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New characterizations of the Clifford tori and the Veronese
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1. Introduction. Let M be an n-dimensional compact minimally immersed submanifold
in the unit sphere S™*7, and let h denote the second fundamental form of M. We denote

the square of the length of h by S. It is well-known that if § < Ll’ then §=0 or

7~
p
S = —n—I (J. Simons [6}). The minimal submanifold M satisfying S = O is totally geodesic.

3 _ =
p
S. S. Chern, Do Carmo and S. Kobayashi [3] proved that the Veronese surface in S* and

the Clifford tori in S"** are the only compact minimal submanifolds of dimension 7 in

S*tPwith S = ~n—1 For the case of the codimension of the submanifold p = 2, A. Li and

2 —_—
p 2n . .
J. Li [4] proved that if § £ 53 then M is either a totally geodesic submanifold or the

Veronese sutface in S*.
Let M be an n-dimensional compact minimally immersed hypersurface in S""1. We

denote the Schrodinger operator — A4 — § by L, where 4 is the Laplacian on M. The
operator L, is said to have the eigenvalue 4, if the equation

Lif=4f

has a non-trivial solution, where f: M — R is a smooth function. We denote the first
eigenvalue of L; by A,. If M is totally geodesic, then 4, = 0. J. Simons [6] proved that
A £ —nif M is not totally geodesic. Recently the author [7] got the following result: If
Ay = —n, then M is either totally geodesic or a Clifford torus. This result give a new
characterization of Clifford tori.

The purpose of this paper is to continue the work of [6] and [7] by extending the above
results to compact minimally immersed submanifolds in the unit sphere S"*?. The main
result is the following

Theorem A. Let M be an n-dimensional compact minimally immersed submanifold in
the unit sphere S"*?, and let u, be the first eigenvalue of the Schrodinger operator
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1
L,=—4 —( ——)S. Then
p

Uy, =0, if M is totally geodesic,
Uy S —n, otherwise.

Moreover, if i, 2 — n, then either u, = 0 and M is totally geodesic or y; = — n and M is
either the Veronese surface in S* or the Clifford torus in S***.

For the case of the codimension of submanifolds p = 2, we have the following sharp
result.

Theorem B. Let M be an n-dimensional compact minimally immersed submanifold in
S**? and pz2, and let o, be the first eigenvalue of the Schridinger operator

35
L3:—A —‘2“ Then

g, =0, if M is totally geodesic,
o, £ —n, otherwise.

Moveover, if o, Z — n, then either ¢, = 0 and M is totally geodesic or 6, = —n and M is
the Veronese surface in S*.

2. Preliminaries. Let M be an n-dimensional Riemannian manifold immersed in the
unit sphere S"*?. We choose a local orthonormal frame field ey, ..., ¢, , in "7 such
that, restricted to M, the vectors e, ..., e, are tangent to M. We shall make use of the
following convention on the ranges of indices:

1£4,BC,..., sn+p;
t£ij,k..., <n;
n+l1sapfy,....Sn+p,

and we shall agree that repeated indices are summed over the respective ranges. With

respect to the frame field chosen above, let @', ..., ®"*? be the field of dual frames. Then
the structure equations of "7 are given by

2.1) do* = - Y of r 0f, of+0f=0,

(2.2) dof = —Ywf no§+ 5, P5=L1YKi, 0 A 0P,

(2.3) KBACD = 6,4c0pp — O4pInc-

Restriction of these forms to M gives

24 w*=0.

Since 0 = dw* = — 3 w? A @', by Cartan’s lemma we may write

2.5) of = Shy, Ky =h
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From these formulas, we obtain

(26) . do'=—FoiA0), o +0i=0,

)] dot=—3 ol Ao+ QL Q=1 Rl 0" Ao,
(28) Rﬂtl - K]kl + Z(ha ha h(lzl h?k)’

2.9 dofy = -3 0% Ao} + QF, Q=1 R 0" Ao,
(2.10) R = Kpy + Z(h?k hfy — hy hE).

We call 2 = 3 h%; o' e, the second fundamental form of the immersed submanifold
M, and —Z (Z hﬁg) e the mean curvature vector. An immersion is said to be minimal

if its mean curvature vector vanishes identically, i.e., if Z a% =0 for all o
We define hf, and hfy, by

{211 Y h o =dhf — Yol — Tk o) + Xk of,

(2.12) Y g0 = dhly — S h o) ~ X By o) — Y B o) + Zhi, of.
The Laplacian 4k; of the second fundamental form hf; is defined by
(2.13) 4h; = ‘k; L.

3. Proofs of theorems. In order to prove our results, we need the following

Lemma 1 [5]. Let M be an n-dimensional minimally immersed submanifold in S™*?.
Then

4n
3.1 2L 2
(3.1) [VS| _n+2S?Vh! ,
where
[Vhlz Z (hljk) .
a, i, juk

Now we prove

Theorem 1. Let M be an n-dimensional compact minimally immersed submanifold in S**?
such that M is not totally geodesic, and let u, be the first eigenvalue of the operaior

L,=~ ( -——>S Then
D

2 .
n+2 j'S*i
M

[ IVR]? =1
(3.2) S —n-— ¥

3

where * 1 denotes the volume element of M.
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Proof. It is known that

(3.3) u, = inf {jLz(ff*l/jfZM}

SeC® (M)
f#0

For any constant & > 0. We set
1
L= +¢2.
Clearly f, e C* (M), and if M is not totally geodesic, then

(3.4) lim [ ff«1={8+1>0.
s=0 M M

By a simple calcuiation we obtain

Af,= (5 +2) 22(2 Bh)  + (S + 977 5 ()

xi,j a, i, j. k

S+ TE Y kAR

(3.5) o
g S+8) Z[S Z (ljk) _Z(Zhahfjk)]
i, j.k ko oai,j
+(+¢ 2Zh°‘Ah"

lj'

By using Lemma 1, we have

32
(3.6) Aﬂ;(S+a)§n+2S|Vhlz+(S+s) S e An,.

