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Iterated skew polynomial rings of Krull dimension two

By

DaviD A, JORDAN

Introduction. Smith [4] proved that the universal enveloping algebra U {si(2, €)} of the
Lie algebra sl(2, €) has Krull dimension two. This algebra, the algebras similar to it
studied by Smith in [5] and the quantum enveloping algebra U, (si(2, €)) belong to the
class of iterated skew polynomial rings R = A[y; &] [x; «™*, §] over a commutative ring
A which we studied in {1] and [2]. Smith’s proof that Kdim U(sI{2, €)} is two makes
strong use of the fact that, over U (sI(2, €)), all finite-dimensional modules are semisimple.
In [2, Theorem 3.7] we extended Smith’s result to certain of the iterated skew polynomial
rings R but were unable to avoid including this condition on the finite-dimensional
modules as one of the hypotheses. However not all the algebras of [5] have this property.
The purpose of this note is to remove this hypothesis and thereby to extend Smith’s result
to all the algebras of [5] and their quantum analogues described in |1, 2.4}. Our approach
is much as in [2] but we refine the proof in such a way that it applies more generally.

Notation. Here we give details of and notation for the iterated skew polynomial rings
R referred to above. More complete details, including justification for the statements
made, may be found in [1, Section 1].

Let 4 be a commutative domain. In this paper we assume that A is a finitely generated
algebra over an algebraically closed field k. Let « be a k-automorphism of 4 and letu e 4
be such that o (u) & u. Form the skew polynomial ring A[y; «] and extend o o A{y; o]
by setting ®(y) = y. There is an o~ ‘-derivation & of 4{y; o] such that §(4) = 0 and
8(y) = u — a(u). The ring R is the iterated skew polynomial ring A[y; o] [x; 2™, §]. Thus
R consists of polynomials in y and x over 4 subject to the relations xy — yx = u — a(n)
and, Vae 4, ya = a(a)y and xa = o~ (a) x. The sets { y'},», and {x},,, are right and
left Ore sets in R and we denote the localizations by R, and R, respectively. By z we
denote the element xy — u = yx — w(u) which is central in R. The localization R, = S [z},
the ordinary polynomial ring over the skew Laurent polynomial ring § = A{y, y7*; o]
and R, @ A[x,x ;e ][zZ] 2 R,. ‘

For the case where R = U(s{(2, €)), the elements x and y are commonly written as ¢
and f respectively, 4 = Clh], a(h) =h + 2, u = —(h — 1)’ and z = 1(Q + 1), where Q
is the Casimir element. For other examples, including U, (s1(2, @), see [1].

If X is a right R-module then, for ¢ = x or y, the R-module X ® R, will be denoted
X, and if X is torsion with respect to {c‘};,, then we say that X is e-torsion. If X is both
y-torsion and x-torsion we say that X is x y-torsion.
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If the only ideals of A invariant under o are 4 and O then 4 is said to be a-simple.
M. Holland, unpublished, has shown that, for 4 as above, if KdimA4 =1 and 4 is
a-simple for some o then A = k[t] or A = k[t,t~ '], whence A is a principal ideal domain.

Lemma 1. Suppose that A is a-simple and a principal ideal domain. For every maximal
ideal M of A and every A€k, the R-module R/(MR + (z + A)R) has finite length.

Proof. LetJ=MR + (z + A)R. Fori = 0,letw, = y' + Jand let v; = x* + J. (Thus
wy = vy = 1 + J.) The elements w; and v, span R/J over k. As A is an a-simple domain
the maximal ideals o' (M), i € Z, are distinct, otherwise a finite product of them would be
invariant under «. Each w;, is annihilated by « " *(M) and each v, is annihilated by o' (M).
Consequently, if F is any nonempty finite subset of {v;, w;: i = 0} then there exist a € 4
and f e F such that ea = 0 for all ee F\{f} and a is invertible modulo ann , f. Hence
every non-zero submodule of R/J must contain w; or v; for some i = 0. For i = 1,
w,y=w;.; and w;x =y " yx) + J = w;_(z + @) = w;_ («(u) — A). Similarly, for
iz1,v,x =v;,, and v;y = v;_, (u — 1). Therefore every non-zero submodule of R/J is
of the form 3 w;k, where j = 1 and o/ (u) — A€ M or is of the form Y vk, where j = 1

> izj .
and o' " {u) ;]/1 e M, or is a sum of two submodules, one of each of th_ejpreceding forms.
Since only finitely many of the principal ideals o' (M), i € Z, can contain u — J, it follows

that R/J has only finitely many submodules. [

Lemma 2. Suppose that A is o-simple and a principal ideal domain. Every finitely
generated xy-torsion right R-module has finite length.

P ro of. Suppose this to be false. Then there is a counterexample of the form X = R/J,
where J is a right ideal of R, maximal with respect to being x y-torsion of infinite length.
For every non-zero submodule I/J of R/J, R/I has finite length so I/J has infinite length.

Let d > 1 be minimal such that there exists 04 we X with wx =0 = wy? By
[1,1.90)], xy? — y?x = (u — «®(w)) y*~ 1. By the choice of d, w (u — a?(u)) = 0. There exist
factors p, g of u — o® (), with p irreducible, such that wgp = 0 but wg + 0. Let v = wq.
Then ann, v is the maximal ideal M = p4, and vx =0 = vy“.

