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I. Introduction

In this paper we consider reaction diffusion systems (u;); = 7 Au;+Pj(u1, ..., uy,)
where Pj is a polynomsial and where u; = u;j{x1,...,zm) are functions on R™. We
assume that a smooth equilibrium solution v = (vi,...,v,) is given, which is L;-
periodic with respect to z; (j = 1,...,m), ie. such that 7;Av;4+P;(v1,...,v,) = 0.
We then investigate the stability of this equilibrium, not with respect to peri-
odic perturbations with the same period but with respect to smooth perturba-
tions ¢ € L2(R™). A motivation to study this problem comes from remarks in
D.H.Sattinger [18], pg.182 and [19], pg.803 where it is suggested to investigate a
Hill-type theory for elliptic operators with doubly periodic coefficients. In fact,
usual stability investigations of periodic equilibria give only stability results with
respect to perturbations in the same periodicity class. This question does not seem
to have found much attention so far. In this paper, a more restricted problem is
discussed, namely that of smooth £2-perturbations of the periodic equilibrium.
However, even this restricted form of the above problem has not been considered
up to now, as far as our knowledge goes. It has to be stressed that the candidates
for a Hill-type analysis in [18], [19] are the well known problems of fluid mechan-
ics which admit periodic cell type equilibrium patterns (Bénard-, Taylor problem)
rather than reaction diffusion systems. The reason for concentrating on the simpler
reaction diffusion systems is that we wanted to avoid in a first step a mixture of
two different types of complications: those stemming from fluid mechanics (elimi-
nations of pressure via Stokes operator etc.) and those arising in connection with
a Hill type theory (direct integrals of operator families, spectral questions, etc.).

Next we come to explain the more technical side of the paper. To this
end set D = (6;75) (4,7 = 1,...,n) and F(u) = (Pi(u),..., P,(u)) (where
% = (u1,...,Un)). Let v = (v1,...,v,) be a smooth Ly,..., L,-periodic equi-
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librium solution of the elliptic system
(1.1) DAu+ F(u)=0

In order to discuss the stability of v with respect to smooth L£Z-perturbations we
are led after some preliminary investigations to study the spectrum of DA+d, F'(v)
as an unbounded operator on (L%(R™))™; let 0,2 denote this spectrum. Following
the lines of reasoning in M.Reed-B.Simon [16], R.Eastham [6] one proceeds by an
intermediate technical step which amounts to study a family of auxiliary boundary
value problems

(1.2) DAw+ d, F(v)w =0

with w subject to a Floquet (or §-) periodic boundary condition

(1.3)  wlzy,...,zj+Lj, ..., z,) =e*

w(z,. .., Tm) G=1,...,m)

for every 8 = (61,...,0,) € [0,27]™. By considering this #-periodic boundary
value problem on an appropriate function space setting, there is a spectrum oy
associated with DA +d, F(v). The fundamental relationship between o2 and the
spectra ag, 6 € [0,27]™ is described by

(1.4) Or2 = UO‘@, S [O,QW]m
2

In the particular case when F' is a gradient, ie. P; = gu% for some ), we are

in the selfadjoint case, whence (1.4) follows from the results in [16], Thm. XIII,
85. In case of arbitrary reaction diffusion systems however, F' is in general not a
gradient. As a consequence, the proof of Thm. XI1I, 85 in [16] no longer works, since
it makes essential use of the spectral decomposition of selfadjoint operators, a tool
not available in the nongradient case. This forces us to prove (1.4) by alternative
methods. In fact, the presentation of the proof of (1.4) for arbitrary polynomials
F constitutes the major part of the paper.

A remark concerning the stability question has to be added. For a stability
analysis it does not suffice to have a qualititative description of the spectrum. One
must also have principles of linearized stability and instability at disposal. Now
while principles of linearized stability are relatively easy to prove (at least in the
case of parabolic equations) the principle of linearized instability is considerably
more delicate: (%) to prove that if a A € oz2 with Re(X) > 0 exists, then the
equilibrium solution under consideration is indeed Ljapounov unstable with respect
to smooth L£2-perturbations. The principle () has been proved in other contexts
under various assumptions on the spectrum (see Kielhofer [10], [11}, D Henry [8]
chapter 5 for the case where the part of the spectrum with Re(A) > 0 is a compact
spectral set and [8] for the arbitrary selfadjoint case).

However, these assumptions are in general not valid in the present case.
Nevertheless it can be shown that the principle (%) applies without any restriction
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to the evolution equations considered here. The proof of (*) is quite delicate and
lenghty:; for reasons of space it will be presented seperately in a subsequent paper.
In this paper we tacitly assume (*) to be valid.

The paper is organized as follows. In section (II) the preliminaries are fixed
and a precise formulation of the above problem is given. In (IIT) the basic facts
about direct integrals needed here are summarized, in (IV), (V) the main sections,
formula (1.4) is proved. In (VI}, the stability-instability problem is briefly reconsid-
ered, while in (VII) some applications are given which show that £?-stability and
periodic stability may be two different things. To avoid interruption the arguments
we have relegated a few technical points into the appendix.

II. Notations and preliminaries

(A) First we fix some notation. R, C denote the real and complex numbers
resp.. For X, ) Banachspaces, | |lx, | [y denote their respective norms and
for U C X an open set, CP(U, Y} is the set of p times continuously differentiable
mappings from U to Y. For F € CY(U,Y), dF(u) is the derivative of F at u € U. If
the underlying space A is clear from the context we write | || instead of || [|x.
L(X,Y) is the set of bounded linear operators T' from X to ), and || 7|, or even
|IT|| denotes the usual operator norm. For any Q, H?(1) is the Sobolev space of
functions having square integrable derivatives up to order p. For any multiindex

a = (0q,...,0) we set |a] = Y a; and D* = 97 ...0%™ where 8; is the
derivative with respect to z;. Finally, ( , ), is the scalar product in H?{{Q)
given by

(u,v)p = Z (D%u, D%v)q

la|<p

where (u,v)o = [u(z)v(z)dz. We set L2(Q) = H(Q) and write | ||g» instead
Q

of || [|zr(q) if no danger of confusion arises. Henceforth we impose a restriction
on the dimension m of space, ie. we assume
(2.1) m < 3.

The reason for this restriction is that H?{}} now becomes a Banach algebra if
p > 2 (R.Adams) (1], pg. 115).

(B) As seen in the introduction we have to consider functions which satisfy
Floquet-type periodicity conditions. This forces us to introduce suitable Sobolev
spaces of such functions. To this end we fix periods Lq,..., L, > 0, set Q; =
[1(0,L;) and let T,(Qr) be the set of finite trigonometric polynomials

J

(2.2) t(x) = Zakei%kx”’
where kz/L = ijijj_l and k = (ky,..., kn) € Z™.
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By Hf;er(QL) we denote the closure of T,,(Q ) with respect to || ||g», H? =
H?(Q1). Every f € H}’,’,er(QL) has a unique extension f’, defined on R™, which is
Ly, ..., Ly-periodic and which coincides with f on Qr; henceforth we identify f
with f'. Hpep(Q1) is also obtained if we replace 7,,(Q 1) by the set Cher(Qr) which
have continous derivatives up to order p on all of R™ and which are L1,...,Ln,
periodic. Clearly Hper(Qr) = £3(Qr). Next fix 8 = (61,...,0m) € [0,27]™. Let
H}(QL) be the closure of the set of trigonometric polynomials of the form

(2.3) (), () € Tp(Qr)

with respect to || || g»; here z/L = ijﬁjL;l. Every f € Hj(Qr) has a unique
extension f’, defined on R™, which coincides with f on (1 and which satisfies
(@1, oo+ Ly, ooy Tn) = €% f(z1,..., zm); henceforth we identify f/ with f.
The following is easy to show:

(2.4) feHYQL) iff e " fe Hb.(QL).
For notational simplicity we assume henceforth L, = ... = L,, = L; however all
arguments below carry over in a verbatim way to the case of arbitrary Ly, ..., Lm.

(C) We now put the problem into precise form. Set D = (6;5,7;), (4,7 = 1,...,n
7; > 0) and F(u) = (Pi(u),..., Py(u), (u = (u1,...,u,)). We assume that for

some fixed L > 0 there is an equilibrium solution v = (v1,...,vs) € (Hper(QL))"
of the parabolic system
(2.5) ur = DAu + F(u)

By setting A = DA on dom(A) = (H%GT(QL))”, A is selfadjoint if considered
on the Hilbert space ((Hg%er(QL))n endowed with the scalar product (u,w)s =
> (uj,ws)2. On the other hand F is polynomial and H?)e,,«(QL) a Banachalge-
bra whence it follows that F' is a smooth mapping of ((HZZJST(Q L))" into itself.
In this setting, and since o(4) C (—o0,0], (2.5) becomes a semilinear evolution
equation in the sense of Pazy [13] having v as equilibrium solution. Equilibrium
solutions of (2.5) are usually obtained by bifurcation techniques, if a suitable bifur-
cation parameter is present (see eg. C.Alexander-G.Auchmuty [2] or [21] for such
considerations). Stability is then investigated in (H ]2967“(@ L))" or even in narrow
subspaces thereof, exhibiting strong symmetry properties. What is essential in this
connection is knowledge of the spectrum o(A)}, to be denoted for the moment by
U%er.

