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Compactly Supported Bidimensional Wavelet Bases
with Hexagonal Symmetry
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Abstract. We study a class of subband coding schemes allowing perfect re-
construction for a bidimensional signal sampled on the hexagonal grid. From
these schemes we construct biorthogonal wavelet bases of L(R?) which are
compactly supported and such that the sets of generating functions !/11, Vo, Ys
for the synthesis and l/ll, l/lz, 1//3 for the analysis, as well as the scaling functions
¢ and @, are globally invariant by a rotation of 27/3. We focus on the particular
case of linear splines and we discuss how to obtain a higher regularity. We finally
present the possibilities of sharp angular frequency resolution provided by these
new bases.

1. Introduction

1.1. Wavelet Bases of L*(R)

Wavelet bases are families of functions of the type
1) Yix) = 277227 x — k),

where  is a mother function in L%(R) well localized both in time and frequency.
They are usually defined with the help of a multiscale analysis, i.e., a sequence of
approximation subspaces {V;},.z of LXR) associated with a scaling function ¢(x)
such that

@ O} s VeVcheV, eV, -LAR),
€ eV, = fx)eV., = f2x)eV,,
) {@(x — k)}iez is an orthonormal basis for V.

In this framework, wavelets characterize, at each scale, the necessary details to get
from one level of approximation to the next finer level since {Yf};.z forms a
hilbertian basis for the orthogonal complement W of V; into V;_, (see [Me], [D1],
and [D2]).
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In practice (see [D1]) the starting point to multiresolution analysis and wavelets
is a pair of digital filters represented by their transfer functions mgy(w) and
my(w) = e~ my(w + 7) that satisfy

&) mo(0) = 1
and
(6) [mo(w)* + [mo(w + 7)|* = 1.
The scaling function and the wavelet are then defined by
. + _ . w . W
) o) = [] me2 ) and (o) = m1<5>(p<3>.
k=1

These filters, called “conjugate quadrature filters,” are also used in the Fast
Wavelet Transform Algorithm: A discrete signal is split into two sequences of
approximation and detail coefficients at the next coarser scale, by convolution
with the low-pass filter m, and the high-pass filter m,, followed by the decimation
of one sample out of two (the total amount of information is preserved). The
reconstruction is operated by the same filters that are used to interpolate and
refine the decimated sequences, followed by a normalization of a factor 2. This
set of operations is known in electrical engineering as a Subband Coding Scheme.

A multiscale representation of the original signal is obtained by iterating the
decomposition on the coarse approximation, but the details can also be de-
composed for more frequency resolution: this generalization leads to the “wavelet-
packets analysis” [CMQW] that we use in Section 5 of this paper.

The class of compactly supported wavelets [D1] is particularly interesting for
the applications since the conjugate quadrature filters corresponding to such bases
have finite impulse responses and the subband coding scheme which constitutes
each step of the algorithm can thus be implemented very easily.

1.2. Biorthogonal Wavelet Bases

Biorthogonal wavelets were designed to obtain wider possibilities in the choice of
the functions used in a wavelet basis.

In this more general setting, introduced in [CDF], one starts from a two-channel
subband coding scheme with perfect reconstruction, where the analysis and
synthesis filters need not be identical as in the particular case of the CQF.

In one dimension this leads to a pair of dual low-pass filters represented by
their transfer functions fy(w) (for the analysis) and my{w) (or the synthesis) which
have to satisfy the following relations:

@) mo(0) = o(0) =1 and  my(n) = fig(n) = 0,

) mo(ig(w) + mo(w + Tyl + ) = 1.

If m, is fixed, finding 71, can be done by solving a Bezout problem or inverting
a finite matrix. The two high-pass filters that are used to compute detail informa-
tion are simply expressed by

(10) my(w) = e “my(w + ) and my(w) = e “my(w + 7).
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The associated scaling functions and wavelets are defined in the same way as for
the orthonormal case but the synthesis functions {¢,%} and the analyzing
functions {®, ¥} need not be identical. We have

Ay ¢ =] m o) and )= m1<9>¢<9),
k=1 2 2

(12) Plo) = ﬁo o2 *w) and tf/(w) = n~11<§)q~,<§>
k=1

Clearly, m, = i, gives the orthonormal-CQF case. Then, under additional condi-
tions detailed in [CDF1], [C], and [CD1] and briefly recalled in the appendix, we
have, for any f in L*(R), _

(13) f= 3 bl

jkeZ

where these expansions are unique and unconditional (ie., stable in the L?
sense).

1.3. Tensorial Wavelet Bases of L*(R?)

The usual method to generalize wavelet bases the multiscale analysis to n-
dimensional functions is based on tensor products. This method is valid for
biorthogonal as well as for orthonormal wavelets. For example, in two dimensions,
the space V; are generated by the families {2 /92 /x — k)p(2 7y — £)} . )ez2 and
three wavelets are necessary to characterize the details: (x)o(y), @(x)W(y), and
Y(x)y(y) which represent in image processing respectively the horizontal, vertical
and “corner” edges (see [Ma]). This allows the use of all the results established
in the unidimensional case about the regularity and oscillation properties of
compactly supported wavelets. However, the tensor product construction is
clearly restrictive and, moreover, it leads to a nonisotropic analysis for two
reasons:

(a) The horizontal and vertical directions have a particular importance and the
three wavelets are not “equivalent,” in the sense that only the first two can
be exchanged by a transformation on the coordinates ((x, y) — (y, x)).

(b) It is known that compactly supported scaling functions and wavelets in one
dimension cannot be symmetrical (except for the Haar system which is
composed of discontinuous functions, see [D1]), and that can be a problem
for some applications such as image coding.

