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Abstract: In this paper we will consider two-person zero-sum games and derive a general approach
for solving them. We apply this approach to a queueing problem. In section 1 we will introduce
the model and formulate the Key-theorem. In section 2 we develop the theory that we will use
in section 3 to prove the Key-theorem. This includes a general and useful result in Lemma 2.1
on the sufficiency of stationary policies.

1 Introduction

Model: We consider the following network consisting of two single server
queues each with an infinite buffer. The system manager controls the service
rates in both queues, whilst basing his decision on the present and past queue
sizes. He has to pay some costs per unit time. Upon his arrival to the system a
customer has to decide which queue to join. How he chooses is unknown
to the system manager. We want to guarantee a minimum service level and
therefore we assume that the customers choose in the worst possible way for the
system manager. We model this by introducing an arrival controller, called
nature, playing against the system manager by assigning arriving customers to
a queue in the worst possible way. Our objective is to find a strategy that
minimises the expected average costs for this behaviour of the customers under
weak stability conditions and separable immediate costs. Weak stability means
that there exist controls under which the associated queue size process becomes
transient, but there is a non-empty set of strategies of the system manager under
which the process is always positive recurrent no matter how arriving customers
select what queue to join. This model is a continuous time two-person zero-sum
Markov game. Because we assume additive costs and transition probabilities we
can restrict ourselves to state dependent strategies [9], apply a standard uni-
formisation procedure [8] and formulate the problem as an equivalent discrete
time stochastic game.

We will show that there is a stationary optimal strategy for the system man-
ager prescribing a non-decreasing service rate as a function of the queue size and
that there is a stationary optimal strategy for nature of the following form: if
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arriving customers choose queue i in state x = (x,, x,), they also choose queue
i in state y = (y,, ¥,) if y; = x; and y;_; < x5_; for i = 1, 2. These structural
properties have already been derived in Altman [1] for the é-discounted cost
criterion. Under strong stability conditions this follows from Altman & Hordijk

[2], but the case of weak stability was left open.

Markov Games: We consider a countable state space X; at each state x € X the
compact sets of actions A(x), B(x) are available to player 1 and 2 respectively.
Let 4=1{J,A(x), B=J,B(x). Let K:= {(x,a,b):xc X,ae A(x), b e B(x)}.
P = {P,,;,} are the transition probabilities, where P,, is the probability to go
from state x to state y given that actions a and b are chosen by the players.
c: K — R is an immediate cost paid by player 2 to player 1, assumed to be
continuous in @ and b. Let IT and R denote the set of strategies for player 1 and
2. A policy m e IT (p € R) is a sequence © = (7, 75, ...) (p = (p1, P2, -..)), where
m,(p,) is the probability over A(B) conditioned on the history of all actions of
both players and on the state till time ¢t — 1, as well as the state at time . The
actions of the two players at time ¢ are chosen independently according to x, and
p,- We denote by T1(M), R(M) the set of Markov strategies for player 1 and 2,
and by II(S) and R(S) the stationary randomised strategies. Let #,# and E7*
denote the (unique) probability measure induced by an initial state z and
policies 7, p, and the corresponding expectation. Let {X,, 4,, B,} be the resulting
stochastic process describing the evolution of states and actions.

We consider two cost criteria. First let the infinite horizon discounted cost be
defined by: V2 ,(z) = EPP Y .2, &7 "e(X,, A;, B;) with ¢ < 1. The infinite horizon
expected average cost is defined as follows:

t
Y, (X, As, By)

s=1

dn,,(z) = lim sup E**

it~

1
t

We define the following values:

