Calc. Var. 3, 299-309 (1995)
© Springer-Verlag 1995

New minimal geodesics
in the group of symplectic diffeomorphisms

Karl Friedrich Siburg

Mathematikdepartement, HG, ETH-Zentrum, CH-8092 Ziirich, Switzerland;
email: siburg@math.ethz.ch

Received April 29, 1994 / Accepted July 12, 1994

Abstract. We compute the Hofer distance for a certain class of compactly sup-
ported symplectic diffeomorphisms of R?". They are mainly characterized by the
condition that they can be generated by a Hamiltonian flow ¢}, which possesses
only constant 7-periodic solutions for 0 < T < 1. In addition, we show that on
this class Hofer’s and Viterbo’s distances coincide.

Subject Classifications: 58F

1 Hofer’s metric

We consider the standard symplectic vector space (R*",w). By & we denote the
group of time-1-maps ¢}, of a maybe time dependent Hamiltonian system

%(t) = JVH(t,x(2))

. 0 1
with J = (_1 O) and

H € & :=C>(0,1] x R*™ R) .

In [Hol] Hofer defined the energy of y € & as

1
E(p) = inf{HHH = / sup H, — inf H, dt|p); = w}
0

where H,(x) := H(t,x). The crucial property of the energy is that
Ep)=0=p=id.

It follows that
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d(p,¥) = E(p~ ")

defines a bi-invariant metric on &. ||H || can be seen as the length of the path
o' = {emlo <1 <1}

in & connecting id and . In this language E(¢) = d(id, ¢) gives the infimum
over all lengths of paths 4% in & with ¥° = id and ¢' = ¢. The following
definition is therefore natural.

Definition 1 A path Y'Y in & is called a minimal geodesic if

length Y1 = d(y°,y") .

Notice that in this case the infimum d(id, ) becomes in fact a minimum.
The actual calculation of d(id, ¢) turns out to be a difficult task since it involves
all Hamiltonians generating . In [Ho2] Hofer showed that autonomous Hamil-
tonians give rise to minimal geodesics provided that all T-periodic solutions of
the corresponding flow with 0 < T < 1 are constant. Prompted by the work of
Bialy and Polterovich {B-P] the aim of our paper is to generalize Hofer’s result
to the non-autonomous case.

Definition 2 A Hamiltonian H € & is called admissible if 90{, (x) = x with some
T € (0,1], x € R? implies % (x) = x for every t € [0,T].

H € & is said to have fixed extremal points if there are two points x+ € R
such that

infH; = H,(x_), supH;=Hx,)

forallt € 0,1].

In addition, we call x4 isolated if there are open neighbourhoods Uy C R*"
of x4 such that

UL n U ﬂ critH; | = {xi}

Te0,11:€[0,7]

where crit H, denotes the set of critical points of H;.

We emphasize that the extremal values do not have to be fixed at all. The
notion of fixed extremal points appeared in a preprint by Long [Lo]; Bialy and
Polterovich [B-P] use the term “quasi-autonomous”.

Theorem 1 Suppose H € & is admissible and has isolated fixed extremal points.
Then H generates a minimal geodesic, i.e. d(id, ¢},) = |H|.

Loosely speaking, this result tells you that you should not move any point if
you do not have to. By the bi-invariance of d, Theorem 1 translates to general
(smooth) paths %! in &. The following example indicates why the assumption
on the existence of fixed extremal points is necessary for minimal geodesics;
actually this was shown in full generality by Lalonde and McDuff [L-M2].

