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ON THE BOUNDARY INTEGRAL EQUATIONS
FOR THE CRACK OPENING DISPLACEMENT OF FLAT CRACKS

Tuong HA-DUONG

The boundary integral equations for the crack opening displacement in acoustic and elastic
scattering problems are discussed in the case of flat cracks by means of the Fourier analysis
technique.The pseudo-differential nature of the hypersingular integral operators is shown and
their symbols explicited. It is then proved that the variational problems assocaited with these BIE
are well-posed in a Sobolev functional framework which is closely linked with the elastic
energy. A decomposition of the vector integral equation in the elastic case into scalar integral
equations is obtained as a by-product of the variational formulation.

0. INTRODUCTION

An effective method for crack detection in materials is the nondestructive testing by means of
ultrasound. It consists of deducing the presence and characteristics of cracks from the analysis of
the wave diffraction pattern. Mathematically, this inverse problem still remains one of the most
challenging applied problems. Studies of the direct problem of the elastic wave scattering by
cracks are then extensively pursued with the purpose of acquiring more useful information. For
the case of a penny-shaped crack, a fairly complete account of the state of the art in 1983 was
given by Martin & Wickham [22]. A very recent work is that of Budreck and Achenbach [6].
The main tool in these studies is the boundary integral equation (BIE) for the crack opening
displacement (COD). However, this BIE suffers from a double disavantage of being a first kind
Fredholm integral equation and of having a hyper-singular kernel. For this reason, almost all the
references in [22] focus on the techniques of transforming this BIE to a more tractable second
kind integral equation, or to a Neumann's seric problem. Some techniques of regularization are
recently investigated to calculate the hyper-singular integral. See e.g. [6], Bui er al.. [7], Hirose
& Niwa [17], Nishimura & Kobayashi [28].
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Another path was opened by Nedelec who showed the good functional properties of the first
kind BIE and how to deal with the hyper singular character of the kernel. His results for the
Laplace equation ([25], [26], [27]) were extended by others for the Helmholtz equation [16], the
biharmonic equation [13], the electromagnetic or elastic waves scattering problems [3], [2], ...
Numerical experimentations were performed, giving accurate and stable results in many
different situations including crack calculus [10], transient acoustic scattering problems [12] or
electromagnetic scattering by single or gratings of antennas {4], [5]...

On the other hand, Wendland and his co-workers have made important contributions to the
analysis of the discretizations of first kind integral equations, including scalar and vectorial
problems. See e.g.[11, [18], [29] and [30].

An important fact which should be stressed on is that although compactness prevents first kind
integral operators from being continuous and invertible from a Banach space into itself, there is
nothing to prevent them from being continuous and invertible form a Banach space to an other
one ! A key idea of Nedelec in proving that such is really the case for the integral operator
associated with the Laplace equation [27] is the use of a variational formulation for the integral
equation. For the Neumann's problems, the same idea proves particularly efficient in that it
permits moreover an elegant treatment of the hyper-singular kernel. See e.g. [25] and [16].
Naturally, the variational treatment cannot make the integral equations solvable when they are
not ! This is the case of the BIE in scattering problems, when the square of the frequency is an
eigen value of an interior problem.

This paper deals with the BIE in the scattering problems by a flat crack of arbitrary shape, for
arbitrary harmonic incident waves. Using a Fourier transform with respect to the variables of the
cracks plane, the pseudo-differential nature of the integral operators is shown, and theirs full
symbols explicited. From this, a coerciveness estimate (thus, more precise than a Garding
inequality) is obtained for the associated bilinear form, and this allows us to prove the solvability
of the equivalent variational problem. This is done first for scalar (or anti-plane) waves in part I,
where the essential ideas are discussed. In part II, the more complicated calculations for the
(vector) general elastic waves are presented, following the same path.

In [24] , the authors advocate for the definition of the hypersingular integrals by the Hadamard
finite part which 'do not involve the tangential derivatives' of the integrand functions.However,
this absence is, in our view, only apparent .The modem theory of pseudo-differential operators,
¢f. Chazarain & Piriou [8], clarifies this point by using the Fourier integral method. The
framework of Sobolev spaces appears natural in the context of this theory. This is also the point
of view adopted in this paper.
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I. THE SCALAR PROBLEM

1. Th ring problem i i B

If the incident wave impinging on the crack is an anti-plane shear wave, so is the scattered wave
and the whole problem is scalar, identical to the acoustic scattering problem in fluids. Thus, with
a convenient scaling of the measure units, and suppressing the harmonic factor ei®t, we have the

following problem
I A'u=(?+M)u=0 in Q=IRA\T (1.1
®) %%—-io)u:()(%) when r=1x1—>+ e 1.2
Jdu
l o f on I (1.3

where T is a bounded smooth domain of the plane { x3=0} and Q the surrounding elastic
medium. Actually, the crack is better represented by two coplanar (traction-free) surfaces that
are infinitesimally close : the upper (I';) and lower (I'.) faces of T".

The known function f is the opposite normal trace of the incident wave on I'. The radiation
condition (1.2) expresses the fact that the scattered wave is outgoing. Finally, ® is a given real,
positive frequency.