Viz) = supinf V7, (2) , V(z) = infsup V7 ,(2) ,

nop 0

g(zy=supinfg, (2) , () =infsupg, (z) .
T P g k4

A policy n* is called discounted optimal if inf, V., o2} = V‘z(z). Moreover, if
inf, V5. 2 = V4(z), n* is called strongly optima. Slmllarly, p* is (strongly) opti-

mal if sup, V¢ ,.(z) = V(z) (sup, V¢ (z) = V*(2)). For the average cost criteria,
optimality of policies is defined similarly.
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Mathematical Model: We assume that customers arrive according to a Poisson
process with rate 1. The service duration of a customer in queue i is exponen-
tially distributed with parameter b; € B; = [b(i), b(i)] for i = 1, 2. Since control
is based on the queue sizes, we define the state by the queue lengths and hence
the state space is X = N2, By y = «/;x we denote the state y with y, = x; + 1,
y;=x; for i #j, and by y = @;x the state y; = max{0, x; — 1}, y; = x;, j # i.
We assume that the rates are normalised so that 1 + b(1) + b(2) < 1. Then we
have the following transition probabilities:

A, a=iy=9xi=12;
Py =<b, yEXYy=9xi=12;
1= —YLbl{x;>0}), y=x.

The immediate costs are of the form:
2 2
c(x,a,b)=h(x)+ Y 6(b)+ > (H{a=i} .
i=1 i=1

We see that the costs consist of three separable parts. Part one is the holding
cost, which is nondecreasing in the queue lengths. The second part is the cost of
providing service. The third and last part is the cost the system manager pays to
a customer that is joining a certain queue. This cost can be negative, which
means that the customer is paid for joining a queue.

We use the following conditions.

Assumption 1.1:

1) hg(Tfl) is bounded for all 6 > 1, x € X.
ii} 8,(b,) is bounded for b; € B;.
iii) h(x) is non-decreasing in both components and is a moment function, i.e. for
every g€ R: |{y e X: h(y) < ¢}| < c0.
iv) 8, (and thus c) is a continuous function of the actions.
v) weak stability, i.e. 2 < min(b(1), b(2)).

Because ¢(x, a, b) is bounded from below we can assume that c(x, a, b) > 0 for
all states x and actions a, b. To achieve this, we can add a constant to h(x) and
so the structure will not change.

Definition: We say that a decision rule is of monotone switching curve type (see
Hajek [4]) if it has the following properties. There exists a curve in X with a
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non-negative slope separating X into two connected regions, X, and X, and
there exist two actions, such that action g; is optimal in region X.

Key-Theorem: Suppose that Assumption 1.1 holds.

i) For nature there exists a optimal stationary strategy of the monotone switching
curve type.

ii) There are positive constants y, and y, such that there exist an optimal policy
p for the system manager with

PelXq, X3} = b(k) forx =y, and k=12,

where p,(x,, x,) is the service rate at queue k in state x = (x,, x,). Moreover,
pi(x4, X,) is non-decreasing in x,.

iii) If 6, is concave for k =1, 2, then p,(x) € {b(k), b(k)} for x € X, and this is
again a policy of the switching curve type.

2 General Optimality Results

First we will show a general result on sufficiency of stationary policies in a
Markov decision process (MDP), sufficiency is related to, but different, from the
notion minimum pair in [6]. To this end we introduce some notation for
MDP’s. Let g,(i) be the expected average reward under policy p if we start in
state 7, similarly defined as in the game context.

Lemma 2.1: Consider a (possibly multichain) MDP with an immediate cost struc-
ture that is a non-negative moment function. Then the stationary recurrent policies
are sufficient for the average cost criterion, i.e. for any policy p € R there exists a
stationary policy B(p) € R(S) and a state x € X with

Ipp(X) = 10 gg)(i) < m}{ g,() » (1)
and x recurrent under B(p).

Proof: First, some more notation for MDP’s. We denote by p(i, g, j) the proba-
bility to jump to state j if the present state is i and action a is chosen, while ¢(i, a)
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is the cost associated with this state and action. Since we assume arbitrary
chosen, but fixed, starting state i, and policy p, they are often omitted in the
notation. Say g is the average expected cost under the fixed policy and starting
state. Clearly there is nothing to prove if |g| = o0 and so we assume that g is
finite. More, letfor X « X, A < A

(X A=P,X, X, 4,edlX, =i,

X)) =P,X,eX|X, =i),

o o~ 1 ~ ~
t(Xa )=;l; fl(X> A) B
— o~ 1 ¢ ~
F® =11 1D

Since lim inf,_, , {; ,c(j, @)df*(j, @) < lim sup,_, [; ,c(j, @)df*(j, a) = g, and ¢ is
a moment function, for every ¢ > 0 there exists a state j(¢) such that

j j.df_t(j,a)ZI—-S,

i<i® a
and therefore there exists a sequence {;} and f®(X, Y), such that

lim fx(X, Ay =f~X, ) VvXeX, Aec4,

k=

| df"G,a)=1.