Example. We fix an xy € R? with |xo} = 1 and take as Hamiltonians
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H(t,x) = [p(lx — xo|®) + p(|x + x0[D]t

and
K(t,x) = p(x = %o/t + pl(|x +x0|*)(1 — 1)

where p : R — [0, po] is a bump function with p(0) = g and p(s) =0 if |s]| > %
By choosing py appropriately we may assume that H and K are admissible; note
that H has fixed extremal points whereas K has not (cf. figure below). It is an
elementary calculation to check that p}; = ¢k and |H| = £ < %’2 = [IK].

sla aly

-Xo Xo

We remark that the set of admissible Hamiltonians has empty interior in the
normed vector space (&, || - ||). Indeed, given any admissible H we can add a
perturbation K (f,x) = a(t)p(x) (where p(x) is a bump function whose support is
disjoint from that of each H;) with arbitrarily small ||K || such that K generates
the identity, i.e. ¢}, x = ©. Then H + K is not admissible. Therefore, also the
class of sympletic diffeomorphisms generated by admissible Hamiltonians has
empty interior in (&, d).

The same argument shows that a minimal geodesic between id and ¢ # id is
not unique.
2 The analytical setting

We are going to study the action functional
1! 1
ag(x)=ax)+by(x) = 3 / (=Jx(t),x(t))dr — / Ht,x(t))dt
0 0

on the space E := W!/22(S1 R?") as it is done in [H-Z]. The elements of E can

be written in the form
x@t) = Z ™y,
kez

where x; € R? such that 3, ., |k| |x|* < oo. Then E splits orthogonally into
E=E- ©E'oE*

according to k < 0, k =0, k > 0 with the norm
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i}z o= o + 20 > k] el
k0

The action functional is expressed as

1 1
)= 35 R, = I~ — [ Mo

Now we consider for H € & the fixed point set Fix(gp},) and the set of corre-
sponding actions

{an (0)|x(0) € Fix(ep)} -
We claim that these actions do not depend on H but only on the map ¢ = ¢};.
Indeed, take x(0) € Fix(¢) and x4, such that H(t,x,,) = 0 for all t. Then pick
any path g(s) in R?" from g(0) = x, to g(1) = x(0). If we define the surface

S = {(t,¢u(glsNs, t € [0,11}

it is an easy calculation to show that

d(pdg — H dt)|rs =0

hence by Stokes’ Theorem

/ pdg —Hdt=0.
as

This is equivalent to

aH(x)=/ pdq—/pdq
w(g) g

which depends only on ¢ and not on H. Actually also the choice of g is irrelevant.
Thus we may speak of the action A(x, ¢) of x € Fix(¢y) and define the action
spectrum of a map ¢ € & as

o(p) = {Alx, p)lx € Fix(p)} .

This is a compact, nowhere dense set in R and contains the critical values of ay
on E (cf. [H-Z)).

In [H-Z] Hofer and Zehnder singled out a special critical value by the mini-
max

Y(p) = sup inf ay(x)
Fe& x€EF

where the minimax set % := {h(E*)|h € G} does not depend on H; G stands
for a certain group of homeomorphisms of E. This y(¢) has some remarkable
properties.

Theorem 2 ([H-Z]) The following relations hold true:
L. v(p) € a(p), and y(p) =2 0

2. y(pl) = 0if H >0, and v(ply) > 0 if H <0, H #0
3. H <K = () > Ygk)
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4. |v(p) —v@)| < d(p,¥)
5. d(id, p) > (@) +v(e™h

3 Proof of Theorem 1

We make use of an idea by Bialy and Polterovich [B-P] and consider the “time
evolution” of the action spectrum, i.e. the set

Zn = {¢t,oyN0<t <1} CR2.

By assumption on H no ¢}, (viewed as a map in &) possesses a nontrivial
1-periodic solution therefore

t
Xy = (t,—/ H(s,x)ds) [0<t<1,andx € ﬂ crit Hy
0 $€[0,1]

where crit H; is the set of critical points of H,. In particular we have the two
continuous curves

{(t,c}f(t) = —/ H(s,xi)ds) 0<t < 1} C Xy
0

gD —cgW=|H]| . (1

Lemma 1 IfH € & has fixed extremal points then there exists at* = t*(H) > 0
such that

with

V(™) 2 e (@) @
for 0 <t < t*. If, in addition, H is admissible equality holds.

