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Summary. We consider the one dimensional nearest neighbors asymmetric simple
exclusion process with rates g and p for left and right jumps respectively; ¢ < p.
Ferrari et al. (1991) have shown that if the initial measure is v, ;, a product measure
with densities p and 1 to the left and right of the origin respectively, p < A, then
there exists a (microscopic) shock for the system. A shock is a random position X,
such that the system as seen from this position at time ¢ has asymptotic product
distributions with densities p and A to the left and right of the origin respectively,
uniformly in ¢t We compute the diffusion coefficient of the shock D =
lim, , t "1 (E(X;)*> — (EX,)?) and find D = (p — )4 — p) "' (p(1 — p) + A(1 — 2))
as conjectured by Spohn (1991). We show that in the scale \ﬁ the position of X, is
determined by the initial distribution of particles in a region of length proportional
to t. We prove that the distribution of the process at the average position of the
shock converges to a fair mixture of the product measures with densities p and A.
This is the so called dynamical phase transition. Under shock initial conditions we
show how the density fluctuation fields depend on the initial configuration.

Mathematics Subject Classification 1991: 60K35, 82C22, 82C24, 82C41

1 Introduction

Let n,€{0,1}* be the asymmetric nearest neighbors one dimensional simple
exclusion process (Spitzer (1970), Liggett (1985)). Its generator is given by

Lity= % Y pleynx)A —n(WMLG*) ~fm],

xeZ y=x+1
where f'is a continuous function on {0, 1}%, the configuration n*?(z) is defined by
niz) i z#+xy
@) ={nx) if z=y
n(y) if z=x
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and

p if y=x+1
pxy)=¢(q if y=x—1,
0 otherwise

p + q = 1. We consider without loss of generality, p > g = 0. Let S(¢) denote the
corresponding semigroup. In words, the process describes the evolution of particles
in Z under the constriction that at most one particle is allowed at each site.
Particles jump to left and right nearest neighbor empty sites at rate g and
p respectively. No jumps are allowed to occupied sites. We consider as initial
measure v, ;, the product measure with densities p and 4 to the left and right of the
origin respectively. We fix p < . We say that a random position X, is a micro-
scopic shock if the distribution of 7 #, has asymptotic distributions v, and v, to the
left and right of the origin respectively, uniformly in t. The operator 1, is translation
by x; v, and v, stand for product measures with density p and A respectively. Ferrari
et al. (1991) showed that there exists a shock for this system. Ferrari (1992) showed
that Z,, the position at time ¢ of a second class particle with respect to #, is a shock.
The motion of the second class particle can be described as follows. It jumps to
empty left and right sites at rate g and p respectively and interchanges positions
with left and right particles at rate p and g respectively. The process 1z 1, is
Markovian and under initial distribution v, ; converges weakly to an invariant
measure with asymptotic product distributions with densities p and /. Write E and
P for the expectation and the probability induced by the process with initial
distribution v, ;. Our main result is the following

Theorem 1.1 Assume that the process u, has initial distribution v, ;. Let Z, be the
position of the shock given by a second class particle initially put at the origin. Then

EZ,=(p— 9 —4i—phu (1.1)
Diffusion coefficient

E(Z) —(EZ) _ pd —p)+ 41 =4

D :=lim r—q (1.2
t—0 t A— p
Dependence on the initial configuration.
Let Non) = L2287 (1 = n() = Xw - pa- e 10x)- Then
.1 -
lim —E[Z, — (4 — p) ' N,(10)1* = 0. (1.3)

=0

In Chap. 5 of Spohn (1991) (1.1) was proven and (1.2) conjectured. Boldrighini et al.
(1989) performed computer simulations confirming (1.2). Girtner and Presutti
(1989) showed (1.3) for p = 0 and p = 1. Ferrari (1992) showed that (1.2) and (1.3)
are equivalent and that the right hand side of (1.2) is a lower bound for D and (1.3)
for p = 0 and all p > q. We show (1.1) and (1.2) using recent results relating the
expected value and the variance of a tagged particle with the variance of the current
of particles through a fixed or travelling position (Ferrari and Fontes (1993)). The
following Theorem is a corollary to (1.3).
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Theorem 1.2 Convergence to the finite dimensional distributions of Brownian
motion. Let W(t) be Brownian motion with diffusion coefficient D. Then under the
conditions of Theorem 1.1

lim 81/2 (Z£—1. - EZs—xl) = W()

£—0

weakly, in the sense of the finite dimensional distributions.

