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Abstract. Let M be a two-dimensional Riemannian manifold with smooth
(possibly empty) boundary. If 4 and v are weak solutions of the harmonic
map flow in H'(M x [0,T];S"Y) whose energy is non-increasing in time and
having the same initial data uy € H'(M,S") (and same boundary values
v e H32(OM ;S¥) if M #0) then u = v.
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1. Introduction

Let M be a compact two-dimensional Riemannian manifold with smooth (possi-
bly empty) boundary OM . In this paper we obtain a uniqueness result for solutions
of the ‘harmonic map flow’ on M:

w — Au=u[Vul? on M x (0,T)
1D ulx,t)=vx) fort >0,x € OM
u(x,0) =upx),x e M

where u(x,t) takes values in the unit sphere S¥ C RM*!. Time-independent
solutions of (1.1) correspond to harmonic maps from M to S¥. The following
existence and uniqueness theorem for weak solutions of (1.1) when OM = {) was
obtained by M.Struwe. Define:

Ve =H'M x [0,T};SY)NL®(0, T H' (M SV)) N LX([0, T HX(M ; SV))
Theorem 1.1. (M. Struwe, [1].) Assume OM = 0. For any initial value uy €

H'(M ;SN) there exists a number To = To(uo) > 0 and a solution v € (., <1, V1!
of (1.1) with u(.,0) = ug. Moreover,
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(i) wvis regular in M x (0, To] with the exception of finitely many points (x;, Tp),
1<i<K;

(ii) v is the unique solution of (1.1) in the space [\, <1, Y1 With initial data up;

(iii) The energy E,(t) = fo{z} |Vv|?dx is finite for all t € [0, To] and nonin-
creasing in t.

The same conclusions hold when M # 0§, assuming v € H3/2(OM)
(K.C.Chang [2]). We have only stated some of the conclusions in [1] and [2].
In particular, M.Struwe’s and K.C. Chang’s results hold for arbitrary compact
target manifolds. These authors also show that the solution can be continued to
a weak solution v of (1.1) in M x [0, 00) whose singular set is finite. Precisely,

v e H'(M % [0,00),8%) N L®([0, 00), H' (M ;5™))

and one may find a finite sequence of times 0 < 77 < -+ < Ty = oo such that

k—1
v € ) Loel[Ti, Tea); H> (M SV)).

i=1

The solution v is unique in this class of weak solutions; we will refer to it as the
‘almost smooth’ solution. It is natural to wonder whether, with the same initial
data, any other weak solutions u € H'(M x [0, 00), S") with bounded energy in
[0, 00) may exist. In this direction the following result was recently obtained by
T.Riviere([3]).

Theorem 1.2. (T. Riviere, [3].) Assume OM # 0. There exists o > O such that,
for any boundary values ~y € H3%(OM ; Sy and any ug € H'(M ; SV) satisfying
E(uy) < o, (1.1) has a unique solution in H,},c([O, 00) X M) for which E,(t) <
E(ug) for a.e. t. This solution is regular in [0,00) X M.

In [3] this theorem is stated for M an open set in R? with smooth boundary,
but it is not hard to see that the proof applies to arbitrary Riemannian surfaces
with non-empty boundary. The main result in this paper states that, assuming
monotonicity of the energy, we have uniqueness in H'! without the small-energy
assumption of theorem 1.2.

Theorem 1.3. Let M be a two-dimensional Riemannian manifold with smooth
(possibly empty) boundary. If u and v are weak solutions of (1.1) in H'(M x
[0, T1; SV) satisfying E,(t) < E®,E,(t) < ES for ae. s < t and having the
same initial data ug € H'(M ; SN) (and same boundary values v € H3/2(OM , SV)
if OM #0) then u = v.

Combining this statement with theorem 1.1 we immediately obtain the fol-
lowing ‘partial regularity’ result:

Corollary 1.4. Any weak solution u € H'(M x [0,T1;SV) of (1.1) such that
ug € H'(M;S™) and E,(t) is non-increasing in t (with v € H320M, S if
OM # Q) is smooth in M x (0, T1 away from finitely many points.
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2. Preliminaries

In this section we list some well-known results that are used in the proof. We
assume throughout that M is a compact Riemannian n-manifold with smooth
(possibly empty) boundary.

