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Summary — Zusammenfassung

A Free Energy Functional for Thermorheologically Simple Materials. A systematic
procedure developed by CoLEMAN for establishing thermodynamically consistent constitutive
equations is used to develop the thermomechanical constitutive equations for the stress and
dissipation functions for thermorheologically simple materials. A comparison is made with
similar expressions developed using phenomenological model theory. The influence of thermo-
rheologically simple behavior is illustrated in the solution of the problem of a solid rod
undergoing torsional oscillations with temperature dependent properties.

Fine Darstellung der freien Energie thermorheologisch-einfacher Werkstoffe. Eine
von CoLEMAN entwickelte systematische Methode zur Aufstellung thermodynamisch kon-
sistenter Werkstoffgleichungen wird zur Bestimmung der Werkstoffgleichungen fiir Spannungs-
und Dissipationsfunktion thermorheologisch-einfacher Werkstoffe verwendet. Ein Vergleich
mit dhnlichen Ausdriicken phénomenologischer Theorien wird durchgefithrt. An Hand der
Lésung des Problems eines Torsionsschwingers mit temperaturabhingigen Werkstoffeigen-
schaften wird der Einflul des thermorheologisch-einfachen Verhaltens erldutert.

1. Introduction

The increasing use of viscoelastic materials in applications where significant
amounts of heat may be generated due to thermomechanical coupling has created
an interest in this phenomenon. The mathematical equations which model this
behavior must be developed with the guidance of both the sciences of thermo-
dynamics and mechanies since the displacement and thermal fields in boundary
value problems which include heat generation are interrelated. As is often the case
in describing material behavior, the forms of the constitutive equations which
describe the thermomechanical behavior have been the objects of much discussion.
The main concern in this area has been the appropriate form of the “dissipation
function” for viscoelastic solids with temperature dependent properties.

The mathematical constitutive equation developments in the area of thermo-
mechanical coupling in viscoelastic solids have mainly followed one of three
basic approaches; the phenomenological model approach first expounded by
STavErRMAN and ScEwarzn [1], the theory of irreversible thermodynamics
deseribed by Bror [2], or the concepts of CorEMaN [3] which are based upon a
recognition of how the state variables are related in a topological space. Although
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these three approaches are very different in concept, they lead to very similar
results [4]. The approach described by CoLEmax [5] appears to be the more easily
acceptable from a rational mathematical standpoint although Brot’s [2] develop-
ments have been more widely used to the current time. In the developments
described here, attention will be restricted mainly to the results of Coleman’s work.

Summaries of tentative forms for the governing thermomechanical equations
have been presented by HUNTER [6] and ParKkus [7] while significant applications
of Biot’s theory have been made by ScHAPERY [8], [9]. CHRISTENSEN and NAGHDI
[10] have derived an expression for the dissipation function for a particular class
of non-isothermal viscoelastic solids which does not include “thermorheologically
simple”” materials and HuaNa [11] has postulated an expression for the dissipation
function which employs the concepts used by Bror [2].

A thermodynamically consistent development of the thermomechanical con-
stitutive equations for ‘“‘thermorheologically simple” materials seems to be
lacking. The purpose of this paper is to demonstrate the usefulness of Coleman’s
procedure for generating specific constitutive relations by developing the thermo-
mechanical equations for thermorheologically simple viscoelastic materials and
to compare the form of the thermomechanical equations with other results based
upon a phenomenological model theory. Also, the influence of temperature de-
pendent viscoelastic properties on the heat generated is illustrated in a boundary

value problem.

2. Thermomechanical Equations for Thermorheologically Simple Materials

In what follows, the basic constitutive relations for thermorheologically simple
materials are developed by using the operators defined by CorEMaw. Details
of the development are included to demonstrate the general technique. The
method of approach is as follows; an assumption is made for the form of the free
energy functional and the appropriate operators applied to obtain the constitutive
expressions for the stresses, entropy, and internal dissipation. If the derived
stress equation agrees with the commonly accepted stress expressions [12], the
expressions for entropy and internal dissipation are assumed valid. The develop-
ment is carried out assuming the spatial gradient of the temperature is small.
The notation employed is that of CoLEMAN [3].

