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Congruence distributive quasivarieties whose finitely subdirectly
irreducible members form a universal class

Janusz CzZELAKOWSKI AND WIESEAW DZIOBIAK

To the memory of Basia Czelakowska

Abstract. By a congruence distributive quasivariety we mean any quasivariety K of algebras having
the property that the lattices of those congruences of members of K which determine quotient
algebras belonging to K are distributive. This paper is an attempt to study congruence distributive
quasivarieties with the additional property that their classes of relatively finitely subdirectly irreducible
members are axiomatized by sets of universal sentences. We deal with the problem of characterizing
such quasivarieties and the problem of their finite axiomatizability.

For a quasivariety K of algebras and its member 4 denote by Cong A the set
of all congruence relations & on A such that the quotient algebra A/ @ belongs to
K. As the set Cong A is closed under arbitrary intersections, it forms a complete
lattice. Hence for any pair of elements of A, say, a and b, we can form a least
congruence relation on A, denoted Gg(a, b), that contains (a, b) and belongs to
Cong A. By Lemma 2.2 of section 2, every such congruence relation is a compact
element of Cong A. So, as each element & of Cong A coincides with the lattice
join (formed in Cong A) of all Bkla, b) where a =5b(0), the lattice Cong A is
algebraic.

We say that a quasivariety K of algebras is congruence distributive if, for
every member A of K, the lattice Cong A is distributive. Due to Baker {1}, {2],
Jonsson [19], [20] and others we know that congruence distributive varieties
possess very strong and nice properties. Our purpose for a long time before
writing this paper was an intention of extending at least some of them into
quasivarieties. This was partially realized by the first author in [7] (see also [8]
and [9]) but in the area of propositional logics having a well behaved connective
called disjunction. Another point was achieved when the second author had
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observed in [12] that within a congruence distributive quasivariety every finitely
subdirectly irreducible algebra is finitely subdirectly irreducible in the absolute
sense. The crucial point for writing this paper was overcome when we had
realized due to the paper of Blok and Pigozzi [5] that the notion of disjunction
connective from metalogical investigations can be put with a success into
investigations of quasivarieties.

A quasivariety K of algebras is said to have equationally definable principal
(congruence} meets (EDPM for short) if there exists a finite system A=
(pAx,y, z, w), g{x, y, z, w)), i=0,...,n—1, of pairs of 4-ary terms such that,
forallAeKanda, b, c,deA,

QK(a’ b) n @K(C: d) = \/ @K(p;_q(a’ b’ G, d)’ fﬁ‘(a, b: ) d))

where the join \/ is formed in Cong A. In this event A is called a system of
principal (congruence) intersection terms (in four variables). This notion for
varieties was introduced and discussed in Blok and Pigozzi [5]. With the
restriction |[A} =1, it was previously considered in Baker [1] under the name of
principal intersection property.

The aim of the paper is twofold. First, we deal with the problem of
characterization of quasivarieties with EDPM. We prove two characterization
theorems (Theorem 2.3 and Theorem 4.2). The first theorem reflects a result
proved previously for varieties in Blok and Pigozzi [5] while the second one is in
the style of J6nsson’s Theorem characterizing congruence distributive varieties.
From the first theorem it follows that for a given finite set M of finite similar
algebras of finite type the problem whether or not the quasivariety generated by
M has EDPM is decidable. The first characterization theorem also says that the
quasivarieties with EDPM are exactly those which are congruence distributive
and whose finitely subdirectly irreducible members form a universal class. Thus
our paper can be viewed as an attempt to study congruence distributive
quasivarieties with the additional property that their classes of finitely subdirectly
irreducible members are axiomatized by sets of universal sentences. Many
examples of these quasivarietics arise from the process of algebraization of
deductive systems for propositional logics having a disjunction connective. For
instance, quasivarieties generated by any set of finitely subdirectly irreducible
Heyting or interior algebras are among them.

The second aim is subordinated to the axiomatization problem of quasivarieties
with EDPM. We show (Theorem 3.4) that every quasivariety with EDPM and of
finite type is finitely based provided that the class of its finitely subdirectly
irreducible members is strictly elementary. The idea used in the proof of this
result refers to Czelakowski [7, Theorem 3.2] where a related result but for
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propositional logics with disjunction connective was established {compare also
Wojtylak [26, Theorem 3.4]). Among consequences of this result there is one
saying that if K is a variety of finite type with EDPM and M is a subclass of Kgg
then the least quasivariety Q(M) containing M is finitely based iff ISP, (M) is a
strictly elementary class. A similar result but under the additional assumption that
M is a finite set of finite algebras was stated in Blok and Pigozzi [5, Corollary
2.7]. Moreover, having K and M as above we extend (see Corollary 3.8) Baker’s
idea of UDE-sentences to form a basis for QO (M) provided that there is known a
set of universal basic sentences axiomatizing ISP (M). Applying arguments from
Belkin [4] we also provide an answer to a question suggested in Blok and Pigozzi
[5] by presenting a finite subdirectly irreducible lattice whose quasivariety is not
finitely based.

1. Distributivity

Given a quasivariety K of algebras and A e K. An element & of Cong A4 is
said to be finitely meet irreducible in Cong A if, for all 8, &, € Cong A4,
O =0y A O, implies @@= 6, or &= ©,. If the identity relation on A4, denoted
,, is finitely meet irreducible in Cong A then the algebra A is said to be finitely
subdirectly irreducible in K. By Ky we denote the class of all finitely subdirectly
irreducible members of K and we assume the convention that trivial algebras
belong to Kgg. The lattice of all congruence relations on A will be denoted by
Con A. The lattice meet of Cong A as well as of Con A coincides with the
set-theoretical intersection and it will be denoted by A while to denote the lattice
join of Cong A we shall use the symbols +g. For other notions occurring in this
paper we refer to [17] and [22].

LEMMA 1.1 (cf. [10, Theorem 1] and {12, Lemma 2.1}). For a quasivariety K
of algebras the following conditions are equivalent:
(i) K is congruence distributive.

(ii) For every A €K and ©,, O,, y € Conyg A: if y is finitely meet irreducible
in Cong A and Oy A B, <Y then By< y or O, < 1.