This problem is well studied. In particular, we know (see e.g. Colton & Kress {9]) that any
solution u of (1.1 - 1.2) (for brevity, such solution will be called an outgoing wave) can be
represented by the layer potentials on I" :

_ du d
wx) = LG(x,y) [ ﬁ(y) 1dy - LEG(x,y) [u(y)]dy 1.4
where
- Q’dx-yl
Gy 47 ix-yl 1.5

is the fundamental solution of A*, and [g] designates the jump of a function across I :
[g]= lim gG')- limghy)=g () -8+ ()
y—y y=y
(3<0) ¥'3>0)

Now, since the condition (1.3) implies that [g—ﬁ] = 0 for the solution of problem (P), this

solution is then completely determined by its COD ¢ = [u] :
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- _a_ jaix-yi
u(x) = J;any(i——4nb(_yi)tp(y)dy (xe Q) (1.6

We will see in section 2 a new proof for formula (1.6) in the particular case of a flat crack, using
the Fourier technique.

Taking the normal derivative of (1.6) and comparing this to (1.3), we obtain the classical BIE for
the COD of u :

Do(x) = f(x) (xe D 1.7
where
= o L_‘ eyt P09 (1.8)

However, since

02 (eimix—yl )= 0( 1
ony dny x-yl Ix-yl?
the operator D has an integral kernel which is hyper-singular, and must be defined carefully.

) when(x—ovy) ,

The following equivalent definition of D comes from the well-known properties of the double
layer potential, and for the above reason, is preferable to (1.8) :

D<P=§—,‘i on T 1.9

where u is an outgoing wave with the following jump condition across I":
’[ ul=u-u=9
du
| 15=0

we will designate by (Q) the problem (1.1, 1.2 and 1.10).
1t should be noted that, since u is analytic in €, the condition (1.10) is actually equivalent to :

(1.10)

[u](®=¢o(®

(1.11)
[g%](x)=0 forxe {x3=0}

where @ is the extension of @ by O on {x3 = ()}\1—".
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In the next section, using a partial Fourier transform with respect to the variables of the crack
plane, we will show that D has a simple expression in terms of the Fourier variables. It follows
from this expression two main consequences in our point of view :

First, it will be obvious that the right way to deal with the BIE (1.7) is the variational method ;
and secondly, we will be able to prove, with this method, the solvability of D for all ®. This is

the essential difference between our case here and the case when the BIE (1.7) is considered on a
closed surface I'.

2. The Fourier expression of D

We first prove a very simple "limiting absorption principle” for the solution of problem (Q).

Let us denote by X' = (x1 , x2) the spatial variable in the crack plane, and &' = (&, &2) its
Fourier dual variable. The radiation condition (1.2), joined to the analyticity of u in Q allows us

to consider the partial Fourier transform with respect to x' :

U (€',x3) = Fx u(x',x3)
for x3 # 0. From (1.1) i is then solution of the ordinary differential equation :

(18 P+ @) T(E , x3) +a¢x2;a(§' ,x3)=01in{x3>0} U{x3<0} Q.1
3

And the jump condition (1.11) is transformed into :

[lE,0=1(&,0)- 8, 0+)= g (&)
2.2

Ju

— (E,0=0

X €.0=0 |

The solution of problem (Q) (the uniqueness of which is as usual assured by the Rellich
theorem) is then given in terms of its Fourier transform in the following lemma :

LEMMA 1. For ¢y € HY2(R?), the solution u of problem (Q) is in H11,,Q) and is given
by :

R [~ %) exp (mZE ) forxs >0
u(g', x3)= l 2.3)

@0 (E) exp (- ixaZ(E' ) for x3 <0

BN =

where the symbol Z is:
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VR fEl<o
iVIER- @ fEI20

PROOF : a) Let € be a positive real and w¢ = @ + ie. Then, the solution of equation (2.1) that

ZEE, m= 2.9

does not blow up when Ix3l — + o0 is:

R .0)exp(ixaZd (x>0

~ ' )__
TG @, Doz (3<0)

2.5

where Zg is the square root of w? - I€' |2 with strictly positive imaginary part.
Imposing on {ic the same jump condition (2.2) as for i, we get :
A @@ epinz) (>0

Be(gx)={ ~ @.6)
L@ em(ixsZ)  (x3<0)

This is clearly an integrable function of x3, and its Fourier transform with respect to this
variable is obtained easily :

i&3 G0 (&) _i& G0 (§)
g- Wk

Ue (8, &) =

with £ = (&', &3).

By the following correspondence in Fourier transform in R3:

1 el x|

E2. @2 A4l @7
one gets :
0 ialx-yl
Ue(x)=j -—(E—=) @ (y) dy (2.9)
ly3=0} dys dnlx-yl

The integration is actually on I' because of the support of ¢p.

b) Suppose now Qo€ H1/2(R?), and let us prove that ug has a limit in the sense of Hljoc ()
when € — 0.

Since ug is analytic in Q, in particular for x € { x3 =0 }\T, it suffices to prove that ll ue ¢y is
bounded independently of €for V=Viq where Vig={x;x3€]0,xal},a>0 is

given. By (2.6) and the Parseval formula, one gets :
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odfipgn = f Go® ) (1+1E P +1Zg2) Log=22 i;azk:_ze_ d&
mz

Now, we can remark that :
@In {E1<®}, ImZ;— 0 when e — 0, but we can always overestimate the ratio

(1-e-2alImZe) by a,
2ImZe

i) In {|&]> 0}, ImZ VIER - a? .

So that, there is no difficulty to obtain the estimate :

02 nl-g20lmZ " i2\1/72
(A + €12 +1ZJ4%) 2 Tn 7, < C(o,®) (1+I1E19)

where the constant is independent of | €1, and of € in ] 0,1[. The boundness of Ilug Iy,
follows from this estimate.

¢) The lemma is totally proved from these part af and b/, and from : (i) The classical results on
elliptic equations ; (ii) The trace theorems in Hi,c (@) and Hi,, (@) (Q:=QNR i) .