In contrast to this program we study “smooth” L?-perturbations of v, le.
we consider v € (H*(Q1))" as an equilibrium of (2.5), defined on all of R™, and
investigate the evolution equation

(2.6) (v+ @) = DA+ @) + Fv+ @)
where ¢ = (¢1,---,0m) € (H*(R™))™. From (2.6) we get
(2.7) pr = DA@ + dF(v)p + R(p)
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where R(¢) is polynomial in ¢;, j < n, with coefficients which are polynomial in v;,
J < n. Since v; € Hf,er(QL) it follows from {1], pg. 98 that v; € C*(R™, R) with
all derivatives uniformly bounded. This implies that (2.7) is a semilinear evolution
equation, now on (H?(R™))" as basic Hilbert space. Our aim is to investigate
the stability of the trivial solution ¢ = 0. Since R(¢) starts with quadratic terms
in ¢;, 7 < n we have to study the spectrum of DA + dF(v), now with domain
(H*(R™))™ and (H?*(R™))" as underlying space; let 02, denote this spectrum.
To interprete “smooth” L?-perturbations as membership in (H?(R™))"” seems
somewhat artificial. However, by the polynomial character of R(¢) we have to
exploit the Banach algebra property of H2(R™). In addition it is shown in [23],
sect. V that evolution equations like (2.7) have a very natural interpretation in
terms of some function spaces of continuous functions; we refer to [23] for details.
The main question now is that of the relationship between the stability of v in
(H]%er(QL))" and the stability of v in (H2(R™))". One of our main results is

(2.8) oper € 072

As to be explained in section V, 02, N{Re(\) > 0} # () indeed implies Ljapounov
instability of the equilibrium solution ¢ = 0 of (2.7). Thus if (7120@7" N {Re(A) >
0} # 0, then v is unstable against smooth £2-perturbations, or more imprecisely,
periodic instability implies £2-instability. This immediately leads to the question,
whether there are equilibrium solutions v € (Hy%er(Q £))" of (2.5) which are peri-
odically stable but £2-unstable. Examples, showing exactly this behaviour will be
given in section VI.

III. Direct integrals

(A) We come to the more technical part, aiming among others at a proof of
(2.8). This forces us to proceed in a first step along the lines of chapter XIII in
[16]. First we need the notion of direct integral. To this end set H' = £%(Q) and
M = [0,2x]™; u is Lebesgue measure on M. The direct integral H = fM H'dy is
a Hilbert space, whose elements are the measurable mappings ® from M into H’,
([15], pg.115) which are defined for ae. # € M and which satisfy

(3.1) [ 126)Bodi < o0
M
and whose scalar product { ., )} is given by
(32) (@0 = [ (26), 0(O)re dp.
M
with (, )x the scalar product on H’. Due to Fubini we can identify H with

L2(M x Q). The image of 1 € H for ae. 8 € M is (4, z), which, as a function of
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z is a member of £L3(Q.). Following [16] one constructs a unitary mapping V from
L*(R™) onto H which is described as follows. With f € C§°(R™) one associates
the trigonometric polynomials

(3.3) Tn(6,z) = (2m)" % Z e ™ flxy + L, ..., Tm + nml)
k| <N

where nf = > n;6;, z = (z1,...,%m) € Q. Computation yields

(3.4) / /MXQL Ty Pazdt ~ | /Q L

where Qr,(N) = (—(N+ 1)L, (N +1)L)™. The sequence {Ty} is easily recognized
as a Cauchy sequence in H, converging against an element v; € H, which by
virtue of (3.4) satisfies

(8.5) / /MXQL rPasds = [ 15(o)Pds
R~

The mapping f — ¥y is linear and can, by virtue of (3.5), be extended into an
isometry V from L£2(R™) into H. That V is onto can be seen via the Fourier-
expansion of ¢ € H, ie.

(3.6) P = Zei an{x), ae. z €Qr,

where n € Z™, § € M. By setting f(z) = an(z) for z € IL(n;L,(n; + 1)L) we
have that V f = +¢. Thus V is given by

(3.7) Vf=1vy

is a unitary mapping from £%(R™) onto H = £2(M x Q). The next lemma is
important:

Lemma 1 Let f € H2(R™). Then there is a set E C M with u(M — E) = 0 such
that 8 € FE implies:

(1) (VI)0,) € HF(Qr),
(2) (VO;£)(0,) € Hg(Qr), (V8;f)(6,z) = (8;V[)(0,2) ae. z
(3) (VOf)0,) € LXQL), (VOuf)(f,z) ae. z

Remark (Vf)(8,-) means V f(8,z) as a function of z, with 6 fixed; 0;x is short
for ;0. A similar statement holds in case f € H'(R™). A proof is given in
chapter XIIL, 16 of [16]; due to its importance we give an outline.
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ProOF: Assume f € H?2(R™), let ¢, € C(R™), g5, hjr € L2(R™) be such
that

If —enllce,  llgg = Bienllez,  Nhje — Ojpgpmllcz (L7 = L2(R™))

all tend to zero as n — co. Abbreviating £2(M x Q) by £?, it follows from the
unitarity of V' that

(@) IVi=Venllza,  IVg=V8gnllze,  [Vhjk — VOjnenllz

all tend to zero as n — co. Now let ¢ denote any of the ¢,,. Since ¢ € C§°(R™),
there is for any z° € R™ and any spherical neighbourhood U, (z°) of z° (& small)
an N such that for any 8 € M and z € U.(z?)

(b) Ze (e +nL) = Z e~ p(x +nl).

Inj<N

where on the left summation is over n € Z™. Thus (V)(4, ) € C*(R™) and
moreover

(¢) (VOjrp)(0,z) = (0;sV)(0,z), likewise with ;.
In addition

(d) (V) (8,2 +nL) = e (V) (0, z).
Recalling ¢ € {¢,} it follows from (a), (c) that

() Vhjr = 0iVionlza, Vg — 8 Veonllze

tend to zero as n — oo. By virtue of (a), (¢) and Fubini there is a set £ C M with
w(M — E) = 0 and a subsequence {n,} such that for § € E

() IVENO:-) = (Vion, (0, )l 22
1(Vg5)(0,-) = (0;Von, )6, )l g2
1(VRsE)(8:-) = (86 V on, ) (0, )]l 22

all tend to zero as p — oo; thereby we have set £2 = £2(Q). According to the
remarks in sect. II, (B), the clauses (1) to (3) in the Lemma now follow. ]

The lemma below is proved in the same way; we omit its easy proof.

Lemma 2 Let h € C°(R™) be L-periodic with respect to all its arquments. As-
sume f € L2(R™). Then there is a set E C M with u(M —E) =0 such that 0 € E
implies: (x) (Vf)(6,-), (VRf)(0,") € LQL), and h(z)(V f)(0,2) = (Vhf)(8,z)

ae. .
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The above setting extends straightforwardly to the vector case. As “fiber” space
we take H"” = (H')* = (£*(Qr))". The direct integral H* = [, H"du is now
the Hilbert space whose elements are the measurable mappings ® which map ae.
6 € M into an element

D) = (B1(8),....8,(8)) € (L2QL))" = (H)" = H"

such that .
S [ 120)13, du < o0,
M

and provided with the scalar product
(@, p)p- = /M<‘1>(9),s0(9)>wdu = Z/M<@j(9)790j(6)>71’d/~5-

As in the scalar case it is easy to see that H* can be identified with (£2(M xQr))",
ie. an element ¢ € H* is now a vector (¢1,...,¢,) with ¢; € L*(M x Qr), and
the value (8) for ae. @ € M is given by

(3.8) W(8) = (1(0,-),... . ¥n(8,) € (L(QL))" =H".

n

A unitary mapping U from (£L%(R™))" onto H* is then defined which maps an
element f = (f1,-.., fn) € (L2(R™))" into

(3.9) Uf=(Vf,...,Vf)eH

with V given by (3.7). If we define the action of 9;, 055 and the multiplication
with & (Lemma 2) componentwise, we obtain obvious extensions of Lemmas 1,2
whose formulation we omit. Rather we stress an immediate consequence which
is important in the sequel. To this end, let D = (6;;7;) be as in II.(C) and let
B = (b;) be an n x n matrix with entries bj, € C°(R™) which are L-periodic in
all arguments.

Lemma 3 Let f € (H2(R™))", g € (C2(R™))". Then there is a set E C M with
w(M — E) = 0 such that § € E implies:

(1) (U£)O,) € (HF(Qr)"™,
(2) (UDAF)(O.-) € (£2(Q1))" and DAUf)(0,z) = (UDAS)(6, ) ae. z,
(3) (UBg)(®,),Ug)(0,) € (£LX(QL))" and B(x)(Ug)(0,z) = (UBg)(0,2) ae. z.

The proof follows from Lemmas 1,2 and the above remarks.

(B) Next we come to the concept of measurable operator valued function. Again
we rely on [16], XIII and also on Dixmier [5] in particular as far as bounded
operators are considered. In case of unbounded operators we deviate somewhat
from [16], where only the selfadjoint case is considered. To start with, let B(f) €
L(H",H"), 8 € M be a family of bounded operators such that (f, B(6)g)n,
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6 € M is measurable for any f,g € H". Let there be C such that ||B(6)f, < C,
0 € M, holds. A bounded operator B € L(H*, H*) is then defined according to

(3.10) (Bp)(@) = B(0)p(8) ae. 8 M, for ¢ecH".