1.4. The Hexagonal Lattice

The hexagonal lattice I" in R? can be defined as the image of Z?2 by a linear trans-
1 i

formation corresponding to the matrix ( 2 )
0 \/5/2

One can also write

(14) I'= {n131 + nye, + njez|(ny, ny, n3)eZ3},
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Fig. 1 (a) The hexagonal mesh T and (b} the dual lattice I" and its Voronoic cell X.

the vectors ey, e,, e; being defined in Fig. 1(a); they are not independent, but
the coordinate system (w,, @,, w,) given by

(15) wy =L{wle), w;=<(wle), and w;={w|e)

is useful because it reflects the symmetries of the lattice. For any point w € R?, we
have

(16) wy + w, + w5 =0.
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The hexagonal lattice has two related interesting properties:

o It is “compact” in the sense that it allows the densest repartition of points
in R? with given minimal distance between them.

e It is “isotropic” since it has three equivalent main directions (against, for
instance, only two for the “square™ lattice).

We define a filter on I as an element of (T, R). The ring of compactly supported
filters is denoted by €%, its multiplication being the usual convolution product.
For each filter {h,},.r, the associated transfer function is defined on R* by the
discrete Fourier transform

7 mw) =Y He Kelv,
vell
The “dual lattice” " to T is the set of points w in R? such that, for all yeT,
{wly) is an integer multiple of 2z. It is also an hexagonal lattice that can be

obtained by rotating I' of n/6 and dilating the resuit by 41:/\/3. The “Voronoi

cell” X of the dual lattice—that is, the set of points closer to 0 than to any other

point of the dual lattice—is thus the minimal domain of R? on which the transfer

function of a filter has to be known. In the one-dimensional case this domain is

the interval [ —n, . In the two-dimensional hexagonal case it is an hexagon.
Some graphs related to I' are shown in Fig. 1.

1.5. Hexagonal Wavelets

This paper deals with the two problems of tensorial bidimensional wavelets
mentioned above and presents an original construction which allow more isotropy.
We use the hexagonal mesh I' instead of Z? as the translation group associated
with V. We still need a priori three wavelets to characterize the details, but we
shall see that it is possible to choose a scaling function ¢ invariant by a rotation
of 2n/3 and the three wavelets ¥, ¥,, and y; such that {y;, y,, 5} is globally
invariant by a rotation of 2n/3. That is, we have only one wavelet, but we are
adding a 2r/3 rotation to the set of transformations generating the elements of
the basis from this wavelet.
In the biorthogonal setting, this leads to

Definition 1.5.1. A hexagonal biorthogonal wavelet basis of L*R?) is a bi-
orthogonal wavelet basis such that the sets {/,, ¥, Y3} and {y, ¥,, 5}, as well
as the scaling functions ¢ and @, are globally invariant by a 2r/3 rotation.

This idea, due to Y. Meyer and S. Jaffard, was introduced to construct a wavelet
basis of L%(R?) where all the generating functions are piecewise affine on the
triangles of 3T (see [Me] and [J]). In this case V, is the space of square integrable
piecewise affine functions on the triangles of I'. A natural generator for ¥, is given
by the Courant interpolating “hat function” ¢ represented in Fig. 3(a). However,
the family {@(x — y)},.r is clearly nonorthonormal. Using the gramian matrix
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G = (Kox — MM e(x — ¥)>)y, yyere, an orthonormal basis can be generated by
(@o(x = Mhyer = G~V (x — 9));er-

The new scaling function ¢, has hexagonal symmetry like ¢, orthonormal
translates by I', but no compact support.

More generally, it seems difficult to build orthonormal bases of compactly
supported bidimensional wavelets without the help of the tensor product method.
It is necessary to design the nonseparable finite impulse response CQF and the
Fejer-Riesz lemma which is crucial in one dimension to derive the transfer function
from its square modulus (see [ D1]) but does not generalize in the multidimensional
framework. For this reason we leave the orthonormality constraint and consider
biorthogonal bases of wavelets.

Another interesting construction, made by C. K. Chui, J. Stockler, and J. Ward,
leads to compactly supported spline wavelets, but the dual functions (and the
analysing filters) are not compactly supported (see [CSW]). Finally, an article by
C. de Boor, K. Hollig, and S. Riemenschneider deals with the use of various box
splines for bivariate cardinal interpolation but their approach and their results
are quite different from ours (see [BHR]): a mapping is used to derive the high-pass
filters from the low-pass via

my(wy, ©,, 0;3) = e mlw; + 7, 0, + 7, ®;),
(18) my(wy, @,, 03) = € 'm(w,, w, + 7, 03 + ),
my(@y, 0y, W3) = € m(w, + 7, w,, w3 + N).

We have used here the representation w = (@, ®,, ®3) that is defined in (1.4). This
is also the mapping that was used by Y. Meyer and S. Jaffard in the orthonormal
case. In our approach we are particularly concerned to have finite impulse response
filters for both the decomposition and the reconstruction of our two-dimensional
signals. We shall see that, with this requirement, the high-pass filters cannot be
derived from the previous mapping.

We, of course, have a similar definition for the filters:

Definition 1.5.2. A family {m,,...,m3, H,,...,m;} of filters has hexagonal
symmetry if the sets {m,,...,m3} and {/f,, ..., M}, as well as the filters m, and
iy, are globally invariant by a 2n/3 rotation.