&, i, f

From [3] we know that

1
3.7) S ke ARG 2 nS — ( - V>SZ.
o, i,J 14

It follows that

2 _3
Af, =2 —— 25 |Vh|?
fs_n+2(5+8) [Vh]|

(3.8) 1
+(S + ¢ Z[nS < ——>S2],
p
and hence
1
(fle=—LfAf, —< - ;)Sff
(3.9)

2
< __ e -1 2.
< —ns n+2(5+8) S|vh|

ARCH. MATH.
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From (3.3) and (3.9), we obtain

S Ly () it/ f2#1
M M
(3.10)
[§x1 [ (S48 S|Vh?*1
o, 2
T [S+gxt nt2 [S+ox1
M M

Letting ¢ — 0 and taking the limit in (3.10), we have

Bl =1
, fe

T2 fSs*1
M

WS —n

which is just (3.2). O

Theorem 2. Let M be a n-dimensional compact minimally immersed submanifold in S**2,

and let y, denote the first eigenvalue of the operator L, = — A — {2 — %) S. Then
n

) = —nifandonlyif S

y_ -
p
i) u,=0if andonly if S=0;

i) wy= —nif and only if S =—— .

-
p

Proof ) If§ < —ﬁ—i, then we obtain gy, = —n from (3.3). Vice versa, if y; = —n,
9 _
p
then we obtain |Vh|Z = 0 from Theorem 1. Thus S is constant, and hence the first

1 1
-~ —)Sis —<2 — —) S. Therefore y; = —n
D

eigenvalue y; of the operator L, = — 4 — <2
D

n

implies § <

I
7_ =

14
i) If S =0, clearly we have

Ly=—-4, p, =0.

If 4, =0, then M must be totally geodesic from Theorem 1.
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i) IfS= Ll then
2=
p

Ly=—4d—ny =-—n

If 4, = —n, then we know that § = from the proof of Theorem 1. {7

o R
p

Theorem A follows from Theorem 1 and 2.
For a matrix 4 = (a;;) we denote the square of the norm of A by N{4), i.e.,

N(A) = trace A'A =3 (a;;)°.
i
Recently Li {4] proved the following inequality.

Lemma 2 [4]. Let A,, A,,..., A, be symmetric (nxn}-matrices and p = 2. Denote
S, = trace A, A;, S, =8,=N(4,),S=8, +---+8,. Then

(3.11) %N(A,AB—AﬁAa)+%Sjﬁggs2,

and the equality holds if and only if one of the following conditions holds:

) A =A4,="=4,=0,

ii) Only two of the matrices Ay, A,, ..., A, are different from zero. Moreover, assuming
A;#0,4,#0,4; == A,=0,then S, = §,, and there exists an orthogonal {n x n)-
matrix T such that

/1 0 [0 1 00
S S
TA&T=\/71<0 -1 ) TAYT = 71(0 1 )
0|0 00/

As an application of the above inequality, they proved

Theorem 3 [4].. Let M be an n-dimensional compact minimally immersed submanifold in
2
SttPp=22 If S E —v’z, then M is either a totally geodesic submanifold or the Veronese
surface in S*.
Using Lemma 2, we can prove the following sharp result if the codimension p of the
submanifold satisfies p = 2.

Theorem 4. Let M be an n-dimensional compact minimally immersed submanifold in
S™*? and let ¢, be the first eigenvalue of the operator Ly = — A — — . If M is not totally
geodesic and p 2 2, then 2

Vh|?* = 1
, LIV

3.12 L —n— e ——
( ) Go=—0 n+2 jS*i
M
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Proof. As before we have

feCo(M) (M
FE Y

(3.13) o, = inf {jLa(f)f*l/Afle*l},

38
where Ly = — 4 -5 For any ¢ > 0, we set

fi=(S+ 02,

From [3], we have

- J
&, 1,7

3.14) Y kARG =Y N(HHy;— HyH,) ~ Y S5+ nS,
j o, B o, B
where H, = (h%;), S, = trace H,H;. By Lemma 2, we obtain

ij Aty =
a,i,j

3
(3.15) S hLAR% = ——ESz-i—nS.
Using (3.1) and (3.15), it follows from (3.5) that

2 _3 1 3
A >——7HAS + 2 2 2 _Zg2
(3.16) Af, " 2(S e) 2S5|Vh]* +(S +¢) 2<nS 2S >,

and hence

Ly fo= —f, AT~ 512

3.17)
2 1

£-nS——(S§ 2 hl%.

£-—-n n+2( +¢) 28 |Vh|
Thus

{Sx1 5 f(S+9 7 S|Vh|* =1

(3.18) og<-n—2 = M

[(S+es1 nt2 [(S+e)=1

M M

Letting ¢ — 0 and taking the limit, we obtain

hZ
LIV

Cn+2 [5%1
M

Theorem 5. Let M be an n-dimensional compact minimally immersed submanifold in
S""F and p 2 2, and let o, denote the first eigenvalue of the operator Ly = — A — 8.
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Then

() o= —nif andonlyif S <2n;
i) o, =0if andonlyif S=0;
(i) o,=—nif andonlyif S=n

The proof of Theorem 5 is completely similar to the proof of Theorem 2, and therefore
is omitted here.
Theorem B follows from Theorem 3, 4 and 5.
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