Note that the correspondence (2.7) is valid for €= 0, so is the representation (2.8) in this case.
Thus, one gets again (1.6), by Fourier technique, as claimed in section 1 ¢

Remarks 1.

a) The result in Lemma 1 (essentially formula (2.3)) is not new, but may be it is worth setting
here, for convenient use later, and also for the simple limiting absorption argument in its proof.
Naturally, this simplicity is due to the geometry of our problem.

b) More importantly, il should be noted that, it is not sufficient to suppose that the COD ¢ isin

HYX(I) to obtain the validity of the lemma. The extension by 0 out of I is actually not
continuous from HY2(T") to HI/2(R2). We refer to the treatise of Lions Magenes [21] for all of
the results on Sobolev spaces used in this paper. In particular, we recall that the relevant fact
concemning the above question is that the subspace Hiﬂ (IR?), of the elements of H/2(R2) with

support in I', can be identified to the space
HiF (D= (9 HAD);p2ge L2(D)) 2.9
where p is a positive, regular function on I', equivalent to the distance of x to the boundary dI"

in a vicinity of this boundary. The space H}? (I is algebraically strictly included in HI/2(T),
and its topology defined by the norm
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Hligg(ry= { IFmy+ 1 p 2@ 150 py 172, 2.10)

is strictly finer than the topology induced by that of H!/2 (T").

A simple consequence of (2.9), which is worth noting, is that if @€ H(l){)z (I) is a continuous
function on I", than it must vanish on dI". Then (2.9) can be interpreted as the general "edge -
condition” to be imposed on ¢ when dealing with problem (Q) or BIE (1.7). The restricted edge
condition "¢ =0 on oI'" was prescribed by Jones in a work of 1956, solving the scattering
problem by a penny-shaped crack.

We can now precise the operator D in this functional framework :

THEOREM 1. The operator D defined by (1.8) is a continuous operator from H(%Z (I into
(HYZ (1)) , and can be expressed by :

Do=(RroToPr) @ @.11)

where Pr is the extension operator by 0 out of I', in R2 ;
Rr is the restriction operatoron I ;

and T is the pseudo-differential operator on R2 defined by :

WE)=- 1280 vE) @.12)

where the symbol Z is as in (2.4).

PROOF : From (1.9), Do is the restriction on I" of -g—)‘;(x' ,0), where u is the solution of

problem (Q). And from lemma 1,

€0 =-13E)ZE 0
where Qo =Pr ¢.
The conclusion follows, recalling that Rr is a continuous operator from
H12(R 2) onto Hg 2Dy
We note that (Hg,/2(D))' contains strictly H-1/2(T"), however , even if in the BIE (1.7), f is
given in H-1/2 ('), one cannot drop the edge-condition (2.9) for ¢. This should be kept in mind
when discretising (1.7).

3. The variational solution of the BIE (1.7
We present in this section the main result of the paper : that the BIE (1.7) is well-posed in an
appropriated functional framework, for all frequency . The key of it is the following
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THEOREM 2. The sesqui-linear form
b, y) : =< Do, y>1 3.D

defined by the duality brackets of H} (T'), can be written in Fourier variables as :

)= —d @) G ¥ di 3.2
. (R 2. Onp 2Z(&.(D)(Po(“i) 0(&)dg 3.2

and satisfies the following coerciveness estimate :

0.9 2 m oo  VoeHFD 3.3

In (3.2), @o=Pr ¢ as defined in th. 1. And in (3.3), we have adopted the equivalent norm in
H}2 () defined by :

Nolts o= L (A+1ER+ P2 igy 2 dE (3.4)
2
Finally, the constant C in (3.3) is independent of .

PROOF : a) To prove (3.2), we first remark that for ve (H(l){)z T)) and ye H(l)g T), then

<V, ¥>p = <V,Pry>R? (3.5

where ¥ is any extension of v in H-1/2(R2) and the brackets in the right-hand side of (3.5)

design duality between H-12(R2) and HY/2(R2). See e.g. [11]. Now, it suffices to apply this with

v=Dg ¢€ H(l;(;z (I). By th. 1, the extension of v can be chosen as TogPr ¢, so that :
<Dg@,y>r= <Tog, yo >,

and one gets (3.2) by the Parseval formula.

b) We proceed now to prove the estimate (3.4).

First, we note that since the support I" of ¢y is bounded, the following inequalities are obvious :

-~ "2 2 C 2 [ 2
190 (§) 1 < Cll o e, < T NgolZpe VE elR 3.6)

where ¢ depends onlyonT".

Next, let us decompose the integral J = Il ¢ ||%/2, o as follows :
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R: J{0<IEl<Ba) J({Bo<iti<o) Jo<El<an) JNIEI>aw)

=+ I+ 13+
where the reals o, B with B <1 <o will be chosen later.
The same decomposition will be applied to the integral

1=L 1ZHge E)PdE =T +L+ L+ 14

since Z is either a positive real, or a purely imaginary positive number, I is merely 8 2 Ivl.
We will compare Ji to Ii.

