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BOUNDARY INTEGRAL EQUATIONS FOR SCREEN PROBLEMS IN Eg

Ernst P. Stephan

Here we present a new solution procedure for Helmholtz
and Laplacian Neumann screen or Dirichlet screen problems in il
via boundary integral eguations of the first kind having as
unknown the jump of the field or of its normal derivative,
respectively, across the screen S. Under the assumption of
local finite energy we show the equivalence of the integral
equations and the original boundary value problems. Via the
Wiener-Hopf method in the halfspace, localization and the calcu-
lus of pseudodifferential operators we derive existence, unique-
ness and regularity results for the solution of our boundary
integral equations together with its explicit behavior near the
edge of the screen. We give Galerkin schemes based on our inte-
gral equations on S and obtain high convergence rates by using
special singular elements besides regular splines as test and
trial functions.

1. INTRODUCTION
This paper presents a solution procedure for both the

Dirichlet and the Neumann screen problems for the scalar

Helmholtz equation (with small wave number k) via boundary
integral equations on the screen surface S. The problems under

consideration are the following ones. For given g or h on S

find u ig_ﬂs H IR3\§ satisfying

(4 +k%)u = 0 in O (1.1)

u=gon S (Dirichlet) or
Ju (1.2)

= = h on S (Neumann) and

n on heumann) and

2 _iku=o(r™) for k # 0 or u=0(r"") for k = 0

(1.3)

as r := |x| > =.

Such prcblems appear in scattering of acoustic fields u by
obstacles of different hardness (see [8]): The Dirichlet
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condition represents a soft screen whereas the Neumann condi-
tion represents a hard screen. For k = 0 the above Dirichlet
problem describes the electrostatic field u of an electrified
screen and one looks for the charge density (see [1]).

We make the general assumption:

S is a bounded, simply connected, orientable
smooth, open surface in IR3 with a smooth (1.4)
boundary curve 7y which does not intersect

itself (see Fig. 1).

Our solution procedure is to derive boundary integral equations
of the first kind on S for the jump of the normal derivative
[%%] across the screen S in the Dirichlet case and for the jump
of the field [u] across S in the Neumann case, respectively.

In Section 2 we reduce the Dirichlet problem by use of Green's

formula to the weakly singular boundary integral equation

ik {x=-vy|
V28] (x) = 5 s 8

Similarly, the Neumann screen problem is reduced to the hyper-

Ju _
A [5n) (¥)ds, = 29(x), x ¢S (1.5)

singular boundary integral equation

2 ik (|x-yl
1 d e
D.[ul (x) := =— [
s 2m S anx'any Ix -yl

[u](y)dSy = -2h(x), (1-6)
X € S
Both integral equations (1.5), (1.6) have been already sug-
gested by physical arguments in [8]. Although the integral
operators in (1.5), (1.6) possess quite different properties in
the classical theory of integral equations, they both belong to
the larger class of pseudodifferential operators. The solva-—
bility of the equations (1.5) and (1.6) hinges on the fact that
Vg and DS are strongly elliptic, that is they satisfy a G&rding
inequality in suitable Sobolev spaces (Lemma 2.8). Therefore,
VS’DS are Fredholm operators of index zero and, thus, the
injectivity of the operators implies their bijectivity. Since
the integral eguation (1.5) is equivalent to the Dirichlet prob-
lem (1.1)-(1.3) and the integral equation (1.6) to the cor-
responding Neumann problem, respectively, our integral equa-
tions have no eigensolutions for Im k > 0. Following [16] the

analysis of the integral equations using the calculus of



238 Stephan

pseudodifferential operators and Wiener-Hopf technique provides
the explicit edge behavior of the unknown densities [%%] and
{u] (Theorem 2.9). 1In case of the Dirichlet problem we obtain
that the jump in the normal derivative of the acoustic field

1/2

denotes the Euclidean distance to the edge y of the screen S.

behaves near the edge like o even for C data where p

This is in agreement with the "edge condition" in physics (see
[8]). Therefore, in general, the solution of (1.5) is not
continuous for continuous data g contrary to Hayashi's claim
[5]1, [6]. Both integral equations (1.5) and (1.6) are derived
under the only assumption that the acoustic field u in (1.1)-
(1.3) has local finite energy, i.e., u ¢ Hioc near S —- which
is the physically relevant property. For the Neumann problem
we obtain the explicit edge behavior for the solution of (1.86)
which improves the results by Durand [3].

The knowledge of the explicit edge behavior of the
solutions of (1.5) and (1.6) is important for an effective
numerical scheme (based on our integral equations) in order to
diminish the pollution effect caused by the edge singularity.
Solving (1.5), (1.6) approximately with regular splines we
obtain only low convergence rates in the energy norm for the
boundary element Galerkin solutions (Theorem 3.1). This is in
accordance to the standard variational finite element method
for (1.1}-(1.3) in the domain. In order to improve the conver-
gence rate we incorporate in the Galerkin scheme as test and
trial functions special singular elements which simulate the
edge behavior of the exact solutions of the integral equations.
With this augmentation method we obtain higher convergence
rates (Theorem 3.2) as in the two-dimensional case [19].