2.1. Interpolation inequality

Assume M is two-dimensional. There exists ¢; = ¢;(M) > 0 such that if f €
H'(M),

@1 [ rras<a( [ vrpar) ([ irfas).

2.2. Hodge decomposition theorem

2.2.1 (8M = 0) Denote by FB? (0 < p < n) the space of harmonic forms in M
of degree p. We have the orthogonal Hilbert space decomposition:

NLEMY=dNPTH M) & 6P H (M) & S8°.

2.2.2 (OM # P)[5, chapter 4.1] Let 6 € A'(M )|y be the metric dual to the unit
normal v. Any p-form w € A?(M) has a unique orthogonal decomposition at
points of OM: w = w; + 6 A w,, where i,w, = 0. Denote by:

APVH (M )- the H! closure of the space of smooth (p+1)-forms w in M such
that w, =0 on OM ;

F#E- the space of (smooth) p-forms w in M such that dw = 6w = 0 and
wy, = 0 on OM. This is a finite dimensional vector space, isomorphic to the
(‘absolute’) cohomology space H? (M, R). We have:

LM =dATH M) © sV H (M) & 522
In the unique decomposition
w=da+6f+h (Ba=dE=0)
corresponding to either of the two splittings above, one has the bounds:

leda < ellwlle, 18la < cllwlls,

for some ¢; = co(M) > 0.
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2.3. Linear parabolic theory

The next two results summarize the existence and uniqueness theory in Sobolev
spaces for the linear parabolic equation:

S, ~Ad=¢g inM x(,T)
2.2) P(x,)=0  ondM
$(,00=0 in M

We set I =[0,T].

2.3.1 Theorem. (J.L. Lions-E. Magenes [7], p.89). Assume g € L>(I,H ~'\(M)).
Then problem (2.2) has a unique solution in the space:

Wo={® € L*U,H")D, € L*U,H "), Pon =0,8(.,0)=0in M}.

Moreover the map 26 : L*(I,H™") — Wy, 26(g) = & is an isomorphism with
inverse L& = &, — AD.

2.3.2 Theorem. (P. Grisvard [6], Theorem 9.3 and Remark 9.15). Assume g €
LP(I,Li9(M)), where 1 < p,q < oo are arbitrary. Problem (2.2) has a unique
solution in the space:

LA, W)= {® e P, W)|&, € P, L), Bjap = 0,8(.,0) =0 in M }.

Moreover the map & : IP(I,L7) — Li(I,W>9), £(g) = & is an isomorphism
with inverse L& = ¢, — AD.

In the references given these results are stated for bounded domains in Eu-
clidean space; the reader familiar with the proofs will observe that they also
apply to the present context.

2.4. Wente’s theorem

Let M be a compact two-dimensional Riemannian manifold with (possibly empty)
smooth boundary. If n € A2H'(M) and § € H'(M), then < 6n,d6 >c H " \(M)
and

[{6m, @0} |-+ < csllénl|r2|1db]|z,

for some ¢3 = ¢c3(M) > 0.
When M is a bounded domain in R? (with the Euclidean metric) and 5 =
mdx Ndy, d9 = 0,dx + 0,dy, we have:

(677’ d9> = Gx(rll)y - Hy(nl)m

and the lemma is proved in [9, lemma A.2] following Wente’s original proof for
M =TR? [8]. In the general case one takes local conformal coordinates in which
the metric is written as g;; = e“zvéij, 1 <i,j < 2. This implies §41 = € =2V 8eua?,
so locally we are back in the Euclidean case, and we may globalize with a simple
partitions-of-unity argument. We omit the details.
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2.5. Notation

We try to adhere to self-explanatory notation; the following abbreviations are
often used:

Q=M x[0,T]; I =[0,T]; M, =M x {t}.

WHhP(M) is the Sobolev space of functions (or maps to SV) which have &
distributional derivatives in I7; H*,s € IR, denotes the scale of Hilbert spaces
with H¥ = W*2 for k € N. The domain M and target (SV or R¥*1) are usually
omitted from the notation, with the understanding that, as usual:

whP (M, SNy = {u € WEP(M RV u(x) € SV a.e.(x)).

F, whay = I2([0, T); WH4(M)).

APWEP APHS, etc. denote spaces of differential forms of degree p with co-
efficients in the corresponding Sobolev spaces (smooth forms if no space is
indicated); & denotes the co-differential in the metric of M.