Recall that the deviatoric and dilatational stress constitutive equations for
a thermorheologically simple material are expressed, respectively, as [12]

S, &) = fza 867(‘”’5) e, (1a)
and
v, ) = [ 3K(— g) LoD 2w,

where the §;; and é;; are the stress and strain deviators defined as

R N 1 N X N 1 N <
8ij=6ij — & Oijbwe  and &y = Py — 3 Os; Pre 2)



A Free Energy Functional for Thermorheologically Simple Materials 155

and &;; and $;; are components of the stress and strain tensors and §;; denotes
the Kronecker delta. The mean stress and strain are defined, respectively, as
1

. 1,
=—3-Ukk and V='3‘ka- (3)

(=73

n (1), G(t) and K (f) are the isothermal shear and bulk relaxation moduli, respec-
tively, 7' is a pseudo temperature defined as

T(x,£)

¥ 1 e ’

T, &) = a—foc(T)dT, xo = o (T) @)
0 0

where «(T) is the temperature dependent linear coefficient of thermal expansion

and 7' is a reference temperature. The notation # in (1) denotes the triplet of

spatial coordinates (x;, s, #;) and £ is a reduced time defined in terms of real

time t as
f@ )= [ [T, )]dT (5)

where @[T (%, {)] is termed the shift factor [12]. The symbol &, (x, &) is used to
denote the function resulting from a mapping of the (@, t) space onto the (&, &)
space. §;;(x, &) is defined as

8i5(, &) = 85X, 1) = 5[, g (£)] (6)

and where g (&) is the inverse of (5). A similar argument holds for other quantities
crowned with a caret symbol.

Utilizing rational mechanics concepts, the basic constitutive assumption for
a material may be expressed in the form of a free energy functional which for
a thermorheologically simple material ig assumed to have the form?

A : 81/
oV = ¥, +fDi7-5—§ Diae

RN f[[sK (E— &, 6— &) —26G(E — £, 6 — &) Z’; ?;’ff‘ d& de”

L o g 8?’@ ayz 1e,
+1 ffza(s g.6— ¢ Tuliag ds (7)
00

_ff SaK(f— &, & — &) aaz’f,’f oo e e

_—ffmf—«s £ &) 2T ;T de de”,

1 This functional represents an extension of the functional expansion described by
CHRISTENSEN and NAGHDI [101

11*
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where, by recalling (6), it is understood that
o (@, §) = o W@, 1) = o VI, g (8], (8)

where ¥ (x, f) is the free energy density functional for an isothermal viscoelastic
material.

The stress tensor can be obtained from the free energy functional (7) by
application of the operator Dy as described by CorEman [3] where F is the de-
formation gradient. For simplicity, consider only the components of the stress
and strain tensors. For this case the stress operator equation (3) reduces to

65 = oDy, P[Fe(s), 7¢(s)] 9)

where the operator Dy, is defined as?

Dp, PIE(5), 1 (6)] = —5= D[ (5), T (s); F, 7). (10)

ok

As seen in (10), if the strain energy functional is expressed in terms of the past
histories of the deformation gradient and temperature, the operator Dj becomes
simply the partial derivative of the free energy functional with respect to the
present values of the deformation gradient tensor components ¥';;.

To apply the operator Dp , the functional ¥ in (7) must be expressed in
terms of the past history of the deformation gradient. The infinitesimal strain
tensor components §;; are related to the components of the deformation tensor #';
by the expression

Vz (Fzy + F@y - z;) (11)

The integrals in (7) may be transformed, by integrating by parts, into integrals
involving the derivatives of the kernel functions. Since the partial derivatives
in (10) are taken with respect to the present values of ﬁ’, the integral terms in (7)
which involve the histories will not be converted to expressions in terms of F
but instead will be left in terms of the strain components which are possibly
more familiar measures of deformation. Carrying out these transformations on (7)
gives

Dij(E)'J/w(g df ~f ) (

¢

A N 8
0¥ = ¥, Dy(0) (Fy; — o) —f*géj
0

+fa§, ) e dg

+%{M(o,0) (i — 3) (Fyy — 3) — 2(F3 — )f 57 MO &9} dE

0

+ffa§,a§,, (&, €95 93 (&) A ds"}

2 See equation (3.8a) in CoLEMAN and GURTIN [15].
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a
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In arriving at (12), it is assumed that all kernels are symmetric with respect to
their double arguments and that the initial values of the temperature and strains
are zero. Also, kernel M (&', £'') has been defined, for brevity, to be

