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Restricted Component Additive Games
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Abstract: Curiel, Potters, Prasad, Tijs and Veltman (1993) introduced component additive games
which are cooperative TU games that arise by imposing an order on the player set. Further, they
introduced the B-rule which allocates a core element to each component additive game.

In this paper we consider the class of restricted component additive games that arise by restricting
the attention to head-tail coalitions. The extreme points of the corresponding restricted core are
characterized. Further, it is shown that the -rule is the barycenter of the corresponding restricted
core and that the f-rule coincides with the nucleolus of this restricted game.

1 Introduction

Component additive games are first introduced in Curiel, Potters, Prasad, Tijs
and Veltman (1993). For these games Curiel, Potters, Prasad, Tijs and Veltman
(1994) showed that the f-rule, which is the average of the marginal vector of
payoffs described by ¢ and the marginal vector described by ¢77, is a core-
element of the corresponding ¢ component additive game. Potters and Reijnierse
(1993) showed that for a particular class of games, that contains the class of
component additive games, the bargaining set coincides with its core and the
kernel consists of the nucleolus only.

Restricted games are cooperative games where the collection of feasible coali-
tions is restricted. Myerson (1977) and Owen (1986) considered restricted games
that arose from communication situations. Faigle (1989) studied the core of a
restricted game. He gives a generalization for the well-known Shapley-Bondareva
theorem. Kuipers (1994) introduced a nucleolus for restricted games. This re-
stricted nucleolus is an example of the general nucleolus for TU games intro-
duced by Maschler, Potters and Tijs (1992).
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This paper focuses on restricted games of component additive games that
arise from the family of head-tail coalitions. This family, denoted by #, consists
of the coalitions {1, ..., i} or {i + 1,...,n},1 <i < n — 1if the given order o is
1 <2 < -+~ < n. There are several arguments to consider restricted component
additive game. For component additive games the nucleolus can be calculated
easily, in fact the B-rule coincides with the nucleolus. This implies for the class
of sequencing games (cf. Curiel, Pederzoli and Tijs (1989)), which is a subclass of
component additive games, that the solution concept called the Equal Gain
Splitting rule can be characterized as the nucleolus of the corresponding
restricted component additive games. Further, restricted component additive
games can be seen as an example of restricted games with a bounded core (cf.
Derks and Reijnierse (1993)).

For the class of head-tail restricted games we characterize the extreme points
of the corresponding restricted core. Further, it is shown that the f-rule is in the
barycenter of the corresponding restricted core. The main result will be that the
B-value coincide with the nucleolus of this restricted game.

2 Component Additive Games

This section describes the class of 6-component additive games and recalls the
definition of the -rule. Further, we consider the class of restricted games corre-
sponding to the family of head-tail coalitions.

A cooperative game is a pair (N, v) where N is a finite set of players and vis a
mapping v: 2V - R with v((¥) # 0 and where 2" is the collection of all subsets of
N. A game (N, v) is called superadditive if for all coalitions S, T € 2" with
SAT =@ wehave v(Su T) = v(S) + v(T).

Let N = {1,..., n} be the player set and let o be a permutation of N that
defines an order on N. Then a coalition § « N is called connected with respect
tocifforalli,je S and ke N, o(i) < o(k) < o(j) implies ke S. Let S Nbea
coalition that is not connected. Then a coalition T < § is called a component of
S if T is connected and for any i e S\T, T u {i} is not connected. The set of
components form a partition of S and is denoted by S\¢. For example if g is the
order 1 <2<3<4<5and S = {1,2,4,5} then S\o = {{1, 2}, {4, 5}}.