¢ denotes a generic positive constant whose value depends only on M.

3. Proof of Theorem 1.3

() It is enough to prove the theorem assuming v is the ‘almost smooth’ solution.
Moreover we may take T to be the T'(up) given by theorem 1.1, and assume v
is smooth in M x (0, T). For then the conclusion ¥ = v in M x (0, T) will imply
u is smooth in M x (0,T), hence by the uniqueness result (ii) in theorem 1.1
u =v in My and we may iterate.

(ii) Applying the interpolation inequality (2.1) to Vv € H'(M,) we obtain
for all t € (0,7):

3.1 |Vol*dx < e2Fy | |VP0|%dx.
M, M,
Since, for each T/ < T, v € L*[0,T’'],H?), this shows the function t
fM; |Vol*dx is in L([0,T']). We fix an arbitrary 77 < T for the remainder
of the proof.
(iii) Let w = u — v. Then w € HY(Q) N L>®(I,H') and is a solution of:

wy — Aw = u|Vu|?> —v|Vv|? in Q;
(3.2) w(x,1)=0,x € OM;
wix,0)=0,x e M.

The main step in the proof is the following lemma:

Lemma 3.1. Let u and v satisfy the assumptions of the main Theorem 1.3; in
addition, assume v is smooth in M X (0,T). Let w = u — v. Then there exists
T' < T such that Vw € L*(0, T'], W4(M)).
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Lemma 3.1 implies that w € H*(M,, R¥*!) for a.e. t € [0, T’] (this was also
observed by Riviere in [3]): it suffices to write the equation for w in the form:
— Aw = u|Vw|? + 2uVv.Vw + w|Vo],
from which it follows that:
lw; — Aw| < c(|Vw|* + | Vu[%),

which is in L2(M x [0, T']) by the lemma. Since w, € L2(M x[0, T]), we conclude
that w € H*(M;) for a.e. t. Thus we may integrate by parts (as in the uniqueness
proof in [1]) and obtain for a.e. t € [0,T']:

2 2. _ 2 _ 2
2dr/ |w|“dx + . [Vw|?dx = /' < ulVul* —v|Vu|*,w > dx
S/ [w*[Vul? + o] [w][VU||Vw|ldx
M,

c/ |w12|VU|24x+1/ Vs,
M, 2 M,

where following [1] we adopt the suggestive notation |VU P = |Vul? + |[VulP
(p > 1). This implies (using the interpolation inequality 2.1):

2d’ / e /M [Vufdr < </M Iw|4dx>% < " IVU|4dx)%
=¢ (/M |w|2dx); ( /M | Ilezdx)% ( /M | |VU|4dx>%

(33) < c( 1w|2dx> < |VU|4dx) +% |Vw|*dx,
M, M, M,

for ae.t €[0,T'].

From Lemma 3.1 we obtain that 7 + fM |Vw|*dx is in L1([0, T']); combined
with (3.1), this shows that ¢ — fM |VU |*dx is also in L([0,T’]). Given that
w(.,0) = 0, (3.3) and Gronwall’s lemma show that w = 0 ae. in M x [0,71.
Now iterate the argument, using monotonicity of the energy.

Proof of Corollary 1.4. A few words have to be said, since the theorem only
implies # = v a.e. on M x [0, T]. The argument following the statement of lemma
3.1 shows that w (hence u) is in ()7, .z, Vr (this would also imply uniqueness,
by (ii) in Struwe’s theorem 1.1 above). By theorem 4.1 in [1], u is smooth in
(0, T(up)) x M and at most a finite number of singularities develop at T (uy).
Iterating the argument yields the conclusion.