It is well known that this process is related to the unviscous Burgers equation. This
is the non linear partial differential equation for u(r,t) € [0, 1],

ou 0 fu(l —uw)]

o or '
We are particularly interested in solutions to this equation when the initial
condition assumes only two values: p < 4 to the left and right of the origin
respectively (shock initial condition). The solutions of (1.4) are constant along the
characteristics. For shock initial condition the characteristic emanating from a is
the straight line a + (1 — 2u(a,0))t that equal a+ (1 —2p)t for a< 0 and
a+ (1 — 20t fora > 0.Since A > p, the characteristics emanating from the right of
the origin meet those emanating from the left of it producing the shock (Lax (1972).)
The (weak) solution of the Burgers equation (1.4) with initial shock condition
u(r,0) = 11{r 2 0} + pl{r < 0} is just this shock translated by vt: u(r,t)=
M{r =2 vt} + pl{r < vt}, where v = (p — g)(1 — 1 — p).

The hydrodynamic limit plus local equilibrium give the following: Let u(r) be

a piecewise continuous function, and let v, be a family of product measures with
marginals vi (7(e~ '7)) = uo(r). Then

(1.4

Hm v, S(e™ ) Te-1, = Vugy (L.5)

&0
in the continuity points of u(r, t), the unique entropy solution of (1.4) with initial
condition u(r,0) = uy(r). For general initial conditions this theorem is a conse-
quence of the law of large numbers of Rezakhanlou (1990) and the proof of local
equilibrium of Landim (1992). Before them and for shock initial condition, Liggett
(1975, 1977) has shown this result for the case r = 0. Rost (1982), Benassi and
Fouque (1987) showed (1.5) for decreasing initial profiles. Andjel and Vares (1987)
proved the hydrodynamical limit for the increasing case. Then Benassi et al. (1991)
computed the limit for monotone initial profiles. In the shock case (1.5) means that
under initial distribution v, ;, a traveller moving at deterministic velocity r ob-
serves asymptotically that the particles are distributed as v, for r > v and v, for
r<wv,wherev = (p — g} (1 — A — p). Indeed u(r,t) = pl{r < vt} + Al{r > vt} is the
entropy solution of the Burgers equation when uy(r) = A for r > 0 and p for r < 0.
It was conjectured that when r = v the system converges to a fair mixture of v, and
v;. This was proven by Wick (1985) and De Masi et al. (1988) for p = 0 and by
Andjel et al. (1988) for A + p = 1. Our next result shows the conjecture for all cases.
The proof is based on the central limit theorem for Z, established in Theorem 1.2
Let w(r,t) = P(W(t) £ r) = (1/4 /27'th)fj00 exp( — s*/2Dt)ds, the normal distribu-
tion with variance Dt.

Theorem 1.3 Dynamical phase transition. Let v = (p — q)(1 — A — p). Then
Hmv, ; SOty yare = (1 — wia, D)y, + wia, Dy, . (1.6)

20
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Let Y be the fluctuations fields defined by
YH(®@) = &' ), D(ex) [Me-1,(x) — Ene-1,(x)] (L.7)

xeZ

where @ is the indicator of an interval. If the initial configuration 5, is distributed
according to v, j,

lim Y3 (®) = Y(®), (1.8)

g0

where Y'is Gaussian white noise with mean zero and covariance
E(Y(P)Y(®D)) = [uo(r)(1 — uo(r) ¥ (1) (r)dr, (L9)

where uy(r) = A1{r = 0} + p1{r < 0}. A more intuitive description of the field Y'is
the following. Let W, (r) and W,(r) be Brownian motion with variances p(1 — p)
and A(1 — 1) respectively, where r plays the role of the time parameter. Assume that
@ is the indicator of the interval (by, b,), namely @(r) = 1{b; < r < b}, then

Waby) — Wa(by) if 0<by,<b,
(@)= Wi(—by)— Wi(—=by) if by<b,<O
- Wl( - bl) + Wz(bz) lf bl < O < bz

So if we define the process W(r) = Wi( — r)1{r <0} + Wy(r)1{r > 0}, the field Yof
the interval (a4, a,) is just the increment of W(r) in the interval (a¢, a,).