There exists Aek such that u — 1e M. Then v{z + 1) = v(xy — u + A) = 0. Thus
MR + (z+ )R g anngzv and, by Lemma 1, vR = R/anng v has finite length. But we
have seen above that every non-zero submodule of X has infinite length. As v % 0, this
is a contradiction. [

Theorem 3. Suppose that A is a-simple and a principal ideal domain. Let X be a finitely
generated right R-module such that both X , and X, have finite length. Then X has finite
length.

Proof. Asin the proof of [2, 3.7}, it suffices to prove this in the case where X and
X, are each either zero or simple. The case where both are zero is dealt with by Lemma 2.
Consider the case where X, = 0 and X, is simple. As R, = S[z] has centre k [z] and as
§ is simple, every nonzero primitive ideal of R, intersects k[z] in a maximal ideal
Furthermore R, is a constructible k-algebra in the sense of [3] and, as ifs centre is k[z],
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it is, by {3, 9.4.21], not primitive. Hence there exists A ek such that X (z + 1) = 0. As
z + Aiscentral, X (z + 1) is x y-torsion and so, by Lemma 2, has finite length. By {1, 1.11],
RAz + 4) R is a domain and by [2, 4.6] it has a unique minimal non-zero ideal If/{(z + R,
Theideal I/(z + 4) R is idempotent and, by [2, 4.6 (i1)], has finite codimension. Then X/X I,
being finitely generated over the finite-dimensional k-algebra R/I, has finite length over
R/I and hence over R. If XI = X(z + A} then X has finite length so we can assume
that X1 = X{z + A). Let N be a submodule of X with X(z + ) S N < X[ and with
XI/N simple. Suppose that XI/N is y-torsion, hence xy-torsion. By {1, 3.10],
y% x% e anng (XI/N) for some d. Therefore anng;, MR,(X I/N} is nonzero and must
contain I/(z + A)R. Thus XI? € N. As If{z + A) R is idempotent and X (z + 1) € N,
XI=X(*+(z+ A)R)< N, a contradiction. Hence XI/N is not y-torsion. As X is
simple, N must be y-torsion otherwise N, = X and X/N is y-torsion. Therefore N is
xy-torsion and, by Lemma 2, has finite length. As X/X I, X I/N and N have finite length,
so too does X. The case where X, = 0 and X, is simple is similar. 7

Now consider the case where X, and X are both simple. As above, there exists e k
such that X (z + 4) = 0. Then X (z + 1) is y-torsion and (X (z + 4)),.is O or simple. By the
above X (z + A) has finite length. With [ and N asabove, so that X (z + 1) ¢ N < X Tand
XI/N is simple, X/XI again has finite length. The possibility that X I/N is xy-torsion
leads, using the idempotence of I/(z + AR, to a contradiction as before. Any other
possibility leads, using the simplicity of X, and X, to the conclusion that N, and N, are
each zero or simple with at least one of them zero. By previously considered cases, N and,
hence, X have finite length, [

Corollary 4. Suppose that 4 is o-simple and a principal ideal domain. Then Kdim R = 2.

Proof. Using[3,6.5.4 and 6.6.11] and applying [3,6.1.17], with 6 =y = {, 4s in the
proof of [2, 3.7], we have Kdim R < sup(KdimR,, KdimR,) = 2 £ KdimR. ' [J

The next result shows that Lemma 2 and Theorem 3 do not extend to a-simple rings
A of Krull dimension = 2.

Proposition 5. Suppose that A is o-simple of Krull dimension d 2 2. If - — 0{u) is not
a unit then there is a finitely generated xy-torsion R-module of Krull dimension zd — 1.

Proof. Let I = (u — a(u)) 4. For all ideals J of A containing I, (xR + yR +JR)n 4
= J. Hence Kdimg (RA(xR + yR + IR)) 2 Kdim,(A/)=d —-1. O

Remark. Proposition 5 suggests that, in order to extend Corollary 4 to- higher
dimensions using this approach, one should show that if X is a finitely generated
right R-module such that X, and X, both have Krull dimension <d -1 then
KdimX £d— 1.

References
[1] D. A. Jorpax, Iterated skew polynomial rings and quantum groups. L Algebra 136, 194218
1993).
2] g) A.} Jorpan, Krull and global dimension of certain iterated skew polynomial rings. In:

Abelian Groups and Noncommutative Rings, a Collection of Papers in Memory. of Robert B.
Warfield, Jr., Contemporary Mathematics. Amer. Math. Soc. 136, 201-213 (1993).



Vol. 61, 1993 Iterated skew polynomial rings 347

[3]1 J. C. McConneLL and J. C. RoBsON, Noncommutative Noetherian rings. Chichester 1987.

[4] S.P. Smite, Krull dimension of the enveloping algebra of s/(2, €). I Algebra 71, 189-194
(1981).

[5] S. P. SmitH, A class of algebras similar to the enveloping algebra of s7(2). Trans. Amer. Math.
Soc. 322, 285314 (1990).

Eingegangen am 15. 9. 1992
Anschrift des Autors:

D. A. Jordan

Department of Pure Mathematics
University of Sheffield

The Hicks Building

P.O. Box 597

Sheffield S10 2UN

UK



