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Summary. We consider the behavior of the asymptotic speed of growth and
the asymptotic shape in some growth models, when a certain parameter
becomes small. The basic example treated is the variant of Richardson’s
growth model on Z“ in which each site which is not yet occupied becomes
occupied at rate 1 if it has at least two occupied neighbors, at rate ¢ < 1 1f it
has exactly 1 occupied neighbor and, of course, at rate 0 if it has no occupied
neighbor. Occupied sites remain occupied forever. Starting from a single
occupied site, this model has asymptotic speeds of growth in each direction (as
time goes to infinity) and these speeds determine an asymptotic shape in the
usual sense. It is proven that as ¢ tends to 0, the asymptotic speeds scale as &'/
and the asymptotic shape, when renormalized by dividing it by £!/¢, converges
to a cube. Other similar models which are partially oriented are also studied.

Mathematics Subject Classification (1991): Primary 60K 35

1 Introduction

In this paper we consider variants of some typical growth models, in which
now the rule depends on some parameter, and we ask how quantities of
interest as the asymptotic speed of growth and the asymptotic shape behave in
case this parameter becomes very small. To be more specific we describe now
the basic example that we have in mind. This is the growth model on the
lattice Z¢, in which a vacant site becomes occupied at rate 1 if it has at least
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2 occupied neighbors and at rate ¢ < 1 if it has exactly 1 occupied neighbor.
For this model and all other ones considered in this paper, we suppose, as
usual, that occupied sites are never vacated, that initially only the origin of Z¢
is occupied and that no other site can become occupied before any of its
neighbors becomes occupied (sites which have no occupied neighbor are
becoming occupied at rate 0). Throughout we take ¢ £ 1 and we shall actually
focus on the regime where ¢ is very small. We will refer to this model as the
basic model.

As motivation for such a model one can think of a crystal growing in
a supersaturated solution. New atoms are added to the seed by mechanisms
which are such that the probability of absorption of a new atom at a given
position depends on the number of adjacent sites which already contain an
atom of the crystal. It is not unreasonable to expect that the creation of
protuberances (the absorption of an atom at a lattice position which has only
one neighboring position already belonging to the crystal) is a mechanism
which is far slower than the absorption of further atoms at positions that
already have at least 2 occupied lattice neighbors. Of course, one can also
modify our simple model and suppose that the rates of absorption depend in
a more elaborate fashion on the number of occupied neighbors, but for
simplicity we will restrict ourselves to the model defined above and some
partially oriented variants.

Still, as motivation, it is worth pointing out that the problems treated in
this paper may be also useful in the analysis of the relaxation patterns of
stochastic Ising models under external magnetic field, at very low temper-
atures, as for instance discussed in Sect. 8 of Schonmann (1984). In that paper
relaxation mechanisms for such systems in such a regime are reviewed, and in
particular it is stressed that if one is considering infinite or very large finite
systems, then not only the rate of appearance of droplets of the stable phase in
the background given by the metastable phase, but also the speed with which
these droplets grow, is crucial to analyze the global relaxation patterns. The
results derived in the present paper refer to systems which are far simpler than
the stochastic Ising models, but the results obtained and the methods de-
veloped here may be the first step towards sharpening certain results on the
droplet driven relaxation of stochastic Ising models. For instance, they sug-
gest that in Theorem 6 in Schonmann (1984) the constant C, is sharp (rather
than C,;).

Our model is also closely related to Eden’s and Richardson’s models (see
Eden (1961) and Richardson (1973)). In Eden’s model one studies a sequence
of connected sets B, of Z% B, consists of n vertices and contains the origin
(By =0). B, is formed from B, by adding a single vertex y, from

0B, := {x: x¢B,, but x is adjacent to B,}.

In one of the common versions of this model one chooses y, uniformly from
0B,. Itis known (see Richardson 1973) that the sequence of sets By, B,, ... has
the same distribution as the sequence of sets B(t,), B(t,), ... obtained in the
following Richardson model. At time O only the origin is occupied. A vertex
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x # 0 cannot become occupied before one of its neighbors is occupied. When
x has at least one occupied neighbor, then x itself becomes occupied at rate 1.
B(t) denotes the set of vertices occupied at time 1, and t,, is the first time when
exactly n vertices are occupied. Other versions of the Eden model pick y, from
0B, with a probability which is proportional to the number of neighbors of y,
in 0B,, that is

1 ) .
P{y,=x|B,B,, ..., B,} = 7 (number of neighbors of x in éB,),

n

where

Z,= ) (number of neighbors of x in B,).
xeéBn
For the corresponding Richardson model, x should become occupied at a rate
proportional to the number of its neighbors which are already occupied. Our
basic model corresponds to an Eden model in which y, is taken equal to
a vertex x € 0B, with probability ¢/Z, if x has only one neighbor in B, and
with probability 1/Z, if x has at least two neighbors in B,, where now
Zo=7Z, 8= ) [e+(1—e¢)1(x has at least 2 neighbors in B,)].
X€e0By

(Here and in the sequel 1(A4), or sometimes 1 4, denotes the indicator function
of A.) The corresponding version of Richardson’s model is described in detail
at the beginning of the next section. In Remark 2.1 we also mention briefly
a generalization of the basic model in the context of first-passage percolation.

We review now some basic facts which are known to hold for the basic
growth model we are considering. For proofs and more details see the
beginning of Sect. 2 below and also Sect. 1ic of Durrett (1988) and references
therein and Schiirger (1979). We will denote by #, the indicator function of the
set of sites occupied at time ¢. The asymptotic speed of growth can be defined
as a function of the direction, but for the moment we will consider only the
speed in a coordinate direction. Let e; be the i-th coordinate vector
0,0, ..., 1, ...,0), (with the 1 in the i-th place) and define the random times

T(x):=inf{t > 0: n,(x) = 1}. (1.1

Then almost surely

Tne)) —v(ed), (1.2)

asn — oo, where v(e, d) is a constant which depends on ¢ and will be called the
speed of growth.

In order to introduce the notion of asymptotic shape, one first defines the
fattened occupied region

foi:={zeR: |z — x|, <3 for some x with #,(x) = 1},

where || y|lo = maxy <;<q|y;| when y = (yy, ..., ya).
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For U = R? and « € R, we write aU := {ax: x € U}. The following is then
true. There exists a compact convex set A(g) € IR such that for every § > 0,

P{(1 — 6)tA(e) = fj, = (1 + 6)tA(e) for all large ¢} = 1. (1.3)

Two trivial bounds can be found for v(e, d). By comparison with a model in
which only sites on the x-axis can be occupied, or the case in which ¢ = 1, one
obtains, respectively, the following lower and upper bounds.

C'l8 é U(S:d) § CZ:

where C; and C, are strictly positive finite constants. It is natural to ask what
the actual scaling of v{e, d) is when ¢ | 0. The answer is neither one of the trivial
bounds above.

Theorem 1.1 For the basic model in dimension d,
Cre < v(e,d) < Crath,
where Cy and C, are strictly positive finite constants.

As for the asymptotic shape, we will show that, when properly rescaled, it
is close to a cube when ¢ is small. The notion of ‘closeness’ here is the same one
that appeared in (1.3) above. Unfortunately, we are only able to show a result
which is somewhat weaker than convergence to a cube, but which is strong
enough to assure the existence of convergence along suitable subsequences of
¢’s which go to 0. The trouble is that we were not able to rule out the
possibility that for different such sequences the sidelength of the limiting cube
is different. This leads to the following explicit conjecture.

Conjecture 1 In the basic model
lim ¢~ My(e,d) (0, o0)
el 0
exists.
To state the precise shape result we define
Q)= 2.0 (1.4)

Theorem 1.2 For the basic model in dimension d, there exist strictly positive
finite constants C, and C, and a function £:(0, o0 ) — [C,, C,] such that for
every 0 > (O there exists an g9 = &o(0) > 0, such that for all 0 < & < &g,

(1-0)Q(4(e) = &™ 1 A(e) = (1 + 3)Q(£ ().
The following is an immediate consequence.

Corollary 1.1 For the basic model in dimension d, for every sequence ;|0
there exists a subsequence ¢, and a number 0 </ < oo, such that
(e,) "1 Aes,) = Q(£), in the sense that for all 6 > O there exists a ko < oo for
which

(1 -0)0(4) = (es)” " Ales) = (1 + 6)Q(4), k z ko.
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Another consequence of Theorem 1.2 is that the asymptotic speed in any
direction scales also as ¢'/%. Moreover, at any time, the furthest occupied point
in the first coordinate direction is not much further than the furthest occupied
point on the first coordinate axis itself. The first fact can also be proven more
directly, using the arguments in the proof of Theorem 1.1.