¢) Let us begin with Jz3and J4

Using (3.6) and the Cauchy-Schwarz inequality, one gets :

(@2 + D12 ' (€2 - @)1/2

{o<El<om}

2
Be—C gy, Lro? I8 g U (82 - P12 Gy (B
{o<El<on}

Now, using polar coordinates in the plane, one gets :

(o100
1+m2+|§|2d Con 1+ @+ 4
(|§|2 _ w2)1/2 (I'2 _ (02)1/2

{o< 8 < aw}

=2t Yo2-1 (512-3@3+% w*+ 1)
So that, with the choice
2
oYaZ-1=1,ie. a=@:,
w?

the following inequality is proved :

B<es(1+ o) 2ligdf, o1
On { ] > am } we have on the other hand :

1+ +1ER < @+Do?+1

E2- 2 o?(@?-1)

then

2 2 ~ ~
< (—1’;—"2”32;'—)1/2(1 + lool2+ 1E12)1 2igol2dE f (ER-0?) ! 2o 2dE
- - ay

(€1 > 0w} >0
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(a2 + Nw? + 1112
0)((17‘ _ 1)1/2
And the same choice of o as above yields the estimate

<l I 9oif2,0l4

Ji<ci(1+0D) 2 1gyily, oL
d) The same calculus can be applied to J1 and Jz, and the choice of
B:Y—E%’—l if 0>1 andB=0if @<1

(which means that in the last case, the integrals J; and 11 are evacuated) yields the same type of
estimates as for J3and J4 .

12 <o (1+ )2 ligoll?, Ik 3.7

Now,
4 4
lpollt /3 = J2= ( kZ1 J)2<4 ; 7,

and (3.3) follows from (3.7) and the definition of I ¢
The solvability of the BIE (1.7) is now an immediat corollary of th. 1 and 2 :

COROLLARY : For fe (H(l){)z (D)' . there exists an unique solution P& ( H(l){)z (D) of eq.
(1.7), which is also the unique solution of the variational problem

f Tofind ¢ € HZ(I) such that

12 3.8
\<D<p,\y>1—=<f,\|f>r V ye Hyg (D)

Remark 2
Theorem 2 and this corollary make clear a fundamental difference between the problems of

wave scattering by a bulky objet and by a crack. In the first case, the usual boundary integral
equations for the problem are all solvable except for a sequence of spurious frequencies w. Such
a frequency is the square root of an eigenvalue of an interior laplacian problem. Naturally, there
is no interior problem in the case of a crack. However, from this absence of the interior
problems, it was not clear that the quadratic form b(¢,@) must be coercive.

4. Some further remarks

We conclude this part I with two remarks, on the hyper-singularity of D and on the connexion of
the form b to the wave energy.

a) It was proved by Hamdi [16] , in the case of the BIE D¢ = f on a closed surface, following an
original idea of [25], that the form b (¢, W) can be written with only weakly singular integrals.
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In our case, this can be found again from the Fourier expression (3.2). For a convenient use in
part II, we set out here this stricking observation of Bamberger [2] . The beginning point is the

following correspondence of Fourier transform in R2

1, ga 4.1
A Z(E,w) 4arixi @D

Now, we can write
21 _ER
de=5iz (@ - 187
On the other hand,
IE2 Go(E) Wio (€) = (&2 P0) (&2 Wo) + (i&1 Qo) (i1 W)

=curl @g . curl yp

P 9
where cudd @p = (5% ) - —-(P—Q) is the rotational vector of a scalar function in R2.
X1

From these calculations, it follows that

b@.W) = J S (curl Qo). curl oly) - 6P poCWo(y)Mdxdy
Ry g2 !

=f Lr%(wlr @9, curl W(y) - @2QRIW(Y))dxdy “.2)

This is the formula of Hamdi, where the hyper-singularity of the kernel in operator D is now

transferred to the functions ¢ and y as derivatives.

With these all properties of the form b, the good way to discretize the BIE (1.7) is clear : in our
view, it should be done by a finite element method an I, with P; - elements null on the boundary
al", (to respect the edge-condition (2.9)). We refer to [26] for the analysis of these boundary -
finite element method.

b) Now, let us say some words on the energy question when dealing with the boundary integral
equation method. We start with the classical Green formula :

De(x)p(x)do(x) = |  (Vul?- lou?)dx - I g% udo 4.3)
{IxI=R}

Q
r R
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where u is the double layer potential (1.6), and Qg is 2 N { Ixl <R } with R sufficiently large.
We recall also that the radiation condition (1.2) is equivalent to the following behavior of the
scattered wave u at infinity :

wx) = ST Ao (8) (1+ 01y

3 4.4
u_ gior L
oo i0Ag(8)(1+0(1)
{r=Ixl 5+ and @ = %) . The function A, is usually called the far field pattern of u.
Reporting (4.4) in the last integral of (4.3), one gets :
Reb(,@) =lim__ I (VuR Jau?) dx
Qg
4.5

l -Imb(,¢) = @l Ag Iifzs,

Formula (4.5) links the imaginary part of the quadratic form b to the energy of u which is
radiated to the infinity. This was used in [15] to explain why, in the discretization of the
variational problem (3.8) (in the case of an obstacle of arbitrary shape), one can always solve the
finite dimensional linear equation by a Cholesky decomposition of the matrix.

On the other hand, the real part of b can be interpreted as the difference of the potential and the
kinetic energy of u. In our case, by (3.2) we have

Re b(9,¢) = %I VIER- w? igo (B)2 dE

{€l>w)}

-Im b (9,¢) =%I Va2 - 182 igp (E)? dE
(€l < @]

Thus, Re b(9,p) is also positive contrarily to the case of a closed surface I'. Actually, the

coerciveness of b is no longer true in this general case, because of the existence of spurious

frequencies.