M(&,8")=3K(, ") —2G(&, &), (13)

Applying the operator defined in (10) to (12) gives

§
0y = Digl0) + 5 85 M (0, 0) pule) — 58y [ 7 MO, §)9h (&)
+ 2600, 0) 9y ¢ f 226(0, £)95(¢) 48 — 833K (0,007() (1)

+ aif[a% 3K (0, &) 15(&) d&
0
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Agsuming the initial stress is zero, expressing all terms as a function of the
kernels K (&) and G(&), where K (0, &) and G(0, &) are defined, respectively, as
K (&) and G(&), and integrating by parts allows (14) to be expressed as

0Pk
._fza _&%ds+—a”f[sffs—s>—2a(s &) L ag

(15)

if

which is the stress equation for a thermorheologically simple material which
results if (1) and (2) are combined. It is concluded that (7) must be a correct
form for the free energy functional for a thermorheologically simple material
since (15) agrees with the stress equations known apriori.

In a similar manner, the expression for the entropy can now be derived from
the free energy functional by application of the operator Dj which has been
presented by CorEMaN and GurTix [14] (Eqn. (3.86)) in the form

_ P (B, 15 BT, (16)

Dy (B, 1) =

Application of this operator to the free energy functional (7) and subsequent
integration by parts results in the expression®

off = f3«xK ) Sk g +fm (- &) 2 (17)

where f(0) has been assumed zero to satisfy the requirement of zero initial con-
ditions.

Finally, consider the expression for the internal dissipation o* which may
also be obtained from the free energy functional. The internal dissipation may
be expressed as

1 . . .
()“m[— iiVij*WT—~‘—p]- (18)
The quantity ¢*(f) in (18) is a rate of internal dissipation in terms of real time;
it can be related to the dissipation in the reduced time variable by the relation®

dg

o (1) = 6% (§) 52

= 6*(§) (7). (19)
By transforming all of the terms in (18) to reduced time, the internal dissipation
function becomes

o = - {% by — 0T — E[’J (20a)

3 This agrees with the entropy expression determined by CHRISTENSEN and NAGEDI [10]
who used a different method of derivation, when specialized to the isothermal case.

4 The function o*(f) employed by CorEMAN [3] is related to the dissipation function A
employed by CHRISTENSEN and NacHDI [10] by the relation g7 ¢* = A.
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where

F_df® _ 1 df) (20D)

Since the expressions for &;; and 9 have already been developed in (15) and (17),
it remains to calculate ¥ and to substitute into (20a) along with expressions for
the stress and entropy. Performing rhese operations gives the expression for the
dissipation function as

oI (&) 6% (&) = _—ff—[3K5—5§ ")
& ’ 144 %gﬂ; ? 1’
— 20— ¢, s — g RS A ds
SE f—~[2G (t— g, 6— ) 2 i ge e @1)
ag og”

—l—ff—[i*uxK — g — e e 2 g ag

+1 ff—[m&—é sﬁz;”)]-g%g;—, s

The linear integral terms which would normally appear in (21) have been
shown by CHRISTENSEN and NaeHDI [10] to be zero. With these developments
the energy equation for this material can be expressed as

—o T 4+ of + oT6% = ;- (22)

If Fourier’s law of heat conduction is assumed applicable and (17) and (21)
substituted into (22), the energy equation, expressed in reduced time, becomes

kT ;i =m@O)TT + 3xK(0) T, — or

+L ff—[SKsas £ e

—26(e— ¢, £ — ¢ LTt agag

o f f S leE - s — e 2 e ge (23)

—/f——[?»zxK (& — &, &gy L a”’f :g de de”

1 b} g O 8T '
-—;ffgg—[m(s— - il tarae.
0 0
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In solving boundary value problems, it is desirable to have the energy equation
expressed in terms of real time. Transforming (23) to the real time variable gives
the energy equation in the form

kT ;i = m(O)TT + 3xK(0)T 91 — or

+ L f/——[?)Kf—f £— &)

1’ a 11 a / rr
—2G(6 — &, &E— &)] 8yt fo,k dt' di

; _1_ i — g _ay_z] 97"17 77 ;
oy /a G(§— &, & — &) 1L ZHL gy dy (24)

