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Abstract. Remeshing is an important problem encountered often
in the FEM-simulation of metal forming processes. This paper
describes the remeshing scheme developed at LAMI and IBF for
the FINEL FEM-program. A novel automatic, two-dimensional,
quadrilateral mesh generator is introduced. Mesh generation is
performed by means of image processing and computational ge-
ometry. Other features of the remeshing scheme are boundary
simplification, smoothing, and rezoning. Examples of applica-
tions are given.

1 Introduction

The finite element method (FEM) can now be suc-
cessfully used for the simulation of metal forming
processes with complicated die geometries. At In-
stitut fiir Bildsame Formgebung (IBF) the FEM
program FINEL was developed for the coupled
thermal-mechanical 2-D analysis of the forging pro-
cess [1]. A problem arising especially in forging sim-
ulation is the deformation of the body and the dis-
tortion of the quadrilateral mesh (e.g. Fig. 1). To get
useful results, the mesh must be regenerated. Man-
ual remeshing is a very time consuming task, so that
simulations of large deformations where new
meshes must periodically be created are practically
impossible. Therefore it is important that remeshing
runs without user intervention.

The aim of this paper is to describe a fully auto-
mated remeshing scheme added to FINEL (see Fig.
2). Owing to the complexity of the task, the present
version is restricted to 2-D and purely geometrical
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algorithms. Aspects such as, for example, local fine
adjustment, have deliberately been excluded, but
are planned as later extensions to the system.

The remeshing scheme should fulfill the following
requirements:

« The mesh consists of convex quadrilateral ele-
ments having internal angles close to 90 degrees
(this is important to prevent fast mesh distortion).

* The region to be meshed is a polygonal area which
is defined by the boundary of the distorted mesh.

+ Since volume conservation is preserved only nu-
merically, it is sufficient to mesh the region ap-
proximately. The user can, however, guarantee
exact remeshing by appropriate choice of simplifi-
cation parameters.

» Meshing should be robust in the sense that regions
of arbitrary shape can be remeshed.

Most FEM programs for metal forming simula-
tions use the bilinear displacements—constant pres-
sure element pair since it is more accurate in pre-
dicting plastic deformations. The reason is that
bilinear quadrilateral elements are linear strain ele-
ments, while triangular elements are constant strain
elements [11]. Forging simulations at IBF with the
ABAQUS FEM program using triangular elements
led to significantly worse results than FINEL or
ABAQUS simulations with quadrilateral elements.

The disadvantage of quadrilateral elements is that
mesh generation is a very difficult task. While there
exists a variety of programs for generating triangu-
lar meshes, very few mesh generators for quadrilat-
eral meshes were developed in the past.

An automated remeshing scheme was developed
by Baechmann et al. [4]. Mesh generation is per-
formed by the quadtree method [5]. Habraken and
Radu [6] propose a scheme which seems to be fully
automated, although they don’t describe the mesh
generator. The forging simulation program
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Fig. 1. Distorted mesh [2].

EALPID has remeshing capabilities [7], mesh gen-
eration is based on [8] and [9]. Good remarks on
remeshing can be found in Cheng [10].

One of the earliest mesh generators for quadrilat-
eral elements is the TRIQUAMESH program [8].
Other mesh generators were developed by
Baehmann and Shephard [5], Talbert and Parkinson
[12], and Heighway [13]. An overall picture of the
finite element mesh generation field is presented by
Ho-Le [11].
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Fig. 2. FINEL flowchart [2].

The rest of the paper is organized as follows: sec-
tion 2 describes a new mesh generator for polygonal
areas using quadrilateral elements. Mesh generation
is performed by means of computational geometry
and image processing. This ensures a minimum
quality of element distribution. Section 3 gives an
outline of the complete remeshing scheme: measur-
ing mesh quality, boundary simplification, smooth-
ing, and rezoning. The application of the program is
illustrated in section 4. Conclusions and further
prospects can be found in section 5.

2 Mesh Generation

The region to be meshed is defined by the distorted
mesh (hence there is no need to deal with curved
geometries). This is a polygonal area and must be
specified by the surrounding polygon from the call-
ing module. The other input value is the mean side
length 4 of the mesh.

The algorithm works on the following principle:
the entire region is covered with a square mesh (see
Fig. 3).

Fig. 3. Square mesh.
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Fig. 4. Determination of the interior pixels.