We note also that the connexion between b (@, ¢) and the energy of u is more striking for the

time - dependent waves. Indeed, in this case, the causality of waves allows us to extend the
domain of the frequency variable to the half complex plan {Im®>0} , and then one can show that

the last integral in (4.3) tends to zero when R — + oo, such that

Re (D(p,in)(p):] (VuP+iouPR)dx @.6)
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and we have in the right hand side of (4.6) the usual energy of the acoustic wave v=ei%tu(x):

EW) = I (IVul2+1a2)dx = e2Ima I (Vul+lioudx .

1I - THE ELASTIC SCATTERING PROBLEM

5. The problem and jt i BIE
The geometric notations are that of part I.
The space IR? is now an isotropic, homogeneous elastic medium with the Lamé constants y and

u. And we want to solve the problem of the elastic scattering by the crack I'. With the
convention of summation for the repeated indices, the equations are :

G W+p@u=0inQ,1<i<3 (5.1)
ociz=o(u.n=g onl,1<i<3 (.2

where u is the displacement vector u = (uy, U, u3) and o(u) the strain tensor :

tﬁij = %(ui,j +u5)
5.3
loij = A &k Oij + 21 &

w > 0 is the pulsation of the incident wave u! and the vector function g in (5.2) is
- (o (ul). n), a known quantity-

We must add to the equations (5.1, 5.2) an outgoing radiation condition that fixes the decrease of
the scattered wave u at infinity :

W =0}

5.9
o{u). 1 - iTu= o(L) r=lx -+
r2
where T is the operator defined on the sphere of radius r by :
Tu=(A+ 24) ky (wn)n+ p ks (u- (u.n)n) (5.5)

(nznr=¥ ).

In (5.5), the pressure and shearing wave numbers kp k, are defined as usual :
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The existence and uniqueness of the solution of problem (5.1, 5.2, 5.4) can be found in the
Kupradze's book [20] . Here, as in the part I we are interested in the solution of the BIE for the
crack opening displacement of u.

From the divergence theorem and the condition (5.2), any scattered wave can be represented by

the well-known elastic double layer potential with the COD ¢ = [u] as density :

4W=- | Tkmamdoy (xeQ,1<i<3) 5.7

r

where the tensor ¥ is the stress Green tensor, which is related to the fundamental tensor G of
the displacement equation (5.1) by :

Xk =0 (G) (xy)
= (A 8k Sim + (it Sk + 8jm Sx1)) Gl 1 (x-y) (5.9

= A G} (xy) 8 + (Gl (x-y) + G ; (x-¥))

The fundamental tensor G is given in [20] :

G =1 ___exk.{xl)a

(5.9

4 1
pr 0x; axJ

2 (eik.m_eik,,lxl)
dnix )

There are no confusion between the index i and the symbol i =v-1 in (5.9).
Now, as in the case of the scalar waves, the surface traction on I” of the double layer potential
(5.7) is an hyper-singular integral of ¢. Let us denote by D¢ this integral :

D¢ = o(u)l-. n with u by (5.7) (5.10)
The scattering problem (5.1 - 5.2 - 5.4) is then equivalent to the vectorial BIE :

Do=g onT (5.11)
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As indicated in the introduction, our purpose is to prove the well-posedness of this BIE in a
convenient functional framework, using a variational approach. We follow the same steps as in
the scalar case, using the Fourier calculations of Bamberger [2].

6. The Fourier expression of the integral operator D
The following equivalent definition of D is obtained from the well-known properties of the
elastic double layer potential :

D¢ = o(u).nlp 6.1)
where u is solution of (5.1), (5.4) and the following jump conditionson I":
[o(uw.n]=0
6.2
=0 ©2

Let us denote again by (Q) the problem (5.1 - 5.4 - and 6.2).
By a partial Fourier transform with respect to x' = (x,, X,), we will obtain the solution of (Q) by

a limiting absorption argument, and then obtain the Fourier expression of D as in part L.
First, the transform of eq. (5.1) is :

P e
Aza—xg(E,X3)+1Alég+Aou—0 (6.3)

where &' = (§,, §,) is the dual variable of x' and

A=[0¢ 0 (6.4.)

00¢,
Ar=(c3-c)| 0 0, (6.4.1)
€16 0

Ao=(e?- RIEP)I-(F-HEE (6.4.ii)

in (6.4iii) and henceforth, except in some precised places, we will write & = (&1, &;, 0)T and
identify & with &',

Replacing ® by @ +ie (€ > 0) in (6.4.iii), the solution of (6.2) in the half-space {x; > 0}, that
does not explode when x; — + =, can be obtained by the plane waves method (see [2] ) :
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b L1 ZE & T e
RCx)=| & EZE & || B B 6.5
0 -|§|2 Zf, i eixd

where Ui are constant, and the symbols z z are defined by

102
(§)2= (© +2u-:) ) |§|2
Cs

(z5p -2 2P

ImZt>0 , ImZ{>0

whene — 0, their limits are

J Vil on {H<xs

T2 on lH2ke) 0
W on fd<x,)

PN E on (i) 7

Denote by ME the matrix in (6.5), the boundary value of G, is then 0: (€,0,) = M® T, and we can
write (6.5) as :

exzi 0 0
Ge(Ex3)=Me.| o exzt 0 |[(MO)TT(E0,)

0 0 eixzp
After some calculations, one gets :
ﬁE(ésx:;): Ee(g’x3)ﬁ€(§70+) (6 8)
with
Ee (E,x3) = e§ I+ —L— (e - e8) &5.(eB)T 6.9
Pe(t) '

where
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Ie§= ex% o=8§,P
= (81, 80, Z8) a=S,P (6.10)
lPs<§>=Z§zs+|§F

we can now prove the following "limiting absorption principle” :

LEMMA 2. If (. ,0,)=u, e (HY2(R2))® the solution u, of (6.8)is in (H!(R3)), and

tends in the sense of (HIQC(IR )) when € — 0, to the function u which satisfies (5.1 ,54) in
IR? = {x3 >0} and the boundary condition u(.,0,)=u,
In Fourier variables with respect 1o (x}, X,), u is given by

(&, x3) = E(&,x3) W) (x3>0) (6.11)

where E isasin (6.9) with € null and dropped.