(iii) For every AeK, @&y, @, eConA and y € Cong A: if ¢ is finitely meet
irreducible in Cong A and G, A O, < Y then Oy <y or B, < .

(iv) For every A€K, a,b,c,deA and yeCong A: if ¢ is finitely meet
irreducible in Cong A and Oxla, b) A Ok(c, d)< y then (a,biey or
(c,d) e y.

Proof. The parts (i) implies (ii) and (iii) implies {iv) are obvious.
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(ii) = (iii): First, we show that (ii) implies

+}) For every AeK, 0, ® cConA and y € Cong A: if vy is finitely meet
irreducible in Cong A, {0y, ©,} NCong A+ and Oy A B, <1y then
Oy=yor B <y.

Suppose that on a certain algebra 4 € K we have congruence relations &,, ©, and
1 satisfying:

.y is a finitely meet irreducible element of Cong A.
. {6y, ©,} NCong A+ Q.

A O =<1y

. Neither &, =< ¥ nor 6, < y.

EESER UL S

Assume ©yeCong A; in the case ©,eCongk A we proceed similarly. Let
B={(a,b)e AXA:(a, b)e & }. As B is a subalgebra of A X A whose projec-
tions 7y, m,: B— A fulfill ,(B) = n,(B) = A, we have n7%(0,) = 75 (®,). From
this it follows

5. a7 () A 73 (w4) < 77 ().

Indeed, 77 (Op) A TN W) < 77O A 15 H(O) = 77(B) A 77HO,) =
77 (O A ©) < (by (3)) n7'(). As Oy y and 7,(B) = A, we have

6. 77 (6o) F 71 ().

Take (a, b) e ©\y; by (4) such a pair exists. As (a, b), (b, b) € B, we obtain
{a, b)= (b, b)(7; (w,)) and (a, b) # (b, b)(;r7'(y)). Thus we also have

7. 5 M wa) F 77 ().

Since B, A/©,eK and B/n7'(6,) =A/6,, we get 7 '(60,) € Cong B. Similarly,
we have 75'(w,), ny'(y) e Cong B. Moreover, x7'(y) is finitely meet ir-
reducible in Cong B because v is finitely meet irreducible in Cong A. Thus, by
(5), (6) and (7), the condition (ii) is not satisfying, showing that (i) implies *).
Applying the same arguments it is an easy matter to show that =) yields (iii}.
Thus (ii) implies (iii).

(iv)= (i): Assume (iv) and let A € K. As every element of Cong A is the meet
of finitely meet irreducibles over it, we get

Okla, D) A \/ OBkl(c,d)y= \/ 6xla, b) A Oklc, d)
{c,dyeH (¢,dyeH
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where (a, b)e A, H is a finite subset of A XA and \/ is the join formed in
Cong A. Therefore, as Cong A is algebraic, we obtain @y A (@) +x ;)= O A
B, +k Gy A O, for all®,, O, O, of Cong A. Thus Cong A is distributive,
showing that (iv) implies (i).

As a consequence of the above lemma we have

PROPOSITION 1.2. Let K be a quasivariety with EDPM and system
A= {pdx,y, z, w), qx, y, z, w)), i <n, of principal intersection terms. Then the
following conditions are fulfilled:

(i) K is congruence distributive.
(i) For every AeK, AeKegy iff AEVxyzw[(& i, pilx,y, 2z, w)=
gi(x, y, z, w))—=> (x =y or z =w)].

Proof. (i) Let a,b,c,de AcK, and let © be a finitely meet irreducible
element of CongA such that  O{a, b) A Oklc,dy=<©. Then
(pa, b,c,d),q’(a, b,c,d)e@ for al i<n. Hence Ox([a]®,[b]O) A
Ox([c]O, [d]O) = w4e. Therefore (a, b) € O or (c, d) € © because A/O € Kpg.
Thus, by Lemma 1.1, K is congruence distributive.

(ii) Directly from the assumptions.

The next consequence of Lemma 1.1 provides a necessary condition for a
quasivariety of algebras to be congruence distributive.

PROPOSITION 1.3 (see [12]). If a quasivariety K of algebras is congruence
distributive then KFSI = V(K)FSI N K

Proof. Let AeKgg and Oy A O,=w, where &y, @, eConA. As w, is
finitely meet irreducible in Cong A, by Lemma 1.1, we get Oy = w4 or & = w,4.
Thus A € V(K)gg-

From the proposition it easily follows

COROLLARY 1.4. Let K be a congruence distributive quasivariety of
algebras. Then for a quasivariety L contained in K the following conditions are
equivalent:

(i) L is congruence distributive.

(i1) Lgsi < Kesr-

Proof. (i)= (ii). By Proposition 1.3.

(ii)=>(i): Let Oy A O, <1 where AeL, &, @, eConA and y € Con, A. As
Lc K, v e Cong A. Hence, by (ii) and Lemma 1.1, &,< y or &, <y whenever
y is finitely meet irreducible in Cony, A. Thus, by Lemma 1.1, L is congruence
distributive.
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For a class M of similar algebras by Q(M) we denote the least quasivariety
containing M. By a result of Gritzer and Lakser [18], Q(M) = ISPP,(M).
The origin of the following lemma stems from Jénsson [19].

LEMMA 1.5. Let M be a class of similar algebras. Then every nontrivial
member of Q(M)gg; belongs to ISP, (M).

Proof. Let Ae Q(M)gg; and |[A|>1. Then A is a subalgebra of I1(C;:i e ),
where C, € ISPy(M), iel For Scl denote by O a congruence relation on
IT(C;:i €I) defined as follows: a=5b(0Og) iff {ie/:a(i)=b(i)} oS. Obviously,
Os1 AeCongmy A for all S. Let & denote the set of all filters F on [ satisfying
O;1A=w, forall SeF. As {I} € #, ¥ is non-empty. As the poset (¥, <) is
inductive, it has maximal elements. Choose one of them and denote it by U. We
claim that U is an ultrafilter over I. By |A|>1, U+#2'. Suppose now that for a
certain S < I, neither S nor J\S belong to U. Then for some G € U, Ogns | A#
w, and Ogrnsy 1 AF @, But Ogns 1 A A Ogansy 1 A= O | A. Therefore, by
Oc1A=w, and A€ Q(M)gs;, we have Ogns 1 A=w4 of Ogrnsy 1 A=y, a
contradiction. Thus for every S< 1, Se U or I\S € U, showing the claim. Since
\ (Bs:S € U)1 A= w,, then by the claim, A is embeddable into the ultraprod-
uct of C;’s modulo U. Hence A € ISP, (M) because ISP,(M) is closed under {, §
and Py.