2)

Using Fatou’s lemma gives

[ c(j, adf>(j, a) < g,iy) -

J.a

Since

[ = ifa pGi, a, j)df*(i, @) ,

we have



286 A. Hordijk et al.
fi+ig - . N JTL(: 2
f (}) - j‘ p(l9 aa})df (la G) < 't' -
Hence,
7o) = | p, a,j)dF =G, a)

G
70

=Y. =) | pGi, a,))d 3)

The first equality follows from Fatou’s lemma and the fact that (2) holds. Define
the stationary policy f by

6, 4
B(A) =< [=)

arbitrary otherwise .

if 7°3) >0 ;

Let P(p) be the transition matrix for the stationary policy B, i.e.
[P(B)1; = Py(B) = | pG, a, j)dBi(a) .

For x a stationary probability measure corresponding to P(ff) we have

n(j)= 3 w)Pp)

i:m(@)>0

= % 0) | pl.a.))if(a)

(i) >0
e 26, A)
d .
M%w n(i) { pG, a, j) o)

It

So by virtue of (3), f= is a stationary probability measure corresponding to
P(p).

Define Er. = {i e X: @) > 0}. E7. is a set of recurrent states under B, which
we can write as the union of minimal closed subsets E,, and so Ep. = | J, E;.
The expected average reward for initial states in E, are all equal, g say. Let
q™(i, a) be the stationary state-action frequences under § for initial states from
E,. Then there exist 4, > 0 with ), 4, = 1, such that
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o0 a) = ; Ag®G, a) .
Using this, we see that

gp(il) = f C(ja a)dfw(L a)

J.a

=Idﬁw{§LfMJO

j.a

=3 4 | el a)dg®(j, 0

= z lkg(k) >
k

where we used Fubini’s theorem in the second equality. As a consequence there
exists a set E, with g® < g,(i,). This shows the assertion. O

In Proposition 4.7 of [ 5] for Borel state and action spaces and in Theorem 1
of [7] for countable state and finite action spaces it is shown that the assump-
tion of strong duality of the linear programming formulation implies the exis-
tence of a minimum pair, i.e. a state x and a policy f§ such that (1) holds for all
policies p. In Theorem 2 of [7] it is proved that the moment condition together
with some technical assumptions implies the existence of a minimum pair in the
class of stationary policies. Combining this result with our Lemma 2.1 gives that
the pair is minimal in the class of all policies.

The remaining theory in this section is an extension of results that can be
found in Altman, Hordijk & Spieksma [3], Altman & Hordijk [2] and in
Sennott [11].

Assumption 2.1: There exists a positive function u: X — [1, 00) such that

i) the immediate cost is positive and p-bounded, i.e.

.. c(x, a, b)
c*:=sup sup sup ——=
xeX acd(x) beBlx) M(X)

< 0 ;

i) Y, Peapyht, < 0 Vx € X, a € A(x), b € B(x);

ili) the transition probabilities are u-continuous, i.e. for all x € X and any se-
quences a{n) — n, b(n) — b,

lim Z lan(n)b(n)y - anbyl.u'y =0.

no>oo yeX
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Assumption 2.2( ¢ ): There exists a state xq, a constant { < 1 and for every x # x,
an action b(x) € B(x), such that for any x # x,, a € A(x),

é ZX Oanb(x)yll'y < Clux H (4)
ye

or 1 as in Assumption 2.1, where (P is the matrix of taboo probabilities, i.e.
D 0

xoPraby 18 equal to Py, and to 0, if y # xo and y = x, respectively.