This can be expressed by the following identities:

(19) { m(w,, w,, @3) = m(@,, w;, ®;) = Mws, O, ©,),

Mm@y, 0y, 03) = My{(W;3, 01, @) = M3(@,, W3, W;)

(also valid for {s,, ..., #i13}). After imposing some specific conditions, described in
the next section, on these filters, we define our scaling functions and wavelets in
a similar way to the one-dimensional case by

+ o0 o

(20) Yl) = J] mo2 %) and $(w) = [] #e(2 *w),

k=1 k=1

QD) §,00) = m@d@) and §,00)=mwbe) for e=123.
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A trivial result links hexagonal filters to hexagonal wavelets:

Proposition 1.5.3. Let {my,...,ms, iy, ..., i3} be a family of filters associated
with a biorthongonal wavelet basis; then the wavelet basis is hexagonal if and only
if {mg,...,my, Mg, ..., My} is hexagonal.

Proof. If {mo, ..., M3, Ay, ..., i3} is hexagonal, then the associated scaling func-
tions ¢ and @ are invariant under a 2m/3 rotation by (20), since m, and i, have
the same invariance. Then, by (21), {1, ¥, ¥} and {¥,, W, W3} are globally
invariant by a 2n/3 rotation.

Reciprocally, the invariance by 2n/3 rotation of ¢ and (p means the i mvarlance
of m, and i, (remarking that $(2w) = my(w)P(w) and H(20) = fy(w)d(w)), and
then the invariance of {l,bl, Vo, W3} and {§,,¥,, 5} implies the invariance of
{my, m,, my} and of {m,, im,, M,} by (21). n

2. Perfect Reconstruction Hexagonal Filters

2.1. Subband Coding Scheme

We now take a closer look at the transfer functions of the digital filters that will
lead us to the construction of our hexagonal biorthogonal wavelet bases. Since
we want to express in a simple way the hexagonal symmetry constraints that we
impose on these filters, we again use the representation @ = (@,, ®,, ©3).

Figure 2 shows a four-channel two-dimensional subband coding scheme where
the analyzing filters are {#,, fit,, #1,, W3} and the reconstruction is performed by
{mgy, my, my, ms}.

If the low-pass filters satisfy

(22) mo(0) = 1iy(0) = 1,

then we can define, as in the one-dimensional case, the dual scaling functions
and wavelets by (20) and (21). If this subband coding scheme has the property of
perfect reconstruction for any signal, then the same arguments as in [CDF] show
that under some conditions on the convergence of the infinite products in
(20), and provided that the high-pass filters vanish at the origin, the families
{(l/ls){:}jel,ver,s=1,2,3 and {(l/la){’}jel.yer,s=l,2,3 are biorthogonal bases Of LZ(RZ)

LP

HP1
reconstructed

signal

HP3

original
signal

Fig. 2. A four-channel subband coding scheme: 4 | stands for decimation, 41 for up-sampling (the
reconstructed signal has to be normalized by a factor of 4).
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These arguments are recalled in the Appendix. We now describe the properties of
exact reconstruction.

2.2. Related Linear System

Define n, = (0,0, 0), n, = (0, n, n), w, = (w, 0, =), and n5; = (=, 7, 0). The following
two results characterize families of filters with exact reconstruction:

Lemma 2.2.1. The family my, ..., my, My, ..., My (hexagonal or not) has exact
reconstruction if and only if it satisfies :

S, Fam) = 1,
i=0

mw + m)mfw) =0,

-,

Mo Mo 1Mo

(23)
mi{o + m)miw) =

-

mfw + nymfw) =0

i

Proof. The proof is exactly the same as the one-dimensional case (see [CDF]):
it suffices to remark that the action of the subband coding scheme of Fig. 2 on a
two-dimensional discrete signal {s,},.r can be expressed on the discrete Fourier
transform s(w) by the formula
3 3

(24) Rs(@) =Y slw+m) Y mfo+ n)mlw),

j=0 i=0
where Rs(w) is the discrete Fourier transform of the reconstructed signal. Perfect
reconstruction for any discrete signal is thus equivalent to (23). ]

Lemma 2.2.2. If the family mq, ..., ms, Wy, ..., M3 of hexagonal compactly sup-
ported filters has exact reconstruction, then it satisfies

L My + ) (o + ) (o + 7y
25) my = D my(w + 7)) Ay(w + 1) Mo+ )|,
myw + 13) My(w + ns) Ms(w + 7s)

where D is a nonzero constant and

(26) g mo(w) + Highg(w + 7,) + Aigmg(@ + 7,) + Mgmg(w + 7g) = L.

Proof. Consider (23) as a system of equations in the unknown {my, ..., m;} with
coefficients depending on {f, ..., fii3}. Since (23) has a nonzero solution in €%,
its determinant has an inverse in 4%, and therefore must be of the form
Det(w) = Deimer * mortmas)
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Consequently, m, is given by

Mo((ﬂ) o i(B101+ 1202+ 13003) M_O(@
Det(w) D’

where M (w) is the minor of system (23) associated with #y(w) in the first line.
However, by (19), M, obviously has invariance by 2xn/3, and m, must have this
invariance too by the definition of an hexagonal family of filters. So that we must
have

27 mo(o) =

(28) ny =Ny = N3,

which proves (25) (because Det{w) = D).
If we now develop the determinant of system (23), using the symmetries
expressed in (19), we obtain

3 —
(29) Y oMol + m) =D
j=0
from which we deduce (26). n

For a given m,, an m, satisfying (26) is called a dual to m,. As in the
one-dimensional case, this dual filter is not unique. It is easily checked that a filter
bis a dual to a filter a if and only if ab becomes 1 (the unit in #F) after decimation.
So that, for instance, if @, b, ce €%, then ac is a dual to b if and only if g is a
dual to bc. This elementary property is used later.

