~/x is optimal too. Hence A is not dense.

Now we prove that conditions (a) and (b) are sufficient. Let A satisfy (a) and
(b). Put y=eA le*, y =9"1(eA™!). So ye* =1 and all components of y are
positive. Hence y belongs to the interior of the standard simplex. We must check
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that y is the unique optimal vector for A. Choose an arbitrary point z#y from the
standard simplex. Put x=z—7y. Since xe* =0 and x#0, we get zAz* <0. Thus

zAz" — yAy" = (y + X)A(y" + x7) - yAy" = x(4y") + (yA)x* + xAx* =

1 lex* + xAx* = xAx* < 0

=9 xe" +v7
Remarks. (1) If a matrix A is of negative type then all its principal submatrices
are of negative type, too.

(2) Let a matrix A be of negative type. When we replace all diagonal entries
of A by 0, we get a matrix of negative type.

(3) It is known [8] that matrix A = ||a;j|| of size r with zero diagonal is of
negative type iff there is a linearly independent system of r points y1, y2, ..., ¥r
in the Hilbert space such that

aij +aji = ly; —y;lII*  with 4§ j=1,2,...n

Note that the density g(A) is the squared radius of the (r —1)-dimensional sphere
containing these points. Condition (a) of Theorem 2 states that the convex hull
of y1, y2, ..., yr contains the center y of the sphere as an interior point. Then
the maximum in (1) is attained at the point u = (uj,us,...,u,) such that y =
uUly1tugy2 +... +uryr.

Examples. The adjacency matrices of the following graphs are not of negative type.

1. If the graph consists of two independent vertices then its adjacency matrix
is the zero matrix.

In the graphs described in Examples 24, any pair of vertices is joined either
by 1 or 2 edges. In the corresponding figures, for every pair of vertices, one edge
connecting these vertices is omitted. So if any two vertices are joined in the figure,
then they are joined by 2 edges in the graph, else they are joined by only 1 edge in

the graph.
2. By
4 V2 V4
*>—
U U3

Put z1=23=1, z9=24=—1. Then xAx*=0.
3. Egpct (where c(ab—1)>2ab+a+b):

a vertices b vertices

¢ vertices
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Let each vertex from the group of a vertices have a weight c¢(b+1), each vertex
from the group of b vertices have a weight c(a+1) and each vertex from the group
of ¢ vertices have a weight —(a(b+1)+b(a+1)). Then

xAx* = ¢(2ab+ a + b)(c(ab— 1) — (2ab+ a + b)) > 0.

We shall use these graphs only for a =1 when we require ¢(b—1) > 3b+1. In
particular, the last inequality holds with 6>2, ¢ >4, b+c>9.

4. FEg:
U3 Us
U1 v2
V4 V6

Put z1=23=24=1, zo=2z5=2¢=—1. Then xAx*=0.

Let us call the m-th and n-th rows of a matrix A equivalent if aymm =an, =0,
Qmn = Gnm =1, Qi = Qip, = Qm; = 0y for each ¢ where 1#m, i#n. This relation is
transitive and consequently it is an equivalence relation. Hence the set of all rows
of A is partitioned into equivalence classes.

Theorem 3. Let ¢=2 and A be a dense matrix not having principal submatrices
of size k all off-diagonal entries of which are equal to 2. Then the number of
equivalence classes of rows of A is less than the Ramsey number R(k,max{k+3,9}).

We shall say that vertices v’ and v” of a graph are symmetric if for any other
vertex v the number of edges joining v and v’ equals the number of edges joining v
and v

The proof of Theorem 3 is based on the following statement.

Lemma 1. Let ¢=2 and G be a graph in which any two vertices are joined by 1
or 2 edges and any two symmetric vertices are joined by 2 edges. If G contains no
E4, Eg and Ey y . (with b>2, c>4, b+c>9) as induced subgraphs and contains no
complete k-vertex subgraphs with double edges then v(G) < R(k,max{k+3,9}).

Proof. Let S be a maximal subset of vertices in which any two vertices are joined
by 1 edge only. Suppose |S|=s, $>9. Our aim is to show that s<k+3.
For any vertex v we denote

Sy ={u €S : uand v are joined by 2 edges}, Sy =8\ S5,.