2. Characterization theorem

In this section we prove our first characterization theorem. It is in spirit of a
corresponding result proved previously for varieties in Blok and Pigozzi [5S
Theorem 1.5].

2

LEMMA 2.1. For a quasivariety K of algebras, A, BeK, a,bec A, 6,, ©,¢
Cong A and a surjective homomorphism h:A— B it holds:

(i) h(Ok(a, b) +xKer h) = Og(h(a), h(b)).
(ii) If Cong A is distributive then h(Oy A O +gKer h) = h(O,+¢Ker k) A
h(©, +gKerh).

Proof. (i) As A/h™ ()= B/vy and h~'h(O) = O for all ®=Ker h and all v,
h(Bkla, b) +xKer h) e Cong B. Hence h(©k(a, b) +xKer h) = Og(h(a), h(b)).
Obviously, O(a, b) +xKer h <h™'(O(h(a), h(b))). Therefore, by hh~ () =
P, h(Bk(a, b) +x Ker h) < Bg(h(a), h(b)).
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(it) It suffices to show that A{[Oy+gKerh] N[O, +xKera])=4{0; +x
Kerh) A h(©;+xKerh). Let {(a, b)eh(Oy+xKerh) A h(O; +¢Kerh). Then
(a, b) = (h(x), h(y)) for some (x, y)e€ @y +xKerh. Hence (x,y)eh 'h(O, +¢
Ker ), and, therefore, (x, y)e[(6O, +x Ker h] A [@; +x Ker #]. Thus
(a, b) € k([ @, +x Ker h] A [©, + Ker A]). The converse inclusion is immediate.

For a given type 7 of algebras, let Q(7) denote the set consisting of the
following quasiidentities:

1 x=x

) x=y—y=x

B)x=y&y=z—x=z

4) &nxi=y=>f(xo, - X)) =Fos - -+ 5 Yut)
where f is an #n-ary function symbol from the first-order language of r. Notice that
in the above quasiidentities and others occurring in this paper we omit universal
quantifiers.

In the following lemma Id (K) denotes the set of all identities valid in K and
Ok(H) denotes the least element of Cong A containing H.

LEMMA 2.2. Let K be a quasivariety of algebras of type 1, I be a set of
quasiidentities which are not identities, and let K = Mod Id (K) U I'. Then for every
AeK, HcAXA and a,be A it holds: a=b(Og(H)) iff there exists a finite
sequence (ag, bo), . . ., (@n-1, b,_1) of elements of A X A such that (a,,—, b,_,) =
(a, b) and, for every i <n, (a;, b;) € H or there exist a sequence j,, . . . , jx_1 <i, a
quasiidentity ro(X) =so(X) & -+ + & (X)) = 854 ((B)— r(X) =s(X) € I'U Q(7),
where ¥ =xg, . .., X,_1, and a sequence a =4dy, . . ., d,_3 of elements of A such
that {(ri(@), sm(@)):m <k} ={(a,,, b;,):m <k} and (r*(a), s*(a)) = (a;, b;).

Proof. Define ® c A XA by (c, d) € O iff the right hand side of the above
pattern is satisfied by (c, d). Obviously, H ¢ ©. Applying quasiidentities from the
set O(t) we obtain that © is a congruence relation on A. Since A/@FId (K)U T,
@eCong A. Hence Og(H)<®6. On the other hand, as Og(H)e Cong A,
O < Ok(H). Thus Og(H) = ©, showing the lemma.

A lemma much more reflecting than the above one the spirit of Mal’cev
lemma characterizing principal congruences the reader may find in Gorbunov {16,
Lemma preceding Theorem 3].

By Proposition 1.2, we know that every quasivariety with EDPM is con-
gruence distributive and its finitely subdirectly irreducible members form a
universal class. It turns out that the converse implication is also true. This follows
from the following theorem. The theorem also explains the connection between
EDPM and congruence distributivity.
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THEOREM 2.3. For a quasivariety K of aigebras the following conditions are
equivalent:

(i) K has EDPM.
(ii) For every member A of K the lattice Cong A is distributive and the set of
its compact elements forms a sublattice.
(iii} The lattice Cong Ag(w) is distributive and the set of its compact elements
forms a sublattice.
(iv) K is congruence distributive and Kgg; forms a universal class.
(v) The lattice Cong Ix(w) is distributive and Ky, forms a universal class.
(vi) The lattice Cong F(4) is distributive and the set of its compact elements
forms a sublattice and, moreover, S(Kgs) < Kggy.
{vil) There exists a finite system {p(x, y, z, w), q:(x, y, z, w)), i <n, of pairs
of 4-ary terms such that

KFSIthyzw[(& pix, v, z, wy=gqx, y, z, w)> <(x=yorz= w)}.
i<n

(viil) There exists a finite system {p,(x, y, z, w), q(x, y, z, w)), i <n, of pairs
of 4-ary terms such that for every AeK and all a, b, ¢, d € A it holds:

Oxl(a, b) A Oklc, d) = w, iff AE & pix, y, z, w) = qi(x, y, z, w)la, b, ¢, d].

For K being a variety the equivalence of (i), (i), (iii}, (iv) was proved in Blok
and Pigozzi [5]. Another theorem characterizing quasivarieties with EDPM will
be given in the last section; see also Corollary 2.6 and 2.7 below.

