
Mathematical Methods of Operations Research (1997) 45:213-220 

Restricted Component Additive Games 

IMMA CURIEL 

Department of Mathematics and Statistics, University of Maryland Baltimore County, MD 21228, 
USA 

HERBERT HAMERS AND STEF TIJS 

Center and Department of Econometrics, Tilburg University, P.O. Box 90153, 5000 LE Tilburg, 
The Netherlands 

Jos POTTERS 

Department of Mathematics, University of Nijmegen, Toernooiveld, 6525 ED Nijmegen, 
The Netherlands 

Abstract: Curiel, Potters, Prasad, Tijs and Veltman (1993) introduced component additive games 
which are cooperative TU games that arise by imposing an order on the player set. Further, they 
introduced the t-rule which allocates a core element to each component additive game. 

In this paper we consider the class of restricted component additive games that arise by restricting 
the attention to head-tail coalitions. The extreme points of the corresponding restricted core are 
characterized. Further, it is shown that the fi-rule is the barycenter of the corresponding restricted 
core and that the t-rule coincides with the nucleolus of this restricted game. 

I Introduction 

Component additive games are first introduced in Curiel, Potters, Prasad, Tijs 
and Veltman (1993). For these games Curiel, Potters, Prasad, Tijs and Veltman 
(1994) showed that the t-rule, which is the average of the marginal vector of 
payoffs described by a and the marginal vector described by o --a, is a core- 
element of the corresponding a component additive game. Potters and Reijnierse 
(1993) showed that for a particular class of games, that contains the class of 
component additive games, the bargaining set coincides with its core and the 
kernel consists of the nucleolus only. 

Restricted games are cooperative games where the collection of feasible coali- 
tions is restricted. Myerson (1977) and Owen (1986) considered restricted games 
that arose from communication situations. Faigle (1989) studied the core of a 
restricted game. He gives a generalization for the well-known Shapley-Bondareva 
theorem. Kuipers (1994) introduced a nucleolus for restricted games. This re- 
stricted nucleolus is an example of the general nucleolus for TU games intro- 
duced by Maschler, Potters and Tijs (1992). 
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This paper focuses on restricted games of component additive games that 
arise from the family of head-tail coalitions. This family, denoted by Yf, consists 
of the coalitions {1 . . . .  , i} or {i + 1 , . . . ,  n}, 1 _< i _< n - 1 if the given order a is 
1 M 2 -<- '-  -< n. There are several arguments to consider restricted component 
additive game. For  component additive games the nucleolus can be calculated 
easily, in fact the fl-rule coincides with the nucleolus. This implies for the class 
of sequencing games (cf. Curiel, Pederzoli and Tijs (!989)), which is a subclass of 
component additive games, that the solution concept called the Equal Gain 
Splitting rule can be characterized as the nucleolus of the corresponding 
restricted component additive games. Further, restricted component additive 
games can be seen as an example of restricted games with a bounded core (cf. 
Derks and Reijnierse (1993)). 

For the class of head-tail restricted games we characterize the extreme points 
of the corresponding restricted core. Further, it is shown that the fl-rule is in the 
barycenter of the corresponding restricted core. The main result will be that the 
fi-value coincide with the nucleolus of this restricted game. 

2 Component Additive Games 

This section describes the class of a-component additive games and recalls the 
definition of the fl-rule. Further, we consider the class of restricted games corre- 
sponding to the family of head-tail coalitions. 

A cooperative game is a pair (N, v) where N is a finite set of players and v is a 
mapping v: 2 N ~ R with v (~)  ~ 0 and where 2 N is the collection of all subsets of 
N. A game (N, v) is called superadditive if for all coalitions S, T ~ 2 N with 
S c~ T = Z~ we have v(S u T) > v(S) + v(r). 

Let N = {1, . . . ,  n} be the player set and let a be a permutation of N that 
defines an order on N. Then a coalition S c N is called connected with respect 
to a if for all i , j  ~ S and k e N, a(i) < o-(k) < a(j)  implies k e S. Let S c N be a 
coalition that is not connected. Then a coalition T ~ S is called a component of 
S if T is connected and for any i s S\T, T ~ {i} is not connected. The set of 
components form a partition of S and is denoted by S\a.  For  example if a is the 
order 1 ~( 2 -< 3 -( 4 <( 5 and S = {1, 2, 4, 5} then S \ a  = {{1, 2}, {4, 5}}. 

A cooperative game (N, v) is called a-component additive w.r.t, the permuta- 
tion a if this game satisfies the following two conditions: 

(a) v is superadditive 
(b) v(S)= ~ v(T). 