H
¥ BaK(E— &, & — gy Lo 0T qpr gy
ot ot at"
0

L8 or ar

= — _ 7 S- . 5// el dt dt//
2 ]f o (6 — 5 N5 o

0

3. Comparison of Theoretical Developments

The energy equation developed as stated in (24) applies for thermorheo-
logically simple materials. Other statements of this equation have appeared in
the literature [1], [2], [6], [7] and it seems worthwhile to compare the present
results with those obtained previously. Recall that the energy equation for a
linear elastic material is generally of the form

kT ;i = ocT + 3x KTy — or (25)

where the second term on the right hand side of (25) is due to thermomechanical
coupling. By comparing (25) and (24) it is recognized that the first three terms
of the viscoelastic energy equation are equivalent to the elastic energy equation.
The only difference being the coefficient of the 7' term which has been redefined
in terms of a specific heat quantity which linearizes that term. In (25) the tem-
perature variable T in the thermomechanical coupling term is often taken to be
a constant reference temperature and thereby further simplifies the equation.
If the first three terms of the viscoelastic energy equation (24) correspond to an
elastic material, it is apparent that the remainder of the terms are contributions
from the viscoelastic effect. Consequently, it is incorrect to refer to the magnitude
of the thermomechanical coupling term in (25) when describing the dissipative
character of viscoelastic materials.

HuxtEr [6] and Parkus [7] have both presented tentative forms of the
energy equation for thermorheologically simple solids which were derived by con-
sidering spring dashpot models. It is not clear that manipulations with such



A Free Energy Functional for Thermorheologically Simple Materials 161

models satisfies the principles of irreversible thermodynamics. The energy
equation (24) represents a slightly more general form than those of HuxTER [6]
and ParkUS [7] but agrees in concept. The arguments of Hunter’s [6] kernel
functions are of the form (2& — & — &”) instead of (& — &, & — &) which
suggests an exponential function kernel must be used in the phenomenological
model equations. Since the bulk viscoelastic behavior of most polymers is small,
these terms are not thought to have much effect. Furthermore, for the approaches
of Bror [2], CoLEMAYN [3], and STAVERMAN and ScEwARrzL [1] to be exactly the
same, the kernel function m(t) in (24) must be defined as

m(t) = —9a2K (f) {26)
where K {f) is the bulk modulus. If this is correct, then the terms having m (f)
as a kernel will probably be small for most polymers.
4. Torsional Oscillations of a Solid Cylinder

To demonstrate the influence of thermorheologically simple behavior on the
heat generation phenomenon, consider a finite length cylinder of radius ¢ and
length I undergoing cyclic torsional oscillations as shown in Fig. 1. For the special

G )

\

LS

i
1 A
N
g

Fig. 1. Circular cylinder subjected to torsional oscillations

case when the deformations are cyclic, the dissipation function assumes a special
form and it becomes convenient to work with a cycle-averaged dissipation function
defined as

Z = - Uij‘}./ij dt/ (26)

where o is the frequency of oscillation. The expression (26) is consistent with
the previous definition for the dissipation function in (18) if it is assumed that
the heat flux or heat generation is sufficiently low so that the term #7" can be
ignored and if it is realized the net energy stored per cycle is zero such that ¥
averaged over a cycle is zero. Using (26) the cycle-averaged energy equation (24)
for the cylindrical geometry in Fig. 1, takes the form

k(ng Lot M):J@_Z (27)

or2 r oor | ozt
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where the term g7 has been assumed zero. If one end of the circular rod is assumed
fixed and the other twisted with a periodic motion, shearing stresses and straing
are induced in the cylinder®. If the cylinder is oscillated at a frequency below the
fundamental frequency of the system, inertia effects may be ignored and the
displacements and strains determined simply from a knowledge of the imposed
displacement boundary conditions. Specifically, if one end of the rod is subjected
to the displacement

8(t) = 6, sin w!, @7)

then, assuming plane sections remain plane, the only non-zero strain component
is the component ys,, which can be assumed constant along the length of the
cylinder and, consequently, can be expressed as

Vor = (%ﬂli) sin wt, (28)

where §, is the maximum angle of twist of the rod.