To describe Y;(.), the limiting fields at time ¢, let us introduce some notation.
Assume that @ is the indicator of the interval (ay, a,). Fori = 1, 2 let b;(t) = bi{t, a;)
be defined by

bi(t)z{ai—(p—q)(1—2p)t if a;<uvt (110)

a—p—q -2t if a>vt

So that b,(t) is the starting point of the characteristic that arrives at a; at time ¢. Let
@ be the indicator of the interval (a;, a,) and assume g; =+ vt. Define B,® as the
indicator of the interval (b, (t), b,(t)). The field at time ¢ is defined by

Y(®) = Yo(B, @) . (1.11)

So that the field Y; of the interval (a;, a,) is the increment of W(r) in the interval
(b1 (2), b (2))-

Theorem 1.4 Convergence of the fluctuation fields. Assume that the initial distribu-
tion of the process is v, ;. As ¢— 0, the finite dimensional distributions of the
Auctuation fields Y¢ defined in (1.7) converge in distribution to the field Y., where Y, is
defined by (1.11). Namely, for alln 21,051, < ... < t,, and ®; indicator of an
interval whose extremes do not equal vt;, i =1, ...,n,

hm(YZ(@I)’ ey an(én)) = (Y;1(¢1)5 ey Y;n(¢n))

£=0
in distribution.
Remark. We can interpret the result by saying that the fluctuations translate
rigidly along the characteristics of the Burgers equation. When vt € (a;, a,) the

characteristics to the right of the origin meet those coming from the left and then
the fluctuations present in the interval ( — (p — q)(A — p)t, (p — q) (4 — p)1) at time
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O 0 be balt)

time 0
Fig. 1. The fluctuations on intervals
to the right of b, = (p — g)(A — p)t and
to the left of — b, translate rigidly up
. to time t. Those on ( — b, b,) concen-
ime ¢
ay vt ay trate at vt

zero concentrate in the point vt = (p — ¢)(1 — p — A)t at time t. Figure 1 illustrates
this point.

Let u(r,t) = A1{r > vt} + p1{r < vt}, the solution of the Burgers equation (1.4).
Formally, Theorem 1.4 says that the fluctuation fields (1.7) converge to a weak
solution Y, of the nonhomogeneous linear equation

d 0
7 N0 =5 (1 = 2ut, ) (), (1.12)

with initial condition ¥, the Gaussian field with zero mean and covariance given by
(1.9), as conjectured by Spohn (1991).

For p = 1 and p = 0 the convergence away from the shock have been obtained
by Benassi and Fouque (1992). Theorem 1.4 is a consequence of the L, convergence
of the fluctuation fields established in the next theorem where we also study the
fluctuations that concentrate in the point vt. Formula (1.14) below says that these

fluctuations are present in the scale \/z? Indeed they reflect the shock fluctuations
that occur in this scale.

Theorem 1.5 Let E be the expected value with respect to the process with initial
measure v, ;. Let A, =Z (¢ 'ay,e 'a,), B,() = Z (e by (1).,e”* by(t)). Then

2
1im8E< 2 1) = Ene-1e()T = ) [m0(x) — E%(X)]) =0. (1.13)

g0 xeA, xeB, (1)
Let ¢>0, C()=Zn(E tvt—e ¢, e lvt+e Y2c) and K, ()=
Zn(—e 'tlp—q)(d—p), e tlp — g) (A — p)). Then

1im6E< X [1e-0(x) = Efe-1,91 — To-une Y [Uo(x)—E”Io(x)]) =0,

g—~0 xeC. (1) xeK (1)

(1.14)

where T, is truncation by c:

F() fIF()=sc
T.F()=1{c¢ ifF(.)>c
—c¢ F()< —c.
Note that C,(z} is an interval of length proportional to ¢~ 12 around the macro-
scopic point vz. When ¢ — o0, (1.14) says that the fluctuations at time ¢ in a region

of length proportional to \ﬁ around vt are given by the fluctuations at time 0 in
a region of length proportional to t.

1/
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2 Graphical construction and coupling

The main tool to deal with this process is coupling, the joint realization of two
versions of the process with different initial configurations. One way to define
a coupling is via the joint generator (Liggett (1976), (1985)). Another way is by
a graphical construction of the process. This is something like to use the same
random numbers for different initial configurations. To describe the graphical
construction attach two Poisson processes to each pair of sites (x, x + 1). One of
rate p and the other of rate q. A Poisson process is a sequence of random times. To
each time of the Poisson process of rate p an arrow going from x to x + 1 is drawn
and for the times of the process of rate g an arrow is drawn from x + 1 to x. The
product of these Poisson processes induces a probability space (Q, &, P). We
discard the null event “two arrows occur at the same time”. Given an initial
configuration #, the configuration at time ¢ for the set of arrows o, starting from # is
denoted #* and is constructed in the following way. When an arrow appears from
site x to y, if there is a particle at x and no particle at y then, after the arrow the
particle will be at y and x will be empty. We denote #! the random process defined
on (Q, #, P) with initial configuration #. A