That B has the required properties is shown in [16], pg. 281, [15],II, paragraph?.
The notation for B is B = Sy B(6)dp. Now let A(8), 6 € M be a family of closed,
densely defined operators on H”. An unbounded operator A on H* is introduced
according to

Definition 1 ¢ € dom(A4) iff: (1) ¢(0) € dom{A(8)) for ae. 6 € M, (2) the
mapping 0 — A(0)p(0) is measurable, (3) [,, ||A(9)g0(6)||$1,, du < 0. For ¢ €
dom(A) we set (Ap)(0) = A(0)p(0) ae. p € M.

The notation for A is again A = / ar A(O)dp. In this generality def. 1 is not very
usefull. More can be said under the following assumptions which will automatically
be satisfied in our situation:

(3.11) there exist Ag and k¢ such that Xy € p(A(9))
forall 9€M and [|(A(f)— Ao)“lHoo < k.

Remark: For simplicity we write from now on [ for [,, and || || for || |3 if
it is clear from the context that the argument refers to H” either as an element of
H" or as an operator acting on H”.

Lemma 4 Let A = [ A(0)dp satisfy (3.11). Assume that (A(6) — Xo) ™%, 0 € M
is measurable. Then Ao € p(A) and (A — Xg)~' = [(A(6) — \o) ™ dp.

PROOF: Set R = [(A(6)—Ao) 'du. That R € L(H*, H*) follows from (3.11) and
the above remarks. Assume first ¢ € rg(R), ie. ¢ = Ry for some ¥ € H*. Thus
0(0) = (A(0) — Xo) " 1¢(0) for ae. § € M, whence (8) € dom(A(8)) for ae. 6 € M.
Since A(8)p(0) = ¥(6) + Aop(0) ae. § € M we have that the mapping § € M —
A(0)p(0) € H" is measurable and [ || A(8)(8)]|* du < oo, whence ¢ € dom(A) by
def. 1. Conversely, let ¢ € dom(A). Then $(6) = (A(8) — Ao)@(6) is measurable as
a function of 8, and [ [[¢/(8)||> du < co. We then have (6) = (A(6) — Xo) "L (6)
for ae. § € M, ie. p € rg(R), whence rg(R) = dom(A). That (A — X\g)R = 1 and
R(A — Xg) = 1 on dom(A) now follows by straightforward computation via the
integral representations. [ |

We now specialize the above setting to the situation considered in this paper. To
this end let D = (6;,7%) is as in IL(C) and B = (b;z) an n x n matrix with
entries b;, € C°(R™), L-periodic in all arguments. We now consider the formal
operator DA + B on various Hilbert spaces. In order to distinguish between the
interpretations it is advantageous to characterize the various meanings by different
symbols. To this effect we introduce operators Ag, Ag, Ag and Ag(), 6 € M as
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follows. Ao acts on (L2(R™))", and Ay = DA on dom(A4y) = (H*(R™))". Ay
acts on H*, dom(Ag) = U(dom(Ag)) and AgUf = UAof for f € dom(Ag). Ao(6)
acts on L£*(Qr) and Ag() = DA on dom(Ag(8)) = (HZ(Qr))". Finally we set
Ag = [ Aog(#)dp in the sense of definition 1.

Lemma 5 Ag, Ay and Ay are selfadjoint, and Ag = A.

PROOF: That A is selfadjoint is well known (see eg. [22]), and since Ag is uni-
tarily equivalent to Ao, it is selfadjoint too. As to Ag we note that Ao(6), 0 € M is
selfadjoint, with spectrum o(4¢(0)) C (—o0,0]. Moreover (Ag(0) +i)™1, 0 € M is
measurable, as is easily verified, but will also be shown in the next section. It then
follows from [16], thm. XIIL. 85 that A is selfadjoint. Since Ag, Ag both are self-
adjoint Ag = Aq is proved if we can show Ag C Ay, due to well known maximality
properties of selfadjoint operators. In order to show dom(Ag) C dom(Ay), consider
any f € dom(Ap). By Lemma 3, expressed in terms of the present notation, there
isaset E C M with (M — E) = 0 such that § € E implies:

(a) (US)(B,-) € dom(Ao(0)) and (UASf)(6,") € H”,
(b) (UAof)(0,-) = Ao(0)(U f)(8,)-
By clauses (a),(b), the element ¢ € U f satisfies indeed the assumptions of def-

inition 1, whence ¢ € dom(Ap). As a consequence of (b) on the other hand we
infer

(c) (/1090)(9,') = (Aoap)((), ) forae. 6e€M,

whence Agp = Agp follows. Since ¢ = U f ranges over dom(Ay) as f ranges over
dom(Ayp), the desired inclusion Ag C Ag follows. |

Next we consider the matrix operator B = (b;5) and its action on different spaces.
As before we distinguish between the various interpretations by different nota-
tions. On (L2(R™))™ and (£L%(Q1))"™ we let B act in the obvious was as a matrix
multiplication operator, but denote it by By and B(6) respectively. B on H* is
defined by BUf = UBof, f € (L2(R™))", and B = [ B(8)du is a well defined
bounded operator on ‘H*, according to the remarks, related to (3.10).

Lemma 6 B =B

PrROOF: For f € (L2(R™)", we have BUf = UB,f by definition. By Lemma 3,
expressed in terms of the present notation, there is £ C M with p(M — F) =0
such that 8 € F implies:

(a) (UBOf>('97 ')7 (Uf)(@, ) cH” afld
(UBof)(0,-) = BO)UF)(6,-) = (BUF)O,").

Thus (BU f)(6,-) = (BUf)(6,-) ae. 6 € M whence BUf = BU f follow. Since U f
ranges over H* as f varies over (L2(R™))"), we get B = B. ]
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Corollary: (1) Ay + By = [(Ao(8) + B(8))du, (2) Ao+ B = U(Ag+ Bo)U™1,
(3) AU-I—B:AQ-FB.

Proor: (1) and (2) follow directly from the definitions (see also [16] thm. XIII 85
in case of (1)), while (3) is a consequence of Lemmas 5,6. ]

As a consequence of the corollary, we have that o(Ag+ By) = o(Ap+ Bo). Formula
(1.4) in the introduction is thus proved if we can show

(3.12) o(Ao + B) = Jo(Ao(0) + B(9)), 6¢€ M.

The verification of {3.12) is the purpose of the next section.

IV. Spectral considerations

In order to prove (3.12) and hence (2.8) we disregard for the moment the special
structure of Ag + B, Ag(0) + B(6), set A = Ay + B, A(8) = As(9) + B(6) and
rewrite (3.12) as

(4.1) o(A) = Jo(A©) e o(A)=[)p(A0)).
%)

[/

The proof of (4.1) is based on three lemmas. Two of these have lengthy proofs which
require seperate considerations; these proofs are relegated to the next section. The
present proof is more eleborate than the corresponding one for selfadjoint operators
in [16] (thm. XIII. 85) in that the latter relies heavily on the spectral theorem, a
tool not available here.

Lemma 7 Let here be A € C, k > 0 such that H(A— )\)apH > k||| for all ¢ €

dom(A). For any ¢ € dom(A) we then have H(A(@) - )\)cp(H)H > k|le(@)l] for ae.
e M.

PROOF: Let A € C, k > 0 have the required properties, and pick ¢ € dom(A).
By assumption and definition we have that

(@ J {146 = 0 6@ - 1 1)1} 2 0
Next set
(b) B = {0/ I(A©) = N ¢ O)]* - ¥ (0)]* < 0}

Since ¥ € H* implies that [[(8)||, § € M is measurable, (5], LI, paragraphl) the
set F is measurable; let ) be its characteristic function. It is then easily seen that
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x¢ € dom(A), whence (a), but with y¢ in place of o, implies:

But on E the integrand in (c) is < 0. If x(£) > 0 then the integral in (c) would
be < 0 contradicting (c), whence u{E) = 0 follows, proving the Lemma. ]

Next however we need that A € p(A) implies A € p(A(8)) for all § € M. In order to
prove this stronger statement we need a lemma whose proof, based on arguments
from perturbation theory, is relegated to the next section.

Lemma 8 Assume \g € o(A(6p)) for some Ay € C, 0y € M. Then there exists
a relatively open neighbourhood U T M of 8y, a mapping ¢ from 8 € U into
dom(A(H)), a function A € C°(U,C) and constants a,b > 0 such that: (1) ¢ is
measurable (on U), (2) (A() — X(8))p(0) = 0 for 8 € U, (8) Mb) = o, (4)
O<a<|p@ <bae §ecld.

Remark: “measurable on U” means measurability of {f,¢(8)g) as a function of
#ecl, for any f,g € H".

Theorem 1 Let \g € C, k > 0 be such that

dom(A). Then A € p(A(8)) for all 6 € M.