Since the dilatation » = L ;i 18 zero for this case, the dissipation function
contained in (24) reduces to

t 1
— _i g g %% , ‘"
A(r, t)—ff2 57 2026 — & — ) 2 dr di. (29)
0 0

Because the strain is defined precisely in terms of the prescribed displacements,
the dissipation function (29) becomes simply a prescribed heat generation term
in the energy equation (27) and reduces the analysis to the problem of solving
the heat conduction equation with a prescribed heat generation term which
depends on time, temperature, and spatial coordinates. The relaxation modulus
in (29) and, hence, the dissipation function itself depend on the local current
value of the temperature. If the shear relaxation modulus is assumed to have

the form
t

Git)y= ) G;e ™ (30)
i=1
where the G; and 7; are material constants, the dissipation function can be ex-
pressed as

¢ 2
" % £
Alr, t) = — @ (T)w? [i‘ir 23 e ® [f e™ cos wt’dt':, , (31)

0

where ¢ (7) is the shift factor and & the reduced time as defined in (5).
Due to the complicated form of the reduced time, the procedure for evaluating
the dissipation function is not clear. For example, the WLF form of the shift

5 Although normal stresses and strains are present also, they are neglected in this analysis
due to their smallness in comparison with the shearing stresses and strains.
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factor [16] has been used extensively for amorphous polymers. This relation is
of the form

Kz [T(x’ t) — Ts]
Ky +[T(@,t) — T’

logso p[7 (. 1)] = Ky — (32)

where K, K,, and K, and T, are material constants determined by curve-fitting
experimental data. Since the reduced time involves the temperature history,
it is apparent what difficulties exist in evaluating the integrals in the dissipation
function.
If we consider the special isothermal case then ¢ =1 and & =1, the ex-
pression for the cycle-averaged dissipation function (26), becomes
1 [6yr

Zm=;hﬁwwm (33)

where ("' (w) is the shear loss modulus.
Returning to consideration of the nonisothermal thermorheologically simple
expression for the dissipation function, it should be noted that an expression of

the forms®
T~ L [B ] e [ 2
o)~ [z ] 0@ [(p(ﬂ] (34)

has been used quite commonly as the expression for the thermorheologically
dissipation function [9], [17]. Use of this equation is equivalent to the approxi-
mation

£, 1) — &, 1) = @[Tz, D] (¢ — ¥) (35)

in the expression for the dissipation function (19). This approximation results in
the dissipation function being overestimated and, consequently, too much heat
being produced for a given oscillation. However, for purposes of comparison,
the form of the dissipation function expressed in (34) was used in the analysis
described here for the thermorheologically simple case.

The finite element method has proven to be a powerful numerical technique
for solving a variety of field problems including structural analysis, seepage flow,
heat conduction, and dynamic material response [18] problems. It appears to be
a much more useful technique for solving boundary value problems which include
complex material response and complex geometrical configurations than such
classical techniques as integral transform methods.

Implementation of the finite element method can be viewed as an extension
of the Ritz technique in which determination of a function which minimizes the
funetional [18]

F(T,T):f[—;—VT-kVT—{-QcTT—AT] dv—fn-qus (36)

v 8

¢ The shift factor ¢ used here is that described by MornaxD and Lig [12] which is the
reciprocal of the quantity o used elsewhere [9], [17].
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can be shown to be equivalent to solving the heat conduction equation
V- -EVT =ocT — 4, (37)

which is the Fuler equation for this functional. In (36), V denotes the del operator,
k the conductivity matrix, and /1 the dissipation function.

The finite element method was used to obtain a solution to the energy
equation (27) for the circular cylindrical geometry described in Fig. 1 undergoing
torsional oscillations. To provide a check on the accuracy of the solution tech-
nique, a problem considered by TaucHERT [19] was solved which did not include
temperature dependent viscoelastic material properties and which considered the
cylindrical surface of the rod to be insulated and both ends of the rod to be
maintained at a constant temperature 7'.