Consider now two initial configurations #° and »' and write 5! = 5, for the
configurations at time t. Use the same structure of arrows for #? and . In this case
(2, nt) is the “basic coupling” (Liggett (1985)). If n°(x) < 5 (x) for all x € Z (in this
case we say #° < ') then for all times #? < 5. This property is called attractivity.
Let v, be the product measure with density p. Take p < 1 and realize jointly the
measures v, and v, in the following way. Let U(x)€[0, 1] be iid. uniformly
distributed random variables. Then define #°(x)= 1{U(x) < p}, 5'(x)=
1{U(x) £ 1}. Hence, #° is distributed according to v,, n* is distributed according to
v, and #° < 4. Define o(x) = #%x) and &(x) = nt(x) — #%x). We say that the
distribution of (o, £) has the good marginals if the ¢ marginal is v, and the ¢ + £
marginal is v,. Calling =, the distribution of (g, £), we have that

7, is a product measure with the good marginals . (2.1

Define o,(x) = #2(x) and &,(x) = #}(x) — 7 (x). The motion of (g,, &;) obeys the
following rule. The ¢ particles have priority over the ¢ particles: when an arrow
from a o particle to a & particle appears, then after the arrow the particles
interchange positions. Otherwise the particles interact by exclusion. We say that
the ¢ particles behave as “second class particles”. If the distribution of (¢4, &) has
the good marginals, the same is true for the distribution of (g,, £,). We call S,(¢) the
corresponding semigroup.

Let v, be a translation invariant measure with the good marginals and
vy = v,(J€(0) = 1). Let X, be the position of the ¢ particle initially at the origin. Let
S5(t) be the semigroup of the process as seen from the second class particle
(tx,04 tx,%:). The key tool in Ferrari et al. (1991) to show that X, is a microscopic
shock is the following. If v, is translation invariant and has the good marginals,
then

(v282(0)) = v255(0) . 2.2)

In words, the law of the process as seen from the tagged second class particle looks
as the law of the process seen from the origin conditioned to have a second class
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particle at the origin. Ferrari (1992) showed the following law of large numbers. Let
v, have the good marginals, then under initial measure v5,

. X
lim = = v almost surely . (2.3)
t—0
Let X* denote the position of the first ¢ particle to the right of the origin. The
following technical lemma will be used later on.

Lemma 2.1 There exist positive constants ¢/, ¢" such that

supvy (X' >n) < c'exp(— ¢"n)

v2
where the sup is taken over {v,: v, is translation invariant and has the good
marginals}.

Proof. Since v,(£(0)=1)= 1 — p,

V(X! > ) — p) S v2< S ¢ = 0)

n

§v2< Y &9 =0, 0(9—np Y. (00 + 6) — n gen) (24)
x=1 x=1

x=1
+v2( >sn>+v2< >8n>

For e < (4 — p)/2, the first term in the right hand side of (2.4) vanishes. The second
and third term depend only on the marginals v, and v, respectively. The result
follows from large deviations of Bernoulli measures. &

Using the same arrows there is a natural coupling between (o,, &) with initial
measure n, and #, with initial measure v, ;. To describe it one let (g, &) to be
a configuration taken from the distribution =3. Now mark independently the i-th
¢ particle as y with probability (p/q)'/(1 + (p/q)’), otherwise as {. Then consider the
process (0, y;, {;) with priorities ¢ over y over (. In this way o, has distribution v, for
all t, n, = o, + 7, has distribution (absolutely continuous with respect to) v, ; S(t)
and o, + 7, + {, has distribution v,. See Ferrari et al. (1991) and Ferrari (1992) for
details.

=en,

n

Y o(x)—np

x=1

n

2. (o(x) + &(x)) — ni

x=1

3 Tagged second class particles and currents

Consider the joint process (o;, &,) described in the previous section. Define the
current of & particles as J, , := number of ¢ particles to the left of the origin at time
0 and to the right of the origin at time ¢t minus number of ¢ particles to the right of
the origin at time 0 and to the left of the origin at time . Analogously define J,, , for
the current of ¢ particles and J, , for the total current of ¢ + & particles.
Consider a configuration (o, &) taken from =%, the measure 7, conditioned to
have a ¢ particle at the origin. This configuration has ¢(0) = 1 and ¢(0) = 0, i.e., it
has a ¢ particle at the origin. Let 6%(x) = 1{x # 0}d(x) + 1{x = 0} (1 — ¢(x)) and
analogously &*. Now, using the same arrows, couple (a,, &,) with (5,, &F). At time
t the two processes will differ at only one site whose position is called R,. Similarly,
coupling (a,, &) with (g¥, &F) we get only one discrepancy located at a position
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denoted R,. In words, R, is like a third class particle, while R, is a second class
particle with respect to o, but has priority over &,.