Remark 1.1 R. Kotecky asked us what happens if the vertex x becomes
occupied at rate ¢(j) if it has a single occupied neighbor in the j-th coordinate
direction (positive or negative), and at rate 1 if it has two or more occupied
neighbors (in any direction). Thus occupation spreads at different rates in
different directions in this version. Abbreviate (¢(1), ..., e(d)) to & Our
proofs then carry over essentially unchanged to show that there exists an
asymptotic shape A(g) (as t — o0 ), and the following analogue of Theorem 1.2
holds:

There exists strictly positive finite constants C; and C, and functions
[;:(0, 00 ) — [ Cy, Cy] such that for every 6 > 0 there exists an ¢, = £4(6) > 0,
such that for all 0 < &(j) < &,

(1—=9) Ijl [ —¢1{&)e(N™, £,(8) e()'"] = A(E)

< (1+9) [[1 [ —2i(&)e()', £;(8) e()"].

In particular, for very different ¢(j) the asymptotic shape will be near to some
kind of rectangular box, rather than to a cube.

Remark 1.2 It is worth stressing that it is not hard for one to become
convinced that Theorem 1.2 should be true by the wrong reasoning! In the
first stages of the growth of the system, the occupied region is likely to be most
of the time a rectangle, because for a first protuberance to be created at the
surface of a small rectangle the time needed is of order ¢~ !, while the time
needed for a new rectangle to be reached after such a protuberance appears is
of order 1. (By ‘rectangle’ we mean a product of lattice intervals.) If the
rectangle is far from being a cube, then it is more likely that the next
protuberance will appear adjacent to one of the larger faces, and will help the
growing occupied region to approach a cubic shape. While the statements
above are correct, they only refer to times which are short compared to £ 1.
Our interest, on the other hand, is in the behavior of the system with fixed
small ¢ after very long times. One way to say it is that we are interested in first
letting t > oo and then letting £]0. When the linear size of the growing
occupied region becomes comparable to g~ @~ 1 protuberances appear
throughout the surface at a rate of order 1, and the simple picture described
above breaks down. In fact when the occupied region is roughly a cube of edge
size L, protuberances will appear on its surface at a rate L~ 1.

Theorem 1.2 gives some information about the asymptotic shape in the
particular case in which ¢ is small. It is worth pointing out that few results are
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available about the asymptotic shapes of growth models. A well known
exception is the flat edge’ result of Durrett and Liggett (1981).

We next describe our results for a (partially) oriented generalization of the
basic model. Let 4" be some finite subset of Z¢ which does not contain the
origin. The basic model is then of the following form: an unoccupied vertex
x becomes occupied at rate 0 if there are no occupied vertices in x + A,
at rate ¢ if there is exactly one occupied vertex in x + .47, and at rate 1
if there are at least two occupied vertices in x + A", The set A" for the basic
model is

Noi={+e:1ZiZd}.
We now replace this by
Nyo={telZLisd—viu{—epd—v+1=Zj<d].

Thus, in this case occupation of vertices can ‘spread only in the positive
direction’ for the last v coordinate directions. T'(x) is still defined by (1.1) and
the following limits still exists almost surely (compare (1.2)):

b(e,d,v) = lim ——, 1<r<d—v,

-
n~oo [

and

w(e,d,v) = lim ——, d—v+1<r<d.

n—

ney

These limits do not depend on r in the indicated ranges because of obvious
symmetry properties of the model. v(e,d,v) and w(e,d,v) are the speeds at
which occupation spreads along the coordinate axes. In analogy with con-
cepts in first-passage percolation we will call these point-to-point speeds, since
they measure the time needed for the occupation to spread from the point 0 to
the point ne,. Also of interest are point-to-hyperplane speeds which should be
defined as follows. In the above model let

o(n,r,e,v) =inf{T(x): x, = n}

= first time a point in the hyperplane {x: x, = n} becomes
occupied.

Then the point-to-hyperplane speeds should be

) n
ste,v)y=lim ————— for 1 Zrsd—v,
n—o0 (0,7, 8, V)

te,v) = lim——i—— ford—v+1=r=d.
=0 O-(nar: C,V)
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Unfortunately we have at the moment no complete proof that these limits
exist when v > 0. We therefore only give results about

. n L
limsup——— and Iminf——
n—w O-(n’r’gav) =0 o-(nsrsg:v)

in the next theorem.

In the basic model with all coordinates unoriented (v = 0) it follows from
the argument of Cox and Durrett (1981), proof of Theorem 5, that the limit for
s(¢,0) exists and that

5(e,0) = v(e, d, 0).

When exactly one coordinate is oriented {v = 1), then the same argument can
be used to show that the limit for (e, 1) exists and

t(e, 1) = w(e,d, 1),

i.e., the point-to-point and point-to-hyperplane speeds are the same for the
single oriented direction. However, for general v neither s(e, v) = v(¢, d, v) nor
t{e,v) = wie,d, v) are expected to hold and our next theorem implies that the
former definitely fails for small .

Theorem 1.3 For v <d
vie,d,v) =v(e,d — v,0) (1.5)
and there exist constants 0 < Cy, C, < oo such that
C &Y™ < ple,d,v) £ Cpetl. (1.6)

Moreover for 0 <v <d

wie,d,v) = wle,d—v+ 1,1) 1.7
and there exist constants 0 < Cy, C, < 0o such that
C eV <wie,d,v) < CpetM*h), (1.8)
Finally
C et iad=v+1) < liminf — ' —— <limsuyp ———
now 0(1,7,8,7) n—o  O(N,F,EV)
< Co ettt ) for 1 <r<d—v, (1.9)
and
C,eldvt < li,{{l»glfa(—n,za—,v) < lirnn_)soljp e
SCetTY ford—v41<r=d. (1.10)

Remark 1.3 (1.9) and (1.10) show that the process moves faster (in the sense of
point-to-hyperplane speeds) in the oriented than in the unoriented directions.
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We have no intuitive argument for this fact. Note also that the point-to-hyper-
plane speed in the unoriented directions (given by (1.9)) is larger than the
point-to-point speed in the totally unoriented model in dimension d — v, because
d+1 1
< .
dd—v+1) d—v

Thus, the oriented directions still ‘help’ the process to move in the unoriented
directions.

Further variants of the basic model can be obtained by changing the rates
at which points are occupled. For instance we considered the totally un-
oriented model in which a vertex x becomes occupied at rate ¢ when one or
two neighbors of x are occupied and at rate 1 when at least three neighbors of
x are occupied. We were unable to prove the following conjecture.

Conjecture For the above rates there exist constants 0 < C; £ C, < oo such that

n

Cie £ lim

n—oc

< Cae. (1.11)
The lefthand inequality is trivial; only the right hand inequality is significant.
The conjecture is true for d =2, but for d =3 we could only prove the
following weaker result.

Theorem 1.4 If d = 3 and if x becomes occupied at rate ¢ when it has 1, 2 or
3 occupied neighbors, and at rate 1 when it has at least 4 occupied neighbors,
then (1.11) holds.

Since this seems a far from optimal result we shall not prove this theorem here.
We merely state here that the proof rests on showing that if x = (x, ..., x,)is
occupied at a certain time ¢, then at ¢ there exists a chronological path from
0 to x of £ vertices which contains at least C3/ slow points for some £ (see the
lines before Lemma 2.3 for the terminology). From this one concludes that
x will not become occupied before time C,//¢ outside an event of negligeable
probability. Since necessarily / = max;|x;|, we conclude that w.p. 1, T'(x)is at
least Cy || x||/e = Comax;|x;|/e for all large x. The rules for constructing the
chronological path are, however, much more complicated in this case than in
the proof of Lemma 2.3.

As usual we will use Cy, C, ... to denote strictly positive, finite constants
whose precise value is irrelevant and may change from appearance to appear-
ance. All of these will be independent of ¢, but they may depend on the
dimension d. Some further notation which we shall use is

1(4) or 1, = indicator function of A;

d
Ix)y= Z Ix;] and |x|,= max |x)] whenx=(xy,...,X;);
i=1 1gi<d

a A\ b = min(a, b);

0 = the origin and e; = i-th coordinate vector.
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2 Proof of Theorem 1.1

It is convenient to construct our basic growth model by means of exponential
clocks. To each site x € Z* associate two independent exponential random
variables, 1 (x) and t‘?(x), with respective means 1/¢ and 11 —¢). We
suppose that all these random variables associated to the sites of Z“ are
independent. Recall the definition (1.1), and let VP (x), i = 1,2, be the first
time when the site x has at least i occupied neighbors. Then the process which
starts with only the origin occupied can be constructed recursively by setting
To =0 and for x #0,

T(x) = min {VV(x) + 1V (x), VO (x) + 1@ (x)}. Q.1
More precisely, let B(0) = {0} and
B(t) = {x: x is occupied at time ¢}
= {x: T() <1},
dB(t) = {x:x is adjacent to B(¢) but x¢B(t)}.