Since, in this special case, the dissipation function is of the form expressed
in (33), which is independent of time, the energy equation (27) can be put into
a dimensionless form which allows the temperature to be normalized with respect
to the magnitude of the forcing function. A comparison of the finite element
results and Tauchert’s [19] Laplace transform results are shown in Fig. 2. The

o Fite Hement Solution
w — Laplace lranstorm Solution
“5 - T=30x70*
E\ﬁ/ﬂ-
3 L
§ 0
N T=75x 10
S
Y
N 90—
S o T=6x70"
Vi Ly e e LN
0 q7 a2 43 a¢ g5 46 a7 98 a9 W0

Normalized Axizl Coordinste. {=z/1

Fig. 2. Temperature at outer surface of cylinder

notation A7 is used to indicate the normalized temperature increase throughout
the body at various dimensionless times 7. The results indicate the finite element
method gives accurate answers for this type problem.

Considering now the thermorheologically simple case where the dissipation
function is dependent on temperature, it becomes impossible to nondimensionalize
the problem under consideration in the same manner TavorERT [19] used for the
isothermal problem; specific material properties must be employed. One common
material nsed in many viscoelastic studies is Solithane® 1137, a polyurethane
rubber whose characterization has been studied in detail by Kxauss and

7 Trademark of Thiokol Chemical Corp., Trenton, New Jersey.
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MozerLer [20]. Using a collocation technique, the tensile relaxation modulus data
determined by Kwauss and MUELLER was used to determine the constants in
an exponential series expression. Assuming G (f) = —;— E(t), the constants in the

series expression for G (¢) in (30) were determined® and are given in Table 1.

Table 1. Relaxation Constants for Solithane

7 7; (rain) G; (psi)
1 1.0 x 10-12 1653
2 1.0 x 101 4747
3 1.0 x 10-10 5539
4 1.0 x 10-® 4701
5 1.0 x 10-8 3527
6 1.0 x 10-7 858
7 1.0 x 10-¢ 257
8 ) 143

Tn a similar manner, an expression was obtained for the shift factor in the form
of (32) with K, =0.60, K, =889, K;=183.5 and T, = 89.6°F and where
the reference temperature for ¢ is 78°F.

Other pertinent properties of Solithane 113 employed in this study are:

coefficient of linear thermal expansion, « = 1.46 x 10-4/°F,

conductivity, k = 8.56 x 10-8 BTU/in-hr-°F,
specific heat, ¢ = 0.48 BTU/lbm-°F,
and density, ¢ = 0.0361 lbm/in3.

Consider now the same geometry as before, but for the case of thermorheo-
logically simple material properties. Using the finite element method and the
properties of Solithane 113, solutions were obtained to this problem for a fre-
quency of 1000 cpm and a maximum strain yy, of 59%,. The solution is illustrated
in Fig. 3 along with the isothermal property solution. Including temperature de-
pendent material properties is seen to produce a lower temperature rise in the
sample than if isothermal properties are included.

5. Diseussion and Conclusions

It has been demonstrated that Coleman’s approach can be utilized to develop
a consistent constitutive theory for thermorheologically simple materials. The
results of this development agree conceptually with the corresponding equations
developed using a phenomenological model approach.

It should be noted in deriving expressions for the stress, entropy, and dis-
sipation function for thermorheologically simple materials using Coleman’s

8 Knauss’s data was shifted to a reference temperature of 78°F.
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approach that the spatial gradient of the temperature was assumed small. This
allows all points in the region of interest to be considered at the same value of
reduced time which permits the balance principles to be applicable in reduced
time. If the spatial gradient of the temperature is large, then the reduced time

lsothermal
750 -
——~—= Thermorfeologically stmple
740 — lime =285 hr

720 —

“ 720 —

s -

I

3

S770

3

S

8 Time =7 /r

woH T e e =S

Freguency =1000 qom, Strem =5%
T DB

l i
9z 04 a6 98 70
Axial Coordinate, §=z/7

Fig. 3. Influence of temperature dependent properties on dissipation

varies from point to point within the region. This seems to prohibit application
of the balance principles in terms of reduced time. The spatial derivative of the
temperature complicates the form of the energy equation since the spatial deriv-

ative becomes
(39) (30) 4 (30) (85) (35)
ox t ox £ 65 z ox t

in the reduced time variable.

The influence of thermorheologically simple material behavior on the heat
generation phenomenon has been shown to be significant. Furthermore, improved
computational methods are needed to calculate the dissipation function for
noncyclic loads.

The utility of the finite element for solving thermomechanically coupled
problems in complex geometries is apparent from the ease and accuracy with
which the problem of the oscillating rod deseribed here was solved.
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