Then mesh generation is done in two major steps:

1. Generation of an initial mesh from the squares
inside the polygon
2. Meshing of the boundary region

2.1 Generation of the Initial Mesh

The region is covered with a mesh of squares having
side length k. It can be regarded as a picture, the
squares being called ‘‘pixels.’” A scanline algorithm
well known in computer graphics is used to deter-
mine the pixels inside the polygon (see e.g. [15]).
The algorithm makes a top—bottom scan of the pic-
ture. It uses the intersections between the polygon
and an individual scanline situated in the middie of
the current row. The pixels between two intersec-
tion points P,;_; and Py; are classified as “‘interior™
pixels. Figure 4 gives an example of how the algo-
rithm works.

The interior pixels define the ‘““inner’” region R of
the picture (Fig. 5).
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Fig. 5. Inner region: pixels marked by the scanline algorithm.
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Fig. 6. Modified inner region.

In the next step, the pixels touched by or having a
distance of less than %/2 to the polygon are removed
from R. The result is shown in Fig. 6. The choice of
h/2 leads to a mean distance of 4 between R and the
polygon. Then the pixels of R are used to construct
the initial mesh (Fig. 7). Notice that there is a one-
to-one correspondence between R and the initial
mesh.

Errors can occur at this stage if the inner region is
empty or is disconnected. This can be avoided by
the choice of a smaller 4 value.

Phase 2 of the algorithm meshes the ‘‘boundary
region”’ which means the region between the initial
mesh and the polygon. It is required that the bound-
ary of the initial mesh is given as a double linked Iist
of nodes in ccw order. The list is created using a
modification of the ‘“‘tracer’’ algorithm, an efficient
algorithm quite common in computer graphics
[14,16]. The algorithm can be described in terms of
an observer who walks along the boundary of R and
selects the leftmost pixel available. He follows the

Fig. 7. Initial mesh.



166

e oo/ |ojo| ||}
h cH® c

°
c

Fig. 8. Choosing a new current pixel.

boundary in a way that there is always a pixel of R
(i.e., an element of the initial mesh) at the left (Fig.
9.

An outline of the algorithm is given in Fig. 10. An
initial noninterior pixel A lying next to R is found in
a top—bottom, left-right scan of the picture. A is
chosen to be the observers’s first *‘current pixel” C.
Then he can move into four search directions S
(right, up, left, down). In principle, the situations
given in Fig. 8 may occur. First he considers the
pixel P, (straight ahead). If it is in R, he corrects his
search direction and turns to the right to guarantee
that the initial mesh lies at the left hand. If it does
not, he tests the pixel P,. If it belongs to R, the
observer selects P, and moves forward, otherwise
he selects P, as the new current pixel.

The procedure is continued until the initial pixel is
found. During the walk the boundary points of the
initial mesh are determined and appended to the
list.

2.2 Meshing to the Boundary Region

Having executed the steps of the previous section,
the task is to mesh the boundary region. This is
done in three steps:

1. Connect the corners of the initial mesh to the
polygon.

2. Define the meshing at the corners.

3. Mesh the boundary between two corners.
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Fig. 9. Tracing the mesh boundary.
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procedure tracer;

type pixel = record
i, j: integer;
end;

var A, {* starting pixel}
B, {* test pixel}
C: {* current pixel}

pixel;
{# 2 3}
var S: {* search direction: 4 O *}
{# 6 *}
integer;

{* R is the set of interior pixels *}
{* S: addition/subtraction mod 8 *}

begin

find initial pixel A&;

C := A;
S := 6;
repeat

it B, the S-neighbour of C,
is in R, then
{* case 1 *}
S :=8§8 - 2;
else if B, the (S+1)-neighbour of C,
is in R, then
{* case 2 *}
C := B;
else
{* B is in R *}
{* case 4 *}

C := B;
S :=8 + 2;
end;

until C=A and S=6;

end; {* tracer *}

Fig. 10. Tracer algorithm.

The corners e; of the initial mesh are classified as
“inner’” or ‘‘outer’’ corners (see Fig. 11 for expla-
nation).

First the outer corners are examined. A search is
made over the entire polygon for a point P which
satisfies the following conditions (Fig. 12):

1. The angle between the lines EP and g does not
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Fig. 11. Inner and outer corners.

E

Fig. 12. Finding polygon points for outer corners.

Fig. 13. Inserting a new point into the polygon.

exceed 35 degrees (g is the diagonal through the
outer region around E).

2. The distance between E and P is limited to a
value of 2h.

3. The function

f®) = @Qh — ||P - El|) - cosP — E, g)

takes its maximum value over all points of the
polygon which satisfy conditions 1 and 2 at P (P
should be as close to E as possible while having a
small angle to g).