Proof. In order to simplify the notation we set

H.(t,x)=H(@#,x — 1x_)

O0-(x):=x+Tx_

and observe that ¢}, = 6,0y}, 087, Since the action spectrum is invariant under
symplectic conjugation we obtain (¢}, ) € o(py ) = o(p}) for all 7 € R. But
T 7((,0}11) is continuous with image in a nowhere dense set. Whence it must
be constant so that ¥(yp;_) = v(¢}) for all 7. This shows that we may assume
that

x_=0.

Let us define
h(t,x) :=7H(rt,x) .

Then ¢} = ¢ and for small enough 7 > 0 we can estimate
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h(t,x) < h(t,0) + m|x|*
for all ¢ € [0,1] and x € R?*". The monotonicity of y implies

Y(pg) = sup inf a;(x)
Fegr *€F

1 T, B 1
> —A h(t,0)dt +x1€ng+ [E(Hx 132 = 1=l — TV/O |x[2dtjl

= —/TH(t,O)dt+0
0
= ch(7) .

In the case of an admissible H the reversed inequality max o(¢f) = ¢} (1) >

Y(ph) € o(p}) is trivial.
Analogously one proves the second relation. O

Notice that we would be done with the proof of Theorem 1 if we could show
(2) for ¢ = 1 because then by Theorem 2 and (1)

[H || > d(id, of) = v(pp) + 7)) = |H|| -

What are the possible obstructions? Since all the action spectra involved come
from constant solutions the only bad phenomenon is the following. The curve
{@t, ¢, (1)}, or {(t,c (t)}, in >, is multiply covered (due to different critical
points to the same critical value) and there is a #o € (0, 1) at which one of these
covering curves branches off. In this case y(};) might follow this latter branch
and end up at a level smaller than cj;(1).

We now state a perturbation lemma which allows us to assume that (2) holds
true even for all ¢ € (0, 1].

Lemma 2 Let H € & be admissible with isolated fixed extremal points x.. Then
given any € > 0O there is a modification L € & of H satisfying
L |H-Lj|<e
2. L has the same fixed extremal points xy as H and
V() 2 e (@)
is valid for all t € (0,1].

From this we conclude that
d(id, ) = ||L||

and
|H || < |ILIl + [|H = L|| < d(d, op) +d(ey, pp) +e < d(id, p}y) + 2€

with an arbitrary € > 0. Thus the proof of Theorem 1 is reduced to that of
Lemma 2.
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4 Proof of Lemma 2

The key idea will be to find a procedure which makes x,. the unique fixed
extremal points without creating new periodic orbits beyond control. In a first
step we are going to remove all fixed minimal points except x_. As in the proof
of Lemma 1 we may restrict ourselves to the case where x_ = 0.

We know that

| supp B, € B z(0)
0<r<1

for some large R > 0. For a given € > 0 we pick a smooth function

f:10,00) — [0,c]

satisfying
0 ifse[0,p]UR+ <, )
={0 :
a if s € [2p,R]
and
0>f'(s)> -7
if s € (R,R+ %) as well as
€
Flomllcz <5 -

Here o € (0, %) and p € (0, %) are constants and we remark that for any given
p there exists such an f with a suitable a.
We set

K@, x) = H@t,x)+f(|(¢i) 7 0P

and state some properties of K. First of all, K € & with ||H —K|| < 5. Moreover,
one can find 0 < r < p < 2p < r’ <R such that K(t,x) = H(t,x) if |x|> < r
and K (t,x) = H(t,x) + o whenever r’ < |x|* <R, as well as v’ — 0 as p — 0.
This, together with the assumption that x_ = 0 is isolated, implies that K has 0
as its unique fixed minimal point provided we have taken p smali enough. Using
the fact that ’

K(@t,x) < H(t,x)+ %min{l, ) )2

we then conclude as in the proof of Lemma 1 that there exists a t* = t*(H ,¢) > 0
such that

V()™ = —cx @) (3

for 0 < t < t*, regardless what the perturbation f actually looks like.