Theorem 3.1 Let (o,, £,) be the joint process of first and second class particles with
initial product measure 7, defined in (2.1). Let X, be the position of the tagged second
class particle put initially at the origin. Then it holds that

EJs. = (i — p)EX, (3.1)

where the expected values are taken with respect to the process with initial distribu-
tion m,. Furthermore, denoting the variance by V,

Vae= (A= pP VX, — (% —p)(1 — (4 — p)EX)
+ 204 — p)(1 — H(ER)" — E(R, — X,)") (3.2)
+2(A — p)p(E(R)" — ERR, — X,)").

Proof. The proof or (3.1) is the same as the proof of (3.2) in Ferrari and Fontes
(1993). The proof of (3.2) is very similar to the proof of (3.10) in the same paper,
where the variance of the current of (first class) particles in simple exclusion is
written as a function of moments of a (first class) tagged particle and a discrepancy.
We just sketch it, pointing out the main different point, referring the reader to the
mentioned paper for details. Write J, , = (J5.,)* — (J,.,)~, where

(2,0, = Y {UH{XF(0,8) >0}, (J2,:(0,8)” = ), {0)1{Xi(0,¢) = 0}

x<0 x>0

Here X7 (o, &) is the position at time ¢ of a tagged & particle starting at x, when the
initial condition is (o, £). The variance of J, , is then expressed in terms of variances
and expectations of (J, ,)* and (J,,,)”. The main calculation which follows is that
of E((J,,,)")* and E((J,,,)")* The first one is expressed in various terms one of
which is

200—p) Y [PXT>0,Ey) =1/dx)= 1)~ P(X?>0,4y)=1]. (33)
The sum in (3.3) can be rewritten as

(1 =2 Y [P(X7>0,4y) =11¢x) =1) = P(X? > 0,&(y) = 1|{x) = o(x) = 0)]

y<xz=0

+p Y [P(XY>0,40)=1[¢x) = 1) = P(XY > 0,4(y) = Ljo(x) = )] . (34)

y<xz=0
These terms are reexpressed after a coupling argument as

(=1 =2 Y P(XE>0,RE<0)+p(l—2) Y P(XF>0,RF<0). (3.5

x£0 x=0

The expression (3.5), when combined with expressions obtained similarly in the
calculation of E((J,,,)7)% lead to the desired result in a straightforward man-
ner.

Theorem 3.2 Under the conditions of Theorem 3.1, it holds that

lim (3.~ Na.oo, €0) — (b = )02 = p)1* =0, 39)

t— o0
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where N, (o, £} is a random variable that does not depend on w. It depends only on
the initial configurations ¢ and £ and it is given below by (3.12).

Proof. By mass conservation:
Jie=Jo+ Ja:. (3.7

The current J, ; depends only on the ¢ marginal of the process, while J; , depends
on the ¢ + £ marginal. Hence, writing E for the expectation of the process with
initial distribution 7, and noting that the distribution of (o,, ;) has the good
marginals,

EJyi=(p— g1 —24)—pl —p)t. (3.8)
On the other hand, (1.5) of Ferrari and Fontes (1993) implies that
im E(Jo, — No,(60,80) — (p — 9)p*t)* _

i 0,
t—= w0 t
— — _ 202
lim E(Jl,t Nl,t(o'()){éo) (p q))“ t) =0 , (3.9)
where o o
Y o(x), when 1 —2p >0,
x=—(p—q}l—
No, 0, &) = ot (3.10)
(P~ 9)(2p— 1)t
— Z o(x), when 1—2p <0,
x=0
4]
D (6(x) + &x)), when 1 —21>0,
x=—(p—g)(1 -2
Ni(0,) = (3.11)
(p—@)(2A—1)
- ) (o(x) + &x)), when 1 —21 0.
x=0
Define
N, (0,8 = Ny (0,8 — No,.(0,9). (3.12)