Remark 2.2.3. “Duality relation” (26) can be viewed as a simple generalization of
relation (9) obtained in the one-dimensional case. For the high-pass filters, we can
see from (25) that no more do we have a simple relation as in (10): it seems that
we first need to know the high-pass filters to derive the low-pass filters. Instead
of (26), the mapping (18) could be attempted to be used to generalize (10).
Unfortunately this is not enough to satisfy system (23) except in the orthonormal
case (when m{w) = mw) for i =0---3).

Remark 2.2.4, When my(w) has hexagonal symmetry, given a dual filter m(w), we
can immediately derive a dual filter with hexagonal symmetry by the choice

(30) o(0) = i(w) + Mlw,, 0;, @) + Mo, 0, ®,))

that still satisfies (26).

The results that we have proved in this sectlon provide us with a systematic
resolution scheme for (23).

2.3. Resolution

Here is an indication about how to solve (23):

Theorem 2.3.1. Let 1, be a compactly supported filter. Derive 1, and .
by (19) and my by (25) with an arbitrary D # 0. Let i, be a compactly supported
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dual to my (that is, M, should satisfy (26)) with hexagonal symmetry. Derive m,
by the usual formula for a solution of (23) and m, and my by (19). Then the family
{mg, ..., ms, My, ..., W3} is hexagonal with exact reconstruction.

Proof. {my,...,ms, My, ..., i3} is clearly hexagonal. Identities (25) and (26) imply
that the determinant of the system is equal to D. We thus can derive m, as the
second component of the solution of (23). The symmetries of this system imply
that the last two components m, and m; can indeed be derived from m, by (19).
This shows that system (23) is satisfied by this choice of filters. u

Remark 2.3.2. We have mentioned that, to generate biorthogonal wavelet bases,
m, and i, should be equal to 1 at the origin. This requirement fixes the value of
D. The general procedure to design a subband coding scheme with exact re-
construction that may lead to wavelets is thus the following:

1. Choose the analysis high-pass filters with hexagonal symmetry.
2. Derive the synthesis low-pass filter by (25), imposing my(0) = 1.
3. Find an analysis low-pass filter that satisfies (26) and m,(0) = 1.
4. Derive the synthesis high-pass filters by solving system (23).

Remark 2.3.3. It can be easily checked that if we exchange the families
{mq, ..., m3} and {#y, ..., M;}, system (23) is still satisfied (replace w by w + 7;
in the jth line of the system and use I'-periodicity): perfect reconstruction is
preserved by interchanging the analysis and synthesis filters (if these filters generate
biorthogonal wavelets, this also mean that we interchange the analysis and
synthesis wavelet). In particular, this means that #iy(w) can be derived from m(w)
by formula (25).

Remark 2.3.4. Three problems arise here:

e Does (26) always have a solution in 1, for a given m,? Recall that such a
solution is not unigue in general.

e Given a family of exact reconstruction, compactly supported filters, do the
associated wavelets form a Riesz base of L2(R?), and, if so, what is their
regularity?

e What is the set of possible m,? That is, which are the m, associated by (25)
to some 11, ? Can we at least find a family of “good” m,’s and some 1, giving
rise to them?

The first two questions will be precisely answered. The third remains mainly
opened; here are some elements to answer it.

2.4. Possible Choices for my

To find an #i, giving rise to a given m,, a nonlinear (third-degree homogeneous)
system in many unknowns has to be solved.

An 1, with a given support gives rise to an m, with a much larger support (two
successive convolutions happen in each term in (25)) although with more symmetry;
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so that when the support of m, grows, it quickly becomes unlikely that a solution
to (25) will be found.
For m, with a small support, however, things are different.

Proposition 2.4.1. Let m, be an hexagonal filter with coefficients of the following
type:

{a being positioned at the origin of T'). There exist an my such that my is given by
Sformula (25).

Proof. It can be easily checked that if the coefficients of m, are (x, y, z) with the
origin on the “x,” then (25) leads to an hexagonal filter in which coefficients are
given by

z X
42| x -y z
z X
so that all my’s of the above form are associated through (25) with an /#,. 1B

3. Linear Spline Wavelets

3.1. Two Examples
The filter which gives rise to the Courant interpolating function by repeated
convolutions of scaled versions of itself as in (11) is given by

Definition 3.1.1.  c(w) = 4(1 + cos(w,) + cos(w,) + cos(w,)) is the affine box spline
generator with coefficients

O
oy
[\
—

(the origin of T" being on the “2”).

This low-pass filter can be generated from different high-pass filters as shown
by

Proposition 3.1.2. 7% = X1 — &)1 — ™) and i = X1 — e ) give rise
through (25) to mg = c.

Proof. 1t is a consequence of Proposition 2.4.1 for %, and left to the reader for
] (it is only a computation and can be done directly). |
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Remark 3.1.3. The existence of some m, having the above property is known
from Proposition 2.4.1 above, so that finding the coefficients of /4 and A} is merely
a question of solving an equation. There might actually be other filters giving rise
through (25) to m, = ¢ (for instance, the images of M4 and of # under some
symmetry of c).

Since c(w) generates the Courant interpolating function, if we can now find a
correct dual for ¢, we shall obtain a hexagonal wavelet base with one set of
functions (say, the synthesis functions) piecewise linear.

We now answer the first question of the existence of a dual filter.

3.2. Existence of a Dual

The following result is a generalization of the one-dimensional result which ensures
the existence of a dual filter for m(w) if and only if the z transform m(z) has no
pair of zero {z, —z} (recall that the z transform is simply the meromorphic function
obtained by replacing ¢’ by z in the transfer function) However, the one-
dimensional result is essentially a consequence of the Bezout theorem which does
not hold for dimensions higher than 1 and we had to find a different proof, which
is rooted in a well-known theorem of commutative algebra, Hilbert’s Null-
stellensatz.