Each x € 0B(r) has at least one occupied neighbor in B(t), so that V1(x) < ¢.
If x has two or more neighbors in B(f), then even V@ (x) < t. Let

01 = {x € dB(t): x has exactly one neighbor in B(r}},
0, = {x € 0B(t): x has at least two neighbors in B(r)}.
Now for a given t and B(¢) take B(s) = B(t) for all
s <8 =8(t):=min{ VD (x) + t(x): x €, } A min{V @ (x)
+1B(x): x € d,}.
At time S, B(t) changes to
B(S) = B(t)u{x},

where x € 0B(t) is such that S =V ®(x) + tM(x) or § = VP(x) + 1P (x).
§ = T(x) for this x. Due to this change from B(t) to B(S), also 0B changes and
so do d; and &,. One now finds the next S on the basis of the new J, and ¢,
and so on. ‘

Remark 2.1 So far we assumed that the ‘¥ (x) and t'®(x) are exponentially
distributed. As we saw, the resulting basic model is a generalization of
Richardson’s growth model. It is well known that Richardson’s growth model
is a special case of first-passage percolation. We therefore describe here
a corresponding generalization of first-passage percolation with different
passage time distributions, depending on the number of occupied neighbors,
but one in which the t?(x) do not need to be exponentially distributed.
Instead we take F® as a general distribution on [0, cc ) and take all 7(”(x)
independent, now with t"(x) having distribution function F (¢} and t'?(x)
having distribution function F ®((1 — ¢)-). The set of occupied sites at time ¢,
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B(t), is defined in the same way as above. The basic model is obtained as
a special case of this last model by taking F*’ and F® standard exponential
distributions, while the classical first-passage percolation model corresponds
to taking the limit F® = §,, that is F ?(x) — 0 for each fixed x. We shall not
prove anything about this more general model, but we believe that most of
Theorems 1.1 and 1.2 will continue to hold provided the distributions F”
have exponentially bounded tails, have a density f® on [0,a] for some a > 0
and satisfy the following conditions:

0 < liminf f¥(x) < limsup f¥(x) < oo,
x]0 x]0
and for some 0 < C, C, <
FO>x 4+ y) — FO(x —)
1—-FOx—)

1-FO%x +y— ,
SR san g - xyzo. @3)
These properties come in when one must bound the rate at which a site
becomes occupied, conditionally on the site not yet being occupied but having
i neighbors occupied already for x time units. (2.2) (2.3) says that this
conditioning does not drastically increase (respectively, decrease) the prob-
ability for a site to become occupied in the next y units of time (when
compared to the unconditional probability). E.g. (2.2) prevents the process
from exploding.

To carry out our proofs it is convenient to also define the analogous process
n* which has initial state

1’13 = ﬂA:

where A is any given finite subset of Z“. This process starts with all points in
A occupied, rather than just the origin. It will be defined by means of the same
70(x) as the process 1. . For this definition we identify our probability space
with the space of all values of {t?(x): i = 1,2, x € Z*}. For a given sample
point w, i.e., a specification of these variables, we can then define the processes
# simultaneously for all finite 4 = Z¢. #i is defined in the same way as 7,
above, except that we take T (x) = 0 for all x € A (rather than just for x = 0)
and B(0) = A. We shall write 57 for *). The previous , is then the same as ?.

It is important for our arguments that this construction makes 7 into
a strong Markov process with the jump rate from B to Buy given by

0 if y¢dB,
¢ ifyedB,

1 ifyed,B.
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Moreover, this process does not explode, as one can see for instance by
comparison with the process in which each site in dB(r) becomes occupied at
rate 1. (Alternatively, one can use the fact that if ¢, is the k-th jump time of the
process, then the cardinality of B(t,) equals |[A| + k w.p. 1 (where | A| stands
for the cardinality of A), and given B(t,), t;+; — & has an exponential
distribution with mean at least

1 1
> :
[0B(t)] — 2d(|A| + k)

Since Y (]A| + k)~' = oo our claim follows from Breiman (1968), Sects. 15.5,
15.6.

A simple but very useful fact is that if C, D are finite subsets of Z* for which
C < D, then the simultaneously constructed processes #¢ and 5? satisfy

nE(x) < yP(x) forallt=>0, xeZ’, (2.4)
on each sample point for which
C(s):= {x:y5(x) = 1} is finite for all s = 0
T x)< oo fori=1,2 and all xe Z¢. (2.5)

We shall not prove this, but the proof is very similar to the following lemma
which holds even for the partially oriented model defined before Theorem 1.3.
Note that the processes in both sides of (2.4) use the same t?(x) and that this is
a deterministic lemma.

Lemma 2.1 Let C = Z? be finite and let the sample pomt be such that (2.5)
holds. Then

11?+s(x) g ng(t)(x)a S g 07 X€ Zd' (26)
Proof. Fix t = 0 and assume that (2.6) fails. Then
= inf {s: n§9(x) = 1 and 5f(x) = 0 for some x} < .

Thus there exist s, S, x;, € Z* such that

nsck(t)(xk) =1, ”Izc+sk(xk) =0

It is not hard to see that if #$?(x) = 1, then there exists a path yo, ¥y, ..- , y, 00
Z* with y € C(t), y, = x and #¢ (‘)(yl) =1 for 0 <i £ n. We claim that this
allows us to choose d(x;, C(t + S + 1)) < 1, where d(x,C):=inf{||x — y| »:
y € C}. To see this assume that s, < S + 1 and 757(x,) = 1 and 75, (x;) = 0
but d(x, C(t + S + 1)) > 1. Then choose a path y, e C(¢), ..., y, = x from
C(1) to x for which 75 (y;) = 1 as above. If y, is the first point on this path
outside C(¢ + s;), and hence %<4 (y,) = 0, then we may replace x; by y,.
Indeed, this y, satisfies

d(y,, Ct+ S+ 1) =d(y.Ct+sN =1, 7Pp)=1  #isn)=
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From now on we assume that d(x,, C(t + S + 1}} < 1. Since, by assumption,
C < C(t) = C(t + S + 1) is a finite set, x, takes on finitely many values only
and there must exist an x such that x;, = x for infinitely many k. Then the right
continuity of s —» 15 (x) and of s — n¢, ,(x) shows that

s =1,  nix)=0. 2.7)
On the other hand, the minimality of S implies that
nc0(y) < y€y(y) foralls<S and all yeZ

and in particular n5@(x) = 0 for s < S, so that T'(x) = S, where for the course
of this proof we use T (z) for the first time that z becomes occupied in the 7
process. Similarly we shall use V )(z) for the first time i neighbors of z become
occupied in the n® process. Thus

Tx)=S
and this means that
S = min(VV(x) + tV(x), VP (x) + 1P (x)).

For the sake of argument, let S = V¥ (x)+ t¥(x) > V'®(x). But then
V@(x) = T (z,) for some neighbor z, of x with T(z;) <S and there
exists another neighbor z; of x with T(z{)£T(z;) <S. Then
1 =050, (z)) < nf rp(2;), that s, z; is already occupied at time ¢ + T'(z;) in
the process #°. Finally then, at time ¢ + T(z,) + t?(x) = ¢ + S, x must also
be occupied in the # process (by (2.1)), or equivalently #%, s(x) = 1, which
contradicts (2.7). [

We remark that the hypothesis (2.5) of Lemma 2.1 is fulfilled w.p. 1 when-
ever C is finite. Clearly t?(x) > 0 w.p. 1, and the finiteness of C(s) for s =0
follows from the fact that #° does w.p. 1 not explode.

One immediate consequence of (2.6) is the subadditivity relation

Tx+y) ST+ T x +y), (2.8)

where T'(z) and T *(z) denote the first time that z becomes occupied in the
process #. = ° and the process #*, respectively. This can be seen by taking
C={0},t=T(x),s=T*x + y) and by replacing x by x + y in (2.6). Then
x e C(T (x)) and

Hrem+s(X + V) 2 WsC(T(x))(x + V) ZH X+ V) =0T cxipnx+y) =1,

from which (2.8) follows. (2.8) of course implies (1.2) via Kingman’s subaddi-
tive ergodic theorem, and the existence of the asymptotic shape A(¢) as in (1.3)
follows by Richardson’s argument (cf. Durrett (1988, Ch. 1)).

Repeated use will be made of the following simple lemma, which again
holds for the partially oriented model.
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Lemma 2.2 Let C c Z* be finite and D < Z* arbitrary. Assume that t, < oo
and 6 = 0 are such that

P{n, =z 1p}
= IP{all of D is occupied at time t, by the process which starts with C} = 6.
Then
P{nf, 2 1o} 21 —(1—0f, k20.
Proof. We use induction on k. Let
Fi=a{nSs<1). (2.9)
Then it suffices to show |
P{n+ 1)1 = 10| P} Z 0.
But this follows easily from the Markov property, since, with C(s) as in (2.5),
P{#G+ 1310 Z N} = P{n ) 2 1p}
> P, = 1p} = 0.
For the one but last inequality we used the fact that C(kty) o Cand (2.4). [

Remark 2.2 The preceding lemma and Lemma 4.1 are the main steps which
are nontrivial to generalize to the more general model in which the ¥ (x) are
no longer exponentially distributed.