Proof (of Theorem 2.3). By Proposition 1.2(1), (i) implies (ii). The part (ii)
implies (iii) is trivial. Having Lemmas 2.1 and 2.2 we can proceed as in the proof
of Theorem 1.5 in Blok and Pigozzi [5] to get that (ii) vields (i). Thus the
conditions (i), (ii) and (iii) are equivalent. We shall show that the conditions (i),
(iv), (v), (vi), (vii) and (vii) are equivalent as well. By Proposition 1.2, (i) implies
(iv). That (iv) implies (v) is obvious.

(v)=>(vi): Assume (v). Let x,y, z, w be free generators of Fg(4) and let
(Parga), ®<p, be a system of generators Ok(x, y) A Ok(z, w). We claim
Krsi EVXyzw[(& s palx, ¥, 2, W) = qulx, v, z, w)) > (x =y or z=w)]. Let A ¢
Krsr and let h:F(4)— A be a homomorphism such that A(p.(x, y, z, w)) =
h{(q.(x, y, z, w)) for all a<f. Then (p,, q.) € Kerk for all « <pf, and hence
Ok(x, y) A Oxl(z, w)<Ker h. But Ker A is finitely meet irreducible in Cong Fi(4)
because Fg(4)/Kerh is embeddable into A and S(Kgs;) < Kgs;. Therefore,
by distributivity of Cong F(4), we get Okla, b)<Kerh or Ok(c,d)<Kerh,
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that is, 4(x) = A(y) or h(z) = h(w), proving the claim. By the claim and the fact
that Kgg is closed under ultraproducts we conclude the existence of a finite
subsystem of {p.,q.), ®<f, say, (p,q:), i<n, such that KggFk
nyzw[(&i<n pi(x) Y, z, W) = qi(xx ¥, Z, W))—> (X =Y or z= W)] As I(FSI k
Viyzw[(x =y or z=w)—=p.(x, y, 2, w) = q.(x, y, z, w)] for all @ <f, we get

*) KFSIbvxyzw[(&i<n pi(xr y; Z, W) = qi(x) Y; 2, W))‘(‘"(X :y or z = W)]

Let a,b,c,deF4). We show Ok(a, b) A Oklc, d) =V <, Oxlpia,
b, c, d), qi(a, b, ¢, d)) which, by distributivity of Cong Fx(4), would imply that
the set of compact elements of Cong Fx(4) forms a sublattice; the rest of
(vi) is immediate. Let \/,, Ox(pi(a, b, ¢, d), g:(a, b, ¢, d)) <y, where ¥ is a
finitely meet irreducible element of Cong Fg(4). Then p({aly, [bly,
[cly, [dly) = q:([aly, [b]y, [c], [d]y) for all i<n. Hence, by F(4)/9 € Kes:
and *), we get Okla, b) <y or Oklc, d)<y which in turn yields @Ok(a, b) A
Ok(c, d) <. Thus O(a, b) A Oklc, d) <\, Ox(pia, b, ¢, d), q:{(a, b, ¢, d)).
Now, let (e, f) ¢ Okla, b) A Ok(c, d). Then (e, f) ¢ Ok(a, b) or (e, f) ¢ Oklc, d).
Let (e, f) ¢ Okla, b); when (e, f) ¢ Oxl(c, d) we proceed similarly. Then there
exists a finitely meet irreducible element vy of Cong Fi(4) with (e, f) ¢ ¥ and
Okla, b)< 1. As [a]y =[b]y in F(4)/y and F(4)/y € Kggi, by *) we obtain
plaly, b1y, [clw, [d]w) = q.(aly, [b]y, [cly, [d]v) in Fx(4)/y for all i<n.
Hence (e, f) ¢ Vien Ok(pi(a, b, ¢, d), gi(a, b, c,d)) and thus Ogla, b) A
Oklc, d) =\ in Ok(pi(a, b, c, d), qi(a, b, ¢, d)), completing the proof that (v)
implies (vi).

(vi)=> (vii): Assuming (vi) and proceeding as in the part (v) implies (vi) we
easily find a finite system of pairs of 4-ary terms satisfying (vii). Thus (vi) implies
(vii).

(vii) = (i): Assume (vii) and next proceed as in the proof of (v) implies (vi) to
get that for all a,b,¢c,deAckK: Okla, b) A Ok(c, d) =\ i<n Ox(pi(a, b,
¢, d), gia, b, ¢, d)). Thus the conditions (i)—(vii) are equivalent. But it is an easy
matter to show that (i) implies (viii) and (viii) implies (vii). Thus all conditions of
our theorem are equivalent.

Looking inside the proof of the part (vii) implies (i) we have

COROLLARY 24. If KpgEVayzw[(& <, pilx, v, 2, w)=qi(x, y, 2z, w)) <
(x =y or z =w)] then (p,(x, y, z, w), q:(x, y, 2, w)), i <n, is a system of principal
intersection terms for K.

By the above theorem we obtain

COROLLARY 2.5. For a given finite set M of finite algebras of finite type the
problem whether or not Q(M) has EDPM is decidable.
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Proof. As Q(M) is locally finite of finite type and, by Lemma 1.5, every
nontrivial member of Q(M)gg belongs to IS (M), we can decide in a finite
number of steps whether or not there exists a finite system
(plx, y, z, w), qx, y, z, w)), i<n, of pairs of 4-ary terms with Q(M)ggF
Yxyzw[(&;cn pi(x, ¥, 2, W) =qi(x, y, z, w))<>(x =y or z=w)]. Hence, by
Theorem 2.3, the corollary follows.

Although every quasivariety K with EDPM is always congruence distributive,
the least variety V(K) containing it need not be congruence distributive. We shall
show that it even may happen that V(K) satisfies no nontrivial congruence lattice
identity.

Let A= ({0, 1, 2}, f, 0) be an algebra of type (4,0) with f defined as follows:
fla,b,c,d)=0 when a=b or c=d, and f(a, b,c,d)=1 otherwise. Take
plx, v, z,w):=f(x,y,z,w) and gqlx,y,z,w):=0. We have AF
Vxyzwlp(x, y, z, wy=q(x, y, z, w)<>(x =y or z=w)]. Hence, by Lemma 1.5
and Theorem 2.3, Q(A) has EDPM. Now, consider the algebra A/©(0, 1). As
o0, 1)={(0,1),(1,0)} Uw,, A/O(0, 1) is a 2-element algebra every operation
of which takes the same fixed value for all its arguments. Hence every
equivalence relation on any direct power of A/&(0, 1) is a congruence relation.
Thus each finite partition lattice is embeddable into congruence lattice of some
finite direct power of A/@(0, 1). Therefore, by the well-known result of Lattice
Theory, it follows that congruence lattices of members of V(K) cannot satisfy any
nontrivial lattice identity.