Lemma 2.2: Under Assumptions 2.1 and 2.2(¢), with £ < 1, the following holds.

(i) There exists a p-bounded solution of the optimality equation,

vé(x) = val [C(x, a,b)+¢), anbyvé(y):l : )
a,b y

This solution is unique in the class of u-bounded functions. The stochastic
game has a value V* and V¢ = v4.

(i) Let r, u be any decision rules that are optimal in the dummy game [c(a, b) +
EP,v*]. Then the stationary policies a, B such that o, = r, B, = u (for all t) are
strongly optimal for both players.

Proof: [3] proves this lemma for the strongly stable case. Our weakly stable case
follows easily. O

Lemma 2.3: Assumptions 2.1 and 2.2(1) imply that (1 — £)|v4(0)| is bounded for
E< 1.

Proof: First note that with r and u two deterministic and stationary policies,
with u(x) = b(x) for all x, it follows from Assumption 2.2(1) that

Pop < oPup +epo < lp+ poe .

Tterating this gives

n—1
Pou<{"u+ poe k‘;o ¢k
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Combining this with the definition of the expected discounted costs we have
that if r* and u* are stationary ¢-discounted optimal policies and u is the policy
for player 2 as defined above:

s = V¢

réué

4
= I/rfu

a0
< Y EPRe(r,u)
n=0

<c* S EPLu
n=0

8

n—1
<c* 5"{6"# + Hoe Y c’*}
0 k=0

n

Il

< C*{ Y '+ pge 20 e k};ﬂ C"}

n=0

- c*{ 20 (' + e ,20 ¢x il é"}

nh
<c*{ul — O™ + poe(1 — &)1 =071}
and it follows that for & = c*o(1 — {)™
v40) < E{1+ (1 — &1}
and so

0<(1— &y 0)<2e . O

Let (¢, B%) be a stationary discounted optimal policy pair for discount factor
£. Now let £(k) be a sequence along which the following limits exist:

lim ék)y=1,
k=

: k
lim a*® = o* |

k-0

lim 5 = f* .

k-0
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Since (1 — &)v°(0) is bounded for & e [0, 1) it follows that for {£,}., a se-

quence as mentioned before, there exists a subsequence {, }i, with n,,, > n,
such that lim, _, . (1 — é,,k)vé"k(O) = g¥ for some g*.

Assumption 2.3: Let w*®(x) = v*®(x) — v*®(0). Assume that there exists a func-
tion M(x) and a positive number N such that

i) —N <w*(x) < M(x) < oo;
(11) Zy anbyM(y) < .

Let {£, }m_o be a subsequence of the previous sequences along which the
following limit exists

lim wém = w* |

m~—>a0

The existence of this limit is ensured by the bounds —N and M(x) using a
diagonalisation procedure. It follows that

lim (1 —¢&, Jos(x) = lim (1 =&, Y(wén(x) + vim(0) = g* .

Assumption 2.4: g.. , > g*,Vp € R.

Theorem 2.1: Suppose that the Assumptions 2.1, 2.2(1), 2.3 and 2.4 hold. Then the
pair {g*, w¥) is a solution pair to the average optimality equation,

w¥(x) = val [c(x, a,b) — g*e + Y, Py w*( y)] , (6)
a,b y
the stochastic game has a value, given by g*, and (a*, B¥) is an optimal policy pair.

Proof: If we subtract v*(0) from both sides in equation (5), we obtain for any

¢el0,1)

w(x) = val |:c(x, a,b) — (1 — &0y + &Y, anbwa(y):l .
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By taking the limit m — co along the sequence {£, } in both sides, (6) follows
from Assumption 2.3 and dominated convergence. We see that (a*, §*) solves (6)

for the solution (g*, w*). For an arbitraty strategy = = (=, %5, ...) for player 1
we have that

w* > ¢(ny, f*) + P(ny, f)w* — g*e
> c(my, p*) + P(ny, f¥)c(ny, B*) + P(my, B¥)P(n,, B*)w* — 2g%e