2. BOUNDARY INTEGRAL EQUATIONS

Before we derive the integral equations (1.5) and
(1.6) we reformulate the original screen problems: Let

g ¢ Hl/2<s) (h ¢ H-l/2(5)> be given, we look for u ¢ L. satis-

5
fying the Dirichlet (Neumann) boundary condition in (1.2) where
_ 1 T N N R
Lg = {u ¢ Hloc(ﬂs). (A+k“)u = 0 in QS' u satisfies (1.3)} (2.1)
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For completeness, let us introduce the Sobolev spaces HS(Q),
HS(r), and HS(S), s ¢ R, where Q is a bounded domain with a
smooth boundary T and a smooth boundary piece S < I'. We recall
from [9], [11] the function spaces used which are incorporated

with their natural norms:

#%(0) = {ul: uc B(R)} (s ¢ R)
{u]F: u e HS+%(IR3) (s > 0)
HS(I) = { L2(T) (s = 0)
H-S(F))' (dual space) (s < 0)
B%(8) = {ulg: w e BHS(M} (s 20
HS(s) = {u ¢« BS(I'): supp u < 8}, ES(8) = #(r)/ES(r\§)

As in the two-dimensional case (see [19]) we prove
uniqueness of the screen Dirichlet and the screen Neumann prob-
lem (1.1)-(1.3) for Im k = 0 by transforming them into appro-
priate transmission problems.

LEMMA 2.1. Ffox Im k 2 0 the homogeneous screen
Dindichlet (Neumann) problem has at most the trivial solution
in Lg-

For the proof and further investigation we extend S
to an arbitrary smooth, simply connected, closed, orientable

manifold (surface) BGl enclosing a bounded domain Gl with boun-

dary aGl (see Fig. 1). Let ?%—denote the exterior normal deri-
vative to aGl. Let [v] denote the jump v_ - v, where the sub-
script + (-~) means the limit from ZR3\§l (from G;) to 3G, .

Furthermore, let B denote a sufficiently large ball with radius
R including él and let G2 =B n ( RS\él) and 9B denote the
boundary of B.

Fig. 1.
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PROOF. Let us consider first the homogeneous
Dirichlet problem; thus u e« Lg with uIS = g = 0. Then

u e Hl(Gl) u Hl (IR3\§l) solves the following transmission

loc
problem:
_ . . 2 _ .
u = uy in Gl with Aul + k u; = 0 in Gl
_ . 3. = . 2 _ . 3. =
u = u, in R \Gl with Au2 + k u, = 0 in IR \Gl
satisfying (1.3) and
Bul 8u2 _
u; = u, on BGl and a5 - 3 on BGl\S. (2.2)
Application of the Green's formula in Gl and G2 then yields

with the transmission conditions in (2.2) by eliminating the
integral over S

Ju

;=2 ads = k2 I u [2dx - x2 /u |2dx
. oon 2 1 2
3B Gl G2
(2.3)
2 2
+ [ |vu, |[®ax + S |vu,|%ax
G 1 G 2
1 2
Note that (2.3) holds with the traces of uj since for u ¢ LS we

also have Auj € L2(Gj), j=1,2. For Imk > 0 or Xk = 0, the
left hand side in (2.3) tends to zero for R » «. Hence, both
imaginary and real parts of the right hand side in (2.3) vanish
which implies Uy = 0 and u, = 0. For Imk =0, k > 0, we use
the radiation condition (1.3) and then take the imaginary part

of (2.3) obtaining
k J |u2|2ds + o(l) = 0.
9B

This gives with Rellich's theorem [23, Theorem 4.2] u 0 and

with (2.2) also Uy = 0.

The unigueness for the Neumann screen problem follows

2 =

by the same arguments i1f one considers (2.2) with the new
transmission conditions
Bul du _
a = Thp on BGl and u; = u, on BGl\S. O
For the boundary integral equations on S we shall
need some properties of the traces of the solution u ¢ LS of

(1.1)-(1.3). As in the two-dimensional case (see [19]) we
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obtain for the screen Dirichlet (Neumann) problem the fol-
lowing result on the jump of the normal derivative (of the
trace) of the weak solution.

LEMIA 2.2. Let u ¢ HI__(qg)
the screen problem (1.1)-(1.3). Then for the Dindichlet problem
we have

be a weak solution of

ou ~=1/2 — 1/2 '
[§H]IS e H (s) = (H (S)) (2.4)
and for the Neumann problem we have
[ul|g « B%(s). (2.5)
PROOF. Since (A+k%)u = 0 in fg and B ¢ Qg = ®3\§
from Green's formula
S veAudx + [ UveUudx = (-1)J <v,§§> ) (5 = 1,2)
G, o, 1? (2G,)

-1/2

we have v ¢ Hl/z(an) and %% e H (BGj) by duality. Here we

can take v with supp v c<c B such that the integral along 3B
vanishes.