To enounce and prove this result, we come back to the standard representation
@ = (Wy, ©,).

Lemma 3.2.1. Let m(w) = m{w,, w,) be a two-dimensional filter. There exist a filter
p such that
€2Y) mp(w) + mp(@ + (7, 0)) + mp(w + (0, 7)) + mp(w + (7, w)) = 1

(which is equivalent to the duality relation (26)) if and only if there does not exist
(215 25) € (C*)? such that (z,, z,), (24, —2,), (—2y, Z,), and (—z,, —z,) are all zeros
of the z-transform of the Fourier coefficients of m.

Proof. We can express (31) using the z transform as follows:
(32) mp(zy, z3) + mp(—2zy, 25) + mp(zy, —23) + mp(—zy, —z5) =1

for all (z,, z,) in (C*)2. Clearly, this implies that m cannot vanish on four points
of the type (z,, z,), (— 21, 23), (21, —25), and (—zy, —z,).

To prove the converse, we first transform m(z,, z,) into a polynomial of C[z,, z,].
Since m(w, w,) is a finite impulse response filter, there exist two integers ¢/, and
¢, such that if we define

(33) m*(zy, 25) = 2{'25m(zy, 2,),

then m*(z,, z,) is in C[z,, z,]. According to the hypotheses, the set of common
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zeros of the polynomials m*(z,, z,), m*(—z,, z,), m*(z,, —z,), and m*(—z,, —z,)
is included into the region R = (C x {0}) u ({0} x C).

Hilbert’s Nullstellensatz (see II, p. 164, of [ZS]) tells us that, for any poly-
nomial f(z,, z,) vanishing on R, there exists a positive integer n such that f*(z,, z,)
is in the ideal generated by these four polynomials. In particular, if we take
flz,, z,) = z,2,, this means that there exist four polynomials p¥, p%, p%, and p¥ in
C[z,, z,] and an integer n > 0 that we can impose to be even, such that

iz = m*p¥(zy, z,) + m*p3(—z4, z;) + m*pY(zy, —z;) + m*pi(—zy, —z,)
If we now define p* = X(p¥ + p% + p¥ + p¥), we clearly have
m*p*(zy, z;) + m*p*(—zy, z,) + m*p*(zy, —2z,) + m*p*(—z,, —z,) = z1z3.

We conclude the proof of the lemma by choosing the filter p such that
Plzys 25) = 27725 T pH(zy, 20). [

Remark 3.2.2. This proof can be extended as it is to higher dimensions.

3.3. Effective Choice of the Dual 1,

We can use the lemma above to show that there exists a dual to m, = c. In fact,
it can be seen directly that, since Z;?’:O clw + mny) = 1, a natural dual for ¢ is given
by the transfer function constantly equal to 1. However, this dual cannot be used
since if would not lead to an L? scaling function ¢, but to a Dirac measure
centered in 0.

We therefore need to find a “better” dual.

Let my = myc = ¢?; from the previous lemma we know that mj, also has a dual
y; the minimal degree dual is easily computed to be given by the coefficients

-1 —1

Since g is a dual to mgyc, iy = Wige is a dual to my,. We have
(34)
fig(w) = §(1 + cos(w,) + cos(w,) + cos(w;))(5 — cos(w,) — cos(w,) — cos(ws)).

In the Appendix it is checked that i, gives rise to an L*(R?) scaling function and
to biorthogonal wavelet bases.
Summing up the results above, we have

Theorem 3.3.1. There exists a biorthogonal hexagonal wavelet base of Lz(lgz) with
Yy piecewise affine, ¢ the “Courant interpolating function,” and ¢ and Y, with

compact support.

Figures 3-6 show some graphs of the functions obtained.
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{b)

Fig. 3. Scaling functions associated with ¢(w) and () given by (34). (a) The hat function ¢(x) and
(b) the graph of @(x).
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)

Fig. 4. Spline wavelet and dual wavelet associated with m?%(w) and ##%(w). The graphs of (a) W4(x) and

(b) P4 (x).
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®

Fig. 5. Spline wavelet and dual wavelet associated with m}(w) and #%(w). The graphs of (a) ¥/(x) and

(b) ¥ ().
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4. More Regularity

4.1. Motivations

It is necessary for some applications to have wavelet bases made of more regular
functions. For instance, in image compression, it is necessary to use at least C!
wavelets. Applications to mathematics typically require higher regularity.

Our goal here is to give hints and examples concerning hexagonal wavelets with

some degree of smoothness.
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This problem has been deeply studied in the unidimensional case [CD1], [D1],
[D2]. In particular, it has been shown that multiplying the low-pass filter m(w)
by the factor (1 + €'“)/2 has the effect of increasing by one the Hélder and Sobolev
exponent of the scaling function defined by (7). This “smoothing effect” can be
explained simply: the function ¢ is convolved by the “box-function” y
generated by the filter (1 + ¢*°)/2. Using this fact, I. Daubechies has proved that
arbitrarily high regularity could be attained in the orthonormal case by choosing
an appropriate family of filters given by

i\ N
35) () = (‘1 te )> (@)

2

The residual factor py (which is necessary to have (6)) has a negative effect on the
regularity of ¢ but this effect is dominated by the positive action of the smoothing
factor and this phenomenon increases with N.

In the hexagonal case we use the smoothing properties of ¢(w) mainly in the
same way as those of (1 + ¢°)/2 in the one-dimensional case. We still have to
show that it is possible to factorize c(w)” in our low-pass filters.