T~S\a 

Let (N, v) be a a-component additive game then the fl-rule is defined for all i ~ N 
by 
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1 
fli(v) = ~{v(P(a, i)w {i}) - v(P(a, i)) + v(F(a, i)w {i}) - v(F(a, i))} (1) 

where P(a, i) = {jla(j) < a(i)} is the set of predecessors of i and F(a, i) = 
{kla(k) > a(i)} the set of followers of i. Curiel et al. (1994) showed that the 
fl-rule assigns to each a-component additive game a vector that is in the core of 
this game. 

Example 1: Consider the a-component additive game (N, v) where N = {1, 2, 3} 
and a is the order 1 < 2 <  3. Let v({i})= 0 for all i ~N ,  v({1 ,2})=4 ,  
v({2, 3}) = 4 and v(N) = 14. Since (N, v) is a-component additive we have that 
v({1, 3}) = v({t}) + v({3}) = 0. Further,/~ = (5, 4, 5). 

3 The Results 

This section gives the definition of a head-tail restricted game and its core. We 
will describe the extreme point of the core of a head-tail restricted game and 
show that the/~-rule is the barycenter of the corresponding core. Finally, we 
show that the /%rule coincides with the nucleolus of the restricted head-tail 
game. 

In the following we will assume that a is the order 1-< 2 < : . . - ~  n. For  
notational convenience we will omit the prescript a. 

The set of head-tail coalitions with respect to a is defined by 

5~f:-- {{1, . . . ,  i}, { i+  1 . . . . .  n}ll _< i < _ n -  1} . 

The restricted head-tail game (~ ,  v) of a component additive game (N, w) is 
defined by v(S) = w(S) for all S ~ ~t ~. The core of the restricted game (N, w) is 
defined by 

Cg(v) := {x e R"Ix(S) > v(S) for all S e Jt ~ and x(N) = v(N)} (2) 

where x(S) = ~i~s xi. Obviously, we have that the core C(w) of the component 
additive game (N, w) is contained in the head-tail core Cat(v) of the corre- 
sponding restricted head-tail game (N, v). 

Example 2: Consider the component additive game of example 1. An extreme 
point of C ~e(v) is the vector (10, - 6 ,  10). Obviously, this vector is not an ele- 
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Fig. 1. The shaded area represents the head-tail core 
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ment of C(v) (see figure 1), which means that the core can be a proper subset of 
the head-tail core. []  

The dual game (N, v*) of (N, v) is defined by v*(S) = v(N) - v(S c) for all S c N. 
Note that v(N) = v*(N) and that v(S) < v*(S) for all S by the superadditivity of 
(U, v). 

Now (2) is equivalent to 

C•(v) = {x ~_ R"lv({1 . . . . .  i } )~  k=l ~ Xk<--V*({ l ' ' ' " i } ) fora l l iEN}  

= {x E R"lx = L-Iy, v({1, . . . ,  i}) _< Yi -< v*({1 . . . . .  i}) for all i ~ N} 

where L is the n x n non-singular lower triangular matrix with ones on and 
below the diagonal, and zeros above the diagonal. It is easy to see that the linear 
map L gives a 1-1 correspondence between C ~e(v) and the set D defined by 

D := {y ~ R"lv({1 . . . . .  i}) < y, < v*({1 . . . . .  i}) for all i e N} . 

Consequently, there is a 1-1 correspondence between the extreme points of both 
sets. Clearly, the extreme points of D correspond to a system of n equations of 
the form 

Y i = a l ,  i = l  . . . . .  n wherea i~{v({1, . . . , i}) ,v*({1 . . . . .  i})} for a l l i ~ N .  

Let J c N. We put h J = L-l (y  J) where yS is the extreme point of D corre- 
sponding to the system of equations given by 

~v({1 . . . . .  i}) i ~ N \ J  

Y / =  [v*({1 . . . . .  i}) i ~ J 
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Then E = {hSlj c N} is the set of extreme points of C~e(v). Consequently, we 
have 

Theorem 1: C Se(v) = cony {hSlh s ~ E} where h s corresponds to the solutions of the 
set of equations 

i 

Z Xk = V*({1,.. . , i}) 
k = l  

i ~ J  

i 

Z x k = v ( { a  . . . .  , i}) i N\J 
k = l  

(3) 

The number of extreme points is 2 m where I = { i e N l v ( { 1  . . . . .  i } ) r  
v*({1, . . . ,  i})}. Hence, in the generic case we have 2 "-1 different extreme points 
since v*(N) = v(N) and consequently n ~ I. 

The following theorem shows that the average of the extreme points of the 
head tail core generated by (3) is the fl-rule. 

Theorem 2: Let (N, v) be a component additive game. Then fl(v) = ~ ~s=Nh s. 