K
> Y, P4 V(m, f*)e(m, B*) + PO(m, f¥)w* — Kg*e .
k=1
This implies for g* that
g* = 1 i PED (7, B¥)e(my, B*) + lP("’(n BEyw* — iw"‘
= K & ] k> K s K s
so that

1 K
g* = lim sup — Y P* V(x, B¥)c(my, B*) = Gr ps - Y
K- K k=1

Next, let p be an arbitrary strategy for player 2. From Assumption 2.4 it
follows that g,. , > g* and therefore we have

gﬂ;,ﬂ* < g* = ga*,ﬂ* < ga*,p

and the game has a value given by g*. O

Assumption 2.4 is generally hard to check. Therefore we introduce Assump-
tion 2.5, which will be shown to imply Assumption 2.4 in Lemma 2.4. This
lemma and proof are generalisations of Assumption D and Lemma 4.7 in [2].
First we define a minimal closed subset (MCS) under a stationary policy pair
(z, B). This is a set of states C € X, such that P s, =0 for xe C, y¢ C.
Moreover, C does not contain a set of states with the same property.

Assumption 2.5:

(i) Assume Assumptions 2.1 and 2.2 and fix A < X. There exists a class of
stationary policies for player 2, denoted by R(S), which the property that for
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any policy B € R(S), the average cost Gax,(x) is constant on A, for a* defined
above; moreover, A is a closed set under (o«*, B) and for all p € R, there exists
B € R(S) with

grz*,p(x) = ga*,ﬂ(x)

for x € A.

(i) There is some (partial) order on A; for all € E(S), there exists a sequence
pair {a*, B*} of stationary policies with lim,_,,, o* = a* and lim,_,, f* = B,
such that Plug.. < PL.;. for all xe A and T e N in the stochastic order
corresponding to the partial order on the states. Moreover, A is a closed set
under (0¥, B*).

(i) The immediate cost is separable, i.e. c(x, a, b) = c¢,(a, b) + h(x); h is a mono-
tone nondecreasing function in x and satisfies the moment condition, i.e.
for any constant q € R, the set {y € X: h(y) < q} is finite. Moreover, c, is
bounded.

(iv) g pe(x) = g*,Vke N, x € A.

Lemma 2.4: Assumption 2.5 implies g, ,(x) > g* for x € A.

Proof: For checking g, 4(x) > g* we may restrict to f e R(S). Fix x and p. First
assume that the Markov chain induced by «*, f and starting state x is not
positive recurrent. The moment condition implies that g,. 4(x) = oo, thus prov-
ing thhe assertion for x and f. Next assume that this Markov chain is positive
recurrent. Let

t—1

P3(a*, p) = lim ! Prio*, B) .

t—=w t n=

Assume that for some x € 4, P2(«*, f}h = co. Itfollows from the fact that ¢, is
bounded together with Fatou’s lemma that g,. 4(x) = oo > g*. As a conse-
quence it suffices to fix some x € 4 for which P2(a*, f)h < 0. Hence,

Y Polesp=1,
yed

by virtue of the above and the fact that A4 is closed under all considered policies.
Next we show that this implies that the sequence {PZ(a%, f¥)}2, is tight. Fix
some ¢ > 0, and let g(¢) be such that for ali 7T,

Z [PT]xy(OC*’ ,B) =1—e.

y<ale)
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Then by Assumption 2.5(ii) it follows that

Z [PT]xy((xk’ ﬁk) = Z [PT]xy(a*s ﬁ) = 1 — &,

y<q(e) v=q(z)

for any k, T. Hence {P2(«*, B*)}i, is tight. Suppose P* is a limit measure of this
sequence, obtained along some subsequence k(n). Clearly it is a proability mea-
sure on A. Since

Y P, BXM)P, (a0, By = PR(a*™, )
yeA

it follows from the bounded convergence theorem that
PoP(a*, f) = P~ . @)
Hence P* is an invariant measure of P(a*, f). Since