We now turn to the proof of Theorem 1.1. The lower bound on v(e,d) is the
easier one to obtain. We first describe the argument in a somewhat informal
way. The idea is that of considering a ‘moving front’ of the right size,
embedded in the growth process. Consider the sets of sites

Fpmi={x=(x;,%3 .., x5)€Z%x; =nand 0 < x; <mfori=2, ..,d}.

If at a certain time all the sites of F, , are occupied, and all the sites of F,,.. 1 ,
are vacant, then the rate at which a first site in F,,, , becomes occupied is
g(m + 1)1 If we choose m=| ¢~ * |, then some site in F, ., ,, will become
occupied after a time of order @~ Y~ =:¢,, On the other hand, once such
a site is occupied, its neighbors in F,. ; , have at least two occupied neigh-
bors, and, hence, are being occupied at rate 1. Once these sites are occupied,
their neighbors in F, . , have at least two occupied neighbors, and, hence,
are being occupied at rate 1, and so on. It is clear that F,, , ,, should become
completely occupied after an extra time of order m = ¢* =1, beyond ¢,. The
order of the total time for F,.; , to become completely occupied by the
mechanism described above is minimized by making ¢, and ¢, be of the same
order. This is accomplished by taking o = 1/d. The total time for F, 4, , to
become occupied then is of the order ¢~ !/% Repeating this reasoning for
successive values of n, one sees why we used the term ‘moving front’ above. At
each time there is a largest n for which F, ,, is completely occupied, and the
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F, . for this n is our moving front. This front moves with speed given
by the inverse of the time needed for it to move one unit, i.e., at a speed of
order g/,

To transform the reasoning above into a rigorous argument, we will
compare the growth model with a modified model in which each one of the
sets F, ,, can only start to become occupied after the set F,_, ,, is fully
occupied (except for the case n = 0, for which we use the original dynamics).
For concreteness we suppose also that in this modified process the sites which
do not belong to any of the sets F, ,,,n = 0,1, ..., stay vacant forever. We will
call this modified process the ‘front process’. It is easy to see how to couple the
original growth model and the front process so that the former ane has always
a larger set of occupied sites than the latter. To obtain such a coupling we
construct the front process using the same exponential clocks as used to
construct the growth process. We will denote by T /(x) the time when the site
x 1s first occupied in the front process, and by V/(x) and ¥V /@ (x) the times
when the site x first has, respectively, 1 or 2 occupied neighbors in this process.
The front process is constructed using the exponential clocks 7'V (x) and 72 (x)
by means of the following definitions. First, T/(0) = 0 and if x¢| ), o F,.
then T/(x) = oo . For x in F,,_,, we define T /(x) by using the original basic
model restricted to Fy ,, that 1s, we use the growth process as if none of the
vertices outside Fy ,, are present. Now, define inductively 0, := 0,

@, :=max{T/(x): xe Fy_1.m}>
forn>0, and for xe F, ,, n 20,
T/(x):= min{max{V/V(x),0,} + 1V (x),max{V/P(x),0,} + <P (x)}.

We leave it to the reader to show (by arguments similar to those in Lemma
2.1) that indeed for all x, T/(x) = T (x), as claimed.

Based on the informal computations above, we will choose m =| ¢ |. We
have to show that in the front process, the expectation of the random time
4,.= 0, — O, for the set F, , to become fully occupied after the set
F,_1 . became fully occopied, satisfies

E(4,) < Cis7 1, (2.10)

for an appropriate constant C;, for all n > 0 and all ¢ > 0. (This inequality is
false for n = 0, but the obvious fact 4, < oc a.s. is enough for our purposes.)
The lower bound in the theorem follows immediately from (2.10), the law of
large numbers (i.e., (1/n) @, - EA) and the comparison between the original
and the front processes (which yields T (ne;) < @,). To check (2.10) it is
enough to show that for some C, and é > 0, independent of ¢,

P{4,> C,e M} <1—6. (2.11)
Indeed, (2.11) implies
P{4,>kCre™ '} <(1—9), k=0, (2.12)
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by virtue of Lemma 2.2. To show (2.11), divide the random time interval 4,
into the time A needed for a first site in F, , to be occupied and the extra
time A2 needed for that set to become fully occupied after one of its sites first
became occupied. It is clear that 45" is an exponential random variable with
mean [(m + 1)*" '] < ¢ 1 and that

P{AD > g7} <™l
So all we need is to also show that for some constant Cs,
P{4? > Cye™ ) 3. (2.13)

In dimension d = 2, (2.13) follows immediately by comparison with a pair of
rate 1 Poisson processes because of the argument given above. If E, is the
event that z is the first site in F, ,, to become occupied, then on the event E,
with z = (zy, z,), the difference between the times at which (z,,z, + k) and
z become occupied is bounded by

k
Z 1P (24,25 + j);

a similar estimate holds for the difference between the times at which
(z1,z, — k) and z become occupied. In higher dimensions, the same sort of
comparison with rate 1 Poisson processes can also be used to prove (2.13).
Given ze€F,,, choose for each site xeF,, a sequence of sites
z =x(0),x(1), ..., x(n) = x such that |x(i)—x@—1})|;=1fori=1,...,n
and n = || x — z| ;. In particular n < dm. In the front process, when the site
x(i) is occupied and x(i + 1) is not yet occupied, this latter site is being
occupied at rate 1 (because using the exponential clocks as indicated above we
can specifically write

P{T/(x) > O, + AL + s|E,} {Z @ (x }

<IP{Z <n} SP{Z < dm},

where Z is a Poisson random variable with mean s. By taking s = Cy¢™ 1/

averaging over z, and using the standard large deviation estimate (A.1) (see the
Appendix for formulae numbered (A. *)), one obtains

P{AP > Cye™ M} < (m + 1) P{Z < dm}

-1/ C de “
< (e M4 1) Colde 1 + 1)@ € (f) . (214

This implies (2.13) when Cs is large enough, and finishes the proof of the lower
bound in Theorem 1.1.

We turn now to the proof of the upper bound on v(e,d) in Theorem 1.1.
First we define three concepts which are useful below: A site x € Z¢ is called
a slow site if it becomes occupied at a moment in which it has exactly one
occupied neighbor, i.e., if T(x) = ¥V M(x) + 1*(x). A chain in Z*is a sequence
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of distinct sites x(1), x(2), ..., x(n) such that, for i =1, ... ,n — 1, x(i) and
x(i + 1) are neighbors. We say that x(1) and x(n) are the endpoints of the
chain and that #n is its length. A chronological path at time t is a chain of sites,
for which 0 £ T(x(1)) < T(x(2)) < ... < T{x(n)) < t. We will say that this
path goes from x(1) to x(n).

To prove the upper bound in Theorem 1.1, we will show that if a site is
occupied at time t, then it has to be connected to the origin by a chronological
path which contains (in a certain sense) many stow sites. Once this is realized,
the proof is completed by estimating the probability of such an event. In order
to be more precise about what we mean with ‘many slow sites’ we need the
notation

Hi:={x=(x1,X3, ., Xg) EL" xy = }. (2.15)

Lemma 2.3 (Deterministic statement) For arbitrary k > 0, if the site x € Hy is
occupied at time t, then there exists at time t a chronological path from the origin
to x which contains at least one slow site in each one of the hyperplanes H;,
j=1 ...,k

Proof. We construct such a chronological path by moving backwards in time.
Start from x{(n) = x. We have to say how to find x(i — 1), once we have x(}j),
j=1i, ...,n.Itisclear that if a site which is not the origin is occupied at time ¢,
then at least one of its neighbors was occupied before this site. To assure that
in the path that we are constructing we actually obtain a slow site in each
H;, j < k, we use the following rule. Choose x(i — 1) from the neighbors of x(i)
which were occupied before x(i), but if there is more than one such site never
choose x(i) — e; (otherwise the choice is arbitrary). In other words, only
choose x(i) —e; for x(i —1) if forced to do so. This means that if
x(i — 1) = x(i) — ey, then x(i) is a slow site. It is clear that, because only
finitely many sites are occupied at any given time, and only the origin is
occupied at time 0, the procedure just described produces a chronological
path with the desired properties. (Note that #n is determined only after the
whole path has been constructed.) []

Suppose now that at time ¢ there is an occupied site x in H, with k =| At |for
some A > 0. Then by Lemma 2.3 the event

F(t,2):= {at time ¢ there exists a chronological path from the origin
to some point in H, with a slow site in each H;, 1 <j < k}

must occur. The proof of the upper bound in Theorem 1.1 will be completed
once we show that there is a constant C, and an g, > 0 such thatif 1 = C, &/
and ¢ £ g, then

lim P{F (5, 1)} = 0. (2.16)
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In order to prove (2.16), we first observe that we can choose a constant C, so
large that no chronological path present at time ¢ is likely to be longer than
C,t. More precisely, for suitable C5,C,

P{there exists a chronological path starting at the origin
and of length = C,t}

< Cyem 0, (2.17)

This is a well known fact, which follows from the observation that the number
of chains of sites which have the origin as one endpoint and have length # is
bounded above by 24(2d — 1)’ ~*, while the probability that any given one of
these chains is a chronological path present at time ¢ is bounded above by
IP{Z = ¢ — 1}, where Z is a Poisson random variable with mean t. The
standard large deviations estimate (A.2) for Poisson random variables implies
then that the probability of having any chronological path with length at least
C,t present at time ¢ is bounded above by

Y 2dQd—1)Y"'P{Z2/~1}<2d Y (2d— 1) e /0o C— ),

¢z Coat rzCat—1

By taking C, large, this upper bound tends to 0 exponentially fast as t - oo.
The problem of proving (2.16) is now reduced to showing that

lim P{G(t, 1, C,)} =0, (2.18)

I

where G(t, 1, C,) is the event that at time ¢ there is a chronological path from
the origin to some point in H, with length not larger than C,t and which
contains at least one slow site in each one of the hyperplanes H;, i =1, ...,k
(recall that k = At |).