(A= 20)p|| = Eligl for att ¢ €

ProOOF: Assume the contrary: A\ € o(A(fp)) for some 8y € M. By Lemma 8§,
there is a relative open neighbourhood U C M of 0y, a continuous mapping A :
U — C, a measurable mapping ¢ : U — H” and constants a, b which satisfy (1) -
(4) of Lemma 8. Next set $(8) = ¢(8) for 8 € U and ¢(0) = 0 for 6 & U. Evidently
¢ is measurable on M and

(a) i) < / 1667 ds < BPud).

Without loss of generality we may assume A to be bounded on U; otherwise we
would let shrink U slightly. Since (Ag)(8) = A(6)¢(0) for 6 € U and = 0 otherwise
we have that ¢ € dom(A). By Lemma 8, our assumptions and since ¢ = ¢ on U
we then have

(b) 1(A(0) = Xo) ()l = kllp(0)]| = ka ae. el
By (3) of Lemma 8 on the other hand we have that

(¢) 0> [[(A(8) = 2o) w()]] = IA(6) = Kol llp(O)]] O €U,
By combining (b), (c) with (4) of Lemma 8 we get

(d) 0> ka—|A0)— Xolb ae. Ocl.
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Since U is (relatively) open, the set of 8 € U for which (d) holds is dense in U.
Since fg € U, there is a sequence {6} C U for which (d) holds and such that
lim 0, = 6. We now insert 6, for 8 in (d) and let k& — occ. By (3) of Lemma 8 we
obtain 0 > ka, ie. a contradiction, proving the theorem. [ |

In order to prove the converse of Theorem 1 we need a further lemma of pertur-
bation theoretic type, whose proof will be presented in the next section.

Lemma 9 Assume Ao € p(A(8o)) for some Ag € C, 0g € M. For every e > 0
there is a 8> 0 as follows: if |§ — 0o| < B then Ao € p(A(9)) and

) |40 = 20)™" — (A(80) - 20) | <=

oo

Theorem 2 Assume Ao € p(A(0)) for all 6 € M. Then Ay € p(A).

PROOF: For any § € M, set g = £ ||(A(f) - )\o)‘l"oo. By Lemma 9 there is

Be > 0 such that |6’ — 8] < B implies:

(@) Ja®) 207 = 2 10a@) - 207, = 2=

Set Uy = {6'/60' € M & |0 —0'| < Bp}. Evidently M C |JUy, 6 € M. Since M
is compact, we find a finite covering

n
(6) M= U,
j=1
Thus given any § € M we find § € Uy, for some j. From (a) we then infer
-1 3 3
(e) [(A@0) = x0) 7Y, < 26 = 5 maxe;.

By Lemma 9 on the other hand, (f,(A(8) — \g) 'g) is continous in § € M for
any f,g € H”; thus (A(0) — X\o)71, 0 € M is measurable. Hence all assumptions

of Lemma, 4 are satisfied, whence Ag € p(A) follows. ]

Corollary 1 X € p(A) iff X € p(A(0)) for all 0 € M.

PrROOF: If A € p(A) then H(wa\)apH > kol for some k > 0 and all ¢ €

dom(A). By Theorem 1, 6 € p(A(8)) for all @ € M. The converse is just a restate-
ment of Theorem 2. [

Corollary 2 o(Ap + By) = Jo(Ae(0) + B(8)), 6 € M.

PROOF: By the corollary to Lemma 6, Ag + By and A = Ay + B are unitarily
equivalent. The corollary is then just a restatement of corollary 1. [ |
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V. Results from perturbation theory

We now come to the proofs of Lemmas 8,9. From these Lemma 9 is an immediate
consequence of general principles; the proof of Lemma 8 requires slightly more
care. Our arguments are based on well known facts from the perturbation theory
of closed operators with discrete spectrum, as presented in Rellich [17], chapter IT
and Kato [9], chapter VII. We will therefore content us with indications in cases
where the arguments are either familiar or proceed along established lines. The
statements which lead to the proofs of Lemmas 8,9 will be termed as propositions.
To start with, we recall the operators A(8) = Ao(6) + B(8), on H", where Ay(6)
is DA on dom(Ag(8)) = (HZ(Qr))™, while B(8) is just the matrix multiplication
operator B = (b;i) acting on H”. In order to get rid of the variable domain of
definition dom(A(9)) = (H2(Qr))?, we make use of (2.4) and introduce the family
U{(#), 6 € M of unitary operators, defined by

ifzx

(5.1) U@G)f=e"T f, feH",

(where 8z = 3_0;z;). U(#) transforms A(f) into another unbounded operator
H(H), related to A(6) by

(5.2) H(0)f =U()AG)U®)" f

whose domain is given by U(6)dom(A(0)), and where U(8)* = U(6) 1. By (2.4),
dom(H(#)) is just (H;%er(QL))nv ie. dom(H(0)) is independent of 8, what makes
it advantageous to work with H(6). This is confirmed by

Proposition 1 Lemmas 8,9 hold for A(6), 6 € M f they hold for H(8), § € M.

The proof easily follows from the fact that U(6) leaves (2), (3), (4) of Lemma 8
invariant and transforms a measurable mapping ¢ : Y — H” into a measurable
mapping ¢ = U(-}*¢ from U into H"”. Hence we concentrate henceforth on the
family H(0), 8 € M. Straightforward computation shows that H(#) maps an ele-
ment ¢ = (¢1,...,pn) € H” into an element Hyp = (¢1,...,%,) € H” according
to the rule

(5.3)  Yk=Tk (A@k - 20 % - L~ (ZG?) gok) + Zbk]—%—.

Clause (5.3) allows us to define H(#) for arbitrary complex 8, by keeping (Hf)er
(Qr))™ as fixed domain of definition. For our purposes it is suitable to consider
H(6) on a fixed neighbourhood D of M given by

(5.4) D={z/z€C™ & dist(z,M) <ep}

for some fixed €5 > 0. Insight into the structure of the family H(#), § € D is
provided by
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Proposition 2 The operators H(6), 8 € D are closed and there exists yp > 0 as
follows: if v > 7o then v € p(H(8)) for all 6 € D and |](H(9) —’y)_lHoo <k
for some k~ and all 6 € D. If X € p(H(9)) for some 6 € D then (H(8) — )71 is

compact.

HINT OF PROOF: One way to proceed is to take advantage of the decomposition
H(O) =U(0)As(HYU(6)* + B.

Here B is the matrix multiplication part, while H(8) = U(#)Aq(#)U(0)* is the
differential operator which maps (¢1,...,¢,) into an element (v1,...,,), with
1y given by (5.3), but with b;z = 0. One then first proves the proposition for
U(8)Ao(0)U(0)* by straightforward Fourier analysis and then for H(8) by treat-
ing H(9) as a bounded perturbation of U(8)Ao(6)U(6)*. Of course the g might
thereby increase. A somewhat different way to proceed consists in repeating the
arguments in the proof of Lemma 1 in [21], which in turn depend on Lemmas
2.1,2.3 in [10], which eventually take care of the situation. |

The family H(f), § € D is a strongly holomorphic family of closed operators:
for any f in dom{H(#)) = (H]%GT(QL))“, H(8)f is a holomorphic function on
# € D with values in H”. Such families have been extensively treated in Rellich
[17], chapter IT and Kato [9], chapter VIL. While the treatment in [17},]9] is mainly
for one variable, the arguments therein extend in a verbatim way to the case of
several variables. We therefore content us to summarize the facts about such holo-
morphic families. One assumes Ag € p(H(6p)) for some fixed A\g € C, 6y € D and
considers the family

(5.5) T(0,7) = (H(8) — X)(H (o) — Xo) ™"
of closed, everywhere defined operators on the domain
(5.6) D=Dx{NA=Xl<1l & IeC}

Necessarily, T(8,X) € L(H", H"). By classical arguments, based among others on
the “resonance” theorem (Yosida [24], pg.69) one proves that T'(4, ), (6, \) € D’
is a uniformly holomorphic family, ie. holomorphic as a mapping from D’ into
the Banach space L(H"”,H"), || |- By exploiting this fact and observing that
T'(8o, Ag) = Id one then straightforwardly finds:

Proposition 3 Assume Ay € p(H(8p)) for some Ng € C,0g € D. There are
complex neighbourhoods U C D of 0y and V C C of Xy such that: (a) (,\) €eUXV
implies X € p(H(0)), (b) the mapping (0,X) €U x V — (H(0) — A)~! is uniformly
holomorphic.
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ProOOF OF LEMMA 9: Let Ay € p(H(6)) for some Ao € C, 6, € M. By (b) of
proposition 3 we have in particular that

i
(*) Jm

(H(0) — \o) ™} = (H(Bo) — Xo) " Hoo —0.