4.2. Theoretical Results

We prove the following result by using a “boot-strapping method”:

Theorem 4.2.1. For any p, q postive integers, there exists a family of exact
reconstruction, compactly supported hexagonal wavelets my, ..., my, Wy, ..., My such
that c? divides mq, and ¢? divides i, (in €F).

Proof. We start by construction a first hexagonal family of filters {my, ..., m},
Wy, ..., i3} by the following procedure:

1. Choose it} = m4 or i} (Definition 3.1.2).

2. Derive from Proposition 3.1.2 mg = c.

3. Use Lemma 3.2.1 to find the smallest degree dual f to c'mj = ¢?*!; then
g = ¢if is a dual to my.

4. Find the m} completing the family by solving the linear system (23) in
CF.

We can then obtain the desired result in the following way:

5. Define #m, = mj, so that, according to Remark 2.3.3, m, = ;.

6. Use Lemma 3.2.1 to find the smallest degree dual g to ¢fmy = c?*%; then
Hy = gcP is a dual to my.

7. Find the m; completing the family by solving again the linear system (23) in
CF.

The family of filters obtained obviously has all the desired properties. [ ]
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Fig. 7. The function ¢ for i, = jyc? dual of mg = c.

4.3. Regularity

It is possible to compute explicitly the Sobolev regularity of the scaling function
corresponding to a given filter; this comes from [CD1] and {CD2] and is briefly
explained in the Appendix.

For small values of p and g, the regularity of the scaling functions does show
an increase with p and g. However, since we do not have a simple expression for
the residual factors f and g, we have no general result concerning the possibility
of arbitrarily high regularity and in particular the asymptotic behavior of the
Hélder exponent.

As an illustration, we give the graphs of ¢ for i, = pyc? (Fig. 7) and & for
Wy = goc® (Fig. 8), both dual 1o the Courant interpolating function ¢, obtained
by the method in the proof of Theorem 4.2.1.

4.4. How To Generalize this Procedure

The whole procedure, explained above, used to obtain exact reconstruction
hexagonal families of compactly supported filters with ¢? dividing m, and c?
dividing #1, can be generalized by taking as m}, any filter such that cmj, has a dual;
that is, any M) giving rise through (25) to an m, with this property can be used
as a start for a “boot-strapping” method.

The only point is that, experimentally, most /] are not so; for instance, we did
not find directly any such #} giving rise to an mj, that can be divided by ¢ more
than once; so that the ¢ actnally is a rather practical mj, o start with.
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Fig. 8. The function ¢ for iy = §,c® dual of my = c.

Boot-strapping can also be repeated more than once; the families of filters
obtained that way are different from those obtained through the proof of
Theorem 4.2.1.

5. Angular Resolution in the Frequency Domain

5.1. Introduction

In this section we want to compare the tensor product decomposition and our
hexagonal decomposition in terms of angular frequency resolution properties.

In some applications it is indeed interesting that each wavelet or, from a signal
processing point of view, each high-pass channel in the subband coding scheme
corresponds to a specific direction in the frequency plane. A typical example is
the numerical analysis of “wave-fronts” which is an important issue in PDEs. It
is necessary both to localize a singularity and to analyze its orientation or
equivalently the directions in the frequency plane for which this singularity cases a
bad decay at infinity. We already know that the wavelet analysis helps to
characterize the singularities [Me]. We show here that wavelet-based techniques
can be used to get informations about their orientation too.

5.2. With “Tensorial” Wavelets

In the tensor product decomposition if we assume that my(w) is close to an ideal
low-pass filter, i.c., the transfer function ¥, »2)(@), and that, similarly, m;(w) is
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Fig. 9. The tensor product frequency decomposition: (a) one iteration and (b) three iterations.

close to an ideal high-pass filter, then the Nyquist domain [ —n, 7]? of a sampled
signal is at the first step divided into nine regions corresponding to the four
channels A, B, C, and D as shown in Fig. 9(a). The low-pass channel A4 is then
decomposed again as we iterate the process (Fig. 9(b)). We see here that the
high-pass channel corresponds to four directions in the frequency plane, horizontal
for B, vertical for C, and diagonal for D. This cannot lead to a sharp angular
resolution and, furthermore, there is an ambiguity since two directions contribute
to the coefficients in channel D.

To increase the angular resolution, a possibility consists in iterating the
decomposition not only on the low-pass channel A but also on the high-pass. This
idea was developed in [CD3] and it is a particular case of the general construction
of “wave-packets” introduced in [CMQW].

The result is shown in Fig. 10(a) in the case where we have made one
decomposition on the high-pass channels. More directions have been obtained

v

74 o Vo
(@ (b)

Fig. 10. (a) Wave packet type of frequency subdivision. (b) “Ideal situation” for angular resolution.
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but the ambiguity has increased since we see that every channel corresponds to a
couple of directions which is symmetrical with respect to the horizontal and
vertical axes.

This ambiguity is a serious problem. Removing it by a second analysis where
the data have been previously rotated by n/4 may be considered. That is, if we
want to analyze a direction of angle 0, the first decomposition will include a
channel corresponding to (8, —6) and the second will include another channel
corresponding to (6, n/2 — 8) = (6, 8). Since (¢, — ') is also represented in the first
decomposition and (—#6, n/2 + 8) ~ (—0, &) in the second, we can write formally
the following system which relates the energy of a signal in each direction and in
each channel:

1 10 0\/ E® E©, )
46 001 1y EO) | _[|E(-0,—0)
101t o)l B-6 |7\ E6 -9
01 0 1/\E-~®) E@, —0)

Unfortunately we see here that the matrix is singular so this method fails.

More generally, it can be checked that it would fail for any rotation, the reason
being that the rotation angle would have to be rational (otherwise directions
would get really mixed up) and that the equivalent of the matrix in (36) would
then still be a (bigger) matrix with only 0’s and a fixed number of 1’s in each line
and each column, and that its determinant would again be 0.