In order to estimate the probability that G(t, 4, C,) occurs, we basically
need an upper bound for the number of choices for the set of slow sites which
appears in the definition of this event. For a sample point at which G(t, 4, C;)
occurs, let S = {y(1), ..., y(k)} be a set of sites on a chronological path from
0to a point in H; at time ¢, such that y(j) € H,, and such that y(j)is a slow site.
There may be several possible choices for S, but this will not influence our
argument. One may make the choice of S unique by ordering the collection of
possible sets § lexicographically and by picking for S the first possible one in
this ordering. Define for each j, z(j)=z(j;S)=y(j) —y(j — 1), where
y(0) = 0. The components of these vectors will be identified by the usual
notation z(j) = (z1(j), -.-, z4(j)). The set S is completely specified by the
sequence (z(j) j=1,...,k), or, equivalently, by the sequences (z;(j):
j=1, ...,k),i=2,...,d (while z;(j) = 1 for each j).

Since G(t, A, C,) cannot occur if 1 > C, we suppose 4 < C,. If we define

Kii= ) lz(j)l, (2.19)
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then for any chronological path of length < C,t and corresponding set S, we
must have

K, < Cyt. (2.20)

Let S = {y(1), ..., y(k)} be a set of sites such that y(j)e H;,j =1, ...,k and
such that (2.20) is satisfied. The number of ways in which the sequence (z,(j):
j=1, ..., k) can be chosen (for fixed i} is bounded above by

L) (K, +k—1 | Cot |+ k 2eC,r )t
k t < k 2 < k 2
K§12< 1 >:C2t2< h < Cat2 <—k >

for some constant C,. The factor 2¥ comes from the choices of the signs of the
z;(j), j=1, ..., k, while the binomial coefficient comes from the number of
ways in which the {z;{j)|, j=1, ...,k can be chosen, given the constraint
(2.20) (see Feller, 1968, Sect. I1.5). The final inequality above is a simple
consequence of Stirling’s formula and is derived in the Appendix, as (A.3); here
we are also using the fact that k < At < C,t.

For M(t, 4,C,):= the number of sets S which can arise, we now have the

bound
2 C t kN\Nd—-1 C k{d—1)
M(t,4,C,) < <c3r2"<%> > < Gyttt <75> . )

for some constants C, and Cs.

From the construction of the growth model using exponential clocks, one
can see that the following holds. Given a set of sites S, of cardinality
k, the probability that there is at time ¢ a chronological path which
goes through all these sites and that all sites in S are slow, is bounded
above by

IP{ Y ey < r} =P{Z' 2 k},

yeS

where Z' 1s a Poisson random variable with mean te. Using again the standard
large deviation estimate (A.2), we obtain, for A > ¢,

P{Z' 2k} < (%)k &, (222)

Combining this inequality with (2.21) and using k =| At |, we obtain for
large ¢

C At—1
P{G(t, 2, C,)} < M(t,2,C,)P{Z' 2k} < C6rd—1< Aff’) . (2.23)

for some constants C¢ and C,. This inequality implies (2.18) when A = C;&*/,
and C is chosen large enough. This completes the proof of the upper bound in
Theorem 1.1.
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3 Proof of Theorem 1.2

First we introduce some terminology. In arbitrary dimension we shall use the
term rectangle for a product of intervals, thus extending the usual meaning of
a rectangle in two dimensions. When considering the lattice Z* a rectangle
will mean a product of lattice intervals, When considering the asymptotic
shape A (), we will be dealing with compact convex subsets of IR? which have
many symmetries. It is natural to use the name radius of such a set for the
smallest value of ¢ for which the set is contained in Q(¢), defined by (1.4).
Equivalently, the radius of a set 4 equals max{ | x| ,: x € A}. Below, we shall
refer informally to the two-neighbors mechanism. By this we mean the phenom-
enon of vacant sites which have at least 2 occupied neighbors becoming
occupied at rate 1.

Having tried to convince the reader, in Remark 1.2 in the introduction,
that Theorem 1.2 is less obvious than it might seem at first sight, we will argue
next that it should nevertheless be true. The rigorous proof will be a direct
adaptation of a reasoning that we first present informally. We know that for
fixed ¢ there exists an asymptotic shape, in the sense that (1.3) holds. So after
a long time ¢, the fattened occupied region, 7;, should be close to the set tA(e).
Because of Theorem 1.1, the linear size of this set in the coordinate directions
should be of order r,:= Cste'/ (here ¢ is fixed and t tends to co). In other
words, at a large time ¢ the coordinate axes should be occupied up to
a distance from the origin of order r,, but there should be no occupied vertices
on the coordinate axes much further out than r,. It is easy to see that 4(g) is
convex, compact and invariant under permutations and sign changes of the
coordinates {cf. Kesten 1986, pp. 158-160). As in Cox and Durrett (1981),
proof of Theorem 5, it follows from this that A(e) is contained in the cube
Q(¢,), where £, = max{x: xe; € A(¢)}. That is, the furthest occupied points (in
the || ||, sense) are roughly along the coordinate axes, and for any é > 0, #;
will eventually be contained in Q((1 + 6)r,). Wait now an extra time C,te'/%,
where C, is large. If ¢ is small, this extra time is short compared to t. Therefore,
attime ¢’ = t(1 + C,&') the occupied region should not be much bigger than
the dilation by a factor close to 1 of the occupied region at time ¢. The
fractional increment in the radius should actually be of order
Cate?*Cye' 4/ Cy1e® = C,eV*. The crucial step in the argument now is that
during this extra time interval, the two-neighbors mechanism is likely to have
filled up the cube of radius r, (provided C, is large enough; this step has to be
proven uniformly in ¢). Before we argue for this last statement we observe that
it leads to the desired conclusion, since then we have at time ¢’ a shape which is
larger than the cube of radius r,, but smaller than a cube of radius (1 + 8)r,.
Because ¢’ can be made arbitrarily large by taking ¢ large, what we see at time
t' must be close to the asymptotic shape. The asymptotic shape A(e) must
therefore be close to a cube.

The occupation of the cube of radius r, = C5te'/ by the two-neighbors
mechanism in a time ¢’ — t = C,te!’ should occur as claimed above, if C, is
large, because we are starting from a configuration in which each coordinate
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axis is occupied essentially up to a distance r, of the origin. If time were
discrete and the two-neighbor mechanism completely deterministic (at each
unit of time, sites which have two occupied neighbors would become occu-
pied), then this claim would be trivially true: indeed, if at time ¢ each of the
coordinate axes is occupied up to a distance r, then at time ¢ + s all sites in {x:
| x|l < s} would be occupied, for s < r. In the continuous time setting that we
are considering the proof of the same statement is not so trivial, and if one tries
to directly adapt the argument indicated for the discrete time case, it will not
work (for the time needed to fill up the cube one would obtain a useless upper
bound of the order r, log(r,)). We will state and prove next a precise version of
what we need. After this is done, we will complete the proof of Theorem 1.2
along the lines sketched in the previous paragraph.

At no extra cost, we will state and prove the next lemma in a form which is
slightly stronger than the one we use, but which clarifies its content better.
First we introduce a new comparison process, which will be called continuous
time oriented bootstrap percolation model or just CTOBPM (see Aizenman and
Lebowitz (1988) and Schonmann (1992) to understand the motivation for the
name).

Define the oriented neighborhood of a site x by

Ny ={—e:1Zi<d}+x.

In the CTOBPM, a site which is vacant becomes occupied at rate 1 if and only
if at least two sites in its oriented neighborhood are occupied. Otherwise the
rate of becoming occupied is 0. As usual in growth models, occupied sites
never become vacant. We will be concerned with this process started from an
occupied set S at time 0, and will denote by {7 or {,(S) the random set of
occupied sites at time t. Note that in the CTOBPM sites become occupied
slower than in the completely oriented model of Theorem 1.3 with v =4,
because in the CTOBPM no site can become occupied before at least two of its
neighbors are occupied. In particular (¥ will be contained in the occupied set
at time t for the basic process starting with S, i.e. {§ = {x: #7(x) = 1}. We will
consider initial sets of the form

S(ny, ...,ng) =), {ke; 0 <k <m;}.