1/2

Hence the jump (24, belongs to H (3G
1 on 1

tion u e« Hloc(QS)’ therefore away from S the relation

). By assump-

(A+k2)u = (0 implies u « Hioc(QS)’ and repeating this argument
implies even u « c” away from S. Thus [%%I = 0 on BGl\§.
This together with [g%] € H—l/z(s) yields (2.4) because

5
-1/2, RS S AN CIR

§-1/2(S) = {w ¢ H 3G supp w ¢ 3} = C:(S

1)
The assertion (2.5) follows by similar arguments with

o N ,

828y = cosyf (36 0
The above properties of the Cauchy data enable us to

derive boundary integral equations to solve (1.1)-(1.3) even

for weak solutions u ¢ LS.

Before we give our solution procedure let us briefly
recall the idea of layer potentials by introducing the funda-
mental solution ¢ of (A+k2)u = 0 in Gj {(see Fig. 1}.

“m for k =0

¢(z,2) eik,Z"Cl

(2.6)

:m fOI‘k#O
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DEFINITION 2.3. Let u e C (I), I a bounded closed

Cm—surface. Then

Vv, u(z) := =2 [ ¢(z,z)u{g)ds
G. T S
3 (z « Gj) (2.7)
0
K, u(z) := -2 J u(g) = ¢(z,z)ds
Gj T ang c

The same definition of the potential of the simple and the
double layer is valid for arbitrary distributions u on I' since
for z ¢ T the above kernels are C functions on I.

These potentials give the following representation
formula for the solution of (A+k2)u = 0 in G..

LEMMA 2.4. Fox u e He (65) (3 = 1,2) with Cauchy

Ju loc
ou Lok
= an and for z e Gj we have

ulz) = (-1)7 T (R, viz) - Vg 4(2)) (2.8)
] 3

PROOF. This representation formula is well-known for
smooth boundaries 3G, and smooth layers v and y. Since the
operators in (2.7) have c” kernels, formula (2.8) remains valid
for the Cauchy data of u e Hioc(Gj), j = 1,2 (compare Fig. 1).0

Next, we give a representation of the weak solution
of (1.1)~-(1.3) via the operator of the single layer potential
for the Dirichlet problem and via the operator of the normal
derivative of the double layer potential in case of the
Neumann problem.

Let us first consider the Dirichlet problem and pro-

ceed as in [18]. Using Green's formula we shall end up with an
integral equation of the first kind for the jump of the normal
derivative of the solution (1.1)-(1.3) on the open surface
piece S. When we use the geometrical situation of Fig. 1
application of the representation formula (2.8) yields for

X e G

1
1 au
u(x) = - 5 (K, u(x) -V 7= (x}).,
2 Gl Gl In (2.9)
1 au
0 = -~ 5 (KG u(x) - VG n (x)),
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where KG , VG , J = 1,2, are defined according to (2.7).
b3 1/2 ju -1/2 .
Note that u‘aG' e H (3G.) and ga-an H (acj), j=1,2.

Hence addition of (2.9) yields with the outer boundary

9B = {y ¢ IR3: yv| = R} and the fundamental solution ¢ in (2.6)
wx) = uly) g eGyas, - 1 Fmetxyds,
ly[=R y ly|=r
au
. Ju _ .
since [SH] an\S = 0 according to Lemma 2.2.

For x - S the trace theorem yields together with the

boundary condition ulg = g the relation

3 3
g(x) = [ {uly) 5i- o0y) - @ elxy)lds,
|y |=R ¥ (2.10)
du,, -
- é [gﬁl(y) ¢(x,y)dsy.
Since the radiation condition (1.3) holds for u and ¢, the
integral in (2.10) over |y| = R vanishes as R + = and therefore
(2.10) becomes for x € S
- _5 [ou
g(x) = é [Bn](y) ¢(X,Y)d5y (2.11)
Now, let [%%] € ﬁ—l/z(s) (compare Lemma 2.2) be a solution of
(2.11). Then the potential of the single layer
_ Ju
u(x) = —é 5 1(y) ¢(x,y)dSy (2.12)

1/2(8). The

is well defined for every x ¢ S since ¢(x,y) ¢ H
same holds for any derivative (52)2(5%)m¢(x,y)ls. Now the
single layer potential V in (2.12) is a ydo of order -3/2 as a
mapping from functions on the boundary 3G, into functions on
the bounded domain G
“1/2 1 1,02 1
Thus for y¢* ¢ H (SGl) we have Vy* ¢ H (Gl) u H
= au
o — * = J-=
U] 0 on BGl\S and ¥ {Sn] on S.

