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New characterizations of the Clifford tori and the Veronese 
surface 

By 

CHUANXI WU 

1. Introduction. Let M be an n-dimensional compact  minimally immersed submanifold 
in the unit sphere S "+p, and let h denote the second fundamental form of M. We denote 

n 
the square of the length of h by S. It is well-known that if S < then S = 0 or 

2 - -  
n P 

S = (J. Simons [6]). The minimal submanifold M satisfying S = 0 is totally geodesic. 
1 

2 - -  
P 

S. S. Chern, Do Carmo and S. Kobayashi [3] proved that the Veronese surface in S 4 and 

the Clifford tori in S "+ 1 are the only compact minimal submanifolds of dimension n in 
n 

S" § p with S - . For  the case of the codimension of the submanifold p _>_ 2, A. Li and 
1 

2 - - - -  
P 2n 

J. Li [4] proved that if S < - -  then M is either a totally geodesic submanifold or the 
Veronese surface in S 4. = 3 ' 

Let M be an n-dimensional compact  minimally immersed hypersurface in S "+ 1. We 
denote the Schr6dinger operator - A - S by L 1, where A is the Laplacian on M. The 
operator L 1 is said to have the eigenvalue 2, if the equation 

L l f  = 2 f  

has a non-trivial solution, where f :  M --* R is a smooth function. We denote the first 
eigenvalue of L 1 by 21. If  M is totally geodesic, then 21 = 0. J. Simons [6] proved that 
~1 --< - n  if M is not totally geodesic. Recently the author [7] got the following result: If 
21 > - n ,  then M is either totally geodesic or a Clifford torus. This result give a new 
characterization of Clifford tori. 

The purpose of this paper is to continue the work of [6] and [7] by extending the above 
results to compact  minimally immersed submanifolds in the unit sphere S "+p. The main 
result is the following 

Theorem A. Let M be an n-dimensional compact minimally immersed submanifold in 
the unit sphere S "+p, and let #1 be the first eigenvalue of the Schr6dinger operator 



278 C. Wv ARCH. ~aT~. 

L2 = - A - 2 - -  S. Then 

#1 = 0, i f  M is totally geodesic, 

# 1  <= - n, otherwise.  

Moreover,  i f  #l  >-- - n, then either # i  = 0 and M is totally geodesic or #1 = - n and M is 

either the Veronese surface in S 4 or the Clifford torus in S "+ 1. 

For  the case of the codimension of submanifolds p > 2, we have the following sharp 
result. 

Theorem B. Le t  M be an n-dimensional compact  minimally immersed submanifold in 

S "+p and p > 2, and let al be the f i rs t  eigenvalue o f  the Schrddinger operator 

3 S  
L3 = - A - ~ .  Then 

a t = O, i f  M is totally geodesic, 

cr 1 <= - n, otherwise. 

Moreover,  i f  ~t > - n, then either c h = 0 and M is totally geodesic or c h = - n and M is 
the Veronese surface in S 4. 

2. Preliminaries. Let M be an n-dimensional Riemannian manifold immersed in the 
unit sphere S "+p. We choose a local o r thonormal  frame field e t , . . . ,  e,+p in S "+p such 
that, restricted to M, the vectors el . . . .  , e, are tangent  to M. We shall make use of the 
following convention on the ranges of indices: 

1 < = A , B , C  . . . . .  < = n + p ;  

l <=i , j , k , . . . ,<=n;  

n +  1 < cqfl, y , . . . ,  < n  + p ,  

and we shall agree that repeated indices are summed over the respective ranges. With  
respect to the frame field chosen above, let co t . . . . .  co"+P be the field of dual  frames. Then 
the structure equations of S n+p are given by 

(2.1) de) a = - 5 2 ( o ~  A coB, co,~ + oo~ = O, 

= 1 E K~co coc (2.2) &o A = - E  coc A t, coc + ~A, g,~ ~- /X co*), 

(2.3) K~co = 6AC 6BO -- Jab C~OC. 

Restriction of these forms to M gives 

(2.4) co~ = 0. 

Since 0 = de) = = - Z  o)~ A co~, by Car tan 's  lemma we may write 

(2.5) c o i :  ~ hij,  hij - hyi.  
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(2.6) 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

F rom these formulas, we obtain 

i i " deJ = - Z (~j A co J, COj + CO[ = O, 

k i i 1 K '~Ol  k do)} = - ~ o)~ A COj + g2j, f2j = ~ z., " ikt  co a co I , 

Rjk t = K}k t + ~ (h~ ht5 - hit hjk ) ,  
o~ 

~' ~' ~ Z Rpu A co ,  d ~  = - E  % A co~ + n~,  f~; = ~ ~ (o k 

R~k, = K~k, + 2 (h~k her - h~, h{k ) . 
i 

W~ call h ~ = Z h~a) ofle~ the second fundamental form of the immersed submanifold 