In the case V(K) is congruence distributive we have

COROLLARY 2.6. Let K be a quasivariety of algebras such that V(K) is
congruence distributive. Then the following conditions are equivalent:

(i) K has EDPM.

(i) K= QM) for some class M such that ISP;(M) < V (K)gs;.

Proof. (i)= (ii): By Theorem 2.3 and Proposition 1.3, as M we can take Kgg;.
(ii) = (i): By Lemma 1.5, Kgg; < ISP, (M™) where M™ is obtained from M by
adjoining a trivial algebra. As ISP,(M)NKc V(K)g;, we have Kgg =
ISP, (M™). Hence Kgg is a universal class. Moreover, by Corollary 1.4, K is
congruence distributive. Thus, by Theorem 2.3, K has EDPM.

When K is contained in a variety with EDPM we can prove more (see also
Proposition 4.4):

COROLLARY 2.7. Let L be a wvariety with EDPM, and let A=
(px, y, 2z, w), qi(x, y, z, w)), i <n, be a system of principal intersection terms for
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L. Then for a quasivariety K contained in L the following conditions are
equivalent:

(1) K has EDPM and A is a system of principal intersection terms for K.
(ii) K has EDPM.
(ii) K is congruence distributive.
(iv) K=0(M) for some M ¢ L.

Proof. (i)= (i): Trivial. (ii)=> (iii): By Theorem 2.3. (1) = (iv): Use Propo-
sition 1.3. (iv)=>(i): By Theorem 2.3, MEVxyzw{(&,-, pi(x, y, z, w) =
gi(x, y, z, w)) = (x =y or z = w)]. Hence, by Lemma 1.5 and Corollary 2.4, A is
a system of principal intersection terms for K and hence K has EDPM.

An easy inspection of the above proof shows that Corollary 2.7 remains true
when L is a quasivariety with EDPM.

3. Finite basis results

Let A= {pfx, v, z, w), g{x, ¥, z, w)}, i <n, be a fixed finite system of pairs
of 4-ary terms of some type 7 of algebras. With every quasiidentity Q: &<, 1, =
sj—r=s expressed in the language of 7 we associate the set A(Q) of n
quasiidentities constructed from Q and the equations of A in the following way:

& & pir;, 55, 2, wy=qi(n;, 55, 2, W)= pi(r, s, 2, w) = qu{r, 5, 2, w)

i<nj<m
where k=0, ..., n — 1 and the variables z, w are assumed to be distinct from the
variables occurring in Q. Likewise as in Blok and Pigozzi [5] the sets of the form
A(Q) will play a central role in proofs of our finite basis results. A related
concept to A(Q) was also used in Czelakowski [7] and in the proof of a result
announced in Wojtylak [26, Theorem 3.4] to obtain some finite basis results for
propositional logics.

Let 2(A) denote the set consisting of the following quasiidentities:

(1)ij [&i<n &j<n pi(pj(xr Y, 2, W)) qj(x’ ¥, z, W), v, u)
ZQi(pj(x! ¥y, 2, W)’ Qj(x’ ¥, z, W)’ v, u)]
—pix, y, plz, w, v, u), gz, w, v, u))
= qi(x’ ¥, pj(z) w, v, u)) qj(zi w, v, u))
(Z)ij {&Kn &j<n pi(x’ ¥, pj(z’ w, U, u)’ q,»(z, w, v, “))
=q;(x, y, piz, w, v, u), gi(z, w, v, u))]
—pipix, y, z, w), glx, y, z, w), v, u)
= q;(Pj(X; Y, 2, W)a Qj(x’ Y, Z, W)’ v, u)
where i, j=0,...,n—1,and x, y, z, w, v, u are distinct individual variables.
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LEMMA 3.1. Suppose A is an algebra of type t and At Z(A). Then for every
quasiidentity Q it holds: if AF A(Q) then At A(R) for every R € A(Q).

Proof. Let Q be of the form ry=so&---&r,_;=5,_,—>r=s and let
AEA(Q). Assume that z, w, v, u are distinct from the variables occurring in Q.
Consider a quasiidentity

R: [& & pr, 55, 2, w)=q,(r;, 55, 2, w)}—n)k(r, s, 2, wy=qilr, s, z, w)

i<n j<m

where k <n. Since Ak A(Q), for every i, k <n we have

Ak [& & pi(r, 55, pilz, w, v, u), qi(z, w, v, u))

i<n j<m
=q{r;, 5; plz, w, v, u), i {z, w, v, u))]

—pir, s, pilz, w, u, u), qilz, w, v, u))

= qi(r) 3, pk(z? w, v, Li), qk(zy w, v, u))

Hence

AE [& & & p(r, s;, pilz, w, v, u), gi(z, w, v, u))

i<n j<m k<n
= C}g(”}, Si} pk(z) w, v, u): Qk(z> W, v, u))]

—>pi(r’ $, pk(z’ w, v, u)’ qk(Z; w, U, u))

=qi(r’ S, pk(z) w, v, u)) ‘Ik(Z, w, v, u))

for all {, kK <n which, by (1), yields

.

AF [& & & pdpulr, s, z, w), il 55, 2, W), v, u)

i<nj<m k<n
= qi(pk(rj’ Sj: Z, W), qk(rj: Sj; 2, W), v, u):l

ﬁpi(r’ S’ pk(ZJ W, U? u)) qk(zy W, v: u))

=q(r, s, pu(z, w, v, u), qi(z, w, v, u))

for all i, Xk <n. Thus, by (2)x, A F A(R), proving the lemma.
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Now, let I'(A) denote the set consisting of all elements of £(A) and the
quasiidentities listed below, where i =0, ..., n —1 and @(x, y, z, w) abbreviates
the formula &, p.(x, v, z, w) = q;(x, y, z, w).