P;?(ak(n)’ ﬁk(n)) < P;:(a* ﬁ)

and
PRe*, flh < oo ,

it follows since & non-decreasing

Y, Pot, BYh(y) < 3, PSE*, Bh(Y) -

y=q y=q

Using that

lim ¥ P2(a*, fh(y) =0

g0 y=q
we find that h is uniformly integrable with respect { P2(«¥, B*)}3%, and hence

lim P2(c*®, pk®)p = Poh 9)

n—oo
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Since ¢, is bounded, we have

lim P2, B¢, = Pc, . (10)

Combining (8), (9) and (10) gives for x € A
lim PR, @) {h + ¢, } = P*P(u*, f){h + ¢, }
= 3 P2(1)gur,p(v)
yeAd
= ga*,ﬁ(x)'

The last equality follows because g, 4(y) is constant on A. Hence

Gus,p(X) = Hm PR, BE) {h + 1} = M g pron(X) = g* . O

n—>w n—o

3 Proof of the Key-Theorem

Definition: We define the properties I, and I, for a function z: X - R:

I, z(o47x) — z(ydjx) > z(l;x) — z(L;x) Li=1,2, i#j.

I, z(t, ot x) — z(A;x) > z(A;X) — z(X) , Lj=1,2.

Lemma 3.1: Let g* € R and w: X — R® satisfy the following optimality equation.

g* = h(x) + max {{, + A[w(,x) — w(x)]}
+ 3 min {066) + bE @) — w1} | (1)
i=1 b(i)

If w satisfies II, and I1,, then for the maximiser in (11) there exists an optimal
action of the switching curve type and for both minimisers one that is monotone
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non-decreasing. Moreover, if 0; is concave for i = 1, 2, then the optimal service
rate for server i is one of {b(i), b(i)}, this again is a switching curve type structure.

Proof: The maximiser in (11) chooses action 1 if
{y + AWy x) — w(x)] = {; + Alw(etyx) — wix)] ,
and hence if

L=t

w(e,1x) — w(st,x) > 7

The left-hand side is, according to I, non-decreasing in x, and non-increasing
in x,, so if in state x action 1 is optimal for nature the same holds for y with
y; = x; and y, < x,. Identical results can be shown for action 2.

If w satisfies I7, then w(%;x) — w(x) is non-increasing in x; and x, and so
there exist optimal minimisers that are non-decreasing in x, and x,. If 8(p,) is
concave in p; then 6(p,) + p;[w(@;x) — w(x)] is also concave in p,. Since the
minimum of a concave function on a bounded interval is always achieved at one
of the end-points, it is one of {b(i), b(i)}. |

Proof of the Key-Theorem: First we will show that the assumptions for Theo-
rem 2.1 from the previous section are satisfied.

Ass. 2.1: Let p, = (1 + ¢)****2. Assumption 1.1 implies Assumption 2.1(i) for
every ¢ > 0. Assumption 2.1 ii) and iii) follow from the fact the jump distribu-
tions from each state have a finite support that is uniformly bounded in the
action pairs.

Ass. 2.2(1): Because A< b(i) there exist ¢>0 and ¢>0 such that
(l + i) (1 + ¢) < b(i). Substituting this in (4) with b(x) = (b(1), b(2)) for all

x € X we have three different cases.

(1) x;>0,x,>0.
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S Pty = {1 + c)‘*’{l F AL+ 0 — 1]+ () + E(z))[c% - 1]}

< ux{l 5 c[(i - CE(TI)l) i (A B cgf)lﬂ}

< {1l — 2} ;

(2) x1 >0, xZ = 0.

S Pty = (14 0 {1 FALL+ 6 — 1]+ B‘”[ﬁlﬁ - 1]}

sufird (-]}

<Aux{1 _8} 5

3) x;, =0,x,>0.