M, and n h~ the mean curvature vector. An immersion is said to be minimal 

if its mean curvature vector vanishes identically, i.e.,, if ~ h~/= 0 for all ce. 
We define hi~ k and hi~kt by  i 

(2.11) Zh~jko) k dh~j Zh~co}  " '  ~ ~ - -  __ ~ ,  h U foi  + ~ h i j  0)  8 , 

(2.12) ~ t = = t _ 2h~tkr __ Z hijt ~ cok' + Sh~kco} .  2 hukl co dh~jk - 2 huk col 

The Laplacian Ah~[j of the second fundamental form h~ is defined by 

(2.13) Ah~j = ~, h~kk. 
k 

3. Proofs of theorems. In order to prove our results, we need the following 

Lemma 1 [5]. L e t  M be an n-dimensional minimally immersed submanifoId in S ~+p. 
Then 

(3.1) [VS[ 2 =< - - - -  

where 

Whl 2 = 

Now we prove 

4 n  
S Whl  z ,  

n + 2  

Z (h~jk) 2. 
~, i , j , k  

Theorem 1. Le t  M be an n-dimensional compact  minimally immersed submanifold in S "+ p 
such that M is not  total ly  geodesic, and let #1 be the f i r s t  eigenvalue o f  the operator 

L2 = - A - - S. Then 

(3.2) #1 < -- n -- - -  
2 MS [Vh[ z * 1 

n + 2  . ( S * t  
M 

where * 1 denotes the volume element o f  M .  
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P r o o f. It is known that 

(3.3) # ~ =  f ~  cminf(M) {s L 2 ( f ) f  * ] / s  l}" 
f~o 

For  any constant e > 0. We set 

1 

L = (S + ~)~. 

Clearly f~ ~ C ~o (M), and if M is not totally geodesic, then 

(3.4) lim 5 f 2 , 1 =  I S * I  > 0 .  
e ~ O  M M 

By a simple calculation we obtain 

3 _ 1  

'~ij " i j k :  
k ~,i , j  s~,i,j,k 

_ i  
+(S + g) g ~.hi~Ahi~ 

,~, t,J 
(3.5) 3 [ 

__>(S+0-~ S Z ~ 2 ,j i j ~ , j  (hijk) -- ( Z h~ h" ~2"] 
e, l , j ,k  a, i , j  

1 
+ (S + e) 5ZhiSAh~j. 

{/4z "~2 
\ltijk] 

By using Lemma ], we have 

(3.6) Af~ > (S + 
__3 2 

~, t, j 

From [3] we know that 

(3.7) ~, hijAhij > nS - - S 2 . 
~, L J  

It follows that 

2 3 
A L > (S + e ) - ~ S  IVh[ 2 

= n + 2  
(3.8) 

+ ( S + e ) - � 8 9  

and hence 

(3.9) 
2 < - n S - ~ ( S  + O-1StVh] 2 

= r t - t -  
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F r o m  (3.3) and  (3.9), we ob t a in  

(3.m) 

#1 ~ ~ L2(f~)fe  * 1 /~fa  2 * 1 
M M 

~ S . 1  
M 2 

< - - n  - - - -  

S (s + ~), 1 n + 2  
M 

(S + ~)-1S IVhl 2 .  1 
M 

j" (S + e) * 1 
M 

Let t ing  e ~ 0 and  t ak ing  the l imit  in (3.10), we have 

#1 = < - - n  

2 ~ IVhl z * I 

n + 2  ~ S . 1  
M 

which is jus t  (3.2). [ ]  

Theorem 2. Let  M be a n-dimensional compact minimally immersed submanifold in S " + p, 

and let # l  denote the f irs t  eigenvalue o f  the operator L2 = - A - ( 2 - ~ ) S .  Then 
n 

i) #1 > - n i f  and ~ i f  S <= - 
1 '  

2 - -  
P 

ii) #1 = 0 i f  and only i f  S = 0; 

iii) # 1 =  - n  i f  and only i f  S -  

2 - -  
1 

P 

n 
P r o o f. i) If  S < 1 '  then  we ob t a in  #1 > - n f rom (3.3). Vice versa,  if #1 > - n, 

2 - -  
P 

then  we ob t a in  [Vh[ z = 0 f rom T h e o r e m  1. Thus  S is cons tan t ,  and  hence the first 

e igenvalue  #1 o f t h e  o p e r a t o r  L2 = - A -  ( 2 - ~ ) S i s - ( 2 - ~ ) S .  T h e r e f o r e p l > = - n  

n 
impl ies  S < - -  

2 - -  
P 

ii) If  S = 0, c lear ly  we have  

L 2 = - A ,  ]11 = 0 .  