But (%) is just a restatement of Lemma 9 for the family H(6), § € M. By unitary
aequivalence (prop.1) it follows that Lemma. 9 is valid for the family A(§),6 € M. m

We now come to the proof of Lemma 8. By Proposition 1 it suffices to prove
Lemma 8 for the family H(6), § € M. Again we take advantage of the fact that
H(6) may be considered on the complex neighbourhood D of M. To start with,
we have to digress into the theory of perturbations of isolated eigenvalues, as pre-
sented in [9], [17]. To this end assume Ao € o(H(fp)) for some fixed Ay € C,
6y € M. In accordance with Proposition 2 we fix a v > 0 such that v € p(H(6)),
6 € D and set R(0) = (H(0) — ~)~L. In order to discuss the eigenvalue problem
H(8) = Ay in a complex neighbourhood of 5, Ay respectively, we replace this
problem by the equivalent one

(5.7) R(0)p = (po + 8)p

whereby 1o = (Ao — )7L, o +6 = (A — )~ L. Since R(6) is compact by Propo-
sition 2, H” admits a splitting into a direct sum H” = £ + N of closed subspaces
L, N, such that: (a) dim(£) = N < oo, (b) both £, A are invariant against R(6),
(¢) R(p) — uo is an isomorphism of A onto itself and has a bounded inverse
G € L(N,N) on N. Moreover there are bounded projections P, K onto £, N
respectively which commute with R(6p) such that P + K = Id. Let furthermore

e1,...,en be a basis of L. According to the general theory there is a dual list
ei,...,ey € H' such that det({e;ef)) # 0 and with the property: (d) f € N iff
(er,f)y=0for k=1,..., N. For a detailed exposition of the above compilation we

refer eg. to Sattinger [20] chapter IT or Friedmann [7] chapter V. For notational
simplicity we abbreviate Y (je; (4 < N) by (e for any ¢ = (¢1,...,{n) € CV.
In order to solve (5.7) we seek solutions ¢ € H" of the form ¢ = (e + g with
g € N. It is thereby convenient to set ¢ = # — g, where £ = (g1,...,6,) € C™
is treated as a small parameter, and to define D(g) = R(6y + ) — R(6g). Clearly,
D(e) is a uniformly holomorphic family of compact operators, defined on a complex
neighbourhood of £ = 0. In these terms, (5.7) can be rewritten as

(5.8) (R(6o) + D(e)) (Ce + 9) = (1o + 8)(Ce +9),  geN.

To (5.8) we apply the projector K. By taking the commutativity into account and
the fact that D(0) = 0 one then finds by a straightforward computation an rg > 0
such that |8], |e| < 7o (with |¢| = max; ¢;]) implies

(5.9) g=g(6¢) =—(1—GK(§— D))" GKDCe,



Vol. 1, 1994 Periodic equilibria of reaction diffusion systems 297

where we have set D = D(g). The inverse in (5.9) may be represented as a
Neumann series which converges uniformly, ie. in the operator norm || |lo of
L(H",H"). In order to find ( € C¥ and § € C such that {e + g, with g given by
(5.9), is indeed a solution of (5.8), one finds as nessassary and sufficient condition
the “orthogonality” relation

(5.10) (6E 4 M(6,€))¢ =0,

where E = (6;;) is identity on £, while M(8,¢) = (myi) is the N x N matrix
whose entries my, are given by

(5.11)  myk = (e}, (ko — R(6o)) — Dex + D(1 — GK (6 — D)) GK Dey),
Without loss of generality we may assume that (e}, (R(6o) ~ po)er) = 0 for j < k.
Again D = D(g). The equivalence of (5.9)+(5.10) with (5.8) is given by
Proposition 4 Assume 6|, le| < ro. Then ¢ = (e + g with g € N is a solution
of (5.8) if and only if g = g(6,£,¢) is given by (5.9) and with the orthogonality
relation (5.10) satisfied.

After these preparations we can proceed to the

PROOF OF LEMMA 8: We tacitly assume |6], |¢| < ro. For nontrivial solutions ¢
of (5.10) to exists we must have

(a) F(b,2) = det(6E + M(6,¢)) = 0.

Now F'(,¢) is holomorphic in the polydisc |6 < r2, €] = max; |¢;| < ro; moreover
F(6,0) = 6V. By the Weierstrass preparation theorem (Osgood [12]) there is a
factorisation F(8,e) = P(6,¢)I1(6,¢) and a constant r; < 7o with

P(6,e) =6 + A1(e)6P 1 + ...+ Ay 1(e)6 + Ay(e), p>0

such that 4;(¢g), (j < p) and II(6, &) are holomorphic in the polydisc |4], [g| < 71,
A;(0) =0 for j < p and 1I(6,¢) # O for |6],]el < ri. Thus on |§],|e] < 71 the
zeroes of F(6,£) coincide with those of P(4,¢). By elementary arguments we then
find an r9 < r; with the property: (a) if |e| < rq and P(6,e) = 0 then |§] < ry.
With |e| < r; we now associate a well determined root §(¢) of P(8,&) = 0: 8(g)
is that root of P(8,e) = 0 whose real part re(6(¢)) is leftmost (ie. P(§',¢) = 0
entails re(6(¢)) < re(6’)) and whose imaginary part is topmost (ie. P(6,¢) = 0
and re(§’) = re(6(g)) implies im(§') < im(8(¢)). Elementary reasoning, based on
the logarithmic residuum, shows

(b) 5(e), lel < s is continuous and §(0) = 0.

By inserting 6(¢) into (a) we find that for every |g| < ry there is a solution ¢ # 0
of

(8(e)E + M(6(¢),€))¢ = 0.
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In order to construct the neighbourhood U required by Lemma 8 we set
U={0/eM & |0—06 <rs}

where 0 = (01,...,0n), 6o = (69,...,05,) and |6 — 6o = max; |6; — 69]. Clearly
wld) > 0. Moreover we set

Q(6) = 6(0 — 00)E + M(8(6 — 05),0 — 65).

The matrix Q(0) = (g;x(0)) (j,k < N) is continuous in # € U and has rank
r=r(#) < N. Tt is then easy to see that U/ is the union of pairwise disjoint Borel
sets, U = |J;U; (j < N) (some of which may be empty) such that 0 € U, iff
Q(6) has rank r. Next we observe that if Q(6) has rank r, and if Q.(8) is an
r x r submatrix of Q(6) (an r-minorant) such that det(Q,(6)) # 0 then a solution
¢@) = (G1,--.,Cn) of QO)C() = 0 such that > |¢;[* = 1 can effectively be
written down in terms of Q,.(6) according to the rules of linear algebra. Now let
for any sequences j; < ... < j» < N and ky < ... <k, < N (abbreviated by j, &
respectively) Q(j, k/0) be the r-minorant of Q(6) given by (g;,1,(6)), s,t <r. By
elementary logical reasoning we can decompose each set U, further into a union of
pairwise disjoint Borel sets

Uy =UTU...UUp

and associate with each set U] sequences j,k, ie. j1 < ... < 7 < N and
ki < ... < k, < N, such that the associated r-minorant Q(j,k/0) satisfies
det(Q(5,k/0)) # 0, provided that 8 € U]. By combining the above remarks we
find that there is a measurable mapping which associates with # € U a vector
@) = (C1y-..,¢n) € CV such that @(0)¢(0) = 0 and > |¢;|> = 1. From this one
infers that the mapping 8 € U — ©(8) = ((0)e + g(6(8 — bp), 0 — 60,¢(F)) € H" is
measurable. That ¢(6), 6 € U is the mapping required by Lemma 8 is established
if we can find bounds a ,b which satisfy (4) of Lemma 8. In order to find b we note
that we may assume without loss of generality that the constant rg involved in the
definition of g(6,¢, ) ((5.9)) is so small that

|

for some ¢g and all |8, ]e} < ro. This gives an upper bound
le@I < 1IK(O)ell + lg(6(6 — o), — bo, ()| <
< > llesl + o llesll

Thus we may set b= (1L + ¢g) > lle;||. Next we observe that there exists a ¢; > 0
such that ¢; < I3 (el if 3°(¢)? = 1, and that | P||, > 1, with P the projector
onto £ = span(ei,...,ex). We then have

1C(@)ell = 1P (¢(0)e + g(6(0 — o), 6 — 6o, C(O))]
1Pl 1(C(B)e + g(6(6 — 00),0 — 6o, (NI,

(1— GK(6— D(e)))™" GKD(E)H < g < 00

xR

1

INIA
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that is, ¢ ||P||0_o1 < |l¢(6)]]. Thus we may set a = ¢y ||P||;O1 Since A(0) = v+ (po +
8(0 — 00))™1, 0 € U is continuous, satisfies A\(6p) = Ao and H(8)p(8) = A(0)w(0),
6 € U the Lemma 8 is proved for the family H(8), § € M and hence for A(#),0 € M
by Proposition 1. [

Remarks: Formulas (5.9), (5.10) are of course well known and appear in many
contexts in various forms; we have taken them from [21], [22] where they appear
in the context of Ljapounov-Schmidt bifurcation theory. An analysis of the proof
of theorem 1 shows that it would suffice to know that A(§) is continuous at 6y and
A(fo) = Ag. For 6(¢) in the above proof this means that we would have to show that
6(e) is measurable and continuous at £ = 0, ie. il_l% 6(g) = 0. The measurability

is needed because §(8 — 6y) is involved in the definition of (6), required to be
measurable. The measurability of §(¢) is settled by recognizing 6(¢) as continuous.
For a very general setting of the logarithmic residuum argument see Demailly [4].
Whether the solution ¢(8) of Q(8)((8) = 0 can be chosen to be continuous in ¢ is
not known to us. If so, the construction must be more sophisticated that the one
presented in the above proof.