If there does not exist such a point, a new one is
inserted into the polygon. The point is assigned to
the corner (Fig. 13).

After completing the task for the outer corners,
the same procedure is executed for the inner cor-
ners. The intermediate result is shown in Fig. 14
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Fig. 14. Connecting the corners to the polygon.
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Fig. 15. Possible meshing of an outer corner.
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Fig. 16. Possible meshings of an inner corner.

(observe that a point of the polygon may be as-
signed to more than one corner).

The next step is to decide how to mesh the bound-
ary region at the corners. Meshing at an outer cor-
ner can be done in two ways, Ol and 02, demon-
strated in Fig. 15. Meshing with method O2 yields
good results if the corresponding angle at the poly-
gon does not exceed 120 degrees.

Figure 16 shows two ways to mesh inner corners
(with corner meshing parameters I1 and I12). 12 is
used if the corresponding angle is bigger than 175
degrees.

Meshing with method O2 or 12 gives better results
than ‘‘simple’” meshing (see Fig. 22), but if two cor-
ners are contiguous, one must take care that mesh-
ing is done correctly. Modification of the corner
meshing parameters may be necessary. In the ex-
ample given in Fig. 17 two corrections must be
done:
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Fig. 17. Meshing at contiguous corners.

+ set the meshing of E; to 11
» remove the edge E, P,

In general, for two adjacent corners the algorithm
must take into account four kinds of corner meshing
for E,, four for E,, and the possibility that the same
polygon point is assigned to E| and E, or not. This
gives 32 possible cases (not listed here, for a com-
plete description see [17]).

Redefining of the corner meshing is done as fol-
lows: the list of boundary nodes is traversed. In
each step three subsequent corners are examined:

var E1, E2, E3,
first_corner:
integer;

{* subs. corners *}

begin

determine first _corner;

El := first_corner;
E2 := successor (El);
E3 := successor (E2);
repeat

examine E1, E2 and E3;

redefine corner meshing parameter at
E2 and E3 if necessary;

remove connections between E1/E2 and
the polygon if necessary;

El := E2;

E2 := E3;

E3 := next_corner;

until E1 = first_corner;

end;

This part of the algorithm guarantees that no trian-
gles are generated in the next step. Lots of special
case logic is needed, see [17].

Now the noncorner points of the boundary are
connected to the polygon. The points between two
corners E;E, are linked to the corresponding part
P, P, of the polygon. If there exist points between P,
and P,, this task must be done in two steps: connect
the points between P; and P, to the boundary re-
gion, then apply transformation of similitude (take

R. Schneiders et al.
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Fig. 18. Meshing at noncorner points.

care that a point of the mesh boundary is assigned
to only one point of the polygon). Meshing at E; and
E, must be done according to the parameters de-
fined previously.

The principle is demonstrated by the example in
Fig. 18; the intermediate result is shown in Fig. 19.

The generated mesh consists of pre-elements hav-
ing more than three nodes. This is important as the
tesselation of a three-node element would make it
necessary to split the neighbor elements which be-
long to the initial mesh. In the last step quadrilater-
als are generated from pre-elements. Again lots of
special case logic is needed [17]. Examples for the
tesselations of five-node elements are shown in Fig.
20 (the tesselation must be done with respect to the
tesselation of the neighbor elements). Theoretically
there exists an infinite number of possible elements,
but in practice there is no need to take care for
elements having more than six nodes (this is an ef-
fect of boundary simplification; see section 3). If
elements with more than six nodes occur, a restart
of the algorithm with a slightly modified side length
h might lead to better results. Experience shows
that the cases occurring in practice are treated well

L1

Fig. 19. Mesh consisting of pre-elements.
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Fig. 20. Partitioning five-node elements.

by the algorithm. The generated mesh for the stan-
dard example is shown in Fig. 21.

The example in Fig. 22 shows the meshing of a
part of the boundary region. The corners are con-
nected to the polygon and the corresponding corner
meshing parameters are determined. Modification
of the parameters is not necessary. The second pic-
ture shows the generated mesh.

2.3 Improvement of the Algorithm

Consider the situation in Fig. 23: meshing cannot be
done using the given mean side length /. Figure 24
shows that all interior pixels marked by the scanline
algorithm have a distance of less than A4/2 to the
polygon. These pixels are removed subsequently,
and no initial mesh can be generated.

/

Fig. 21. Final mesh.

Fig. 22. Example of boundary meshing.
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Fig. 23. Narrow region.
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Fig. 26. Special cases.