(l)i X 2)’—>Pi(x> ¥s 2 W) :qi(x’ Y, 2, W)'

(2)z (p(x’ Y, z, W)_)Pi(y’ X, Z, W) = qi(y’ X, Z, W).

(3); ©(xo, x1, z, w) & @(xq, X5, 2, W)= pi(X0, X2, 2, W) = q:(xg, X2, 2, W).

(4¢); &/'<m (P(xj: Yis Z5 w)=>pf(xo, - oo s Xme1)s FYos -+ - s Y1) Z, W)
=q,(f(xo, - - s Xm—1), f(Yos - - -, Ym—1), Z, w) where fis a m-ary function
symbol from the language of 7 and m = 1.

(5)1‘ (p(x, Yz w)—api(z, W, X, y) = qi(zr w, X, y)

6 oy xy)=>x=y.

LEMMA 3.2. Let K be a quasivariety with A as a systemi of principal
intersection terms. Then Kt I'(A), and Kk A(Q) for every quasiidentity Q valid
in K.

Proof. Use Proposition 1.2(ii).

LEMMA 3.3. Suppose X is a set of quasiidentities expressed in the language
of 1. Then every finitely subdirectly irreducible member of the quasivariety
Mod 2 U T'(A) UU(A(Q): Q e ZU I'(A)) satisfies Vxyzw[(&; <, pi(x, v, z, w) =
qix, y, z, w)) o (x =y or z=w)].

Proof. By (1); and (5);, it suffices to show that every member A of
Mod ZUT(A)UU(AQ): Qe SUT(A))es; satisfies  Vixyzw[(&,-, pix, v, z,
wy=gq;(x,y,z,w))=(x=yorz=w)]. Leta,b,c,de A and Ak @(x, y, z, w)la,
b, ¢, d}]. Define

O={(e,NeAxXA:AEpx,y, z, w)e, f, ¢, d]}
O, ={(e, e AXA:AE@p(x,y, 2z, w)lg, h, e, f] for all (g, ) € Oy}.

We claim that ©, and O, are congruence relations on A. By (1),—(4;);, &
is a congruence on A. By (1); and (5),, @, is reflexive. By (2); and (5),,
©, is symmetric, and, by (3);, and (5);,, ©, is transitive. That ©, preserves
operations follows from (4;), and (5);. Now, we show that A/©, and
A/©; belong to ModZUT(A)U(A(Q):QeZUT(A)). Let R be an
element of SUTNA)UUJ(AQ):QeXUTI(A)) and assume that it is of
the form &, r(x)=s(f)—r(x)=s(x) where I=xq...,%,_;. Let

Al OuEr(%) = 5;(¥)a0] O, . . ., [a,-1]6] for all j<m. Then (r{a), s{(@))e O,
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for all j<m where a=ay,...,q,-;. Hence, by definition of &,
AE&; ., p(r(E), 5,(%), z, w)[a, ¢, d]. But A&, ¢(r(X), 5;(¥), z, w)—
pi(r(®), s(%), z, w) = qi(r(%), s(%), z, w)|a, ¢, d] for all k<n since, by Z(A) <
I'(A) and Lemma 3.1, AFA(R). Hence AFE@(r(x), s(¥), z, w)[d, ¢, d] and,
therefore, (r(a@), s(@)) € ©,. Thus A/ Ok r(%) =s(X)[[ag) o, - . . , [a,_1] Oy}, prov-
ing that A/@,kR. Similarly, applying (5); one can show that A/@;kR. Thus
A/ B, and A/ 6, belong to Mod X U I'(A) U (A(Q): Q € 2 U I'(A)). From this,
as (a,b)e ©, and (c,d)e Oy, it follows that Ok(a, b) A Oklc, d)< By A 6,
where K abbreviates Mod X U I'(A) U U (A(Q): Q € U I'(A)). But, since (6) €
I'(4), @ A B, = w,. Hence Okl(a, b) A Ok(c, d) = w, which in conjunction with
AeKps yields Ok(a, b)=w, or Ol(c,d)=w,. Thus AEx=y or z=
wla, b, ¢, d], completing the proof.

Our original proof of Lemma 3.3 did not use congruences &, and ©,. It
employed some idea from Czelakowski [7]. The idea of applying congruences @,
and @, to the above proof is borrowed from Blok and Pigozzi [6].

We are ready now to prove the following

THEOREM 3.4. Let K be a quasivariety with EDPM and let the type of K be
finite. Then the following conditions are equivalent:

(i) K is finitely based.
(ii) Ky is strictly elementary.

Proof. (i)= (ii): By Proposition 1.2(ii).

(ii)=>(i): Let the system A= (p;(x,y, z, w), q(x, y, z, w)), i<n, realizes
EDPM for K. Let @ be a first-order sentence axiomatizing Kgg;. By Proposition
1.2(ii)) and compactness theorem, I U {Vxyzw[(&, pix,y, z, w)=
q:{x, v, z, w)) <> (x =y or z = w)} £ @ for some finite set X of quasiidentities valid
in K. Hence, by Lemma 3.3 and Proposition 1.2¢1i)), Mod ZUTI'(A)U
U(A(Q):Q e ¥ U TI'(A)) c K. On the other hand, by Lemma 3.2, K< Mod XU
T(AYUUA(Q): Qe ZUT(A)). Thus K=Mod I U I'(A)ulU(A(Q): Qe U
I(4)), showing that (ii) implies (i).

As corollary we obtain

COROLLARY 3.5. Let M be a finite set of finite algebras of finite type, and let
Q(M) have EDPM. Then Q(M) is finitely based.

Proof. By Lemma 1.5, Q(M)gg is strictly elementary. Hence, by theorem
3.4, Q(M) is finitely based.
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We also have

COROLLARY 3.6. Suppose M is a finite set of finite subdirectly irreducible
algebras of finite type such that S(M) < V(M)gs;, and let V(M) be congruence
distributive. Then Q(M) is finitely based.