V1. Stability reconsidered

If we compare corollary 2 in section III with (2.8) then we see that it does not
exactly yield what is claimed in (2.8). In fact, let as in sect. I, v € (H ?76’/’(@ L))" be
an equilibrium solution u, = DAu + F(u); set B = d, F'(v). Clause (2.8) clames
U;%er C 0%,, where O’%e,r is the spectrum of DA + B on (Hper(QL))™ as basic
space with dom(DA + B) = (H?,er(QL))”, while 6%, is the spectrum of DA + B
on (H?(R™))" as basic space, with dom(DA + B) = (H*(R™))". Corollary 2
of theorems 1,2 on the other hand merely implies that oper C 0z2, where oper
denotes for the moment the spectrum of DA + B on (£%(Qr))" as basic space,
with dom(DA + B) = (H]%CT(QL))nn while o2 is the spectrum of DA + B on
(L2(R™))™, with dom(DA + B) = (H2(R™))". Clause (2.8) is a consequence of

Lemma 10 (a) oper = 0per, (b) 0p2 = 0%,.

Clause (a) easily follows from the fact that both oper, U%)er are pure point spectra,
consisting of isolated eigenvalues of finite multiplicity, accumulating only at infin-
ity. Part (b) is slightly more delicate. We split its proof into two propositions. Let,
to this end, T" denote DA+ B, acting on (H?(R™))", with dom(T) = (H*(R™))™.
Let Ty be DA + B, acting on (£L*(R™))", with dom(Ty) = (H?(R™))". Thus
o(To) = oz2, o(T) = 02,. Moreover Ty = Ag + By in the notation of section III.
In order to prove (b), we first note that 7,7 are semigroup generators on their
respective spaces what entails that ¢ € p(Ty) N p(T') for all { >0

Proposition 5 p(T") C p(Tp).
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Proor: First pick ¢ > 0, ( € p(T) N p(15) and observe that the Sobolev norm

|| llzz on (H*(R™))™ may be replaced by an equivalent one, | ||z, given by
(a) £l = I(To = O flleas  fEHR™)" (= dom(Tp)),
with || |jz2 the norm on (L*(R™))" (see [22] for a discussion of this point). Now

assume A € p(T). Then T — A maps dom(T) in a 1-1 way onto (HZ(R™))". By
the above remarks there exists a k& > 0 such that

(b) (T = Mgl = kliglly forall g€ dom(T).
Taking care of the definition of || |7, {(b) may be rewritten as
(c) 1(To = (T = Ogllge = Kll(To = Ogllg2 . g € dom(T).

Since ¢ € p(T), T — ¢ maps dom(T") onto dom(7s). Moreover, T' = Tj on dom(Tp).
Thus (c¢) can be rewritten as

(d) [(To =M fliz2 2 kN flle2, f € dom(Tp).

Now Ty = Ag + By, with Ag + Bp unitarily equivalent to A= Ag+ By (corollary
to Lemma 6). By (d) and this unitary equivalence we thus have

(€) H(A - )\)cpHH > kllgll, forall o€ dom(A).

However (e) combined with theorems 1,2 implies X € p(A) and hence A € p(Tp).
|

Proposition 6 p(1p) C p(T).

Proor: Let A € p(Ty). Thus (T — A)g = f has precisely one solution g €
dom(Ty) = (H2(R™))" for any f in (£L2(R™))™. Now let f € dom(Zp) = (H*(R™))™.
Then g € dom(T#) = dom(T) = (H*(R™))" (see [22] for this point, based on a
regularity argument). Thus for f € dom(7y) there is exactly one g € dom(7T") with
(T'—X)g = f. Using the fact that 1", as a semigroup generator on dom(7Ty) as basic
space is closed, A € p(T") easily follows. |

Remarks: As pointed out earlier, our spectral considerations have to be sup-
plied by a proof of the principle of linearized instability for the evolution equation
(2.7), ie. by a proof that ¢Z, N {A/im(A\) > 0} # 0 implies Ljapounov instability
of the zero solution ¢y = 0 against small perturbations ¢ € (H%(R™))". As men-
tioned, such a proof can indeed be given; however since it is quite lengthy it will
be presented separately. Nevertheless, once this principle is accepted, the relation-
ships expressed by corollary 2 to theorems 1,2 and Lemma 10 reduce the stability
question to a discussion of the #-periodic spectra o(Ao(0) + B(#)), # € M, and in
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simpler cases to a discussion of the periodic spectra oper; examples will be given
in the next section.

We briefly digress on possible generalisations. As already mentioned, our
arguments and hence theorems 1,2 extend in a verbatim way to the case where the
single period L is replaced by a sequence of periods Lq,..., L,,. The arguments
still go through if we replace the rectangular lattice by a more general periodic
lattice generated by vectors q1,...,qnm (see [16] or Alexander-Auchmuty [2] for
the algebraic setting). The only point of change occurs in formula (5.3) which now
assumes a slightly more complicated form. Another, straightforward generalisation
concerns the occurence of the spatial variables z1,...,z,. In our system (1.1),
F(u) was assumed to be a polynomial nonlinearity, ie. of the form (P, ..., P,) with
P; a polynomial in uy, ..., u,. An inspection of our arguments shows that they are
not affected at all if we admit F to depend explicitely on the variables x1,..., 2,
ie. to let the P; be polynomials in u1, . .., u, which have coefficients a(x) which are
L1,..., Ly-periodic with respect to x,, ..., z,, and which are sufficiently smooth.

The arguments in (III)-(V) should still go through if one adds dissipative
terms to the basic system (1.1), ie. terms of the form } ag;p0;up. The necessary
prerequisites should be provided by Kielhéfer [10], Kato [9] about the persistence
of semigroup properties under relatively bounded perturbations.

A higher degree of difficulty appears in the case of hydrodynamic problems
such as the Bénard problem. Here two difficulties have to be overcome, that of the
boundary conditions in the bounded space direction, and that of the elimination
of pressure. How to handle these cases is open.

VII. Applications

In this section we add some remarks and discuss some applications of the foregoing
theory. For reasons of space we will refer to the literature whenever proofs are
concerned which are minor variants of proofs which appear in the literature.

(A) First we note that formula (2.8), which is a consequence of corollary 2
to theorems 1,2 and of Lemma 10, somewhat loosely speaking says that if v €
(H gzaer(Q )™ is an equilibrium solution of (1.1) which is unstable against small
perturbations ¢ € (H?(Qr))", then it is that ¢y = 0 is an equilibrium solution of
(2.7), unstable against small perturbations ¢ € (H*(R™))". In fact, if we disregard
the exceptional case where U%er C {N/re(\) <0} and af,erﬂ {A/re(A) = 0} # 0,
instability with respect to perturbations ¢ € (H jz%er(Q 1))" is equivalent to say
that O'%e,r contains an eigenvalue A with re(A) > 0. By Lemma 10 then A € oper.
But since oper is just (Ag(0)+B(0)) in the terminology of sect. IV, we infer from
corollary 2 to Theorems 1,2 that A € o2, whence A € 0%, follows from Lemma 10.
By the principle of linearized instability, discussed in sections 11, VI, it follows that
v is unstable against small perturbations ¢ € (H2(R™)))"*. Thus the passage from
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L-periodic perturbations to smooth L£2-perturbations can only decrease stability
or eventually leave the stability status unchanged.

(B) In our first example we consider a space periodic equilibrium solution of the
scalar equation

(7.1) up = Au+ f(u),

where f({u) is a polynomial in u with constant coefficients. Our main result about
such solutions is provided by

Theorem 3 FLet v € H}%er(QL) be an eguilibrium solution of (7.1) which is not
equal to o constant. Then both cr]%er and 0%2 contain points A > 0, ie. v is unstable
against perturbations ¢ € H%GT(QL) and ¢ € HX(R™).

Proor: By definition, v is a solution of
(a) Av+ f(v) =0.

By well known regularity results, based on bootstrap-arguments and the polyno-
miality of f(u) one infers v € ﬂH;;er(QL); by embedding theorems ([1], pg. 97)
k

which are valid in the periodic case we have that v € Cge(R™). We now assume
that v is not a constant. Hence 0;v # 0 for some j, e.g. j = 1. We can differentiate
(a) with respect to z1 s0 as to get

(b) A(O1v) + (dy f)(v)(Byv) = 0.

That is, O1v is a nontrivial eigenfunction to the eigenvalue A = 0 of the linearization
A = A+(dy f)(v), which acts on H%GT(QL) and has Hf)er(QL) as domain. Next let
A’ be A+(dy,f)(v), but now on £2(Qr,) with Her(Q1) as domain. In the notation
of Lemma 10, o(A) = 012)87* and 0(A’) = oper, whence 0 € o(A4’) by Lemma 10.
To — A’ we now apply the same reasoning used in the proof of Theorem 1 in [22].
That is —A’ is easily seen to be selfadjoint and positivity improving in the sense
of [16], pg. 201 (see also appendix I in [22]). Moreover, since dyv is continuous,
L-periodic and # 0, each of the sets F_ = {z/z € Qr, (Bv){z) < 0} and
E, ={z/xr€Qp, (81v)(z)> 0} has positive Lebesgue measure, ie.

(¢) WEZ) >0,  p(Es)>0.