To state the lemma we need also the following notation for the rectangles

d

R(ny, ..., ng):= [] [0,m].

i=1
Lemma 3.1 For the CTOBPM, there exist positive finite constants Cy, C, and
C; such that if n =nq + --- + ny, then
P{R(ny, ..., ng) & Lca(S(ny, ..., ng)} £ Crexp( — Csn).

Proof. We construct the CTOBPM using the mean 1 exponential clocks
3 (x): = min{t™(x), t?(x))}. We will use the notation T P¥(x) for the time
when x is first occupied and V B¥(x) for the first time when in .A4".(x) there are
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at least two occupied sites. The process ({7), > is constructed by setting
TP (x) =0if x € S, and for other values of x, inductively

T PP (x) = min{ VE(x) + t®(x)}.

For x € R(ny, ... ,n,) define 2, as the set of oriented paths from the origin to
x, that is, the set of sequences of sites 0 = x{0), x{1), ..., x{k} = x such that
x(i— VeV {x(D)fori=1, ..., &k We further define

g(m S 7)) = UxER(m,..,nd) Wx'

The following inequality is the crucial step in the proof. Suppose that initially
the occupied set is S(#y, ..., ny). Then for every x € R(n;, ..., ny),

TP (x) <max ) 1¥(z) (3.1
nePx zen

This inequality will be proven by induction. First we introduce some terminol-
ogy. A site in R(ny, ..., ng) will be said to be in the k-th class if exactly k of its
coordinates are different from 0. Clearly (3.1) is true if x is in the 0-th or 1-st
class for then x € S. Suppose now that k = 2 and that (3.1) 1s true for sites in
the 0-th to (k — 1)-th classes and also for sites x = (x4, ..., x4) in the k-th class
which have || x|; = x; + -+ + x; <j. We want to show that then it will also
hold for sites y in the k-th class which have ||y ||; = j. To see this, observe that
for such a y at least 2 coordinates are different from 0, and hence at least 2 sites
in A4,,(y) are in the set of sites for which we supposed that (3.1) holds. Call
these sites y” and y” (the choice is arbitrary if there are more than 2 sites).
From the construction of the model with exponential clocks we have

TP (y) £ max{T 5 (y), T®(y")} + ' (y).

This inequality and the induction hypothesis imply that (3.1) also holds for
y {even if we restrict the maximum there to paths which pass through either y’
or y”). This completes the proof of (3.1).

Using (3.1) we have

]P{R(nla 7nd)¢CC1n(S(nlr s n(l))}
=IP{ T ®¥(x) > Cyn for some x € R(ny, ... , ns)}

< IP{ max y 1¥(z) > Cln}.

€l ., ..na) zET

We can now use again a well known type of estimate, which was also used in
the last section. First one observes that the cardinality of 2, . .., IS
bounded above by d”, where, as defined before, n = n, + --- + ng. On the
other hand, for each m € 2,,, 9, P{Y.cr ¥(2) > C n} = P{Z < length of
n} <IP{Z < n}, where Z is a Poisson random variable with mean C;n. Using
(A.1), we obtain now

]P{R(nla R Vld)‘técln(s("lls cevy nd))} é dnCO(n + 1)en—C1n(C1)n’
which decays exponentially with »n if C; is large. [J
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Recall now the definition (1.4) and define Z(¢) as the radius of ¢~ A(e).
Tautologically,

e Y A(e) = Q(£(2)).
From Theorem 1.1 we know that for some 0 < C; £ C, < 0,
Cy £ £(e) £ Cs.

The proof of Theorem 1.2 is reduced now to showing that for arbitrary 6 > 0
there exists &y, such that for all ¢ < &,

(1—9)Q(/(e)) =™ M Afe). 32)
For each fixed ¢, (1.3) holds and hence, given ¢ > 0, we have for large ¢
P{(l — ¢)sA(e) =i, = (1 + @)sA(e) foralls=t} =3.
Set t’ = t'(t,e,C,) =t + C,&*"t. Then, from the above, we obtain
P{(1 — ¢)tA(e) =77, and 7, = (1 + §)t' A(e)} = (3.3)

Because 7 (e) is the radius of e 1/¢ A(g), comparison between the growth model
and the CTOBPM and the symmetries of the growth model yield

P{(1 — ¢)tA(e) = 7, and (1 — ¢)te""Q(/(¢)) &7, }
< 2P{R((1 — $)te £ (e), ..., (1 — p)te"¢(z))

¢ leomal S(1 — @)ttt e), ..., (1 — P)te'/'4(e))}.

By virtue of Lemma 3.1 and the fact that £(s) £ C, < oo this inequality
implies that for large C, (independent of ¢)

P{(1 - $)tA(e) = 7, and (1 — §)te'Q(/(e)) 7} =0, (34)
as t — oo, provided C, = C,C,, where C, is as in Lemma 3.1. Combining
(3.3) and (3.4) we conclude that there are points in the sample space for which
we can find t so that

(1 —P)te'Q(¢(e) = 7l = (1 + ) A(e). 3.5)

Therefore for each ¢ > 0 and ¢ > 0,

rl1+¢ 1+¢
t1—¢ 1—¢°
Because C, does not depend on ¢ or ¢, and ¢ is arbitrary, this leads to the
desired conclusion (3.2), and completes the proof of Theorem 1.2. Actually it
leads to the semi-explicit expression
1
1+ Cue

Q(4(e)) =& M Ale)— e A (1 + Cyuetld)

e Q) < e A(e).

The constant C, is taken as C,C,; {see (3.4)).
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4 Proof of Theorem 1.3

First we shall prove the estimates for the point-to-point speeds v and w, which
are easy. Fix 0 £v £ d and consider the model with the last v coordinates
oriented. In this model, if x becomes occupied at the time T (x), then at least
one of its neighbors y € x + .47, must have been occupied. Accordingly, we
change the definition of chronological path somewhat from the definition
used for Lemma 2.3. Now a chain x(1), ..., x{n) will be called a chronological
path at time t if 0 S T (x(1)) < - < T(x(m) =t and x()ex(i+ 1)+ A,
1 £1i £ n. With this definition the statement and proof of Lemma 2.3 carry
over unchanged to the model with the last v coordinates oriented. In particu-
lar, a vertex x is occupied at time ¢ if and only if there exists a chronological
path at t from the origin to x.

Now observe that if 0 = x(1), ..., x(#) = ne; is a chronological path from
the origin to the point ne; on the j-th coordinate axis, then
x(i + 1) — x(i) = + e, for some r(i) (because x(i + 1) and x(i) are adjacent
onZ%.1fd — v + 1 < r(i) < d, then we must even have x(i + 1) — x(i) = €.,
because the last v coordinates can only increase along a chronological path.
This implies that for any se [d — v + 1,d] with s # j, no steps at all can be
taken in the s-th direction (otherwise we would have x,(¢) = s-th coordinate
of ne; > s-th coordinate of 0 = 0). Therefore the presence of the coordinates
numbered d — v + 1 to d, other than j, has no influence on the rate at which
ne; becomes occupied. When we remove the coordinates numbered d — v + 1
to d, other than the j-th coordinate, we obtain (1.5) and (1.7).

(1.6) is now immediate from (1.5) and Theorem 1.1. Also the upper bound
in {1.8) follows from (1.5) and Theorem 1.1, because any speed in a partially
oriented model cannot be greater than the same speed in the totally un-
oriented model of the same dimension. As for the lower bound in (1.8), this still
follows as in Theorem 1.1 from the moving front construction, because in this
construction occupation was allowed to move in the positive first coordinate
direction only (from F,,_; ,, to F, ,,). Thus, apart from an interchange between
the first and last coordinate, the proof of Theorem 1.1 still applies to
w(e,d —v + 1,1).

Next we turn to proving the right hand inequalities in (1.9) and (1.10). These
proofs are still essentially the same as for the upper bound in Theorem 1.1. We
begin with (1.10). Consider the events

L(t,4) = {at time ¢ there exists an occupied vertex
x=(x1, ,xd) Wlth Xd—vy+1 :th‘l, xjéL).t_],
d—v+2<5j<dj.

and

G(t, A, C,) = {at time ¢ there exists a chronological path of length
< C,t from 0 to some point x = (x, ..., x;) With
Xg—v+1 — Lj.tj, X é L)”t_|7 d—v+2 é] é d, and
at least one slow point in each H,,i =1, ... LAt ]},
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where
H = {x =01, ..., Xg): Xgmys1 =1}
Then as in the proof of Theorem 1.1, with C, as in (2.17),
P{L(t,4)} < Cse~ % + P{G(t,4,C,)}.