Choose a subset T of vertices such that TNS=0, Vv,v'€T: S, #8S,, Vv¢ s
3v' e€T: Sy=S,. Denote T;={veT:|Sy|=1}. If veT; then G contains E; 5_;
as an induced subgraph. Hence T; =0 for every i=2, 3, ..., s—4.

Suppose vy, v2 € T, Sy, \ Spp # 0, Svy \ Sy, #0. Choose vg € Sy, \ Sy, v4 €
Svy \Sp; . Since G does not contain Fy4 as an induced subgraph, v; and v are joined
by 2 edges.
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Suppose |T1|>2. Choose a1, by €T). So a1 and by are joined by 2 edges. Let
Sp, ={az}. Since [S]|>9, there exist c3, c2, c3, c4, c5, C6, g, 7 € S\ (Sa, USp,)-
The vertices a1, ag, b1, c1, 2, 3, c4, c5, g, c7 induce the subgraph Ep 1 7. Since
this subgraph is excluded, |T}| <1.

Let

Ti o={veTsa |V €Ts_3 : Sy ¢ Su},
T 1={veTs—1 |VV €Ts—3UTs—3 : Sy & Sy},
T =Ty_3UT, _oUT._,,
S =|J{8v |veT3UT—2UTs1},
§" =\ J{Sv|vem}
It follows that
§' = J{8 lveT},
18" = |1l < 1.

Note that Sy \ S, # 0 and S, \ Sy #0 for any v, v' € T'. Hence any two vertices
from T’ are joined by 2 edges, Therefore |T/| < k—1. Note that any two vertices
from S\ (S'US") are symmetric. Hence

IS\ (S'us") <1,
18| >s~1-18"|>s-2.

If |S'|=5—2, there exists a vertex u€ S\ S’ which is connected to any vertex veT’
by 2 edges. Hence in this case |T'|<k~2. Thus

T <k-(s—|S)= |8+ k-s.

Suppose vy, v2 €T, |Sp; \ Svp| 22, |Suvz \ Sv;| > 2. In this case v; and vo are
joined by 2 edges. Choose v3, v4 € (Sy; \ Sv,), U5, V6 € (Su, \ Sv, ), and obtain that
vy, V2, V3, V4, U5, Ug induce the subgraph Fg. Since this subgraph is excluded,
therefore either |Sy, \ Sy,| <1 or |Sy, \ Sy, | <1 for any v1, vg €T. In particular,

Vo, v € Ts—3 : |§‘U \§U’| 22,
VoeTs_3 Vv €Ti_o : [Sy\Sy| 21,

Vo, o €Ty ¢ [So\ Tyl 2 L.

This implies that
UiBs | v € Tumg UTs )| < 2+ Tssl + T3 5.
Thus
8] < 2+ |To—sl + | Tsoal + [To—a| = IT'| + 2 < |S'| + K -5+ 2

and we obtain s<k+2. Hence |S| <max{9,k+3}.
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So G contains neither an induced complete subgraph of order max{9,k + 3}
(whose edges have multiplicity 1) nor a complete subgraph of order k whose edges
have multiplicity 2. Therefore v(G) < R{k,max{k+3,9}). |

Proof of Theorem 3. Since A=aq;; is dense, one is of negative type. Suppose, there
exist m, n such that amm +ann >0, dnn 2 amm, AGmn=0pm =1, Gim =0jp =0m; =
ay; for each i where i #m, i #n. Omitting the m-th row and the m-th column
of A we obtain the submatrix A’. It is easy to see that A € (A4’), hence g(A) <
g(A’). This inequality contradicts the assumption that A is dense. Therefore, if
we replace all diagonal entries of A by 0 and obtain a matrix A;, then any two
equivalent rows of Aj are equivalent in A, too. Thus A and A; have identical
equivalence classes of rows. Choose one row from each equivalence class of rows of
Aq to obtain a principal submatrix Ag. The number of rows of Ay is equal to the
number of equivalence classes of rows of A. Note that As is the adjacency matrix
of a certain graph G. Since any two rows of Ay are not equivalent, G has no two
symmetric vertices joined by 1 edge only. Since Ay is of negative type (see Remarks
1-2), G does not contain induced subgraphs from Examples 1-4 (in particular, G
does not contain a pair of independent vertices). Now it is enough to apply Lemma
1.

Next we demonstrate that Theorems 1, A, C, D, E, F are indeed corollaries of
our Theorem 3.