The result follows from (3.7), (3.9) and (3.12). o

Proof of Theorem 1.1 We first show (1.1) and (1.2) for X, instead of Z,. It follows
from (3.1) and (3.8),

EX,=(p—q(1—A4-p)t. (3.13)
From (3.10), (3.11) and (3.12), we have that N, ,(g, £) equals
—{p—g)1—-24p 0
» o(x) + Y &(x), when A < 1/2,
x=—(p—gX1—2p) x=—(p—q{1—22p
0 (p—q)‘(Zl— 1)
Y ox)+ ) (é(x) + a(x)), when p < 1/2< 4,
x=—(p—g@)(1~2py x=0

(P—92p—1)t (p—q)2A—1)t

Y o Ex)+ Y (&(x) + o(x)), when p > 1/2.

x=0 x=(p—g){2p— 1)t
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Hence lim,, (V' J5,,/t) = lim,, , (V' N,,,/t) equals
20— @pl = p)A—p)+(p— 92— p)(1 — A+ p)(1 —24), when A< 1/2,
P — 91 =2p)p(1l —p)+ (p— 91 = 20)/(1 — 2), when p = 1/2< 4, (3.14)
P =90 =2p)A—p)(1 =4+ p)+2p — 92— p)A(1 — 4), when p >1/2.
On the other hand, it is proven by Ferrari and Fontes (1993) that

o BR) {(p —q(1-2) i2<1p2 515
U 0 otherwise,
lim E(R)" _ {(P —q)(1—2p) ifp< 1'/2 (3.16)
P, 0 otherwise,
lim E(R’—;XLE —0 (3.17)
t- o0
and
im 2B X g ). (3.18)
100
Substituting (3.13), (3.14), (3.15), (3.16), (3.17) and (3.18) in (3.2) we get
L B - EXF_ ;1) + 2(1 =) 619
o0

Now we show the theorem for Z,. We consider the process (1, Z;), where Z, is
a second class particle with respect to #,. Ferrari (1992) has shown that it is possible
to realize the processes (1,, Z;) and (oy, &, X,) with initial distribution 7%, in such
a way that if one calls X¢ the i-th ¢ particle (X? = X,), and let %, , be the sigma
algebra generated by {(as, &) s < t}, then for all times

P(Z, = X!| #,.,) = m(i), where
m(i) = M<<1 + (p/q)i‘”z> <1 + (q/p)"“”»_1 (3.20)

and M is a normalizing constant making Y ;.zm(i) = 1. The symmetry of m(i), (3.13)
and (3.20) show (1.1). Since m(i) is a probability with exponential decay, to show
(1.2) it suffices to prove that
: E(Xt - X:)Z
lim ————

t— 0

=0, forallieZ. (3.21)

But (3.21) follows from Lemma 2.1 and the fact that, by translation invariance, the
law of Xi~! — X!is independent of i. Ferrari (1992) showed that (1.2) and (1.3) are
equivalent. o

Remark 3.1 Note that (3.14) implies that lim,., , (¥J, ,/t) = 0if 1 + p = 1. In this
case v = 0. We do not use this.

We finish this section with a lemma to be used in Sect. 5. Let J2* be the number of
1 particles to the left of b at time zero and to the right of a at time ¢ minus number of
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1 particles to the right of b at time zero and to the left of a at time ¢. Let J¢ be the
analogous current for particles g, ¢ + ¢ and & for i = 0,1,2 respectively.

Lemma 3.1 Consider the process n, with initial distribution v, , and the process
(6y, &,) under initial distribution n, coupled as described at the end of Sect. 2. If b > 0
and a > v then

O = e

li 0. (3.22)
i~ t
If b < 0and a < v then
bt,at __ ybt,ar\2
fim 2V = J0 (3.23)

t

>
Proof. First consider p=1. For b >0 and a>v, J"* — JPM = (J35)*' <
(X, —at)” £ (X, — vt)". By (2.3) lim,, , P(X, — at)*)*/t > s) = Ofor all s = 0. By
Theorem 1.2, lim,, , P((X, — v0)?/t > 5) = 2(1 — w( /s, 1)). Write

M = [ P(X,— an) [t > /s
0

Now P((X, — at)* [/t > /5) £ P(X, — vt)//t > /5) and
lim, .., [ P(X,—vt/\/1) >/s)ds = [ 21l —w(\/s,1))ds = D < oo by Theorem

0 0
1. By dominated convergence we get (3.22). Analogously we get (3.23).If 1 >p >4
one repeats the argument using D,, the position of the rightmost { particle and the
fact that lim,.,  E(D, — vt)*/t < co. For (3.23) one uses G,, the position of the
leftmost y particle. &%

Remark 3.2 Since for the process (o,,¢,) the ¢ marginal is v, and the ¢ + ¢
marginal is v;, it follows from Ferrari and Fontes (1993) that

m EU" — By {(P —@p(l—pN—=2p—(a—b) ifi=0

. t G-l — Dl —24—(a—b) ifi=1

1w

(3.24)

4 Dynamical phase transition

In order to prove Theorem 1.3 we need the following result.