If G(t, A, C,) occurs, let x(1), ..., x(n) be a chronological path at time ¢ from
0 to a point in HL a) With the propertles stated in the definition of G(t, 1, C,).
As in the proof of Theorem 1.1,1et S = {y(1), ..., y( it )} be a set of slow sites
on this path, one in each I:Ii, 1 i At ] With z(j) = y(j) —y(j — 1), as
before, (2.20) must still hold forall 1 < i < d. However,ford —v+1<i<d
we even have the stronger requirement

LAt
z(j)20 and K;= Z zi(j) £ xi(m) <[ At . 4.1)

i=1

Therefore, for d — v + 2 < i £ d, the number of ways in which the sequence
{z:(j), 1 £j <| At |} can be chosen is bounded above by

L) etz e

zby (A.3)). Consequently, if we again denote the number of ways in which S can
be chosen by M (¢, 4, C,), then (2.21) can be replaced by

2¢C LAt ]\Nd—»
M(t,2,Cr) = <C tzU’J(Le T) ) (CstCLAly =t

C At
< Cstd”(idfv) :

As in (2.23) this yields, again with Z’ a Poisson variable with mean te,

- C A
P{G(t,4,Cy)} EM(t, 4, Co)P{Z" =z | At |} £ Cst*™! (ﬁté—l> .

It follows that for
A > Cgetidvrh)
with Cg sufficiently large,
P{L(t,2)} £ Coe . (4.2)
By symmetry in the last v coordinates we even have
P{for arbitrarily large ¢ there exists at time ¢ an occupied vertex x
with max,_, 1 <j<aX; 2 Cge'/@7 7V} =0.

The right hand inequality of (1.10) follows.
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Next we prove the right hand inequality in (1.9). This time we define
L(t, ) = {at time ¢ there exists an occupied vertex x = (X, ... , X,)
with x; =] At |and x; < Cee ™ Viford —v+1<i<d)

and (with H; as in (2.15))

G(t,A,Cy) = {at time ¢ there exists a chronological path of length < C,t from 0
to some point x in H, ;, ;, with at least one slow site in each H;,
1 <j<| At and with 0 < x; < Cge'/@™v 1y,
d—v+1=<j<d}

Again we take C, so large that (2.17) holds. On the event L(t, A) one can
construct, as in Lemma 2.3, a chronological path at time ¢ from 0 to x which
has a slow point in each H;, 1 <j <[ Ar | Moreover, by (4.2) we know
that

IP{at time ¢ there exists an occupied vertex x with
x;> Cget ™" Vs forsomed —v+12i<d} <dCoe™ O,
From these relations it follows as in the proof of Theorem 1.1 that
IP{at time ¢ there exists an occupied point x with x; =| A |}

<P{L(t, 1)} + dCoe !

SP{G(t, 4, Cy)} + Cse™ & + dCoe™ ",
It therefore suffices to prove that

P{G(t, 1, C5)} — 0 exponentially fast 4.3)

for any A = C ;@™ V/M@@=v+1) for C,, sufficiently large. It even suffices to
prove this for 1 =| Cy gt D@@=v+1) |
(4.3) can now be proven by imitating the end of the proof of Theorem 1.1.1f
G(t, 2, C,) occurs, and x(1), ..., x(n) is a chronological path with the propetr-
ties listed in the definition of G(t, 2, C,), then let § = {y(1), ..., (LAt )} be
a set of slow points on this path, one from each H;, 1 <j<| At | With
z(j) = y(j) — y(j — 1) as before, (2.20) must again hold forall 1 £i <d — v.
Ford —v + 1 £i <d the relation
L2]
z()Z0 and K;= ) z(j) < Cee'“™ V¢

i=1

must hold (compare (4.1)). 1t follows that this time

2eC,t \ NGV /[ Cget 0 1 A [\
< Larf 2528 8
M(t,/l, Cz) = <C3t2 ( '_/“_I ) ) << L;»t_f >> .
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We take A =] Cy e+ D/E@@ 1) | and for brevity write y = Cgel/@ V1),
Without loss of generality we take ¢ so small that 2 < y. By (A.3) we then have

C (d—v—1)it 26’)) vt
Mt 1, C,) < Cypttr= 22 =1 .
( 2) = Cy, (/1 p)

As in (2.22) and (2.23) we finally obtain

{64 Ca)) < Mt Co) 25} < €y prio-
LRt ) = sy W2 L/ltJ = 14
Substituting our values for 4 and y, we see that for sufficiently large C,,
(independent of ¢) this tends to 0 exponentially fast in ¢ (for fixed ¢), so that (4.3)
follows.

As for the left hand inequality in (1.10) this is immediate from the left hand
inequality in (1.8) and the fact that the point-to-hyperplane speed in any
direction is at least as large as the point-to-point speed in the same direction.

Finally, for the lower bound in (1.9) we shall use the following lemma.

C15Vv8 At
2 '

Lemma 4.1 Let C = Z* be a finite set which contains 0 and define #, as in (2.9).
Fix 1 £r £d. Let O be an F,-stopping time and assume that w.p. 1

N6 = lcsa
for some (random) vector d = (ay, ..., a;) with
a,=1 and a;=0, d—v+1Zjgd. 4.4
Then
1
liminf ——— 2 —. 4.5
e a(mrev) = EO (*3)
Proof. Of course (4.5) is equivalent to
limsup 225N <o wpt, (4.6)
n

Note that the r-th component of @ equals 1, so that at time @, the occupied set
contains a copy of C, shifted one unit in the rth direction (and shifted a; units
in the jth direction for j # #). One can then expect that the occupied set will
reach the hyperplane {x, = n} after n time intervals which are stochastically
‘similar’ to @ (actually they will be stochastically smaller than @). This is the
reason for (4.6).

Now to the details. Note that C will be completely occupied after some finite
random time x. Define

6“(n,r,¢,v) = first time a point in the hyperplane {x:x, = n} is occupied in the
nc-process.

Then it follows from Lemma 2.1 that

o(n,r,e,v) S Kk + a“(n,r,8v).
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It therefore suffices to prove (4.6) with o replaced by ¢°. Define
B, =0,
0, =0, a(ly=a,
B, =1nf{t > 0,1 9¢ 2 ¢4+ 1, for some vector a(¢ + 1)
witha(/ +)=/+La(/+)2a;(4),d—v+1=Zj<d)}.

Note that a(1), and at the later stages a(¢), may not be uniquely determined.
Any Z,,-measurable choice for a(#) will do for our purposes, though. Since
a(n) € C + d(n) has r-th coordinate equal to n, we have

n—1

O'C(n, reV)S0,= z (Br1— 6y). 4.7
£=0

Furthermore by the strong Markov property applied to 0,
P{O, 1 —0O,>s5|Fs,}
= IP{#§,., does not contain any set of the form C + a(£ + 1)| Fo,}
= IP{#£®" does not contain any set of the form C + a{¢ + 1)}

where C(6;) is defined by (2.5) with s = @, and a(¢ + 1) has to have the
properties listed in the definition of @, ,. But C(8,) > C + a(¢), so that by
(2.4) the last probability is at most

IP{#< "7 does not contain any set of the form C + a(/ + 1)}
=IP{#¢ does not contain any set of the form C + a(# + 1) — a(/)}
(by translation invariance) = P{® > s}.
In summary, we have
P{O,.; — O, >5|Fs,} <P{O > s}.

We can therefore couple the ©,,, — @,, £ = 0, with a sequence p,, £ =0, of
1.1.d. copies of @ so that

n—1
0,= Z Pes nzl.
£=0

This coupling is fairly standard; for a more general coupling result sec Kamae
et al. (1977). Together with (4.7) and the strong law of large numbers this
proves

n—1

PR . 1
n—a (=0

lim sup

To prove the lower bound in (1.9) we apply Lemma 4.1 with
C=T[0,L]*"x {0},
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where
M :L8~1/(d(d—v+1))J and L = M|_841/(d~v+ b~ e @+ 1)@= v+ 1))

For the sake of argument we take r = 1 throughout this proof and give
a lower bound for liminf n/a(n, 1,¢,v). We define

O = inf{t = 0: 7 = 1+, for some vector a satisfying (4.4)}.
[E@ is estimated in two stages. First we estimate E@’, where
O = il’lf{t 2 0: 1’]? Z ﬂ[O,L]d’VXO,M]V}'
For any vector j = (ji, ... ,ja—y) € [0, M — 1]¢7” define
d—v
D=D()=[] Lile” V>V ], (ji + DLe” YD [T [0, M]".
i=1 .