Consider the linearly ordered set Noo ={1,2,...,00}. Since Ny, is well ordered,
the partially ordered set NT =Ny @ Noo ® ... ® Ny is well ordered too. It is easy
to prove (using induction on r) that every antichain in N7, is finite.

Consider any matrix B of size r with zero diagonal. Choose any element n=
(n1,n9,...,n,) €NL. For each i=1, 2, ..., r replace the diagonal entry of the i-
th row by 1 if n; =00, otherwise replace the i-th row (and the i-th column) by n;
equivalent rows (and n; equivalent columns). Let the obtained matrix be denoted
by Bin].

Theorem 3 implies

Corollary 1. Let g=2 and A be a dense matrix not having principal submatrices of
size k all off-diagonal entries of which are equal to 2. Then A may be represented
in the form A= B[n] where r(B) < R(k,max{k+3,9}). |

Proof of Theorem 1. The case k = 2 is trivial. Suppose, £ > 3. Let £ be finite.
It is easy to see that if Blnj,ny,...,n,] is admissible for £ and VL € £: v(L) <
ny then Boo,ng,...,n,| is also admissible for £. Hence we may consider only n=
(n1,...,nr) € NG, such that either n; = o0 or n; <k’ =max{v(L) : L €£} for each
i=1, 2, ..., 7. Therefore, any row of B corresponds to no more than &’ —1 rows of
A= B[n]. So Corollary 1 implies Theorem 1. 1

Proof of Theorem C. Put k¥ =[2/(2—7)]+1. If a matrix A has a submatrix of
size k whose off-diagonal entries are equal to 2, then g(A) > (2k —2)/k>~. Hence,
according to Corollary 1, if 4 is dense and g(A) =+, then A= B[n] with r=r(B) <
R(k,max{k+3,9}), n€ NJ,. The set of such matrices B is finite. For any fixed
matrix B, if n; <nj, n; #ny, ni, ng € N, and B[n;] is dense, then g(B[n]) <
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g(Bln]2]). Since any antichain in N7 is finite, the set of n€N%, such that Bn] is
dense and g(B[n])=", is also finite. |

Proof of Theorem D. We must verify that for any subclass &' C 2 there exists a
matrix Ag €D with g(Ap)=min{g(A4): AcD'}. If g(A) =2 for each A€ I, then A
may be an arbitrary matrix from 2’. Suppose, there exists A; € D' with g(A;) =
v<2. Put k=[2/(2—-v)]+1. If a matrix A has a submatrix of size k whose off-
diagonal entries are equal to 2, then g(A4) > (2k—2)/k>v. Put D"'={A€ D g(A) <
v}. Note that 2" is not empty. According to Corollary 1, every matrix A€ 2" may
be represented in the form A= B[n] with r =7(B) < R(k,max{k+3,9}), ne NT.
Note that n; <njp implies g(B[ny]) < g(B[nz]). Since N7 is well ordered, the set
of the densities I'(B) ={y=g(B[n]) : ne N[} is also well ordered. The number of
rows of B is bounded, hence the set of such matrices B is finite. Therefore, I'y, =
U{T'(B)|r(B) < R(k,max{k+3,9})} is well ordered.

Since {g(A) : A€ D"} is a non-empty subset of I';, there exists a matrix Ag €
2" such that

g(Ag) = min{g(A) : A€ D"} =min{g(4) : A€ I'}. 1

Proof of Theorem E. In fact, Theorem E is equivalent to Theorem D. Here we
show that Theorem D implies Theorem E. Since the set of attained densities is
well ordered, we may choose ¢ >0 such that there does not exist a matrix A whose
density satisfies ¥(£) < g(A) <(£)+e. Choose n such that ex(n,£)/(3) <v(£)+e.
Put £'={Lef :v(L)<n}. Clearly, y(£') >~(£). It remains to show that v(£') <
v(£). Note that ex(n;£')=ex(n;£) and

n

2) = ex (n;x)/(;) <€) +e.

+(#) < ex (n;x’)/(

Since g(A) <7(£)+¢ implies g(A) <v(£), hence (see (2)): v(&') <y(£). |

A subset P of a partially ordered set is called a lower ideal, if n€ P, n' <n
implies n’ € P. A lower ideal P in N7 is called closed, if for any component-wise
convergent sequence of elements of P, the limit element also belongs to P. To prove
Theorem F we need the following.