PROOF : To simplify the notations, we will drop the € in all the below calculations. To avoid
confusion, if suffices to remember that @ has now a positive imaginary part.
Consider the following orthonormal basis of € 3 :

dy :{é(- §2.61 O)T

S

=— 1 ¢
(\éiz +|Zp|2)1/2 " [l

W €17 &2 Zp.-[EPY

Let U = fj d; be the decomposition of G, in this basis. From (6.7) and (6.8), one gets :

TEx)[ <lfi|e2mmr|f e2nin 4|fR e2ming,

+ If |2 |_2Ep__.Zs_|2.l__ ‘elxslp ch;ZF (6.12)
+ 7, 74

An analogous inequality can be easily derived for

u
E‘ , and the lemma follows by similar
calculations as in lemma 1. The only different term is the last term in (6.12). After integration for
X4, from O to x > O this can be handled with by an asymptotic development when ‘&‘ — +oo,

The formula (6.11) is clear ¢
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We can now come back to the case of real (positive) ®. In the same manner as in th. 1, we have
the following expression of D :

THEOREM 3. The operator D defined by (6.1) can be written as :
Do=(Rr=T-Pp ¢ (6.13)

where R and P are defined in th.1, and T the pseudo-differential operator of order I on IR2
defined by :

TV (&) =T(&) W&) 6.14)
[ Pr®) GPo® Po(®) 1
Z  Z €182 Z 0
__u P& PR E1Pc(B) 615
Werm| YRz Tz oz ° @B
PRr(£)
0 0
L Z i
where
P®) =l -322+42 7, (6.16)
rr®= (- 2f + 4l 2. 7, 6.1

In particular, D is a continuous operator from (H(l,{)z (l"))3 into ( W@y )3

PROOF : From (6.1) one gets after some easy but rather lengthy calculations :

& (&)= G n(E, 0,) =H* (&) &, () 6.18)
where
" K2+ (Z-Z) -8 Ea(Ze-Zy) & (K- 2Z(Zs- Zp))
H+(§>=P—(5 818 (Z-Zy, kP Ei(Z-Zp) & (KE-2Z(Z - Zp) (6.19)

-&1 (k- 2Z(Zs - Zp)) - &2 (k- 2Z4(Z5 - 7)) Z k?

Similar formulas can be obtained for x; <0 and the traces on {x;=0.).Then, (6.13) results
from the boundary conditions (6.2).
All these calculus are in Bamberger's work [2]. The reason of (6.13) is as in th.1.
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Now, there are no more difficulty to check that each term in the matrix T is a symbol of order 1
in & , regular for 1&| >k, ¢

Remarks 3,
a) It can be verified that

Pr(§) ks
PE)

where Pg, given in (6.17), is the Rayleigh function, which involves in the research of surface in

det (H*) = (in)*

the half-space { x4 > 0 } with the free surface boundary condition ¢ .n = Q. The formula (6.18)

gives then another way to obtain the Rayleigh waves.
b) On the other hand,

_ (P PRE)
det T( E) = (T) M

Thus, we find again that if |§|= kp= % where cy is the Rayleigh wave velocity, the matrix

T(§) becomes singular. This expected result, however, is not contradictory to the coerciveness

of operator D in (H(l){)z (I'))3 , because a function of this space cannot be a Dirac distribution on

el=a).

¢/ The pseudo-differential character of the integral operator presented here is not new (see [8] for
a general presentation of the theory). In the literature on integral equations, Wendland others
used to prove Garding inequality for some first kind integral operators with this method. See the
raferences of [30]. Stephan did the same in a crack problem of static elasticity in [29]. The main
difference between our theorems 1 and 3 with the classical results is that we have in formulas
(2.11) and (6.13) the full symbols (not only the principal ones) of the interested operators. Of
course, this is due to the geometry of our problem. Meister and Speck in a similar context (a
half- plan crack problem, {24]) used also this full symbol T(E) for a Wiener-Hopf solution of the
problem.

1. The variation lution of the BIE (5.11
Like the theorem 2 in the scalar case, we have the following :

THEOREM 4. The sesqui-linear form
o,y = <D, y>r (7.1

can be written in Fourier variables as
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oy = —L I (T % ®, Yo ®)dt .2
(27(:) R?

where ( , ) designates the scalar product in C3 . The following coerciveness estimate is satisfied
for all g e (H},{,Z(r)f :

[, 2 Cligifiggryy .3
where the constant C is dependent of @ .
PROQOEF : The equality (7.2) results from (6.13) in the same manner as it was shown for ((3.2) in

th.2.
Now, let us write the matrix T(E) as :

)=

2 0 \
- PR@)(%gpg)_ Pe(®) ;12 i:;z .
2\Z 2 Z |
% 00% 0 0 o ’

From this, it is immediat that the following orthonormal basis of C3 is actually composed of
eigenvectors of T :

-&2 &1 0
V1=I-él- 3 V2=|—};lL & V3=lé(0) 7.9
0 0 !
[
More precisely, designing by v the constant |~ k_2 , we have :
‘ &=V Z (E)v
TE) vz = v (PR () v2 (1.5