If #1 = 0, then M mus t  be to ta l ly  geodesic  f rom T h e o r e m  1. 
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n 
iii) If  S - i '  then 

2 - -  
P 

L 2 = - A - n , / q  = - n .  

n 
I f / q  = - n, then we k n o w  tha t  S = f rom the p r o o f  of T h e o r e m  1. 

1 
2 - -  

P 

T h e o r e m  A follows f rom T h e o r e m  1 and  2. 
F o r  a ma t r ix  A = (a~fl we deno te  the square  of the n o r m  of A by N(A),  i . e ,  

N (A) = t race  A t A = .~. (aij) 2. 

Recent ly  Li  [4] p roved  the fol lowing inequal i ty .  

L e m m a  2 [4]. Let  A1, A2, . . .  , Ap be symmetric ( n x  n)-matrices and p > 2. Denote 
S~p = t race  At~A~, S~ = S,~ = N (A~), S = S 1 + . . .  + Sp. Then 

3 2 (3.11) Z N(A~Ap - A~A, )  + Z S ~  < gS  , 
~,~ ~,t~ 

and the equality holds i f  and only i f  one o f  the following conditions holds: 
i) A ~ = A  2 . . . . .  A p = 0 ,  

ii) Only two o f  the matrices A 1 , A2, . . . ,  Ap are dgferent from zero. Moreover, assuming 
A 1 + O, A z +- O, A 3 . . . . .  Ap = 0, then S 1 = $2, and there exists an orthogonal (n x n)- 
matrix T such that 

o o) oo, t 
o o 

As an app l i ca t ion  of the above  inequal i ty ,  they p roved  

Theorem 3 [4]. Let  M be an n-dimensional compact minimally immersed submaniJbld in 

S "+p, p > 2. I f  S < __2n then M is either a totally geodesic submanifold or the Veronese 
surface in S 4. = 3 ' 

Using  L e m m a  2, we can prove  the fo l lowing sha rp  resul t  if the cod imens ion  p of the 
submani fo ld  satisfies p > 2. 

Theorem 4. Let M be an n-dimensional compact minimally immersed submanifold in 
3S  

S "+e, and let al  be the f irst  eigenvalue of  the operator L3 = - A - - - .  I f  M is not totally 
geodesic and p > 2, then 2 

IVhl 2 * 1 
2 M 

(3.12) ax < - - n  - - -  
n + 2  S S , 1  

M 
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P r o o f. As before we have 

(3.13) 0-1 = inf 
f ~ C ~  

f * O  

where L 3 - =  - -  A - S .  For  any e > 0, we set 

1 
L = (s + ~)2. 

From [3], we have 

(3.14) Z .  hiSAhi~ = - Z N ( H , H ~  - H~H~) - Z S~2~ + nS,  
o~,~,j ~,~ cc, B 

where H~. = (hiq), S~p = trace H~ Hp. By Lemma 2, we obtain 

~ 3 + n S .  (3.15) ~. hijAhi~ > - S 2 
ot, i , j  = 2 

Using (3.1) and (3.15), it follows from (3.5) that 

(3.16) A f ~ > n ~ 2 ( S + e ) - ~ S I V h ]  2 + ( S + e ) - � 8 9  S -  S 2 , 

and hence 

(3.17) 

Thus 

3 2 
L3 (f~)f~ = - L A f ~  - ~Sf~ 

< - n S -  
2 1 

2(S + 5 ) - 2 S  [Vh[ z. 
n + 

~ S , 1  
M 2 

(3.18) a l  < - n - - -  
~ ( S + e ) * l  n + 2  
M 

(S + ~) - lS[Vhl  2 .  1 
M 

(S + e) * 1 
M 

Letting 5 -~ 0 and taking the limit, we obtain 

2 M~ [Vh[ 2 * 1 

0-1 < - n  D .  
n + 2  f S * l  

M 

Theorem 5. Let M be an n-dimensional compact minimally immersed submanifold in 
S n+p and p > 2, and let a 1 denote the first eigenvalue of  the operator L 3 = - -  A - -  }S.  
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Then 
2 . (i) a l > - n i f  a n d o n l y i f  S < g n ,  

(ii) a l = 0 i f a n d o n l y i f S = 0 ;  
(iii) a l = - n  i f  and only i f  S =  n. 

The proof  of Theorem 5 is completely similar  to the proof  of Theorem 2, and  therefore 
is omit ted  here. 

Theorem B follows from Theorem 3, 4 and  5. 

A c k n o w 1 e d g e m e n t. This  work  was done  while the au tho r  was a guest at Lehigh 
Univers i ty  and M S R I  (Berkeley). The au thor  would  like to express his sincere grat i tu te  
to professors C. C. Hsiung,  R. Osse rman  and  S. S. Chern.  
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