Now we are going to prove that L possesses only constant 1-periodic solu-
tions whenever 321 < T < 1. Since 0 has become the only minimal point of K
this will ensure that (3) holds true for all ¢ € (0, 1] and finish the first part of the
proof of Lemma 2.

By the transformation law of Hamiltonian vector fields we obtain
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Pl (x) = ly 0 i (x) = Py (R, |x P)x)
with the “rotation matrix”
R(t,5) = ¥ OV = cos 2 (s)t - 1 +sin2f'(s)t - J .

Note that @ (x) = f (x) if |x|* € (p,2p) U(R, R+ £) and r € (0, 1]. Since H is
admissible this means that ¢% with 0 < 7 < 1 has no non-constant 1-periodic
solutions starting in that region. Thus we only have to concentrate on the fixed
point problem

(o) (x) = R(T, |x|)x &y
for T €[4, 1] and |x[? € (p,2p) U (R, R + ).
For sufficiently small p > 0 we have

: r
mf{|(¢;,)—1(x)—x| lp < Jx|* < 2p, 7St < 1} >0

because 0 is an isolated fixed point of each ¢};. Hence (4) admits no solution
with |x|? € (p, 2p) if we choose ||f|fo,r;l|c2 small enough. If, on the other hand,
[x|* € (R,R + £) we know that (¢};)~'(x) = x for every T € (0,1]. In this case
(4) reads

x = ¥ (=T

with |x|*> € (R, R + £) which has obviously no solution since 0 < 2|f'(|x|)|T <
27.
Just the same considerations applied to

L(t,x) = K(t,x) = f([(¢%) " )

lead to our final modification which satisfies all requirements, and Lemma 2 is
completely proven.

5 Viterbo’s metric

Another approach to defining a bi-invariant metric for the group & was found by
Viterbo [Vi]. He considers the graph of a symplectic diffeomorphism ¢ = ¢}, €
% as an exact Lagrangian submanifold L() of the cotangent bundle 7*A?* of
the diagonal in (R?" x R*",w @ —w). A theorem of Sikorav [Si] guarantees the
existence of a so-called generating function
S:R* xRY -5 R
(x,8) — S(x,8)

being a quadratic form in the £-variables outside a compact set, i.e.

oS as
wo-{(-5) %}
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Yet S is not uniquely determined by ¢. Via a homological minimax principle
Viterbo was able to pick out a critical value ¢ of S (—c_ in his original notation)
which does not depend on the choice of S but only on (. Moreover, there is an
analogue to Theorem 2, namely

Theorem 3 ([Vil) The following relations hold true:

L. c(p) € o(), and c(ip) = 0

2. c(pl)=0ifH >0, and c(py) >0ifH <0, H #0
3. H <K = c(ph) > c(gk)

4. le(p) —c(¥)| < d(p, )
5. dy(p, ) = clo™ ") + c(p™Vp) defines a bi-invariant metric on & which
satisfies d (i, ) > dy (@, ).

For completeness we give the proofs for the inequalities in 5. and 4. since
they are not explicitly contained in [Vi}.

Proof. We first prove
d(id, ) > dv (d, )

by splitting it up into two parts. We claim that whenever @), = ¢ we have

- /01 infH, dt > c(p) 5)
and :
/0 supH, dt > c(p™) . (6)
In order to show (5) we choose (a C°°-approximation to) the Hamiltonian
K (t,x) = (inf H,)p(|x|*) < 0

where p : R — [0, 1] has compact support and is identically 1 on a big ball
containing all the supp H,; in addition, we take p such that K is admissible.
Then c(go}() has to be the action of a constant solution, and since K < H we
obtain by 2. and 3. that

1
c(cp}() = —/ infH,dt > c(p) .
0
For the proof of (6) we consider
L(t,x) := —(sup H)p(|x|*) < 0
and observe that L(r,x) < —H (¢, ¢%(x)) whence
1
c(cpi) =/ sup H, dt > ce™y.
0