‘ TE) v3=Vv(Pr(§)/z(8)) v3

Then, if ’q;o = ﬁi v; is the decomposition of ’(;\)0 on the basis (v;) , and according to (6.5), (6.6),
(6.17), we can decompose b(@,®) into the following parts :

o,@)=vI;+Ix+il3+ilg+ils)

with
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L = { kA2 -[Ef [l + A/%In 2&)f + %Fw@ﬁ ds
Jig=v) &
‘ ., [er-ef AT

L= g [ef @+ |n ©f +4|ef Vi2- | [l ®f et
J{kp<|§|sk.} ll

-
B ‘ ) PN (2‘5’[2'1(3)2'\ 2
I3—J{ ; )l4|§| ‘é‘ - k3 l'ﬂz@)l '—;/—laT—k;ha,@)‘ d§
kp <|E| <k,

,
L= @ |ef -k [uef - 28 | (O -2 |ﬁ3(§)|2\d§

{kk.tSkR) ' ‘ ' |§|2'k% ’

and finally, L is the integral on <,§l > kR} of the same (real) function as in 1. The distinction

L .-

between these two last integrals is that on {I§| >kp= —C(%} the Rayleigh function is negative, so

that the integral function in I is sum of three positive functions. Actually, we recall (cf.[1]),
that Py, can be factorised by

Pr(&)= (|8 - k&) Qe () )

where Qp is a €~ function of |§| , which satisfies the following estimates :

IO< me <|Qr (€D € m* < + oo
(1.7

lQR(IEJ):'Z—)‘iu—ksZ(I‘*‘O(%)) (1] =+ o)
A+2p €|

From this, and from (6.17), it is clear that Qp, is real, non null in{l?’;l > K }
Now, the difference with the scalar case is that the integrals 1, and I, contribute to Im B with non

definite signs, and then prevent us from obtaining a direct lower bound of Ibl. So, we proceed to
prove (7.3) with a contradiction argument.
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Suppose that (7.3) is not true. Then there exists a sequence (¢™) in (H(l,{)Z(F )]3 such that

2
"N ap P!

(7.8

bn=b(¢", ¢ 30 m—o+e

From the real part of b_, it follows that
].im Iln = lim Ilzn = 0

m—yoe m->eo

On the other hand, by the orthogonality of (v;), we have
™ &l=o &l (ve =0,

such that (3.6) is satisfied by ﬁ (€) and consequently

MM L) <iegy? = Bm 10 ¢ L20e) <k = O (7.9)

m—ee

Now, HYf?(ID is imbedded compactly into L2(T") , we can choose from (¢™) a subsequence ,
also denoted by (¢™), which converges to (’q\x)) in LXT'). Then (7.8) implies that 'q;o (&)=0 for

almost all € in {l F,l < ks}. But as the Fourier transform of a function of compact support, 60 is an

analytic function of &. It is then identically null. It follows immediatly that the subsequences
(I7) and (I7) tend also to zero, and the same is true for (I5") .
Applying to these integrals the same calculations as in the proof of theorem 2, we get finally

lim I a+eR2 i Era=0
{|§|>kx]

m—eo

and the contradiction with the assumption (7.8) is obtained.
The theorem is proved ¢

COROLLARY :Forall ge [ H”2 )] , the vectorial BIE (5.11) has an unique solution
Qe [( ” 2 (F))] which is also unique solution of the variational problem :

Kow=<gv> VyelHZDOF (7.10)
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We conclude now this section with some remarks about the variational problem (7.1). First,
repeating the arguments of section 4, it is easy to show that the bilinear form b(g, y) can be

written with integrals of only weakly singular kernels.
Moreover, it is clear from the expression of T(E) that problem (7.1) is actually decoupled into

two smaller and independent variational problems, with respectively the tangential and normal
parts of ¢ as unknowns. Remarkably enough, the problem for the tangential part ¢' = (¢, , ¢2)
turns out to be itself decoupled into two independant problems with the unknowns m;,My which

~

Fourier transforms are the components of ¢’ on the basis (v{, v7).

Indeed, from the above discussions, it is easy to verify that nl,ﬁg are resp. solution of the

following variational equations:

L Zsﬁ;\/lﬁd&L hwd Yy (7.11)
2 2

and

I %‘;ﬁ;\l’f\zd&{\ nwd Yy (7.12)
R2 2

where Y] and 7y are functions of the data g, defined by

Ayi=curlg onT
Y1=0 onol (7.13)
and
‘ Ay,=divg onT
| m=0 on T (7.14)

with g'=(g1,82)-
Once the problems (7.11-7.14) solved, we recover @, ¢7 by

¢ = curlny
¢ = divry’ (7.15)

Finally, we would like to point out that our Fourier method is clearly applicable to the two-
dimensional scattering problem by a rectilinear crack.
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CONCLUSIONS

We have shown in this paper that the natural BIE for the COD of a flat crack of arbitrary shape
is actually well-posed in suitable functional spaces. Moreover, a variational treatment of the
involved BIE, not only permits to prove this result but also reveals to be an efficient method to
circumvent the hyper-singularity of its kernel.

REFERENCES

1 ACHENBACH J.D.: Wave Propagation in Elastic Solids.
North Holland, Amsterdam.(1975).

[2] BAMBERGER A.: Approximation de la diffraction d'ondes Elastiques (I).
in: Nonliner Partial Differential Equations and their Applications; (eds: H. Brezis
and J .L.Lions), Pitman, London 1984, 48-95.