Y. Peastty = (1 + c)"l{l 4 AL+ ) — 11+ BQ) [L _ 1]}

anfied (- 22}

<,th{1 —8} g

Ass. 2.3: Let p* be the stationary policy for player 2 that serves at the highest
possible rate in all states, i.e. p*(i) = (b(1), b(2)). We define

M(x) = sup Y, oP"(n*, p*)e(n’, p*) .
LA

Since 4 < min{b(1), b(2)} and player 2 uses strategy p*, it follows that the
process will always be p-geometric recurrent for any o and so M(x) < co. We
obtain that
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w8 < c(nf, p*) — (1 — §v*(0)e + &P, p¥)wt

< c(nb, p*) + (P(n, p¥)wt

< Y. oP"(n’, p¥)c(n’, p¥)
n=1

< M(x) .

We can take N = 0, since v°(x) is increasing in x; and x,. The second part of
Assumption 2.3 is easy because the number of states that can be reached in one
step is finite.

Ass. 2.4: Figure 1 illustrates some aspects of this proof. It shows a part of the
state space and the thick line is the switching curve corresponding to the policy
o*, Recall that o«* is a limit policy of «*® and that «*® is of the monotone
switching curve type (see [1]), and so a* has this structure. Customers are
assigned to the first queue in the region containing the x,-axis and to the
second queue in the other region. Assume that «*(0, 0) = 1 (the case «*(0,0) = 2
is similar), so if the system is empty, an arriving customer is routed to the
first queue. We will show that there exists e R(S) such that Gor 5(x) =

Fig. 1. The state space with some structure
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min, _ g g,+ ,(x) for all x € X. To this end we define the sets

Cy = {(x;,01:x; eN} ,

C, = {(0, x,): x, € N, a*(x) = 2} .

Let 7' = (0, 0) and denote by j € C, as the state in C, with minimum second
coordinate. Fork = 1,2, ... let

Dk = X\(Cl U C2 U SS) >
s<k

%% € D, is the state in D, with minimum coordinates and

_ J{6ess x2) € Dy a¥(x4, X3) 2} if k even ;
T Uk, ) €D a*(®E, x,) =1} ifkodd .

C, is closed under all policies, so apply Proposition 5 in [10] to C, gives the
existence of a stationary policy 51 for player 2, such that ﬁ1 is optimal against o*
and g, 3, (x) = g, for all x € C;. Next, consider C,. The only state where player
2 can force the process to leave C, is in 2. If we restrict player 2 to policies such
that the process cannot leave C,, it is clear (again using [10]) that there exists a
stationary policy f, that is optimal on C, in this class and Gus,5,(X) = g, for all
x € C,. We can distinguish two cases.

() g, > g,. We will show that the minimum average cost is equal to g, for the
process starting in §; U C,, and for the process starting outside these sets to g,.
To analyse the states in S,, we have to introduce dummy transitions. If the
process is in a state with no jobs in queue 2, player 2 can still decide to serve this
queue. The duration of such a service has the same distribution as a normal
service. Upon its completion, there is no transition, but a policy might depend
on the number of completed dummy services in the past. Suppose, that there
exists a state y and a policy p € R with expected average cost § := g, ,(¥) < g1.
We define the state j and the policy 5 e R on C, as ¥ = (yy, 0) and f,(x;, x5,
N,(t)) = pdxy, ¥y, — Ny(t)) with N,(¢) the number of previous completed dummy
services at the second queue. We see that

Pa*,p(Xt =X, X)) Xg=y) = Ipa*,ﬁ(Xt =(x1,0), Ny(t) =y, — x| Xp=7) .

We can now couple the processes starting in y and in j respectively, the first
under the policy pair (a*, p) and the second under (z*, §). Then
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91 > g = ga*,p(y) 2 ga*,p(f) = ga*,ﬁl(jj) =91 >