Lemma 2 [10, Lemma 17]. The number of the maximal elements of any closed
lower ideal in N7 is finite. Moreover, there exists a finite procedure to determine
all maximal elements of an arbitrary closed lower ideal P in N7, which uses “oracle”
for deciding whether P contains a given element ne N7 . |

Proof of Theorem F. Let A be a matrix of size k whose off-diagonal entries are
equal to 2 and the diagonal entries are zeros. Testing As, then A3, A4 and so on,
we find k such that Aj is not addmissible for £. According to Corollary 1, every
matrix A which is admissible for £, may be represented in the form A= B[n] with
r=7(B) < R(k,max{k+3,9}), ne€ N . The set of these matrices B is finite. For
any fixed matrix B, the subset P,={neN__ : B[n]cA(£)} is a lower ideal and the
subset Qp of all its maximal elements may be determined by a finite procedure.
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If ny € Pg\ @B, there exists ny € Qg such that n; <np. If B[n;] is dense, then
9(B[ny]) <g(Bng]). Put

B ={J{BIn] : n€Qp, r(B) < R(k,max{k + 3,9})}.

So B is finite and can be determined by a finite procedure. According to (2), we
have

v(&) =sup{g(A) : AeDINAL)} =sup{g(4) : A€ B}
and
VA (DNAL)\B : g(A) <sup{g(4')| 4" € B}.
Thus the problem is reduced to checking all matrices from & and selecting those

matrices whose densities are maximal. |

Theorem F implies Theorem A.

2. The case ¢>3. Infinite series of graphs with identical densities.

Theorem 4. Let G be a connected simple graph in which the degree of any vertex
equals ¢— 1. Join any two vertices of G by g— 1 additional edges. As a result we
obtain a multigraph G9. Then GY is dense and g(G?)=q—1.

Proof. Put 7 =v(G). Let B = (b;;) be the adjacency matrix of G and A be the
adjacency matrix of G9. If x=(z1,...,27), T1+...+2r=1 then

xAx* = (q-1)((z1 + ... +2)? —2? — 23— ... —z2) —xBx" =
T T
=(g-1D)—(g-D@i+...+2zH)+ D bjzz; =
i=1;=1
1 T T
=(qg-1)- EZZb’J(ml —a:j)2 <qg-1.
i=1j=1
Since G is connected, equality holds iff 1 =... =z, = 1/r (note that this point
belongs to the interior of the standard simplex). Thus G? is dense. |

Remarks. (4) The graphs G? with arbitrary large number of vertices exist for every
g>3. In particular, if ¢g=3, then G is a cycle of an arbitrary length.

(5) Let Lq be a graph with vertices vo, v1, ..., vg, where vp and v; are joined
by q edges, v; and v; are joined by ¢—1 edges (i, j=1,2,...,¢; i#). Similarly to
the proof of Theorem 4, it is easy to show that g({Lq})=¢—1. In the case ¢ >3
every graph G? described in Theorem 4 is optimal for £ ={L,}. Hence, there can
not exist any analogue for our Theorems 1 and 3.

(6) The matrix A = [g—1] of size 1 and graphs G? from Theorem 4 give a
counterexample for the statement of Main Lemma of [3] in the case ¢>3.
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4. Digraphs

In this section we consider digraphs (i.e. oriented multigraphs) without loops
where any vertices u and v are joined by at most ¢ arcs oriented from » to v and
at most ¢ arcs oriented from v to u.

The notation v(G), e(G) for the numbers of vertices and arcs and the notation
ex (n;£) are preserved. However we define

_ex(mf)
) = lim T

The square matrices A= (a;;) considered here are allowed to be non-symmetric.
Their diagonal entries may have values 0, 1, 2, ..., ¢ and off-diagonal entries may
have values 0, 2, 4, ..., 2g. The definition of a graph A(zj,...,z,) needs some
correction. Each class V; is linearly ordered; if 4 precedes v in this ordering, then
u and v are joined by a;; arcs oriented from u to v. Every vertex of V; is joined to
every vertex of V; by a;;/2 arcs oriented towards V; (i, j=1, 2, ..., 1; i#3).