For x ¢ S we can interchange differentiation and inte-

1
and on its complement G, = IR3\C_;l [4, §8].

loc(G2) where

gration in (2.12) obtaining

(A+k%)u = 0 in Q. = TR-\S.

For |x| = R the potential (2.12) is C* and satisfies the
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radiation condition (1.3). Hence the potential u in (2.12)
belongs to H (Q ).
The above results we sum up as follows:
THEOREM 2.5. u ¢ Hioc(ﬂs) L4 the solution of the
soneen vinichket pnobﬂem (L.1)-(1.3) 44 and onkly L4 Lhe jump
Ju l/2
[——]}S

gral equai&on

L8 Zthe solution of the weakly singular Linte-
Vo220 s= =2 £ 1221 (w) ¢ (x,v)dS, = 29 (x) (2.13)
S y

forn x e S with ¢ as in (2.6) and given g ¢ Hl/z(s).

Next we consider the screen Neumann problem. Taking

in (2.9) the normal derivative we obtain for x ¢ G

1
ou d 3 Ju 3
= (x) = [ Auy) 50— 50— ¢(x,y) - =¥} = ¢(x,y)}ds
an ]YI=R anx any on anx y
%2
-/ [ul (y} In on ¢(x,y)dsy
S Xy
since u]’aG \§ = 0. sSince ¢ and its derivatives satisfy (1.3)
we obtain for x + 8 and R + « together with -H'S = h the rela-
tion
a2
hix) = '"é ful (v) In 30 ¢(X,y)dSy (2.14)
X Y
Conversely, let [u]l « ﬁl/z(s) be a solution of (2.14). Then
for x € QS =3 IR3\§ the potential of the double layer
ux) = =/ [ul(y) 52— 6(x,y)ds, (2.15)
S n, Y

is well defined since 5%— P(x,y) € y /2 (s) together with all

derivatives with respect to x and y. The double layer poten-
tial K in (2.15) is a pseudodifferential operator of order =-1/2
as a mapping from functions ?? the boundary aGl into functions
on theligmains Gl and G2 = IR }Gl (4, §§]. Thus for
v*¥ ¢ H ~ (aGl) we have Kv¥ ¢ H (Gl) u Hloc(G2) where v* = 0
on aGi\S and v* = [u] on S.

For x ¢ S we can interchange differentiation and
integration obtaining (A+k%)u = 0 in Qg and for |x] = R+ = the

potential (2.15) satisfies the radiation condition (1.3).
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Summing up, we have the following equivalence:

THEOREM 2.6. u ¢ HiOC(QS) L5 the soclution of the

scneen Neumann problLem (1.1)-(1.3) 4§ and only Lf the jump

[u]|S € ﬁl/2(s) L5 the sclution of the hypersingubar Aintegral
equation
2
—_— —__a S = —
Ds[u](x) = 2 é [ul (y) anxany (j)(x,y)dSy 2h (%) (2.16)

for x ¢ S with ¢ as in (2.6) and given h « H /2 (g).

We note that for the derivation of the integral equa-
tions (2.13) and (2.16) we only assumed local finite energy of
the solution u of (1.1)-(1.3), i.e., u e H}OC(QS). We need no
additional regularity assumptions. Using the calculus of
pseudodifferential operators we derive the following existence
results for the solutions of (2.13) and (2.16), respectively.

THEOREM 2.7. Lef Im k > 0. Then there holds:

({) For given g ¢ Hl/z(s) therne exists exactly one solution
Y e ﬁ_l/z(s), Yoa= [%ﬁ]!s, o4 the integral equation (2.13).
-1/2

({{) Forn gdvem h ¢ H (S) thenre exists exactlfy one solution

vV e ﬁl/z(s), v = [u]ls, 0§ the integral equation (2.16).
The proof of Theorem 2.7 is based on the following

lemma showing the coerciveness of the operators Vg and DS in

the form of a Gadrding inequality in the appropriate trace

spaces.
LEMMA 2.8. (L) The mappings Vg ES(s) ~ HS+1(S) and
Dg: g% (s) ~ Hs_l(s) are continuous §or any neal number s.
(£4) There exist constants vy, > 0 (i = 1,2) and an operator
~=1/2 . te ¢ ~1/2
Cl 5&0m}i€ (S) 4into H (8) and an operaton C2~§§32 H (S)
into H = for some € > 0 such that for all § ¢ E (8) and
v e B/%(s)
<(vs+cl)w,w>L2(S) 2 v, Hw!ig_l/2(s) (2.17)
<(DS+C2)V,V>L2(S) > v, ||V|J;l/2(s) (2.18)

PROOF. For any y < ES(S) the extension ¥* by zero on
I'\S8 belongs to HS(F) with T being the closed smooth bounded

manifold 3G, in Fig. 1. Thus, the assertion (i) follows since

1
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V and D are continuous mappings from Hs(f) into HS+1(F} or
into Hs*l(F), respectively, because V and D are pseudodifferen-

tial operators of order minus one and plus one respectively

(see [2], [10], [15]). The Ggrding inequalities .(2.17), (2.18)
for VS and DS are consequences of the strong ellipticity of V
and D, since their respective principal symbols are
-1

c(v)(e) = g} =, oD (e) = |g| (2.19)
where [¢] = Vgi + gg # 0. By use of a partition of unity the
screen S is locally mapped to the halfspace IRi and therefore
(2.17), (2.18) follow from (2.19) by standard arguments (see
[le]).