We can overcome this difficulty if we proceed as
follows:

+ find the interior pixels (scanline algorithm)

* construct the initial mesh

+ delete the nodes lying too close to the polygon

» for any deleted node, remove the corresponding
edges and elements

The initial ‘““mesh’ consists of quadrilaterals and
edges (Fig. 25).

The list of boundary nodes can be constructed us-
ing a slight modification of the tracer algorithm of
section 2.1. Remember that the ‘‘observer’’ follows
the boundary in such a way that there is always a
pixel of R (an element of the initial mesh) at the left.
This condition is weakened: there must always be
an edge of the initial mesh at the left. This leads to

R. Schneiders et al.
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Fig. 27. Tracing the mesh boundary.
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Fig. 28. Meshing at a sharp corner.

four possible cases shown in Fig. 26. An example of
boundary following is shown in Fig. 27.

While tracing the boundary of the initial mesh,
inner, outer and “‘sharp”’ corners (see Fig. 25) can
occur. A sharp corner is connected to two points of
the polygon (Fig. 28). Then the corresponding
points on the polygon are searched according to the
rules for inner and outer corners (see section 2.2).
The meshing at a sharp corner is determined by the
angles at P; and P,. Figure 28 gives an example
[meshing is (02, 02)].

Modification of the corner parameters of contigu-
ous corners does not cause further difficulties; it is
done according to the rules for outer corners (see
[17]). Mesh generation is then performed as de-
scribed in section 2.2.

3 Remeshing

The complete remeshing scheme consists of the fol-
lowing components:

1. Mesh quality testing

2. Boundary simplification

3. Mesh generation

4. Smoothing and boundary projection
5. Rezoning
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Fig. 29. Boundary simplification: principle.

3.1 Mesh Quality Testing

Several criteria for measuring geometrical degener-
ation of finite elements (element error) were tested
[18]. The following criterion [19] was chosen: each
four-node element is partitioned into four triangles
by stretching the diagonals. The element error is
represented by the maximum ratio of the circumcir-
cle to the incircle radii of the triangles.

After extensive tests, the following heuristic crite-
ria were selected for quality appraisal of the com-
plete mesh:

* the maximum element error

+ the ratio of maximum error to mean error

» the Gaussian normal distribution of element er-
rors

Upper limits for these criteria can be entered indi-
vidually.

3.2 Boundary Simplification

If the boundary of the distorted mesh defines the
input for the mesh generator, the number of ele-
ments grows. This follows from the fact that the
new boundary contains the nodes of the old bound-
ary and several inserted nodes. This may cause
troubles, since the number of elements may exceed
the maximum number of elements after several re-
meshings. On the other side, FINEL conserves vol-
ume only numerically by the penalty method.
Losses up to 1% may occur. Therefore it is suffi-
cient to mesh a simplified boundary and reproject
the new mesh to the old boundary.

Of the three succeeding points A, B, and C (Fig.
29), point B is omitted if

|AB| + |BC| <1+
|AC| °
is true for the lines AB, BC, and AC. This approach
eliminates not only quasilinear points but also ex-
tremely small boundary sections.

Any desired degree of boundary simplification can
be selected by the choice of & (default: € = 0.1).
Figure 30 shows an example of a simplified bound-
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Fig. 30. Boundary simplification: example.
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Fig. 31. Projection onto the old boundary.

ary which was calculated using a value of ¢ = 0.1.
Note that the old boundary and the simplified
boundary have some points in common.

3.3 Mesh Generation

Mesh generation can be controlied by the choice of
the mean side length % and the boundary simplifica-
tion parameter e. If no valid mesh is generated, re-
turn codes of the mesh generator determine the re-
action:

* No connected initial mesh generated: restart the
mesh generation with a smaller 4 value.

» Pre-elements with more than six nodes: decrease
A or increase .

» Too many quadrilaterals generated: h is too
small.

The remeshing scheme uses this information to
generate a new FEM mesh.

The node numbering is computed using the famil-
iar algorithm of Gibbs, Poole and Stockmeyer [20].

3.4 Boundary Projection and Smoothing

The boundary nodes of the mesh generated are pro-
Jjected onto the old boundary (Fig. 31).

In order to improve the gradation and shapes of
the mesh elements, a smoothing procedure is per-
formed. The following iteration rule [6] has been
adopted without modification:

N,
> xjsA;
j=1
x;lew =

(1

2

A

1

I

i
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Fig. 32. Mesh repair.

where

x; = mesh node

N, = number of elements contiguous to x;
x;; = center of the element j

A; = area of element j

It

Iteration is done until

where A; is the biggest nodal movement of the ith
mesh. 8 can be specified by the user (default: 6 =
0.001).