A cooperative game (N, v) is called g-component additive w.r.t. the permuta-
tion ¢ if this game satisfies the following two conditions:

(a) v is superadditive

) vS)= 3 o(T)

TeS\

Let (N, v) be a o-component additive game then the f-rule is defined forallie N
by
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Bilv) = %{U(P(G, i)u {i}) — v(P(a, 1)) + v(F(o, i} L {i}) — v(F(o, i)} ey

where P(o, i) = {jlo(j) < a(i)} is the set of predecessors of i and F(g,i) =
{klo(k) > o(i)} the set of followers of i. Curiel et al. (1994) showed that the
p-rule assigns to each o-component additive game a vector that is in the core of
this game.

Example 1: Consider the g-component additive game (N, v) where N = {1, 2, 3}
and ¢ is the order 1 <2<3. Let v({i})=0 for all ieN, v({l,2}) =4,
v({2, 3}) = 4 and v(N) = 14. Since (N, v} is o-component additive we have that
v({1, 3}) = o({1}) + v({3}) = 0. Further, § = (5, 4, 5).

3 The Results

This section gives the definition of a head-tail restricted game and its core. We
will describe the extreme point of the core of a head-tail restricted game and
show that the B-rule is the barycenter of the corresponding core. Finally, we
show that the f-rule coincides with the nucleolus of the restricted head-tail
game.

In the following we will assume that ¢ is the order 1 <2 <+ <n. For
notational convenience we will omit the prescript o.

The set of head-tail coalitions with respect to o is defined by

Ho={{1,...,iL{i+1,..,n}l<i<n—1} .

The restricted head-tail game (, v) of a component additive game (N, w) is
defined by v(S) = w(S) for all S € #. The core of the restricted game (N, w) is
defined by

C*(v) := {x e R*|x(S) > v(S) for all § € # and x(N) = v(N)} )

where x(S) = Y ;.5 X;. Obviously, we have that the core C(w) of the component
additive game (N, w) is contained in the head-tail core C*(v) of the corre-
sponding restricted head-tail game (N, v).

Example 2: Consider the component additive game of example 1. An extreme
point of C*(v) is the vector (10, — 6, 10). Obviously, this vector is not an ele-
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Fig. 1. The shaded area represents the head-tail core

ment of C(v) (see figure 1), which means that the core can be a proper subset of
the head-tail core. ol

The dual game (N, v*) of (N, v} is defined by v*(S) = v(N) — v(5°) for all § = N.
Note that v(N) = v*(N) and that v(S) < v*(S) for all S by the superadditivity of

(N, v).
Now (2) is equivalent to

C*) = {xe R"v({1,...,i}) < Zl: x <v¥({1,...,i}) for allieN}
k=1
={xeRx=L"1yv({l,...,i}) <y, < v*{L,...,i}) forallie N}

where L is the n x n non-singular lower triangular matrix with ones on and
below the diagonal, and zeros above the diagonal. It is easy to see that the linear
map L gives a 1-1 correspondence between C *(v) and the set D defined by

D:={yeR"w({L,....,i}) <y; <v¥{l,...,i})forallie N} .

Consequently, there is a 1-1 correspondence between the extreme points of both
sets. Clearly, the extreme points of D correspond to a system of n equations of
the form

yi=a;, i=1,...,n whereg;e {v({1,...,i}), v*({1,...,i})} forallie N.

Let J = N. We put h’ = L™}(y’) where y’ is the extreme point of D corre-
sponding to the system of equations given by

,_{v({l,...,i}) ie N\J
P, .0 el
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Then E = {h’|J = N} is the set of extreme points of C*(v). Consequently, we
have

Theorem 1: C*(v) = conv{h’|h’ € E} where h”’ corresponds to the solutions of the
set of equations

i

Y oxe=v*{1,...,i}) ielJ

k=1

()

It

x,=v{{l,...,i}) e N\J

M~

k

]
—-

The number of extreme points is 2 where I={ie N[v({l,...,i})#
v*({1,...,i})}. Hence, in the generic case we have 2" different extreme points
since v*(N) = v(N) and consequently n ¢ I.

The following theorem shows that the average of the extreme points of the
head tail core generated by (3) is the S-rule.