The first expression in (2.19) is easily obtained by
applying the Fourier transformation to the kernel ¢ in (2.6)

yielding the Fourier transformed kernel (see [12])

b = (g|® - kA2
having the asymptotic expansion
(ei2-xH) ™2 ~ e+ 2672w 2t et e L

(2.20)
for |g] > |k|
This expansion into homogeneous functions of decreasing degree
in the Fourier transformed variable & shows that the operator
of the single layer potential is a pseudodifferential operator
of order -1 (see also [16]). O
PROOF OF THEOREM 2.7. From (2.17) and (2.18) follows

that V and D are Fredholm operators of index zero from ﬁ_l/z(s)

1/2 g 72 (s) 172,

and from H into H
the other hand, the integral eguations (2.13) and (2.16) are

into H respectively. On
eqguivalent to the screen Dirichlet problem and the screen
Neumann problem, respectively. Due to Lemma 2.1 both problems
do have no eigensolutions. Hence the above mappings VS and Dy
are injective and therefore bijective. 0

We now come to the point of our main concern ~-- the
singularity of the densities of the integral equations (2.13),
(2.16) near the edge vy of the screen S.

The following results give the asymptotic behavior of
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the exact solution [%%] of the integral equation (2.13) and [ul]
of (2.16) near the edge y. The analysis here follows the pro-
cedure in [16] by (i) mapping locally S onto IRi, (ii) applying
the Wiener-Hopf technigque in the halfspace IRi and (iii)
patching together the local results.
THEOREM 2.9. (4} let g ¢ H
the solution of the integral equation (2.13) has the form

3/2+G(S) be given. Then

ou, _ -1/2
351 = B(s)p x(p) + v _ons (2.21)
i, ~L ]
with 8 ¢ 55 %(y), Y e %9 (5), 0 < o' < o < 1/2.
EN , , ,
(i) Let h « HE O(3) be given. Then the solution of the inte-

gral equation (2.16) has the form

[ul = a(s)0?%y(0) + v_on's (2.22)

1 1 ~ '
with o e Hé+0(y), v € L2(I;H2+U(Y)) n 1—13/2+(j (I;L2(Y)),

0 < o' <0 < 1/2, wherne S 44 identified with T xvy, I = [0,1].

(Here s denotes the parameter of arclength of vy, p
corresponds to the Euclidean distance to vy, ¥ is a ¢” cut-off
function with x = 1 for [p| < 1/2 and x = 0 for |p| > 1.)

PROOF. As a first step to prove the decompositions
(2.21), (2.22) we discuss the halfspace case where T = aGl
(compare Fig. 1) coincides with the plane Xy = 0 and S coin-
cides with IRi given by Xy = 0 and X, > 0 such that its boun-
dary v becomes IR™ .

Following the ideas in [16], [17] the key of our
analysis is to consider instead of (2.13), (2.16) the following

equations which can be solved by the Wiener-Hopf technique:

N _ ~ _ 2
p+V1p+ = 2qg, p+D+v+ = =2h on EH_ (2.23)
for given data
%
ger”?m2), neEt9®, o] <172 (2.24)

Here V(D) is the pseudodifferential operator with symbol

(£, + (lgl] + 1)2)(¥)%, respectively, where £,,£, are the dual
variables to X1r¥%, of the Fourier E;ansformation. p+Adenotfs
the restriction to the halfspace R, . The operators V and D

have the suitable form to perform the Wiener-Hopf techniqgue
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according to [4, §871. 1In [1l6], [17] we derive via the factori-

zations V = G+§m = G_Q+ and D = 6+ﬁ_ = 6_ﬁ+ the solutions of
(2.23) as
B Al e
v, = 2V.Tp,V_"ig
and
~r=] A=l
= =7
v, 4D+ p+D_ 2h

v Lol -1/2
where V(t) has the symbol (Ez(i)l(|¢l] + 1))

the symbol (Ez(t)i(|€l| + 1)%.
Under the assumption (2.24) we can improve the above

and 6(f) has

decompositions to

A1 -1, ,o-1
= 2 'V
by = Vg T oy Vs Ve by 1pTV_TRg (2.25)
a=la=l o~ oa-l
Yp = VARV TR
v, = =287 7 ip 6 e
s + T+ -
vy = vyt v amlne]l A A=l (2.26)
v, = =2D,"A, "p, A, D_"2h

~

where p' denotes the restriction to IRl and A<i) denotes the
pseudodifferential operator with symbol (gz(i)i(lgll + 1)).

o1
From (2.25), (2.26) follows y_ ¢ H2'°(R2),
v

~3/2+0, .2 . 6=1a-1
r € H Cm+). Since both A A+
the transmission property, Vg and Vg do not belong to those

spaces: y, and v, are less regular, namely yg e 812 sy,

ﬁl/z(s).