All these remarks show the disadvantages of the tensor product construction
for the angular frequency resolution. We are far from the ideal situation illustrated
in Fig. 10(b) where every direction is uniformly distributed on dyadic rings. This
situation could of course be attained by taking the Fourier transform of the signal
and dividing the coefficients as in Fig. 10(b) but by doing this, all the spatial
localization is lost.

5.3. With “Hexagonal” Wavelets

Let us now examine the new possibilities offered by our hexagonal construction.
In this case the Nyquist domain of a sampled signal is no longer [ —x, 7]? but
is the hexagon X defined in the frequency plane by

37 X = {|o; — 0,| <27} 0 {jo, — 03] <27} N {|o; — 04| < 27},

As shown in Fig. 1(b), X is the Voronoi cell of the dual mesh T of I.

If we now assume that the high-pass filter (), which is chosen at first in the
process described in Section 1, is localized in the two half hexagons indicated as
region 1 in Fig. 11(a), we find that the high-pass channels correspond to three
directions and that there is no more ambiguity. The low-pass channel corresponds
to the central hexagon.

If we iterate the decomposition in the high-pass regions similarly to the
wave-packet decomposition of Fig. 10(a), we see (Fig. 11(b)) that no ambiguity is
ever created. We can group the channels corresponding to the same direction as
shown in Fig. 11(b). The result is now much closer to the ideal situation of Fig.
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Fig. 11. (a) The hexagonal frequency decomposition and (b) an example of the subdivision for a

sharper angular resolution.

10(b) than with the tensor product construction. These new wavelets are thus quite
appealing for their possibilities of angular resolution in the frequency plane.
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Appendix: Biorthogonality and Regularity Results in the Spline Case

A.l. Introduction

We prove in this appendix that in the case were the two dual low-pass filters are
given by

(A.1) mo(w) = c(w) = 1 + cos w, + cos w, + cos w,),
(A.2) mo(@) = Lc(@)(5 — cos w; — cos w, — cos ws),

as in Section 3, then the associated functions ¥, and ¥, (¢ =1, 2, 3) generate
a pair of unconditional dual bases. That means that we have not only the
biorthogonality relation

(A.3) D> = 8,16, 0,

for all (j,j,7,7,&¢&)eZ* x I'* x {1, 2,3} but also the frame bounds ensuring
the stability of the decomposition and reconstruction algorithm, i.e., for all f in
L*(R?),

(A4) A2 < X KAWL < BISI,
(A4) AP < Y KAWEP < BIfI~

Jiv.e
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We also prove that the functions ¢ and Y, are in a Sobolev space H*, for some
5>0.

Note that if the functions ¢ and § are uniquely determined by the infinite
products (26) and (35), there are several possibilities for ¥ and Y which depend
on the choice of 7, (w) leading to my(w) = c(w); but this choice does not play any
role in the arguments that we use here, provided that the Fourier transform of
the wavelets vanish at the origin.

A.2. Biorthogonality: General Case

In [CDF] a criterion for biorthogonality and frame bounds is introduced for
wavelet bases of L*(R) and it can be reformulated for the hexagonal case in two
dimensions.

For this, let us consider the hexagon defined in Section 1.4 by

(A5 X ={lo, —w,| <2r} n{|o, — w,| <27} N {{o; — w,]| < 27}

X is the Voronoi cell of the dual mesh T" of T" (Fig. 11). It plays the same role as
the interval [ —7, 7] in one-dimensional theory. We define the functions ¢, and
@, by

n

A6) o) = [T mo2 0htan(o),
(A6) Bul) = 1T o2 *O)anx(®),
k=1

where x, is the indicatrix function of a set A.
We now present the conditions for biorthogonality and stability:

Proposition A.2.1. Equation (A.3)is ensured if ¢, and , tend to @ and & in L*(R).

Proof. The proof is similar to the one-dimensional case presented in [CDF] and
we just sketch it here:

e By using (23) and a recursion on # it is proved that

(A7) (@ux =G =YD =8,  1Y)eT?
e Since we have the L? convergence, this leads to
(A.8) (oplx = DIGx — 7)) = 0,,,  (y)el?

e Equation (A.3) is a consequence of (A.8) and the relations (23) that relate the
high-pass and low-pass filters. Indeed we can generalize (26) with, for all
(85 8() € {07 17 2a 3}2)

(A9) Mmoo + 1) =9, .

i

J

(For ¢ = ¢, (A.9) is the normalized determinant of (23) which is equal to 1.
For ¢ # ¢, using the expression of m, as a minor of (23), (A.9) is a determinant
which contains twice the same column and is thus equal to 0).
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Equations (A.9) and (15) combined with (A.8) lead to the following relations
for (e, €,7,7)€{1,2,3}* x %

(A.10) Wlx = Dolx = )> = 8,08,

(A.11) Wl = NIGexe ~ 7)) = {plx = Plx — 7)) =0,
(A.3) is then obtained by scaling arguments similar to those in the proof of
Lemma 3.7 in [CDF]. n

Using the relation (A.9) we obtain, for any f in L*(R), the “telescoping formula”

A1) Y (f13;7 D7 =Y Y SIWEL+ Y (el

yell j=—~J yer vell
£=1,2,3
which expresses the refinement of a coarse approximation by adding details at
each scale. When J tend to + oo, the coarse approximation in the right member
of (A.12) converges to zero in L2(R?) (this is easy to check as soon as ¢ and ¢ are
in L*(R?)). The fine approximation in the left member tends to f in L2(R?) because
of the following identity which is satisfied by any scaling function:

(A.13) Zqo(x—v)=2<7)(x—v)=J <p=j =1
R2 R2

yell yell

We thus have, for any f in L%R?),

J ~ s
(A.14) lim {|f— Y Y {FWE YL =0.
- It T et LA(R?)