Proof. Use Corollary 2.6 and 3.5.

Due to Baker [2] we know that the variety generated by any finite algebra of a
congruence distibutive variety of finite type is finitely based. The analogous result
for the quasivariety generated by such an algebra is impossible to obtain because
there are examples of finite lattices (Belkin [3], [4] and Tumanov [25]) as well as
finite Heyting and interior algebras (Dziobiak [12] and Rybakov {24]) that
individually generate non-finitely based quasivarieties. However, as the variety
generated by a finite algebra A in a congruence distributive variety coincides with
Q(HS(A)gsr), Blok and Pigozzi [5] asked whether the following natural generali-
zation of Baker’s finite basis result might still be possible: Is it true that every
finite set of finite, subdirectly irreducible algebras in a congruence distributive
variety of finite type generates a finitely based quasivariety? This question is
equivalent to the following: Is Corollary 3.6 true without the assumption that
S(M) c V(M)gs;? The lattice L of Figure 1 is subdirectly irreducible. Evidently,
S(L) is not contained in V(L)gs;. Applying arguments used in Belkin [4] we shall
show that Q(L) is not finitely based which would provide an answer {o the above
question.

Figure 1
Let A,, n =1, denote the lattices depicted in Figure 2. We have

CLAIM (see Belkin {4]). For every n=1 the following conditions are
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Figure 2

satisfied:

(1) Every proper sublattice of A, belongs to Q(M;_5).

(2) If @ is an atom in Con A, then either a =b(O) or A,,/@ and A,_, are

isomorphic via an isomorphism f such that f(a) =a and f(b) =b.

As the lattice M;_; of Figure 3 is a sublattice of L, it follows from claim (1)
that every proper sublattice of every A, belongs to Q(L). Hence, as the lattices
Ay, n=1, belong to the locally finite variety V(A,), to show that Q(L) is not
finitely based it remains then to prove that A, ¢ Q(L) for all n = 1. To this effect
suppose otherwise. Then there exist congruence relations @,, ..., &._, on A,
such that A(6;:j<k)=w,, and A, /6, e IS(L) for all j. Since |L|<|A,] for all
n=2, then by claim (2), for every j, A,/0,=A, or a=b(6;). But A, is not
embeddable into L. So, for all j<k, a=b(68;), a contradiction. Thus Q(L)
cannot be finitely based.
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Figure 3

It is worth to mention that due to Corollary 3.6 the algebra (L, a),..
generates a finitely based quasivariety.

Blok and Pigozzi [5] proved that every finite set of finite subdirectly
irreducible algebras of finite type belonging to a variety with EDPM generates a
finitely based quasivariety. The following corollary strengthens this result.

COROLLARY 3.7. Suppose K is a variety with EDPM and let the type of K
be finite. Then for M c Kgg, the following conditions are equivalent:

(i) Q(M) is finitely based.
(ii) ISPy (M) is a strictly elementary class.

Proof. By Corollary 2.7, Q(M) has EDPM, and, by Lemma 1.5, O(M)ps; =
ISP, (M*) where M" is obtained from M by adjoining a trivial algebra. Hence,
by Proposition 1.2(ii), (i) implies (ii). Assume now that ISP, (M) = Mod ¢ for
some first-order sentence @. Then ISP, (M™)=Mod ¢ or ¥xy[x =y]. Hence
O(M)gs; is a strictly elementary class because, by Lemma 1.5, Q(M)gg; =
ISP, (M*). Thus, by Theorem 3.4, Q(M) is finitely based, showing that (ii)
implies (i).

The above corollary does not indicate to us how to construct a basis for J{M)
even in the case we know a set axiomatizing ISP, (M). The discussion presented
below removes partly this disadvantage.

A universal sentence whose matrix is of the form &, 7. =5\ ;< §; =w;
will be called a universal basic sentence or UB-sentence for short. The name is
justified by the fact that every universal sentence is equivalent to the conjunction
of a finite number of universal basic sentences. Hence, as the class ISP, (M) is
universal, it can be axiomatized by a set of UB-sentences. Notice that if a trivial
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algebra belongs to ISP, (M) then every UB-sentence valid in ISP, (M) must have
at least one disjunct in its consequent. In the sequel by M™ we denote the class
obtained from M by adjoining a trivial algebra.

For a universal basic sentence U whose matrix is of the above form with
m =1, we put k(U) = m and define inductively the sets Z(UY/, j <k(U),

2(U)° = {to = wo}
and, for j <k(U)—1,
SUYT = {pr, s, tisr, Wir1) = qi{r, 8, tioy, Wip) i <aandr =5 e Z(UY}.

Notice that k(U) is the number of disjuncts occurring in the consequent of U.
Denoting by A(U) the formula &, r, =s; we have the following corollary which
extends Baker’s idea of UDE-sentences (see Baker [1]) into. quasivarieties.

COROLLARY 3.8. Suppose K is a quasivariety with EDPM and a system of
principal intersection terms A= (p;, q;), i <n. Moreover, assume that the class
ISP, (M™) is axiomatized by a set ¥ of UB-sentences, where M c Kgg,. Then
QM) can be axiomatized relative to K by the set I'U\J (A(Q):Q € I'), where
I'={A()—r=s:UeZand r=s e I(U)* 1),

Proof. Since M < Kgg, then by Lemma 1.5 and Corollary 1.4 it follows that
(M) is congruence distributive. On the other hand, by Lemmas 3.2, 3.3 and
Theorem 2.3, Modg I'UUJ(A(Q):Q e I') is congruence distributive as well.
Hence, by Corollary 1.4, Q(M)gs; and Modg I'U U (A(Q): Q € IN)gg; are con-
tained in Kgg. So, to complete the proof it suffices to show that for every
A€Kpg, AecAM) iff AeModg F'UUJ(A(Q):Q€eTl). Let AcKgg and A€
QO(M). Then, by Lemma 1.5, A €ISP,(M") which means AFZX, and, by
AeKrg, AFTUU(A(Q):Qel). Now, let AeModg T'UUJ(A(Q):Q eD).
Then AFT and, by A € Ky, A F X which in turn, by ISP, (M) = Mod X, yields
A e Q(M). Thus Q(M) =Modg I'UJ (A(Q): Q € I), showing the corollary.