[3] BENDALI A.: Numerical Analysis of the Exterior Boundary Value problem for the
Time Harmonic Maxwell Equations by a Boundary Finite Element Method.
Math. of Comp. v.43 (1984), p. 29-46 & 47-68.

[4] BENDALI A., DEVYS C.: Calcul numérique du rayonnement électromagnétiques.
Onde Electrique, v.66 (1986), n°l, p.77-81.

[5] BENJELLOUN-TOUIMI Z.: Diffraction par un réseau 1-périodique dans R3.
These, Université Paris VI, (1988).

[6] BUDRECK D.E., ACHENBACH 1.D,: Scattering from Three-Dimensional Planar
Cracks by the Boundary Integral Equation Method.
Journ. Appl. Mech. ,v.55 (1988), p.405412

(7] BUI H.D., LORET B., BONNET M., Régularisation des équations intégrales de
l'élastodynamique et de I'élastostatique.
CRAS Paris, sérieIl, t. 300 (1985).

[8] CHAZARAIN J., PIRIOU A., Introduction 2 la théorie des équations aux Dérivées
Partielles.
Gauthiers Villars, Paris (1981).
91 COLTON D., KRESS R., Integral Equation Method in Scattering Theory
John Wiley, N.Y. (1983).
[10] CORTEY-DUMONT P.: These Docteur &s Sciences, Université PARIS VI, (1985).
[11] COSTABEL M., STEPHAN E.P. : A Boundary Element Method for 3-d crack

Problems. (Invited Lecture at the 4th International Symposium on Numerical
Methods in Engineering, Atlanta, Georgia 1986).

[12] DING Y., FORESTIER A., HA DUONG T., A Galerkin Scheme for the Time
Domain Integral Equation of Acoustic Scattering from a Hard Surface.
Journ. Acoust. Soc. Am., v. 86 (4) (1989), p.1566-1572.



452

[13]
(14]

{15]
[16]

[17]

(18]

(19]

(20]

(21]

(22]

[23]

[24]

(251

[26]

{271

Ha-Duong

GIRQIRE J. : These Docteur &s Sciences, Université PARIS VI, (1987).

HA DUONG T.: On the Transient Acoustic Scattering by a Flat Object.
Japan J. of Appl. Math (to appear).(1990).

HA DUONG T.: These Docteur &s Sciences, Université Paris VI, (1987).

HAMDI M.: Une Formulation variationnelle par Equations Intégrales pour la
Résolution de I'Equation de Helmholtz avec des Conditions aux limites mixtes.
CRAS, série II, T 292 (1981), p. 17-20.

HIROSE S., NIWA Y.: Scattering of Elastic waves by a Three-Dimensional Crack.
Proc. of the VIII Conference on BEM, Tokyo, Springer Verlag (1986).

HSIAO G.C., KOPP P., WENDLAND W.L.:Some Applications of a Galerkin
Collocation Method for Boundary Integral Equations of the First Kind.
Preprint n° 768 ( 1983) Fach. Mathematik, Technische Hochschule Darmstadt.

JONES D.S.: A New Methaod for Calculating Scattering with Particular
Referenence to the Circular Disc.
C.PAM.,v.9(1956), p.713-746.

KUPRADZE S. et al.: Three Dimensional Problems of the Mathematical Theory of
Elasticity and Thermoelacticity.
North Holland, Amsterdam (1979).

LIONS J.L., MAGENES E.: Non Homogeneous Boundary Value Problems and
Applications.
Springer Verlag, Berlin (1972).

MARTIN P.A., WICKHAM G.R.: Diffraction of Elastic Waves by a Penny-shaped
Crack; Analytical and Numerical Results.
Proc. R. Soc. London A. 390 (1983), p .91-129.

MARTIN P.A., RIZZO F.J.: On Boundary Integral Equations for Crack Problems.
Proc. R. Soc. London A. 421 (1989), p. 341-355

MEISTER E., SPECK F.O.: The Explicit Solution of Elastodynamical Diffraction
Problems by Symbol Factorization.
Zeitschrift. fur Analysis und ihre Anwendungen, Bd 8 (1989), p.307-328.

NEDELEC J.C.: Résolution par Potentiel de Double Couche du Probleme de
Neumann extérieur.
CRAS, T 286 (1978), serie A, p. 103-106.

NEDELEC J.C.: Curved Finite Element Method for the Solution of Integral

Singular Equations on Surfaces in R>.
Comp. Meth. Appl. Mech. Eng. 8 (1976), p.61-80.

NEDELEC J.C., PLANCHARD I.: Une méthode variationnelle d'éléments finis pour
1a résolution numérique d'un probleéme extérieur dans R3.
RAIRO, série rouge, v. 7 {1973), p.105-129.



Ha-Duong 453

[28] NISHIMURA N., KOBAYASHI S. A. : Regularised Boundary Integral Method for
Elastodynamic Crack Problem.
Computational Mechanics v.4 (1989), p.319-328.

[29] STEPHAN E.P.: A Boundary Integral Equation Method for 3-d Crack Problems in
Elasticity.
Math. Meth. in the Appl. Sci. v.8 (1986), p. 609-623.

[30] STEPHAN E.P., WENDLAND W._L.: An augmented Galerkin Procedure for the
Boundary Integral Method applied to Two-dimensional Screen and Crack

Problems.
Applicable Analysis 18 (1986), p.183-219.

CMAP, Ecole Polytechnique
F- 91128 Palaiseau Cedex

MSC 1991: 45A05, 45F15, 73D25

Submitted: December 9, 1990