. e |
and D+ A+ do not have

v
]

As shown in [16], [17] with application of Fourier
transformation we deduce from (2.25), (2.26)

a0 = bixy,x)e 2, v k) = alxyxy) ety (2.27)

1 for X, > 0 and

I

with the Heaviside function e+(x
e+(x2) = 0 for Xy < 0. Here

blg ,x,) = ¢ expl-x,(1 + [g])18(g;)

1
a(gl,xz) = ¢ expl-x,(1 + fgll)]&(gl)

(2.28)

where

B := 2p'V_"4g, o := =2p'D_"th, (2.29)
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and c denotes a generic constant.

We observe that the singular terms in (2.27) are not
tensor products in Xy and Xy We derive in [16], [17) the
claimed decompositions (2.21) and (2.22) by rewriting the
singular terms, for example,

T ek = 5y 2B (E)) + r(g),x,)
r(g),%,) = x5y 21b(E, %) = B(E))]

and studying the regularity of the remainders in anisotropic
Sobolev spaces. Applying Theorem 1.4.4 in [16] we obtain the
claimed decompositions (2.21)~-(2.22) for the halfspace case
My

In order to prove those decompositions for a smooth,
bounded, open surface S we proceed as follows: First, we
observe V and V have the same principal symbols. Therefore,
they differ by a pseudodifferential operator Cl of order -1-¢
for some ¢ > 0. Similarly C2 = D-D is a pseudodifferential
operator of order 1l-¢ for some ¢ > 0. Hence we can rewrite
the integral equations (2.13), (2.16) as Riesz-Schauder equa-
tions

1 n=-1

[T+ ¢ (v-01y = 2V g (2. 30)

]

[T + D Y (p-D)]v = -20"1n

Note that due to Rellich's embedding theorem the operators
V_l(V—@) and D_l(D—ﬁ) are compact perturbations of the identity
on S. The detailed analysis in [16] shows that the decomposi-
tions (2,21), (2.22} are not altered by such compact perturba-
tions. Therefore, using standard localization techniques and
patching the local results together completes the proof of
Theorem 2.9. 0

3. A BOUNDARY ELEMENT GALERKIN METHOD

In this section we solve the boundary integral equa-

tions (2.13), (2.16) in finite dimensional subspaces Sl S2 of

h’"h
the Sobolev spaces H l/2(5) and Hl/z(s), respectively. For con-
formity of our boundary element method, we assume that the fami-

lies of finite element subspaces Si,sﬁ satisfy for integers t,k
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-1,k-1 -1/2

= s (s) ¢ 57V (s) < d (sy,
) N (3.1)
Kigy ¢ w5y o Blsy « #/%s), to>kz1

S

[l SR o
=g e g a e

In agreement with our general assumption (1.4) on S
we can assume that S is given by local representations such
that regular partitions in the parameter domains are mapped
onto a corresponding partition of S. On the partitions in the
parameter domains we use a regular (t,k)-system, called Si’k ,
of finite elements. Then the local representation of S trans-
plants these finite element functions onto S. In their coordi-
nates the finite elements appear as simple functions over the

k have the following

parameter domains. The parameters in SE’
meanings: h, 0 < h < hO, is the mesh size of the partition of S,
for example h stands for the longest side of a triangle in a uni-
form triangulation; t-1 is the degree of piecewise polyncmials
constituting the corresponding finite element, k describes the
conformity S;'k S Hk(s).

Now the Galerkin procedures to (2.13) and (2.16) read

as follows:

For the Dirichlet screen problem find ¥, esi_l’k-lﬁn such that
Vo, rd> = <2g,¢> (3.2)
§Th'~"12(s) ~ 12(s)
t-1,k-1

for all ¢ ¢ S with t,k as in (3.1).

For the ﬁeumann screen problem find vy € s;’k(sy such that
<DV, ,W. > = —<2h,w > (3.3)
S h''h LZ(S) h LZ(S)

for all w, « S.'°(8) with t,k as in (3.1).

The solvability of the above Galerkin eguations and
the convergence of the procedures are based on the Garding
inequalities (2.17), (2.18) and the uniqueness of the integral
equations (2.13), (2.16). Application of the general results
on the Galerkin procedure for strongly elliptic pseudodifferen-
tial equations ([7], [18]1, [21], [22]) yields the following
theorem.