The definitions of an admissible matrix, the density of a matrix, an optimum
vector, a dense matrix and an optimal matrix are the same. In the considered case
Theorems A-F are valid, too. (cf. [1, 2, 3]). Our aim is to show that the main
results of sections 1-3 are also valid.

Theorem 2'. A matrix A is dense iff
(a) All components of vector eA ~ are positive;

and X
(b) Vx (xe*=0, x#0): xAx*=xAx*<0,
where e=(1,1,...,1), A=(A+A*)/2. |

The proof of Theorem 2’ completely coincides the proof of Theorem 2 with the
replacement of eA~1 by e(4)~1.
Theorem 4'. Let G be a connected simple non-oriented graph in which the degree
of any vertex equals k —1. Choose an arbitrary orientation for every edge of G
and join any two vertices of G by k—1 additional arcs. As a result we obtain the
oriented multigraph G¥. Then GF is dense and g(G*F)=k—1. |

The proof of Theorem 4’ is completely analogous to the proof of Theorem 4.
It is clear that we may choose a certain orientation of arcs such that every two
vertices of G¥ are joined by at most (k+1)/2 arcs of each orientation. Thus our
Remarks 4-6 remain valid for oriented multigraphs with ¢>2.

The underlying multigraph G of a digraph G is obtained by suppressing the
orientations. The multiplicity of an edge equals the sum ofAthe multiplicities of
the corresponding arcs of both orientations (cf. [3]). So, if A=(A+ A*)/2, then
fl(wl, ...,Zr) is the underlying multigraph of A(z1,...,@r).

If G is a digraph in which any two vertices are joined by at most 1 arc of each
orientation (the case ¢ =1 for digraphs), then any two vertices of its underlying
multigraph are joined by at most two edges (the case ¢ = 2 for non-oriented
multigraphs).



BOUNDEDNESS OF OPTIMAL MATRICES 119

We shall not use the concept of equivalent rows of a matrix. However we say
that a subset I of rows of a matrix A={(a;;) is a quasi-equivalence class if the values
of a;; and aj; with i€ I, j¢ I depend on j only (but do not depend on ¢) and for
any distinct rows 4, j € I a;j+aj; =2, a;;+a;; =0. In particular, any single row
forms a quasi-equivalence class of size 1.

Theorem 3'. Let g=1 and A be a dense matrix which has no principal submatrix of
size k whose all off-diagonal entries equal 2. Then the number of quasi-equivalence
classes of rows of A is not larger than t2'~1 with t = R(k,max{k+3,9}) — 1.

Proof. Denote by ¢ the number of equivalence classes of rows in A. Each of these
classes may be decomposed into most 26”1 quasi-equivalence classes of rows in A.
According to Theorem 3, c< R(k,max{k+3,9})—1. |

In contrast to the non-oriented case, principal submatrices, which are induced
by quasi-equivalence classes of rows in a dense matrix, do not have any fixed form.
However, in the oriented case Theorem 3’ also implies analogues of Theorems 1, A,
C, D, E, F. To prove it we use a fact that any tournament with 25! vertices must
contain an acyclic subtournament with s vertices (cf. [4]). For instance, we get the
following statement.

Theorem 1. Let g=1, k=min{v(L): Le£} and ¥'=max{v(L): L€£}. Then any
optimal matrix for £ has at most t2t“1(2kl‘1 —1) rows where t=R(k,k+6)—1.

Proof. Consider a dense matrix A which is admissible for £. By Theorem 3,
the set of all rows of A may be partitioned into at most #2t=! quasi-equivalence

classes. Suppose any class consists of 2¥'=1 or more rows. Then some &' rows in
this class may be rearranged to form a top-triangle principal submatrix of size &’
whose diagonal entries are equal to 0 and all entries above the diagonal are equal
to 2. Omit all rows of the quasi-equivalence class involved and the corresponding
columns except for one row and the corresponding column and replace its diagonal
entry by 1. As a result we obtain a matrix A’ which is also admissible for £,
but g(A’) > g(A). It contradicts the assumption that A is dense. Therefore, to
determine the supremum in (2) it is sufficient to consider only dense matrices A

with at most ¢2t~1 quasi-equivalence classes and at most 2¥ =1 rows in each class.
The number of such matrices is finite. |

The obtained bound on the number of rows of the matrix can be improved. It
follows from [7] that the factor 2/~ can be replaced by (7/8) -2t~
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