With the exception of the corner nodes (which be-
long only to a single element), the boundary nodes
are also adjusted, but then immediately reprojected
onto the accurate boundary. This smoothing proce-
dure tends to form equal sided elements.

Note that in forming technology a mesh repair
made only by means of adjustment [10] is rarely
sufficient, since mesh generation stems not only
from local deformations but also from changes in
the overall shape of the workpiece (e.g. rectangle in
forging).

While projecting the boundary nodes of the mesh
generated onto the old boundary, both inappropri-
ately large and completely invalid elements (with
negative area) may result. These mesh defects can,
however, likewise readily be eliminated using
shightly modified nodal adjustment [Eq. (1)] (see
Fig. 32):

« initially perform the iteration for internal nodes
(nonboundary nodes of the new mesh) only

R. Schneiders et al.

es  next
increment

no

Set Remeshing
parameters
Bound. simpl.
Mesh generation
Smoothing
Rezoning

S

Fig. 33. Automatic remeshing.

+ set the area of the degenerated elements at zero
[set A; = 0in (1) if element j is degenerated].

After a few iterations, the mesh lies within the
desired contour and can be completed by the usual
adjustment process [Eq. (1)] (see also Fig. 38).

3.5 Rezoning

Local data (nodal velocity, temperature, equivalent
strain) are transferred from the old to the new mesh
using the formula [Eq. (2)]

=

B

P
I
-

A
I

)

=z

»
I
-

where

D; = data of the new point j

D, = data of the old point k&

R,; = distance between the point j and the point £

N, = number of points in the old mesh in the vicin-
ity of the new point j

Before the FINEL computation run, the following
parameters must be specified by the user:

s quality testing: upper limits for maximum error,
error rate and standard error

» smoothing: convergence parameter &

* boundary simplification parameter &

» mesh generation: mean side length 4

Automatic remeshing is performed as shown in
Fig. 33.
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Fig. 34. Original and simplified boundary [2].

|

Fig. 35. Initial mesh [2].

If no valid mesh is generated, the parameters are
modified by the program according to the rules
mentioned above. If the geometry to be meshed is
too complex, the number of trials will exceed a
maximum value and the program will terminate
with an error code (e.g. the required number of
nodes exceeds the maximum value).

4 Examples

The following example shows a complete remeshing
process. The process runs without user interven-
tion. The original boundary is simplified using an &
value of 0.5 Fig. 34).

In the next step the initial mesh is generated (Fig.
335; observe that the left upper region could only be
filled using a line). After connecting the corners to
the polygon, the boundary region is meshed (Fig.
36). Note that meshing is done very well at the right
upper corner.

The generated mesh is projected to the original
boundary, smoothed, and adjusted (Figs. 37 and
38). The final mesh is shown in Fig. 39.

The next example shows the simulation of the die
forging of a shaft with flange (direct extrusion). The
3-D problem was reduced to 2-D by using axial sym-
metry. The pictures (Figs. 40—45) show the mesh on
the left half and the equivalent strain on the right
half. The whole process took about 32.000 CPU-
seconds on a FPS 264-minisupercomuter.
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Fig. 36. Meshing of the boundary region [2].
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Fig. 37. Reprojection [2].

Forging is done in three steps: first a cylindrical
preform is created. Then the block is deformed into
an intermediate form using the die shown in Fig. 40.
Figures 40-42 show examples of remeshed geome-
tries and the predicted equivalent strains. In the last
step the final shape is achieved using the die shown
in Fig. 43. In this phase remeshing is enforced very
often by the distorted quadrilaterals occurring in the
left upper region of the geometry. Figures 44 and 45
demonstrate the quality of the remeshing scheme.

5 Summary

The FEM system FINEL in connection with the
remeshing scheme presented here permits simula-
tion of large deformations without user inverven-
tion. The advantages of the remeshing scheme are:

» The mesh generator leads to good results if the
mean side length 4 of the mesh is lower than the
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Fig. 39. Final mesh {2].

length of the smallest polygon edge. This can be
achieved by boundary simplification.

« The meshes have interior elements of excellent
quality.

R. Schneiders et al.
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Fig. 40. Forging into intermediate form, I.

Fig. 41. Forging into intermediate form, II.

» Experience shows that remeshing yields good
results in forging simulations with even complex
geometries.

» Remeshing is very fast (the time consumed is less
than 1% of the total computing time).

The remeshing scheme does not allow local fine
adjustment. This is a topic of current research.
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Fig. 42. Forging into intermediate form, III.

L :

Fig. 43. Changing the die.
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