THEOREM 3.1. {£) Thehe exdists a meshwdidth hy > 0
such that fhe Galenhin equations (3.2}, {(3.3) are undiquely
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s0fvable for any h, 0 < h < ho.

({i] For decreasing meshsize h » 0 the Galerkin so0lutions

St—l’k_l(s} and v e sh'k(s) converge to the exact s0lu-

‘Phé
tions of (2.13), (2.16), ¢ < & /2(s) and v « &% (s).

Funthermore, we have the quasi-optimal asymptotic ennon esiti-

mates
lomtull oy jps < dnt o=l ,p e (3e8)
! €St—l,k-—l ’
X¢>n
||v—vhHl/2,S < ¢ inf Hv—y||l/2,S (3.5)
veS, '
<%%h
wherne || |[r g denotes the noam in H°(s) and the constant c is
r
independent of v, Yy Vo vy and h.

Due to Theorem 2.9, the exact solutions y,v of
Véw = 2g and of DSV = ~2h behave like p_l/2 and pl/z, respec-
tively, where p is the distance to the boundary y of the screen
S, i.e., ¥ is not square integrable on S. Since pl/2 € Hl_€
for some ¢ > 0 the estimates (3.4), (3.5) give at most conver-

gence of order % - €. As in the two-dimensional case [19], we

can improve the asymptotic rate of convergence by using so-
called singular elements as test and trial functions in the

Galerkin procedures (3.2) and (3.3). Thus we augment the stan-

r7
h
elements according to the form of the exact solution given in

dard finite element spaces S by special global singular

Theorem 2.9. This gives the augmented finite element spaces
21/2(5), Zi/z(s) on S:

h
1/2 -1/2 t', 2 ot-1,k-1
A = = =+ :
z, 07 (8) {g bt Be x: B e s/ (., yp_ e S (8) 1}
(3.6)
3/2 . _ 1/2 . £, °t,k
z, "(8) = {y Y P 2T TX g e S TT(Y), y e 577 (S)])
1 04 —_ T ~
where @,8 ¢ SE 'Q(Y) c Hl(y); wr € Sﬁ 1.k l(S) c g* l(S) nHl(S);
St,k k ~2
Y, € S.UT(S) <« B (S) n H(S). (3.7)
with t' > % 2 1; £',2 ¢ W and t,k as in (3.1).
The inclusions (3.7) yield t =2 3, k 2 2, i.e., the

simplest conform elements are continuous piecewise linear, one-
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. . \ . . +
dimensional elements ¢,R on vy, plecewise linear elements wr on

~

S with w € CO(S) and piecewise gquadratics v, on S with
V. € C (S} satisfying on vy

_ 0 _ 9 = =
Ve = 5% ¥y T 3o ¥y T 0 and ¢ =0 on v.

1

1
If we introduce the notation Zé+0, Z3/2+O for the set of all
distributions having the form (2.21), (2.22) with the assigned
regularity in Theorem 2.9, and with o «¢ H3/2+0(y) then there

holds the following conformity for the augmented finite element
3/2

1/2 .
spaces Z. (s), Zh (8) in (3.6):
L ~
zi/z(S) c 2%% ) < a7 25
(3.8)
and zﬁ/z(s) c 23729 gy ﬁl/z(S)
Our improved Galerkin schemes now read as:
For the Dirichlet screen problem find ¢h==3hp—l/2X'F¢; <zi/2(5)
such that
SV Yy r 0> = <2g,¢> (3.9)

sTh'~ 12 () ~ 12 (s)
for all ¢ = ﬁp_l/zx + gr € Z%/z(s).
For the Neumann screen problem find vh==ahpl/2x-+v£ ezi/2(3)
such that

<D_v, ,v> = - <2h,w> (3.10)

s h 2(5) L2(S)

for all w = gpl/zx + gr € Z3/2(S)

Now the above Galerkln equations with test functions
W e Z3/2(S ¢ € Zl/2(S) define quadratic systems of linear

~ 1
equatlons for the unknown coefficients of ah,B € S; ’Q(Y),

vE e st' (5) and ¥f sf ~1/k=1(5). There holds the following

h
result.

THEOREM 3.2.{4) There exists a meshwidih hy > 0 such
that the Galerkin equations (3.9), (3.10) 4in the augmented

1/2(5), 3/2

finite element spaces Zy 2y (8), are uniquely so0lvable

gon any h, 0 < h < h,.
+wr is a linear polynomial in two variables on each triangle of

a quasi-uniform triangulation of S.