since f, is optimal, A(x) is non-decreasing and the number of dummy transitions
is finite and therefore does not influence the average cost. Next we show that the
minimal cost in the states in X\(S; U C,)is equal to g,. First, consider the states
in C,. If the process leaves C, it will be absorbed in C, U S; with expected
average cost equal to g, > ¢,, and so this action will not be chosen. To show
that the minimum average cost for the states in D, equals g,, we define for k > 1,
g = 1nf, g inf, g,« ,(x). If there exists a strategy p and a state x € D, such that
Gax,p(X) < g4, we can define S, as the set with the smallest index containing a
state x with inf, g,. ,(x) < g,. It follows that §, < g,. Consider the MDP with
state space C; U C, | ), 8. From Lemma 2.1 we know that there exists a
stationary policy § and a recurrent set E’ corresponding to (a*, f), such
that g,. z(x) <inf, . xg. ,(x) < g, for some state x e E'. Clearly, E'n(C; U
Ci i<k S) = 0, and so E' < S,. Without loss of generality we assume that k is
odd. From the structure of « it follows that E’ must be a subset of one row. So
let a, b, z € N (b might be infinite) be such that E' = {x € S;: a < x; < b, x, = z}.
We define the stationary policy ' on D:={xe C;:a < x, <b} as follows:
B'(x1,0) = B(x,, z). D cannot be left if we start there, and so using the non-
decreasingness of  and the optimality of f,, we can derive

g, > ga*,ﬁ(xb z) = ga*,ﬁ’(xD 0) > ga*,ﬁl(x1> 0)=9,>9,,

yielding a contradiction. This implies that g, is the optimal average cost when
we start in X\(C, u ;).
As a consequence the following stationary policy is optimal.

31(36) ifxeC ;
B if G

o= B weer
(b(1), b(2)) ifx e D; and x, # §5 ;
(b(1), 0)) ifxeD;and x, = J% .

In order to verify Assumption 2.4 it remains to be shown that g, > g*. There
are two different ways of doing this. The first is to use Assumption 2.5 and
Lemma 24. Let A = C,, then P,,.5, = 0if x € 4, y ¢ A. We take R(S) = {$}, and
the order on A defined by x < y<>x, < y,. The sequences {&¢*} and {B*} are
defined as follows: «* = a* and

BO,x,) ,  ifx,<k;

B (0, x,) = {(0’ b(2)) ,  otherwise .
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It is easily checked that the process is u-geometric recurrent under policy pair
(¥, B*) and thus (see Lemma 2.1 in [3]) lim,_,,n ' P™(«*, ¥)w* = 0. Using this
we can show samilarly to (7) that from

w* < c(a¥, ) + P(a¥, p)w* — g*e
it follows that

g* < Gox, g = Jore gr -

Applying Lemma 2.4 yields g, = g,. j(x) > g*.

The second way of proving g, = g* is straightforward. Since for 7 there
exists a positive number m, such that a*~($%} = o*(§%) for m > m,, it follows by
the monotonicity of a* that a®m(x) = a*(x) = 2 for all x € C;, m > m,. There-
fore, for x e C, and m > my:

g2 = Gux (%)

= G, g(x)

= lim (1 — &)V ;(x)

n—rw

= lim (1 — £,V ;(x)

n—ro

> lim (1 — &)V,2 5 (%)

n—w
— ¥
=g" .

(i1} g, < g,. This case is similar, but we now choose B as follows:

- {ﬁl(x) fxeC,
PR =105 ifxex\C, ;

and g,. 5(x) = g, for all x € X. Again we can prove with the previous methods
that g, 5(x) = g; > g*.
Finally we derive some structural properties. Denote

F¥a, x) = {, + EA[VY(A,X) — VEX)] ,

Gi(b, x) = 6(b) + EDIV(Dix) — VE(x)] .
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The dynamic programming equation has the form:

Vé(x) = h(x) + EVE(x) + max Fé(a, x) + i min G¢(b(i), x) . (12)

i=1 b(i)eB;

We know that for every ¢ < 1 this equation has a unique solution for V. If
we take a sequence &(k), k=1, 2, ... with lim,_, &(k) = 1 then the previous
theory implies the existence of a subsequence &(k;) such that the limits g* =
lim, (1 — &(k;))V** and w = lim,_, , w*® exist and satisfy (11).

Altman [1] shows that V*® satisfies I, and IT,. Therefore w does and so the
Key-theorem follows from Lemma 3.1. O
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