Now o(—A’) consists of isolated eigenvalues of finite multiplicity, accumulating
only at +oo; therefore the leftmost point of o(—A’) is necessarily an eigenvalue.
It then follows from (c) above and from Theorem XIII, 44 in [16] that A = 0 is
not the leftmost point in o(—A’). That is, there must be some A > 0 in o(4’) and
hence o(A), by Lemma 10, implying that v is unstable against perturbations ¢ €
H z%er(Q ). On the other hand, let T', T be the operators introduced subsequently
to Lemma 10, ie. denoting A + (df)(v) on H?2(R™) and L%(R™) respectively,
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with domains H*(R™) and H?(R™) respectively. Since o(A’) = oper, o(Tp) = o2
we have oper C 2 by corollary 2 to Theorems 1,2 and hence A € a(T) = 0%2 by
(b) of Lemma 10, implying that v is unstable against perturbations ¢ € H2(R™),
what proves the theorem. [ ]

Theorem 3 depends on the parabolic maximum principle which is implicit in the
notation of “positivity improving” and in Theorem XIII 44, [16]. Its extension to
systems is therefore limited. Such an extension is provided by

Theorem 4 Let f = (f1,..., fn) be a gradient, ie. f; = (‘9—3% for some polynomial
F(u). Letv € H;%er(QL))n be an equilibrium solution of

(7.2) vy = DAv + f(v)

such that g—ﬁ(v) >0 for j # k. Then both a%er, 0%, contain points A > 0, ie. v is
unstable against perturbations ¢ € (H}%er(QL))” and i € (H*(R™))".

For reasons of space we omit the proof which is essentially the same as the proof
of theorem 3 in [22]. The notion of “positivity improving” is now replaced by a
variant, provided by definitions 1,2 in [22], and the role of Theorem XIII,44 is
taken over by Lemmas 5,6,7 in [22], whose proofs carry over to the present situa-
tion practically without changes. The parabolic maximum principle is guaranteed
by the well known assumption f;f L (v) >0, j # k; see Protter-Weinberger [14] or
appendix I in [22]. The assumption that f is a gradient is needed in order to se-
cure that the linearization DA+ (d,, f)(v) is selfadjoint if considered on (£%(Qr))"
(resp. (£2(R™))"), with domain ( HQer QL )* (resp. (H2(R™))"), an assumption
crucial to all considerations in [16],22]. The selfadjointness on the other hand
guarantees the validity of the prmmple of linearized instability; in fact the validity
of this principle in this case is assured by theorem 5 in [22] which applies to situ-
ations more general than those described by theorems 3,4. Effective constructions
of smooth, 27-periodic equilibrium solutions of (7.1) which are not constant are
performed by Bandle-Tesei [3] for large classes of nonlinearities f which include
a variety of polynomials; there it is also recognized (Theorem 2.5) that such a
solution is unstable against 27-periodic perturbations.

(C) Theorem 3 shows that in the scalar case nonconstant equilibrium solutions
are unstable against periodic perturbations and against smooth L£2-perturbations.
If we admit also constant solutions then stability is possible. A result, proved in
Eastham [6] then takes care of the situation. In our context it says that the right-
most points of oper and o2 coincide. This implies that with the eventual exeption
where the rightmost point is = 0, periodic and £?-stability (resp. instability) coin-
cide. Thus in order to obtain results which distinguish between the two notions of
stability one is forced to look at systems. This will be done in the sequel, whereby
we heavily rely on the results in [21]. We consider a parabolic system of type (1.1)
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with two unknown functions (ie. n = 2) and of space dimension m = 2. We assume
that the system has the special form

(7.3) ug = DOu+ (14 6)(Bu + Bau?® + ... + ByuP)

where D = (8;57%), 7o > 0 and j,k < 2; § is a small bifurcation parameter. The
Bj, j > 2 are multilinear functionals from (R*)’ into R? which in the usual way
give rise to monomials B;u/, u € R?. Finally, B is a real 2 x 2 matrix, subject to
some conditions. The period L is henceforth L = 27 or an integer multiple thereof,
ie. nL = 2nm; for simplicity we retain the notation Qr, @, resp.. For the first
of our results below we need the Sobolev spaces Hig(Qr) © Hper(Qr) of even
elements of f € Hper(Q1), le. satisfying f(z1,22) = f(~x1, —x2). We also need
the matrices

(7.4) M, (k)= ~k*n"2D+ B,  M(k)= M (k),

where k = (k1,k2) € Z? and k? = k? + k3; the k’s are referred to as wave vectors.
We now state our basic assumptions on which our results are based:

{a) thereis a ky € Z, ko # 0 such that A = 0 is a simple eigenvalue of M(ko), and
if k € Z is such that k? # k2 then 0 € o(M(k)),

(b) if AelJo(M(k)), k € Z and X # 0 then re()) < 0,

(c) if n,¢ € R? satisfy n # 0, ¢ # 0 and n*M(k) = 0, M(k)( = 0 then
(n,¢)~"(n, BC) >0,

(d) By =0 and (n, B3¢3) < 0.

Here, n* means the transpose, and ( , ) is the scalar product in R?. Conditions
(a)-(d) are of the type encountered in bifurcation theory; how to satisfy them will
be discussed in the appendix. Our results are

Theorem 5 Assume (a)-(d). There ezists a branch 6(r) € R, u(r) € (H35{Q1))?
of equilibrium solutions of (7.3) (ie. § = 6(r),u = u(r)) such that 6(7“f, ulr) are
real holomorphic on |r| < €* (some *) and such that:

(1) w(0) =0, 6(0) =0, (2) u(r) is not constant for r # 0, (3) u(r) is asymptotically
stable against small perturbations ¢ € (H ;’gr(Q )2, (4) u(r) is Ljapounov unstable
in (H2(R?))2.

Theorem 6 Assume (a)-(c). For sufficiently smalle > 0, ug = 0 is an equilibrium
solution of

(%) uy = DAu+ (B — el)u + Bau® + ...
which is asymptotically stable in (H3er(Q))? and Ljapounov unstable in (H*(R?))?.

Prior to pass to the proof of Theorems 5,6 we briefly discuss their content. In
accordance with our preivious sections, asymptotic stability means all eigenvalues
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in the left half plane, bounded away from the imaginary axes, while Ljapounov
instability means that the spectrum of the relevant linearization contains some
A € C with re()\) > 0. The larger part of Theorem 5 is already proved in [21], the-
orems 1,2 where a family §;(r), u;(r) of branches of equilibrium solutions of (7.3)
is constructed, which under assumptions (a)-(d) satisfy (1)-(3) of Theorem 5 (an
omission is on pg. 497 in [21] in the bottom line where a minus sign should preceed
AY). Thus what remains to be shown is clause (4) of Theorem 5. Theorem 5 is
second best to what one would like to have: a nonconstant periodic equilibrium
solution to (7.3) which is asymptotically stable against all small periodic perturba-
tions but Ljapounov unstable with respect to smooth L£2-perturbations. However
such an example is likely to present technical difficulties. In fact if a nonconstant
equilibrium solution u of (7.3) is at disposal which eventually satisfies d;u # 0,
j = 1,2 then the periodic spectrum of the linearization would contain the at least
twofold degenerate eigenvalue A = 0. A stability discussion would then have to take
the center manifold into account, which is associated with the eigenvalue A = 0.
This seems to be delicate work which has still to be done.

The situation is different in case of Theorem 6. Here the result is in sharp
contrast to the scalar case, where periodic and £2-stability imply each other by
virtue of Easthams result. What is still open is whether the nonlinearity in (7.3)
can be chosen to be a gradient; in our example this is not the case since B is not
symmetrical by virtue of assumptions (a),(b).

Prior to proceed to the proofs of Theorems 5,6 we need some remarks. We
set G(u) = Bu + Bau? + .. .; for the derivative we then have

(7.5) (d@)(u)h = Bh + Bauh + .. ..
The solution branch §(r), u(r) of Theorem 5 then gives rise to the expression
(7.6) T(r) = DA + (14 8§(r)(dG(u)(u(r))

which is the linearization of the righthandside of (7.3) at v = wu(r) with § =
6(r) kept fixed. Actually we should distinguish between (5.6) and the opera-
tor it defines on different spaces. For simplicity we write T(r) for any of the
operators which arises if we take (£L%(Q,1))? or £L2(R™))? as basic space with
(H1%67ﬂ(Qn,;))2 or (H?(R™))? resp. as domain; with o(X/T(r)) we denote its as-
sociated spectrum, where X is the basic space. If however (£2(Q,1))? is the un-
derlying space and (H2(Qnr))? the domain of 7'(r) then we denote its spectrum
by o6((£*(Qnr))?/T(r))-

We also need a lemma from [21] (Lemma 14), namely

Lemma®* Under assumptions (a),(c) there is an g9 > 0 and an ng > 0 with the
property: for n > ng there is a k € Z? such that M, (k) has a simple eigenvalue
A* > £0-

This lemma is proved in [21] under the additional assumption (5, D¢) # 0, with
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n,¢ as in (c). However this assumption is superfluous since it is already guaranteed
by (a),(c) (by (A2) in [21]): since (n, M(k¢)¢) = 0 by (c) we have —kZ(n, D) +
(n, B¢) = 0 whence (n, D¢) # 0 by (c) and k3 # 0.