4. Another characterization

We want now to present an alternative characterization of quasivarieties with
EDPM. First, notice

LEMMA 4.1. For every A, the quasivariety Mod I'(A) UL (A(Q): Q € I'(A))
has EDPM and A is a system of principal intersection terms for it.
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Proof. Use Lemma 3.3, Theorem 2.3 and Coroliary 2.4.
Now, we have:

THEOREM 4.2. For a quasivariety K the following conditions are equivalent:

(i) K has EDPM.
(i) K is congruence distributive and K < Mod I'(A) U (A(Q):Q € I'(4))
for some finite system A of pairs of 4-ary ferms.
(iii) Kgsic V(K)ps; and K Mod I'(A) U U (A(Q): Q € T'(A)) for some finite
system A of pairs of 4-ary terms.

Proof. (i) = (ii): By Theorem 2.3 and Lemma 3.2. (ii) = (iii): By Proposition
1.3. (iii) = (i): Assume (iii). Then Kgsr g Mod I'(A) UL (A(Q):Q € T'(A))ps:-
Hence, by Lemma 4.1, Kggi FVayzw[(&,i<, pilx, y, 2, w) = qi(x, y, 2, w)) = (x =
y or z =w}]. Thus, by Theorem 2.3, K has EDPM.

We also wani to mention that the quasivariety Mod I'(A) Ui {(A(Q):Q e
I(A)) is the largest among those which have EDPM with respect to A. This
follows from Lemma 3.2. So, it is not a surprise that we alsc have

PROPOSITION 4.3. Let A= {pix,y,z, w}, q{x, y, z, w)), i <n, be a finite
system of pairs of 4-ary terms of type 1. Then Mod I'(A) U (A(Q): Q € I'(4)) =
Q(A:A is of type T and AEVxyzw[(&ic, pi(x, y, 2z, W)= qi(x, y, z, w)) > (x =y
or 2 =w)]}).

Proof. < : The inclusion is obvious because, by Lemma 4.1, Mod I'(A) U
U (A(Q): Q € T(A))psi EVyzw{(&icy pilx, v, 2, W) = qi(x, y, 2, W) > (x =y or
z=w)}.

5: By Lemma 1.5 and Corollary 2.4, Q({A:A is of type 7 and AF
Vxyzw[(&;, pi(x, ¥, 2, w) = qi(x, ¥, 2, w)) < {(x =y or z =w)]}) has EDPM with
A as a system of principal intersection terms. So, by Lemma 3.2, the inclusion
follows.

Concluding we notice the following

PROPOSITION 4.4. Each of the conditions of Corollary 2.7 is equivalent io
each of the following two:

(v) For every quasiidentity Q, K& Q implies KF A(Q).
(vi) K=Mody T'UU (A(Q):Q e I') for some I
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Proof. That (iv) implies (v) is obvious. Let K=Mod; I'. Then, by (v),
K=Mod, TUUJ(A(Q):Q € I'). Thus (v) yields (vi). By Lemmas 3.2, 3.3 and
Corollary 2.4, (vi) implies (i}.

5. Questions

This section contains some questions that naturally arise from the context of
the paper.

QUESTION 1. Assume A is a finite subdirectly irreducible algebra of finite
type without nontrivial proper subalgebras. Is the quasivariety generated by A
finitely based?

Actually, we do not even know whether OJ(A) is finitely based under the
stronger assumption that A is simple. By a result of Pigozzi [23], a corresponding
question for the variety generated by A has a negative answer. Notice also that if
A is chosen from a congruence distributive variety then due to Corollaries 2.6 and
3.5 the quasivariety Q(A) is finitely based. A related question whether there
exists a finite hereditary simple algebra of finite type whose quasivariety is not
finitely based was raised by Gorbunov [15].

Let K be a finitely generated quasivariety of algebras of finite type. By
Theorem 2.3 and Corollary 3.5 we know that if K is congruence distributive and
Krgr is a universal class then K is finitely based. This result is not true without the
assumption that K is congruence distributive. Indeed, let K= Q(A4) where
A=({0,1,2},f, g)is of type (1, 1) with f and g defined by f(0) =1, g(0) =2 and
f(x)=gx)=x for x#0. Due to Gorbunov [14], K is not finitely based, and
applying Lemma 1.5 one can verify that Kg; is a universal class. However, we do
not know whether the second assumption in the above result is necessary. In
other words, we have

QUESTION 2. Is every finitely generated and congruence distributive
quasivariety K of algebras of finite type finitely based?

We also want to ask about a generalization of Theorem 3.4.

QUESTION 3. Suppose K is a congruence distributive quasivariety of
algebras of finite type and let the class Kgg be strictly elementary. Is K finitely
based?
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Let M be a finite set of finite subdirectly irreducible algebras of finite type
from a variety with EDPC in th sense of [13]. For each member A of M et AT
denote the algebra resulting from A by adjoining two new constants representing
in A distinct elements that are collapsed by every comgruence relation on A
different from w,. The variety V({A":A e M}) is congruence distributive
because, by a result of Kohler and Pigozzi [21], V(M) is congruence distributive.
Moreover, as V(M) has the congruence extension property, every subalgebra of
every A™ is subdirectly irreducible. Hence, by Corollary 2.6, Q({A": A € M}) has
EDPM. Thus, by Corollary 3.5, Q({A":A € M}) is finitely based. However, the
following question remains still open.

QUESTION 4 (Biok and Pigozzi {5]). Does every finite set of finite
subdirectly irreducible algebras of finite type from a variety with EDPC generate
a finitely based quasivariety?

In [12], the second author proved that if in addition K is contained in a
congruence distributive quasivariety Mod 2 U I', where X' is a set of identities and
I' is a finite set of quasiidentities, then the answer to Question 2 is affirmative.
Recently, in a letter to the first author Professor Don Pigozzi informed us that
modifying the proof of Theorem 3.4 and applying some arguments from [6] he
had answered Question 2 affirmatively without any additional assumptions.
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