Proof: Note that for all i e N  and all J c N we have yS + y ~ \ S =  
v({1 . . . . .  i}) + v*({1 . . . . .  i}). Consequently, for all J c N  it follows that 
L(h J + hN\J) = yS + yN\S = yrZ + yN = L(h e + hN). Since h e + h N = 2fl(v) we 

have 

2,-1 ~ h s =  J=N ~ J=N ~' (hs + hN\s) = 2"fl(v) = fl(v) . [] 

The nucleolus of a restricted game is introduced in Kuipers (1994). Next, we 
will recall the definition of this nucleolus with respect to restricted head-tail 
games. Let F := (Fr)r~ ~e, where Fr  are the excess functions defined by Fr(x) := 
v(T) - x(T). The function O: R ~e -~ R Ijel is the map that orders the coordinates 
in a weakly decreasing order. Then the restricted nucleolus is defined by 

W(~,uf, v) = {x ~ I110 o F(x) ~--L 0 o F(y) for all y ~ / / }  . 

where H = {x ~ R"Ix(N) = v(N)}. Note  that the restricted nucleolus is an exam- 
ple of the general nucleolus defined on the class of TU games (cf. Maschler, 
Potters, Tijs (1992)). We need the following lemma. 
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Lemma I: Let (N, v) be a component additive game. 
solution of the system of equations given by 

x(S) - v(S) = x(S ~) - v(S c) for all S e ~ u N . 

I. Curiel et al. 

Then fl(v) is the unique 

Proof: For  k e N\{n}  we have 

x ({1 , . . . ,  k}) - v ({1 , . . . ,  k}) = x({k + 1 , . . . ,  n } ) -  v({k + 1 , . . . ,  n}) (4) 

Let  m e {1 , . . . ,  n -  2} and substi tute k = m and k = m + I in equat ion (4), 
respectively. Subtract ion of these two equat ions yields 

x({m + 1 } ) -  v({1 , . . . ,  m}) + v({1 , . . . ,  m + 1}) 

= - x ( { m  + 1 } ) -  v({m + 1 , . . . ,  n } ) -  v({m + 2 . . . . .  n}) . 

Hence, x({m + 1}) = ~,,+l(v) for all m + 1 e {2 , . . . ,  n - 1}. F r o m  equat ion 
x(N) = v(N) and equat ion (4) with k = 1 (k = n) it follows that  x ( { 1 } ) =  

= &(v)) .  [ ]  

The following theorem states that  the fi-rule of  a c o m p o n e n t  additive game 
(N, w) coincides with the restricted nucleolus of  the corresponding restricted 
head-tail  game. 

Theorem 3: Let (N, w) be a component additive game and let (N, v) be the corre- 
sponding restricted head-tail game. Then the fl-rule of (N, w) is the unique element 
of ~ ( J t  ~, v). 

Proof: First it is shown that  Y ( ~ ,  v) is a non-empty  set. Let y ~ H \Cg(v ) ,  then 
there exists an S E JY such that  y(S) < v(S). Since for any  x E C ~(v) it holds 
that  x(T)  >_ v(T) for all T e  ~ we have that  O o F(x) %.  0 o F(y). Hence, 
JK(Jf, v) = {x e C~r[O o F(x) <L 0 o V(y) for all y e C~e(v)}. Since Cg(v) is a 
compac t  set and O o F is a cont inuous m a p  it follows that  X ( ~ ,  v) r ~ .  

Let  x e .Ar(~f, v). Suppose there exists a player  k e N and a number  e > 0 
such that  

[ v ( {1 , . . . ,  k } ) - x ( { 1 , . . . ,  k } ) ] - E v ( { k  + 1, . . . ,  n})-x({k + 1 . . . .  , n } ) ]  > 
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T a k e  y e H such tha t  Yi = xi for all  i c N\{k ,  k + 1}, Yk = xk + e a n d  Yk+l = 

xk+l - e. T h e n  

v ( T ) - - x ( T )  = v ( T ) - y ( T )  for T e 2 / Y \ { { 1 , . . . ,  k}, { k + l , . . . ,  n}} , 

v({1 . . . . .  k } ) - x ( { 1  . . . . .  k}) = v({1 . . . . .  k } ) - y ( { 1  . . . . .  k}) + e 

a n d  

v({k + 1 , . . . ,  n } ) - x ( { k  + 1 , . . . ,  n}) 

= v({k + 1 , . . . , , } )  - y({k + 

Hence ,  O o F(y)~L 0 o F(x). This  is in  c o n t r a d i c t i o n  wi th  the  de f in i t ion  of 

~/~(~4 ~ v). In  a s imi lar  way  we can  show tha t  there  exists n o  k ~ N such  tha t  

[v ( {1 , . . . ,  k } ) - x ( { 1 , . . . ,  k } ) ] - E v ( { k + l , . . . ,  n } ) - x ( { k  + 1 . . . . .  n})] 

< 0 .  

Th i s  impl ies  t ha t  for all  S s o~ we have  Fs(x ) = Fso(X ). T h e n  l e m m a  1 impl ies  

tha t  {fl(v)} = X ( J G  v). [ ]  
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