Lemma 4.1 Weak limits as t— oo of v,;S(0)7,,, i are translation invariant.

Proof. Since t,v,,S(t) = v, ,8(t)ty, it suffices to show

lim|7,v,,S@t)

t—> o0

—v,.8() =0 (4.1)

ut+m/?f vt+aJt_f|
for any cylinder f. Since the measures v, ; and 7, v, ; are product, we can construct
a product measure ¥ on {0, 1}* x {0, 1}* with marginals v, ; and t,v, , in such a way

that if (5, n*) is distributed according to ¥, then n(x) = #*(x) Vx # 0 and
V[nO0) =n*0)]=1~-(A—-p), 0 =14y*0)=01=71—0p. (4.2)



316 P.A. Ferrari, L R.G. Fontes

Then we construct the coupled process (1,, #) with 1nitial distribution 9, using the
same arrows. If #(0) & #*(0), then the processes #, and #;* differ at most in one site.
The position of this discrepancy behaves as a second class particle with respect to 7.
We call it Z,. At time 0, Z, = 0. If f depends on sites { — k, ..., k}, the expression
inside the limit in (4.1) is bounded above by

=PI lwP(Z — vt —a/t| S K). (43)
The probability in (4.3) converges to zero as t— oo, by the convergence of

(Z, — vt)/\ﬂ to a normal random variable with nonzero diffusion coefficient D,
proven in Theorem 1.2. db

Proof of Theorem 1.3 We first show the result for p = 1. In this case Z, = X,. To
avoid heavy notation we prove the theorem for a = 0. The extension is straightfor-
ward. Assume f depends on the sites { — k, ... ,k}. Then by Lemma 4.1 we have
(along convergent subsequences)

n

im v, ; S(t)t, z Tak+1)x f - 44)

1= o0 X=—n

limv, ;SO)t,.f =

t—w

1
2n+1
for all n = 0. We choose to translate by (2k + 1)x because in that way the support
of Tox1 1) f1s disjoint of the support of 754+ 1y, fif x + y. To compute the second
limit in (4.4) write x' = (2k + 1)x and

n

id 1
vp,AS(Z)Tvt Z T(2k+1)xf:2n+ 1El:Tvt Z Tx’f(nt):l

1
2n+1

1 n
T+ 1E[Tvt Y T f){X, — vt > t1/4}:|

X=—n

1 n
+mE{TW Z Ty Sl X, —vt < —th}J

X=—hn

E[Tvt i T S| X, — vt] < t1/4}:|

X=—n

2n+1
= I,(2) + 1,(t) + I;(0). 4.5)

By Theorem 1.2 lim, . , I5(t) = 0. Couple #, with initial distribution v, ; and (g,, &)
with initial distribution 7, as described at the end of Sect. 2. For t** > n(2k + 1),
since p = 1,

I,() = 2n—1+1.E{T”‘ i T flo)1{X, — vt > tl/“}} )

xX=-n
Now,
2

I4(t) — E[fol{X, — vt > t1/4}]

2

A

(4.6)

X=—n

’E[(rm ZleTI i Ty floy) — v,,f)l{Xt — vt > t””’}}

A

El g & Ges@ =0

xX=—n
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But {t(2x+1)x f (01} are i.id. with distribution induced by v,, hence the r.h.s. of (4.6)

does not depend on translations by vt and equals v,(f—v,f)*/(2n + 1). By
Theorem 1.2 (central limit theorem for X,) lim,.,, E[1{X, — vt > ¢"*}] = 1/2.