Stephan 253

({i) Fonrn decreasing meshsize h + 0 we have for the exact s0lu-
tions ¥ o4 (2.13) and v of (2.16) and fon the Galerkin solu-

tions
wl’l = Bh p_l/zx + RUE € ZIJ;/z(S), Vh — 0{'1’1p:|./2X + V; . Zi/z(s)
of (3.9), (3.10)

i 1+
HW‘WhH_l/Z g <c inf Hw_nH_l/z g < ch iyl oo ’

! 1/2 ' . )
nez, "= (s)
(3.11)

i 1l+o

Iv=vylly 55 < inf lv-gll, 5 o < ch Hv“z3/2+c’(s)'

gezg/z(s)

The arndising noams are defdined via the notation in Theorem
3.1 as gollows (

|q y denotes the Sobolev norm in HI(Y)):

llavox (p) + v ]| % <q <l-e,e>0 arbitrary

r''g,s”’
ol ¢ =
S 3
28 loallg,y *+ livpllg,gr 15 asz+0. (3.12)
o =1/2 1 _
”—20 +erp,Sl §§p< 27

ol s=

2P (s)

I

lall, o+ lv i g

PROOF. (i) By the inclusions (3.8) the augmented
Galerkin schemes (3.9), (3.10) are uniguely solvable for small
enough h since the Ggrding inequalities for Vs and Ds hold in
l/Z(S) ﬁl/z(s)_

the integral equations (2.13), (2.16) are uniquely solvable in

the respective energy space i and Furthermore,
thos spaces.

The estimate in (ii) is a consequence of Theorem 3.1
due to the conformity (3.8) and of the following convergence

property (3.13), (3.14) of the augmented finite element spaces

23/2(s), 22/ %(s). o

h h o 3/2 1/2
LEMMA 3.3. The f§inite element spaces 2y (s), 2,7 (8)

have the approxdimaition properties: Forn any U==a/5x(p)-+vr € 2°(8)

thene exists a U = a/pxlp) + v' e Z3/2(S) with t =z s and a
a/px ¥ h
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condtant ¢ > 0 Andependent of h and U such that for q <minik,s}

[|u-Tl| < ch® 79 ||u|| , T <qs<s <2 (3.13)
9(s) z°(s) 2

—-— 1
For any ¥ = Bp l/2)((p) + Y o« z7° (S) Zhenre exists a
N r /2,5 . ‘
¥ = Bp x(p) + Yo o€ Zh (8) with t-1 > s' and a constant
c > 0 JAndependent of h and ¥ such that for g' < min{k-1,s'}

A

le-%) _, cn® T vy, . (3.14)
79" (s) z% (s)

PROOF. For |o| < 1/2 and arbitrary € > 0 there holds
with 8 substituted by I xy, I = [0,1],

A

1@l , c llomgll
L2 (1,554 (y)) 5579 (y)
(3.15)
| Vo (a=a) || + < ¢ [la-gl .
220 (1,1° (v)) i€ (y)

The estimates (3.15) imply for % < g < 1l-e and 1~ £ § < 2-¢

with (3.12) and the triangle inequality

HU-G||Zq(S) s Ioe)lly,s + vl s
< oW flally Lo+ vl g
< e lul| | (3.16)
Z7(S8)
Here we have used Hu—g[[Hq(Y) < cp°7d ”q|$s(Y)and
“Vr_ZIWIq,S < ch®74 Hvr!]s,s which hold by the standard approx-

] =]
imation property of SE ’g(y) and Sﬁ'k(s), respectively [21].

For 1 < q £ s £ 3/2 + 0 we have with (3.12)

lla-gl +

[l u-G | v
Zq(S dry r

IA

s-q
nS ™ flall, o+ livllg

cn®d Jju]| |
z-(8)
~ r 2tk . ,
For s < 1l-¢ we take U = v~ « Sh (S) in (3.16) completing

(3.13). The estimate (3.14) holds analogously. Finally we
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note that the estimates (3.15) are verified as in the proof
of Theorem 1.4.4 in [16]1. And for completeness we recall from

[11] for any real number s = 0
HS(I xvy) = {u: u « L2(I;HS(Y)), u € HS(I;LZ(Y))},

with the equivalence of norms
2 2
~ + [l .
2 . 2
L (I;H% (7)) HS (I;1% (1))
Finally, we remark that for problems in acoustics we

have in (1.2)

lla} 2,
BET (Ix

aui
g=-u , h=- 5=

where us denotes the incident field with a source away from

the scattering screen S. Therefore the given data for the scat-
tered field u in (1.2) are infinitely smooth. In this case the
proof of Theorem 2.9 (compare (2.25)-(2.29)) shows that the
unknowns in our integral equations (2.13), (2.16) have still

the fbrm (2.21), (2.22) but with smooth line layers o,8 ¢ Cw(y)
for a smooth edge curve y. Following our above analysis we
expect further improvement for the Galerkin method if further

3/2,p5/2,... are used. This is indi-

singular elements :like p
cated for the two-dimensional case in [19]. For an analysis of
errors arising from a finite element approximation of the screen

surface S we refer to [13].
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