1
Theorem 2: Let (N, v) be a component additive game. Then B(v) = 3T Ysenh’.

Proof: Note that for all ie N and all J< N we have y/ +y¥VY =
o({1,...,i}) + v*({1,...,i}). Consequently, for all J< N it follows that
L + k") =7 + y" = y@ 4 y¥ = L(h? + K"). Since h? + h¥ = 2B(v) we
have

W T 07+ YY) = 00 = B 0

—1 -
2" few 2" i

The nucleolus of a restricted game is introduced in Kuipers (1994). Next, we
will recall the definition of this nucleolus with respect to restricted head-tail
games. Let F ;= (Fy)r. », where F; are the excess functions defined by Fy(x) :=
o(T) — x(T). The function @: R* — R!*!is the map that orders the coordinates
in a weakly decreasing order. Then the restricted nucleolus is defined by

N (#,v) = {x e @ o F(x)<, @ F(y)forall ye IT} .

where IT = {x € R"|x(N) = v(N)}. Note that the restricted nucleolus is an exam-
ple of the general nucleolus defined on the class of TU games (cf. Maschler,
Potters, Tijs (1992)). We need the following lemma.
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Lemma 1: Let (N,v) be a component additive game. Then f(v) is the unique
solution of the system of equations given by

x(S) — v(S) = x(5°) — v(S°) forallSe #A UN .

Proof: For k € N\{n} we have
x({L, .., k) —ov({L, ..., k) =x({k+ L,...,n}) —v({k + 1,...,n}) )

Let me {1,...,n—2} and substitute k=m and k=m + 1 in equation (4),
respectively. Subtraction of these two equations yields

x({m+ 1) = v({1, ..., m}) + o({L, ..., m+ 1})

=—x(fm+1})—v({m+1,..,n})—v({m+2,...,n}) .

Hence, x({m + 1})=f,,,(v) for all m+1e€{2,...,n— 1}. From equation
x(N) = v(N) and equation (4) with k=1 (k=n) it follows that x({1})=
B () (x({n}) = B, (). O

The following theorem states that the f-rule of a component additive game
(N, w) coincides with the restricted nucleolus of the corresponding restricted
head-tail game.

Theorem 3: Let (N, w) be a component additive game and let (N, v) be the corre-
sponding restricted head-tail game. Then the S-rule of (N, w) is the unique element
of N (#, v).

Proof: First it is shown that A4"(3#, v) is a non-empty set. Let y € I7\C* (v), then
there exists an S € # such that y(S) < o(S). Since for any x € C*(v) it holds
that x(T) > o(T) for all Te # we have that & o F(x) <, @ o F(y). Hence,
N(H#,v) = {x e C¥*|O o F(x) <, O o F(y) for all ye C*(v)}. Since C*(v) is a
compact set and @ o F is a continuous map it follows that A/ (#, v) # .

Let x € A7 (A, v). Suppose there exists a player ke N and a number & > 0
such that

({1, ... k) —x({L, .., k)] — [k + 1,...,n}) = x({k+ 1,...,n})] > &
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Take y € IT such that y, = x; for all ie N\{k, k + 1}, y, = x; + ¢ and y;4{ =
Xz — & Then

o(T) — x(T) = o(T) — y(T) for Te A\{{L,...,k}, {k+1,...,n}},

o({1, ..., k) —x({1,..,k}) =o({L,....k}) = y({1,...,k}) + ¢
and

v({k+1,...,n}) —x({k+ 1,...,n})

=v({k+1,...,0})—y({k+1,...,n})—¢.

Hence, © o F(y) <; @ o F(x). This is in contradiction with the definition of
N'(H#, v). In a similar way we can show that there exists no k € N such that

({1, ..., k) —x({1,..., kDT — [w({k + 1,...,n}) — x({k + 1,..., n})]

<0.

This implies that for all S € # we have Fg(x) = Fg.(x). Then lemma 1 implies
that {B(v)} = N (H, v). O
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