4. Proof of Lemma 3.1

The proof of Lemma 3.1 follows, broadly speaking, the same steps as the argu-
ments in [3] and [4], with some changes. The main difference is that we appeal
to linear parabolic existence theory in spaces of the form L7([0, T],L9(M)) and
L*([0, T1, H~1(M)), in contrast with the elliptic theory used in [3] and [4].
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4.1. Use of the Hodge decomposition

We begin by applying the Hodge decomposition theorem (2.2.1 or 2.2.2) to the
1-forms:

a¥ =uldw — Wdu' € A'L®3, L), 1<i,j<N+1,
. 1
(41) Ha” HL°°(I,L2) S CHduHLoo([’LZ) S CEO2

In the Hodge decomposition:

4.2) a’ =do¥ +66Y +hY in M x (0,T)
we have:

. .. .. 1
(4.3) o Heeoq bty + 187 |lrooq mrry < €lla? |10 12y < cEg

(measurability in ¢ is not a problem; for example we could consider the Hodge de-
composition in the corresponding Hilbert spaces for M x (0, T), which coincides
with the ‘slice-wise’ decomposition above for a.e.t € [0, T], by uniqueness). We
will sometimes write 4.2 in the form:

(4.4) a¥ =567 + ¢¥,
where ¢7 =do¥ + b € LI, L?) satisfies d¢¥ = 0 weakly and:
(4.5) 167 || oo,z < €687 ||1ooqr 22y + l@” [lroo 12)) < Ef -

From the harmonic map flow equation (1.1) we derive two relations. First, denot-
ing by {e,,a = 1,2} a local orthonormal frame, we have (using [u[>=1 a.e.):

u — Au' = E W du e, — v du'.e;)dw .e,

j7

Z(a” e2)(du .e;) = Z V. du’)

Z[ (667, 'y + (47, du’)

which we write in abbreviated form:
(4.6) U — Au = (60, du) + (¢p,du).
Second, from:
6aV =u A — W Aut =il —wul € I2(M x 1)

and ) )
@.n 6a¥ = Aa¥,

which follows from (4.2), we conclude via the Calderén-Zygmund inequality that
of e LX(1,H*(M)) and:

(4.8) llda? ||y < clléa? gy < cllllza

for a.e. t € [0, T].
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4.2. Rewriting the equation for w

We may write for v an equation analogous to (4.6) for u:
v — Av = {8n,dv) + (1, dv),

where n € AL, H) with ||n||zeq any < cEO% and ¢ = (¥) € L, L%
1

satisfies ||9||rooqr 12y < cE¢ . A simple calculation gives for w = u — v:

w, — Aw = (66, dw) +f,
4.9) w(.,0)=0
wx,)=0,t € l,x € OM,

where

[, 0) = (¢, dw) +{(6(8 —m),dv) + (¢ — ¢, dv) .

Claim. f € L*(,L3(M)) and

1 3 Y L
11l 8, < T 5 Eo+ 0B (11l + 1011 1))

4.3. Proof of claim

f consists of three terms, which we estimate in turn.

4.3.1. Recall ¢¥ =dao¥ +h¥. The h¥ are smooth harmonic forms, so:
@.10) sup |h7| < c|lh¥ || pary < cllla ||z + |ldad||z + [|dB7||2] < cE
M,

for a.e. £. The second inequality follows from (4.2) and the third from (4.3) and
the bounds in the Hodge theorem,; the first inequality is clear, since the space of
harmonic forms is finite-dimensional. Thus for a.e. #:

@.11) IRY, dw')lzssary < c(sup YDl dw'|| 2y < cEo.

Now by Holder’s inequality:

(4.12) Ida? ,dw'l| & < cllda||salldw |lzo

HLi(M:) -

(recall from (4.3) that da¥ € H'(M,), hence is in LP(M,) for any p < oo, a.e.
(t)). We now apply the interpolation inequality (2.1) to Va/ and conclude:

|da? |*dx < c(/ Vzaijlzdx)( |da’7|2dx>
M, M, M,

c||6aij||,%2(Mt)E0 a.e.(t),

IA

where the second inequality follows from (4.3), the Calderén-Zygmund inequality
and (4.7). Combined with (4.8) this gives:
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T T
(4.13) / ( |do/'f|4dx> dt < cEy / ( ‘ |ut|2dx> dt = cEo\|ul|Z2g xpy -
0 M, 0 M,

Finally from (4.12) and (4.13) we obtain:

T
ij i |4 3 2
@.14) | o awiyity e < Sl
and from (4.11):
T
i iy|4 < 4
| e ity e < e,
which combine to give the estimate for the first term in f(x, ):