For the time being we shall suppress the j in the notation.
To estimate E@’ we use the moving front method of the beginning of the proof
of Theorem 1.1. Define for b = {by—y+1, ..., b4}

d-v
E(b)=E(,j) = n [jile Vv | (4 1) e~ a1 ]

X {bg=y+1, - > ba}

and fix d — v+ 1 £ 5 < d. Then there exists a C; < oo and § > 0 (indepen-
dent of b, j and s) for which

E(b]
]P{ﬂcis)fl/(d—wu z ﬂE(E-!—e_;)}

=1P{at time C,¢~ "“7"* 1 the set

d—v
©TT Lile M@t 4 (e + DLe 0 ]
i=1

| X{bd*erla 7bs~1’bs + 1, bs+1> sbd}

is fully occupied by the #*®-process}
=0.
This is simply estimate (2.11) in the dimensions 1, ..., d — v, s; the dimensions
numbered d —v + 1, ... ,d other than s play no role in this estimate. By

Lemma 2.2 we then also have

d—v
]P{H [ile™ @0 ], (j + D e™Me=e0 |
i=1

X {ba—ya1, D 1,bs + 1, byyr, o, by}

E(b)

< (1 =9y (4.8)

—1/d-v+ 1)}

is not yet fully occupied by the n*®)-process at time kC,¢
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Now we essentially repeat the argument leading to (2.14). Let
¢=1(Ca—y+1> ---»Cq) € [0, M]" and consider the oriented path on Z” from 0 to
¢ which first goes from (0, ...,0)to (¢4-y+ 1 ---, 0, ..., 0) by ¢4—, 41 Steps in
the positive (d —v + 1)}-th coordinate direction, next goes from
(Cgmy=15 -+-50, ..., 0) tOo {C4myr1,Ca—yt2,0, ...,0) In c4_, 4, steps in the
(d — v + 2)-th coordinate direction ... and finally from (c;—y 41, ---, C4—1,0)
to ¢ in ¢4 steps in the d-th coordinate direction. The total number of steps in
this path is n:=Y%_ ., ¢;<vM. We write this path as b(0) =0,
b(1), ..., b(n) = ¢ and define

Ko =Ko(€) =0
Kir1 = K4 1(C) = inf{t = x;: E(b(i + 1)) is occupied by n¢}
=inf{t = k;:nF 2 Vg@a+1y)-
Note that

c
1o = l¢ 2 Tgwoy,

because for je [0,M — 1747,

EGO) = [T Lils™ 470} (jy + D[ Y60 []x {0} < C.

Also, by definition, for i = 1, 5%, = T, or C(x;) 2 E(b(i), with C(s) as in
(2.5). Again by the strong Markov property

P{r;iyq —K; > ke V4D Z
= P {1S, + ke-11a-r+» does not occupy E(b(i + 1))| %, }
= IP{”’gé'Eil)/(d’v‘fl) 2 ﬂE(E(E+ 1)) faﬂS}

<P {20 e 2 Vs 1y fails}
<(1 - ) (by (4.8)).
Moreover, at time x,, the whole set E(b(n)) = E(¢) is occupied. Therefore

IP{E(¢) is not yet occupied at time ¢~ “™** 1 by the n-process

_§lP{K,,>fsfl/(d*V“)}
n—1
g]P{Z /1,~>/},
(4]
where Ag, 4, ... are i1.d. with

P{L>k}=(1—-68F k=01, ...
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A standard large deviation estimate shows that for large C,, some constant

Cs,and all £ = C,n,
n—1
]P{ Y ){i>/}
0

inf 67/S(IEeSl°)n
s20

IIA

—Csf

lIA

e
Therefore, for each ¢ [0,M]" and / = C,vM,

IP{E(c) is not yet occupied at time /g~ /@~ >+ 1}

n—1
é]P{Z )»i>/}§e_csl
0]

and

IP{D(j) is not yet occupied at time ¢~ */“@ "V by the #°-process}

d—v
= ]P{H [ile Ve D (i + D] e V47D |1x [0, M]" is not yet
i=1
occupied at time g~ Y@+ D by the n?—process}
S(M + 1) e ¢,

(The factor (M + 1)" represents the number of ¢ in [0, M ]".) Finally, if D(j)is
occupied for all j € [0, M — 17?7, then also C x [0, M " is occupied. Therefore
for £ = C,vM and ¢ so small that (M + 1)? £ e*“>*M/2 we have

IP{@/ > fs—l/(d—v-%-l)}
= IP{D(j) is not yet occupied at time /¢~ */~">* Y for someje [0, M — 1]¢7"}
< Md—v(M + l)ve—Caf < eCzC;VM/Ze*Cﬂ' _g e*Cs//Z.
It follows that
E@/ < C4MS_1/(d_v+l) < C484(d+1)/(d(d—v+ 1)) (49)

for some constant C4. This completes the first stage.
For the second stage we set

F=[0,LT1"""x[0,M]
and consider the process #*. We define

@" = inf{t =2 0: nf = 1., for some vector a satisfying (4.4)}.
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We then have
P{O -0 >s5Fy}
= IP{n% . does not fully occupy any C + a for an 4 satisfying (4.4)| Z - }
=IP{n$®" does not fully occupy any C + a for an g satisfying (4.4)}
< IP{n¥ does not fully occupy any C + a for an 4 satisfying (4.4)}
(because F < C(0")) = P{O" > s}. (4.10)
Consequently
EE —0')< EO".
Assume now that we also prove for some constant Cs that
[E@" £ Cge~@HD/@@=ve 1), (4.11)
Then we obtain from (4.9) that
EO < (Cy + Cg)g™ @+ D=y +1),

so that by Lemma 4.1

.. n _ _
liminf ————— = (C, + Cs) W+ D/d@>=1),
o a(n,1,8v)

Thus we only have to prove (4.11) to complete the proof of (1.9).
To prove (4.11) we follow the argument for (2.14). We shall be dealing with
vectors @ = (ay, ..., ag) which satisfy

a,=L+1, 0Zg, L for2Z5isd—v,
0Lag,£M ford—v+1Zi<d. (4.12)
We define
AV = inf{t > 0:d = (L + 1, a,, ..., a,) is occupied by #f for some
a satisfying (4.12)},

and take for a* some % ,u-measurable choice of an @ which satisfies (4.12) and
which is occupied at time 4D, Thus #¥.(a*) = 1. In addition we define

AP = inf{t = 0: [1,L + 1T [0,L]¢"""?
x{a¥_,+1, ..., af} is occupied by #hw ., }
=inf{t 20: C + {1,0, ..., 0,af_,. 4, ..., a}} is occupied by niu . }.
Then @” < AY + A® and hence

EO" < EAD + EA®.
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Now 4" is bounded by the minimum of (L + 1)47V~}(M + 1)* exponential
variables of mean 1/¢, so that

EAD (L + 1)@ D 4 1) L g cpem @i 43
&

Moreover, as in (4.10),

P{A? <5|F e} 2 P{C +{1,0, ...,0,a} o1, ..., a}}

is occupied by nhe, ).

Therefore,

[EA® < max E{time for C + (1,0, ..., 0,af— 11, ..., a3)

to become fully occupied by »fvie*}}. (4.14)

Now the argument which gave (2.14) shows that uniformly in a* whose
coordinates satisfy (4.12),

P{C +(1,0, ...,0,af_,+1, ... ,a¥) is not fully occupied by nf-ie"}}
<L+ D)TIP{Z() <(d — v — DL, 4.15)

Fufa* )

where Z(s) is a Poisson variable with mean s. Indeed, # starts with

(C+O,...,0, a5 sy, ..., a0 )u{a*} € Fu{a*}

already occupied. To occupy a point &¢=(L+ l,cy ..., 4,
as_ i1, ..., as) with 0 < ¢; £ L at time s, it suffices to occupy a path from
a* =(L+1,a5, ...,af)tocin {L + 1} x[0,L]* " *x{al_,+1, ..., a}} by
tirne 5. But the points on any such path are successively occupied at rate 1 by
the two-neighbors mechanism. Finally, (4.14) and (4.15) give for suitable

EA® = [ P{4® > s} ds
0
SCLA+(L+ 17" [ P{Z(s)<@d—v—1)L}ds
C.L

<C,L+(L+ 1t f d=v=DLIR,~26) fg
C-L

< CSL < ng‘(d+l)/(d(d—v+1))'

Together with {4.13) this proves (4.11) and completes the proof of the left hand
inequality in (1.9).
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Appendix

In this appendix we prove a few clementary inequalities used in the paper. One
of the ingredients in the derivations will be Stirling’s formula,
n! ~ (2rn)1?Pn"e " as n — oo . First we derive two upper bounds for the large
deviations of a Poisson random variable, Z, with mean p. If £ < u, then
e *u*/k! is an increasing function of ke {0,1, ..., /}. Hence

W‘|‘é:

P{Z </} = i e <  + l)e”"% < Colt +1)e’” (-‘f)/, (A1)

k=0 = /

where in the last step we used Stirling’s formula, and C, is an appropriate
constant. If Z is still as above, but now £ = u, then

,Lti Mi*f /i—/
P{Zz2tp=) er==sp' ) —F=pu ) —
iz i iz 1! =, i
¢ i ¢
I (1Y, eeenn—
<{- — <= = g~ UogtZim—1)¢ AD
—</> ,.Z/i!”‘</>e ¢ (A4.2)

Next we derive an inequality involving the binomial coefficients. First observe
that for arbitrary strictly positive integers A and B,

A <AB< A® < eA\B
B :E!“:COBl/zBBe_B:CO F 5

where C, is an appropriate constant. Therefore, if 0 < B < A, then

A+ B e(A+ B)\® 2e4\?
('5°)z (52 =a (5] )
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