Hence
lim I4(¢) L f 0( ! )
im — =V — .
t> o ! 2" ﬁ

IN

Analogously,

1 1
lim I,(t) —<v £0l—).
oo 2( ) 2 lf = <ﬁ>
We get (1.6) for p = 1 and a = 0 by taking n to infinity. To obtain the result for
a #+ 0 it suffices to make a partition inside the expectation in (4.5) according to
(X, — vt >at’? + V%, {X, — vt < at'? — M%) and {| X, — vt — at’?| < 14}
and observe that by Theorem 1.2, P(X, — vt < at** — /%) — w(a, 1), the normal
distribution with variance D defined before Theorem 1.3. The proof goes then along
the same steps than in the case a = 0. In the case p €(1/2,1) one uses the three
particle representation of the system given at the end of Sect. 2. By (3.21), G,, the
position of the leftmost y particle and D,, the position of the rightmost { particle at
time ¢ satisfy (1.2), (1.3) and Theorem 1.2. From this it is not difficult to construct an
argument similar to the case p = 1 to show (1.6) for all cases. oo

5 Fluctuation fields

In this section we show the convergence of the density fluctuation fields in the case
of a shock. We first prove Theorem 1.5 and then Theorem 1.4. The proof of (1.13) is
based on the fact that the variance of the current through certain lines parallel to
(t(1 — 2p), 1) and (t(1 — 24),1) vanishes. The proof of (1.14) is based in Theorems
1.1-1.3.

Proof of Theorem 1.5 We first show (1.13). Since the number of particles can
change only on the boundaries,

Y Me-u(x) = Y folx) = Jp O e — gyt (5.1)
xed, x€B,
where J¢'0®27 "% hag been defined before Lemma 3.1. By (3.24) and Lemma 3.1,
lim g E(J3 'bie™la g e ih@eT a2 — 0 j =1, 2. (5.2)
&0

Then (1.13) is a consequence of (5.1) and (5.2). Now we show (1.14). We prove below
that

limE<81/2 Z ns‘lt(x) - (/'L(C - Tc Wa(t)) + p(Tc Ws(t) -+ C)))Z =0 > (53)

e~>0 xeCelt)

where W,(t) = ¢/*(Z,-1, — ¢ 'vt)and T.is truncation by ¢ defined in Theorem 1.5.
Since Y k.o Eno(x) = ¢ 'vt, (1.3) implies

lim E (8” PTowme ), (Mo(x) — Eno(x)) — (2 — p)T. Wz(t)>2 =0. (54

&0 xeK:(t)
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By Theorem 1.3,

lime'? Y Ep,-1(x) = j (p(1 — w(r, 1)) + Aw(r, 0)dr , (5.5)

e—0 xeC:(t)

where w(r,t) is defined in Theorem 1.3. Finally, by symmetry of (r, w(r,t)) with
respect to (0, 1/2),

fc (p(L = w(r, 1)) + Zw(r,0))dr — (Ac — TW,(1)) + p(TW(1) + ¢))

== p)T.W,(0) . (5.6)
Then (1.14) follows from (5.3), (5.4), (5.5) and (5.6). &
Proof of (5.3) We first show it for p=1. Let C; (t) =[ — ¢~ "*(T.W,(t) + c),
01nZ,CJ )= [0,¢ 1*(c — T.W,(t))] N Z. Use the coupling described at the end
of Sect. 2. Let n; = ty,%;, 07 = Tx,0,,& = 1x,&,. Then,

Z He-1e(x) = Z Me-16(X) + z Ne-14(%)

xeCel(t) xeC,. (1) xeC; (1)

= Y oM+ Y (01X + E-ulx) B.7)

xeC.~ () xeC}(t)
The first marginal of (g, &) is v, for all ¢ and |C; (1) < 2c~'. Hence, by (2.2),
lime'? Y op-14x) — p(TW, () + ¢)) = 0 as. (5.8)
=0 xeC7 (1)

Then (5.8) and dominated convergence imply

1imE(s“2 5 a;-it(x)—p<TcW£(r)+c))2=o.

e—0 xeC. (1)

Analogously

limE<8”2 ¥ (G- + E-a(x) — Al — Tch(t))>2 =0.

=0 xeCl @)
We leave to the reader the proof for pe(1/2, 1). &

Proof of Theorem 1.4 Let @ be the indicator of the interval (a4, a,) and B, ® be the
indicator of the interval (b((t), b,(t)) as defined in (1.10). By Theorem (1.5) we have
that for any fixed time ¢ as & — 0, the fluctuation fields Y'¢(®) converges in L*(P) to
Y(B,®), the Gaussian field with covariance (1.9). It is immediate to extend this
convergence to the finite dimensional distributions: Let ¢; < ... < t,. Then (1.13)
implies

2
limsE( max |Y%(P;) — Y(B,itbi)|> = 0.
e—0 ie{l,...,n}

This implies in particular the weak convergence claimed in Theorem 1.4. &
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