Finally we are going to show that
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() — c()| < dv (e, )

which implies 4. But this is an immediate consequence of the inequality c{p) =

c@ o) < e+ () <dy(p, ) +e(®). O

Suppose that ¢ = @), for an admissible H € & with isolated fixed extremal
points x4 as in Theorem 1. For small enough ¢ the diffeomorphism ¢!, is C*-
close to the identity hence L(yY;) is a graph over T*A?* and admits a classical
generating function S : R** — R. In this case Viterbo’s minimax yields simply
sup S thus we have for sufficiently small ¢ > 0 that

t t
c(go;,)=-/ inf H, ds=—/ Hs. x_)ds
0 Q

This argument replaces that given in the proof of Lemma 1 and shows that
Lemma 1 holds for Viterbo’s critical value ¢ as well as for Hofer-Zehnder’s .
Now we can proceed exactly as in Sects. 3 and 4 and obtain

Theorem 4 If H € & is admissible and has isolated fixed extremal points then
dy (id, o) = |H .

In particular, the two metrics d and dy coincide on this class of symplectic
diffeomorphisms in 7. It is still an open question whether they are generally
the same or not.

6 Concluding remarks

There are obvious cases where one may relax the condition of having isolated
fixed extremal points, e.g. if H has a fixed sign. Theorem 1 generalizes results by
Hofer [Ho2] and Long [Lo] and gives a virtually ultimate answer to the minimal
geodesic problem for Hofer’s metric as long as no nontrivial fixed points occur.

Bialy and Polterovich [B-P] showed how to deduce Lemma 1 only from
an axiomatic description of a critical value like that given in Theorem 2 or
Theorem 3. Thus our results can be obtained without using the very definition
of ~ or c.

Hofer’s metric was generalized to arbitrary symplectic manifolds by Lalonde
and McDuff [L-M1} who also proved an analogue to Theorem 1 in this more
general framework [La, L-M3].

Acknowledgements. 1 would like to thank Profs. M. Bialy and L. Polterovich who explained their
ideas to me and gave me their manuscript long before its publication, as well as Prof. F. Lalonde
for his remarks and Prof. E. Zehnder for his time and advice. Moreover, I am grateful to Profs. H.
Hofer and E. Zehnder for the opportunity to proof-read their book.



New minimal geodesics in the group of symplectic diffeomorphisms 309

References

[B-P] Bialy, M., Polterovich, L.: Geodesics of Hofer’s metric on the group of Hamiltonian diffeo-
morphisms, Duke Math. J. (to appear)

[Hol] Hofer, H.: On the topological properties of symplectic maps, Proc. Royal Soc. Edinb. 115A,
25-38 (1990)

[Ho2] Hofer, H.: Estimates for the energy of a symplectic map, Comment. Math. Helv. 68, 48-72
(1993)

{H-Z] Hofer, H., Zehnder, E.: Symplectic Invariants and Hamiltonian Dynamics, Birkhduser 1994

[La]  Lalonde, F.: Energy and capacities in symplectic topology, in: Proceedings of the 1993

International Georgia Topology Conference (to appear)

[L-M1] Lalonde, F., McDuff, D.: The geometry of symplectic energy, Ann. Math. (to appear)
[L-M2] Lalonde, F., McDuff, D.: Hofer's L>-geometry: energy and stability of Hamiltonian flows

I, preprint (1994)

[L-M3] Lalonde, F., McDuff, D.: Hofer’s L°°-geometry: energy and stability of Hamiltonian flows

[Lo]
[Si]

[vi]

I1, in preparation

Long, Y.: Geodesics in the compactly supported Hamiltonian diffeomorphism group, Math.
Z. (to appear)

Sikorav, J.-C.: Sur les immersions lagrangiennes dans un fibré cotangent admettant une phase
génératrice globale, C.R. Acad. Sc. Paris 302, Série I, 119-122 (1986)

Viterbo, C.: Symplectic topology as the geometry of generating functions, Math. Ann. 292,
685-710 (1992)