E3/4

1
(4.15) g, dw)ll . s < cT*Eo+ellus |y Fo

LAA,L3) —

4.3.2. For the second term, Hblder’s inequality yields:

(6B — my, dv)lpnay < 168 — Dl lldv||ew, a-e.()
< CEol/ZHdUHL‘*(M,)v

using the estimate (4.3) for 683 and the analogous estimate for 67. We also
used the fact that v € L*(I, HX(M)) (recall we’re assuming that v is smooth in
M x (0,T)). Applying once more the interpolation inequality (2.1) yields:

168 = do) sy < CEZ /M doldx
CEg( |dU|2dx> ( |V2v|2dx) a.e.(t),
M, M,

T T
/0 11468 — 1), )| [apsagodlt < cEJ / [Ell—s

This gives the estimate for the second term in f(x,):

(4.16) 1{6(8 — m),dv)]|

IA

SO

3/4 11/2
pach S B Wl ey

4.3.3. The estimate for the third term is similar. Notice that (4.5) for ¢ and the
corresponding inequality for v imply ¢ — ¢ € L°°(I, L?) and

1/2
[|¢ ~bllpeo,r2) < CEO/ .
This implies, exactly as in 4.3.2:

||<¢ - ¢,dv>||;,4/3(M,) < CE(?HUH%F(M,) a.e.(t),

SO:
3/4 1/2
@.17) 146 =, a0l 13, < B0 10115 oy

(4.15), (4.16) and (4.17) prove the claim.
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4.4. Decomposition of the ‘most singular’ term in (4.9)
In 4.4 and 4.5 we set I =[0,T’]. Given € > 0 there exists T’ € (0, T) such that:

B =0+ 0,
where [|Bel|reoq.m1y < € and 8. € C°, A*(M)) satisfies:

sup |66L] < chl/2 .

M x[0,T]

(Write the decomposition at time zero and note the initial data is achieved in
H'.)) Thus:

(4.18) I[(éﬂ;,dw)“ml 4 < CT1/4E3/2}|deLm(,’Lz) < TV E,.

We rewrite (4.9) as:

wy — Aw = {68, dw) + .
(4.19) wix,)=0, x€oM
w(.,0)=0 inM,

where f. = f + (6., dw) € L4(I,L%) (by the claim in 4.2 and (4.18)).

4.5. Conclusion of the progf

We now use Theorem 2.3.2 to show that, for small enough ¢ > 0, (4.19) has a
unique solution & € LI, W24/3) (where we regard f. as given). Observe that
(4.19) may be written as (replacing w by &):

& — Z(66,dD)) = E(f.), &Ly, W3,

Showing that & +— & — (< 6f,,dd >) is an isomorphism of L§(I; W>*/3) will
establish the existence and uniqueness claimed for (4.19). Let & € Li(I; W2%/3).
The Sobolev embedding W'*/3(M) — L*M) implies d® € L*(I;L1*). By
Holder’s inequality we have, for almost every ¢:

[[(68e, dPM a3y < ll6Bellraay| APl ey < celldDllequ,y,

and hence:
|1(68e, D) |sq 125y < cell@|pswarsy-

Since & : L*(I;L*3) — Li(I; W>*/) is bounded, choosing € = ¢, sufficiently
small establishes the claim. (The bound on .% depends on T but not on 77.)

As in [3] and [4] we must also consider problem (4.19) in the Hilbert
spaces L2(I; H*(M)). In order to apply theorem 2.3.1, we must verify that
f. € L24;H™Y and < 88.,d¥ >€ L*(I;H™) if ¥ € W,. The first assertion
follows from L*3*(M) — H~Y(M) and f. € L*(I;L*?). The second assertion
follows from Wente’s theorem 2.4. Indeed we have, for a.e. ¢:
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IA

[1{68e, AP r-104) eyl 168ellmany

C€||W||H1(M,)7

IA

so that:

[1{6Be, dP) |21 -1y < cel|P|| 2 m-

As before, this implies that choosing € = €; < ¢ sufficiently small, the map ¥ —
U —26(< 68.,d¥ >) is an isomorphism of Wy. Equivalently, (4.19) has a unique
solution in Wy. Since both the solution € obtained in the previous paragraph and
the original w are solutions of (4.19) in Wy (note &, € L*(I;L*/?) — L2(I; H™Y)),
it follows that & = w, hence w € L*(I, W%*/3) C L*(I; W'#). This concludes
the proof of lemma 3.1, and with it the proof of theorem 1.3.
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