PrOOF OF THEOREM 5: First recall that T(0) = DA + B. By straightforward
functional analytic arguments, based eg. on Fourier series expansions, one shows
that

(a) (L2 @nr))?/T0) = Jo(Mn(k), ke Z?

for any integer n > 0. Next let £0,m9 be as in Lemma* and pick n > ng arbitrarily
but fixed; let A\* > ¢ and k € Z? be associated with n according to Lemma*, ie.
such that A* € o(M,,(k)). By these choices and (a) we obtain

(b) M€ o((L2(Qnr)?/T(0) and X > eq.

Next recall that by Theorem 5 we have u(r) € (l&T]%er(QL))2 and hence u(r) €
(Hl%er(QnL))z. Thus we may consider dG(u(r)) as a bounded linear operator
on (£L%(Qnr))?. In addition, the mappings r — 8(r) € R and r — u(r) €
(Hper(Qnr))? are holomorphic by Theorem 5 and satisfy 6(0) = 0, u(0) = 0.
By the form of dG(u(r)) as given by (5.5) (with u = u(r)) this implies

() lim | B = (1+6(r))dG(u(r)]l,,00 = 0

where || |jn 00 denotes the operator norm on the Banach space of bounded linear
operators on (£2(Q,1))?. By classical results from the perturbation theory of real,
isolated, simple eigenvalues of closed operators with compact resolvents ([9], [17])
one infers from (c) that the following holds:

(d) there is an &' > 0 with the property: if 0 < |r| < &’ then there exists a
real A, in o(L£%(Q,))?/T(r)) such that |\* — \.| < &0/2.

From A* > gg we infer that A, > €0/2 for |r| < &’. Since T(r) is now considered as
an unbounded linear operator having (£2(Q,1.))? as basic space and (H ;z%er(@n L)?
as its domain, we can apply corollary 2 to Theorems 1,2 to this situations and infer
as ln previous cases:

(e) o((£%(Qn))*/T(r)) C o(L*(R?))?/T(r)).

It then follows from (d),(e) that o((£?(R?))?/T(r)) contains an eigenvalue A, >
€9/2. Accordirng to our exposition in section VI, (Lemma 10), this implies the Lja-
pounov instability of u(r) against small perturbations ¢ € (H2(R?))2, provided
that |r| < €. By replacing the original £* in Theorem 5, provided by Theorems 1,2
n [21], by the eventually smaller &', clause (4) of the theorem is also satisfied. m
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Proor oF THEOREM 6: We assume that the matrices D, B satisfy assumptions
(a)-(c). Furthermore we rely on the proof of Theorem 5. According to the assump-
tions (a)-(c) and clause (a) in the proof of Theorem 5 we have that

(#) X € 0((£%(Q1))?/T(0)) — re(X) 0.

On the other hand it follows from (b) in the proof of Theorem 5 that there is an
integer n > 0 and a A* such that

(1) N € o((L2(Qnr)?*/T(0)) and A* > 0.

We now apply corollary 2 to Theorems 1,2 to the present situation by considering
T(0) first as an operator on (£*(Qnz))? with domain (Hper(Qnr))? and second as
an operator on (£L2(R?))? with (H?(R?))? as domain. By arguing via corollary 2
as in the previous cases we infer

(#44) o((£L2(@Qnr))?/T(0)) S o ((L*(R?))?/T(0))

Now pick ¢ > 0 so small that \* —& > 0 and set T, = T'(0) — eI (with I=Identity).
The spectrum of T, is then obtained from the spectrum of T(0) through translation
by € to the left, regardless on which of the spaces (£L2(QL))? resp (L2(R?))? we
consider T(0). It then follows from (), Lemma 10 and € > 0 that 4y = 0 is an
asymptotically stable equilibrium solution of

(iv) us = DAu+ (B —el)u+ Bou? + ...

if one considers (iv) on (Hper(Q1))? as basic space with dom(DA) = (Hper(Qr))?.
On the other hand it follows from (44),(7#4) section VI and A* —& > 0 that up =0 is
a Ljapunov unstable equilibrium solution of (iv), if one considers (iv) on the space
(H?(R?))? with dom(DA) = (H*(R?))?. This is precisely the claim of Theorem 6.
u

Corollary Thereis a8 € [0,27]% and a \* > 0 such that \* € og((L2(Q1))?/T(0)),
while re(X) <0 for all A € o((£2(QL))?/T(0)).

PrROOF: The second part of the statement is just clause (i) in the proof of The-
orem 6. As to the first part we invoke the basic formula in corollary 2 to Theo-
rems 1,2 according to which

(%) o((L*(R*)*/T(0) = | Joo((£7(Qr))*/T(0)), 6 < [0,2n]%.

By combining (x) with (i4), (i%) in the proof of Theorem 5, the existence of §
follows. ]
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Remark: As noted earlier, the corollary is false in case of single scalar equation
by virtue of Easthams result.

VIII. Appendix

It remains to show that the matrices D, B, Bo, Bs can indeed be chosen so that
assumptions (a)-(d) are satisfied, a problem not considered in[21]. This amounts
to find D, B which satisfy (a)-(c); one sets Ba = 0 and it is then easy to find
Bj so that (d) is satisfied. To start with, we introduce some notation. As before,
D = (6;k7%).d,k < 2 and 7, > 2. B is a real 2 x 2 matrix whose first row is
(a,b), whose seconde row is (¢, d). We now pick a wave vector ko € Z with kg > 0;
throughout what follows kg is fixed and supposed to play the role of kg in (a)-(c).
With k- € Z we denote a fixed wave vector such that

(8.1) kcZ and k? <k2 iff k% <KZ.

Finally let for any k € Z A(k) be the determinant of M (k), ie. A(k) = det(M(k)).
We now impose three conditions on B, D, namely:

(Al) a<Oanda+d <0
(A.2) Alko) =0
(A3) K +k2 < &+ 2 <213,

Lemma 11 If the matrices D, B satisfy (A.1)-(A.3) then (o)-(c) holds.
It is advantageous to reduce the Lemma to two propositions.
Proposition 1 Let D, B satisfy (A.1)-(A.3). Then conditions (a), (b) hold.

ProoF: One has to discuss the eigenvalues of M (k) for arbitrary k& € Z, that
is the roots of det(M (k) — AI) = 0. Since A(kp) = 0 we have that A = 0 is an
eigenvalue of M (ko). The second eigenvalue of M (kp) is obtained by computation
and is given by

(1) )\:(a+d)‘k)3(’7'1 +T2)

According to (A.1) this implies A < 0. Next note that by virtue of A(kg) = 0 we
have that

(2) det(B) = k2 (ary 4 dm1) — kg2,
Using (2) we get for A(k) the expression

(3) Ak) = (k2 — k2)mms {~ (Ti + i) + k%é} .

1 72
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We now compare (3) with assumption (A.3). A distinction of cases according to
whether k2 < k2 or k2 < k? then easily yields:

(4) if k%#kZ2 then A(k)>0.
For the roots of det(M (k) — A\I) =0 we find
(5) 2= —x* (x* —40(k)?

where x = |a+d —k?(m +72)|.By virtue of (4) this implies re(A) < 0, what proves
the proposition. [ |

Prior to procced to the next proposition it is advantageous to introducea, 8,7, 6
according to
(8.2) a=ar, b= A7, c =, d = 61y.

In addition we introduce a fixed parameter x4 > 0 and set
(8.3) y=pwla—k), S=pb+ks

It is then clear that by expressing a,...,d via (8.2}, (8.3), condition (A.2) is
automatically satisfied. The other conditions, now expressed in terms of «, § now
become

(A1) a<0and an + (gl +k3) <0,
(A2) k2 < ot pf < k2.

In order to satisfy (A’.1),(A’.2) one first fixes 7y > 0, a < 0, then we pick § > 0
so that (A’.2) is satisfied and finally one choses 72 > 0 so small, that the second
part of (A’.1) holds. The two vectors 7, ¢ in condition (c) are determined up to a
scalar multiple. As representants we choose:

(8‘4) Ct = (_/87—27 Tl(a - k(%))a 771: = (~/1‘7 1)

where the superscript ¢ means the transpose. Computation based on (8.2),(8.4)
shows that nf M (ko) = 0, M (kg)¢ = 0.

Proposition 2 (1,¢) <0 and (n, B¢) < 0.
Proor: By computation we find that
(n,¢) = a7y + pfry — T1kG <0

by virtue of (A’.1). On the other hand we have that M (ko)¢ = (—kZD + B)¢ =0
whence (1, B¢) = k3(n, D¢). Now

(n,D¢) =mr2(uB+a—k3) <0

by virtue of (A’.3) whence (n, B{) < 0. This proves the claim of the proposition. = ‘
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Proor or LEMMA 11: Immediate via propositions 1,2 and(8.2), (8.3), (A’.1),
(A”.2).

Remark: By arguments similiar to the above one can show that the matrices
D, B are stable against small perturbations in the following sense: if B’ is close
to B (in some suitable metric) then there exists a real 7y close to A = 1 such that
D,~B’ still satisfy (A.1)-(A.3) and hence (a)-(c).

Acknowledgments: The author is indebted to N.A’Campo for valuable discus-
sions.
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