Remark A.2.2. To prove the strong convergence of the series in (A.14) we need
the frame bounds (A.4) and (A.4)). It is sufficient to check only the upper bounds
since we then have

112 = tim Y Y <SWLWLID

Jo+w j=—J yel’
£=1,2,3

- 1/2
S<Z 1<f|l//zv>|2> (

Js 7.8

J

1/2
> |<f|w£y>|2>

€

and the lower bounds follow.

Proposition A.2.3. A sufficient condition for the upper bounds is given by
(A.15) [Pplw)| < CA + |w])~ 177, o >0, for(A4),
(A.15) 10@) < CA + )" 17%,  6>0, for (A4

Proof. The proofis the same as the first part of Lemma 3.4 in [CDF] (pp. 21-22).
Note that (A.15) and (A.15) are not strictly necessary to have ¢ and ¢ in LAR?). Wl
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A.3. Biorthogonality: Application

We now have to check these conditions in the case where m, and fi, are given
by (A.1) and (A.2). This is easy in the case of the function ¢. Indeed we have

8 w, W, 3
sin sin sin
W10, 03 2 2 2

’

(A.16) Plw) =

and

8 sin(cw,/2) sin(w,/2) sin(ws/3)

(A17) (Zn(w) = 23n+ 3 sin(w1/2"+ 1) Sin(w2/2"+ 1) Sin(a)3/2n+ 1)

inx((l:)-

It is clear that ¢ has enough decay for (A.15) and, moreover, ¢, satisfies
(A.18) |u@)] < C(1 + |o|)~?

independently of n > 1. Thus ¢, tends to ¢ in L? by dominated convergence.

In the case of ¢, proving the L* convergence of @, appears to be more difficult.
In fact (p(a)) does not satisfy the decay condition (A.15): indeed consider
vo = (27/3, —2n/3,0) and it successive dilations v, = (2"n/3, —2"n/3, 0). Clearly,
we have

|6l = 6(vo)l [tg(vo)l”
= (vl @"

=C I v, |(log 5 —~log8)/log2

but (log 5 — log 8)/log 2> —1 and thus (A.15) fails for . To derive the L?
convergence of ¢, to @ and the upper frame bound in (A.4’) we use a sharper
criterion which can be found in [CD1] and [CD2]. It is based on the study of
the “transition operator” associated with the function |my(w)]. This operator acts
on I'* periodic functions and it is defined by

(A.19) TfQw) = Z [0 |*f (@ + 7).

ji=0

In [CD1], [CD2], and [C], the following properties were proved:

o If 11, is a trigonometric polynomial, then the study of T can be reduced to a
finite-dimensional subspace E generated by trigonometric polynomials. This
is the case here.

o The subspace F = {f € E| f(0) = 0} is invariant by T (this can be seen directly
from (A-19)).

e For all 2z periodic function, we have (by recursion on n)

(A.20) f (T)f () do> = j |G @)f 2 "w) do.
X R2

The criterion obtained in [CD2] is the following: N .
Let 1 be the largest eigenvalue of T restricted to F. If | 4| < 1, then &, tend to
¢ in L? and the upper frame bound in (A4') is satisfied.
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The proof of this result is based on a Littlewood—Paley estimation which can
be made by taking a positive function f(w) in F and applying the Schwarz
inequality on the first member in (A.20). This leads to

s —log|4
(A.21) | Pu@)Pf (27 "w) do» < C27%" (0 <e< ‘g—l—l),
R2 log2
which ensures the L? convergence of @, to @ and if we set
A, =[-2""x, —2"z] U [2"n, 2"" 7],

we have

\ —log |4
(A22) 1B@)? do< C2 (0 <e< 08
A, log 2

Which is weaker than (A.15") but is sufficient to ensure the upper frame bound in
(A4).

_Moreover, we prove in [CD2] that this criterion is sharp, i.e., that the conditions
[4] <1 and |A] < 1 (for ¢) are necessary and sufficient to construct biorthogonal
bases. We thus only need to check the operator T associated with |#i,|2. Taking
advantage of the symmetries, we consider the following trigonometric polynomials:

e, =1,

e, = 2(cos w, + cos w, + cos w,),

e; = 2(cos 2w, + cos 2w, + cos 2w3),

e, = 2(cos(w; — ®,) + cos(w, — w;) + cos(ws — w,)),

es = 2(cos 3w, + cos 3w, + cos 3wy),

es = 2(cos(2w; — w,) + cos2w, — wy) + cos(2w, — ws) + cosCw; — w,)
+ cos(2w; — ) + cosw,; — ws)).

Simple computations show that T preserves the subspace E generated by these
six vectors and the matrix of T has the following form:

442 1128 —228 0 —24 -384
—38 120 379 320 124 376
1 4 26 —64 196 -—64

6 —56 -—-74 -8 0 —320

0 0 1 0 -4 8

0 0 7 4 -—-28 32

(A23)  m(Ty=2"%

The spectrum contains 1 but it is a simple eigenvalue and is not included in the
spectrum of T restricted to the subspace F. The largest eigenvalue in F is

(A.24) 1=054<1.
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This allows us to conclude that the families

{lpgy}'yer,jel,a=1,2,3 and {&gy}yel",jel,s=1,2,3

are biorthogonal Riesz bases of L*(R?). N
Finally, by (A.22), we see that ¢ and ¥, are in the Sobolev space H® for all

<2088 a4
2log2
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