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of a min-max problem
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Summary. Melan’s classical shakedown theorem for continuous media considered as a problem of
mathematical programming with constraints is reformulated and reduced to a solution of a certain min-max
problem. A similar approach is presented for the structural theory described in terms of generalized variables.
A distinction is made between alternating plasticity and incremental collapse modes in the analysis of
structures with nonsandwich cross-sections.

1 Introduction

In the last thirty years the classical shakedown theory, concerning elastic-plastic structures
subjected to quasi static variable repeated loads has been well established [2], [7], [9], [11]. On the
other hand, theoretical developments were not followed by a similar progress in numerical
analysis. In recent years only few methods have been proposed, solving shakedown problems
with nonlinear yield condition [10], [12], [14], [15].

In this contribution a new formulation of shakedown analysis is studied, which allows to
investigate new numerical techniques for determination of the shakedown load multiplier. It
transforms the classical problem based on the method of mathematical programming to the
following one:

h = min max f(o5(x, 1) + 0,())/k(x) )
Qij x,t

where

k(x) plastic modulus,

ug, = 1/, shakedown load multiplier for the given load domain,

10 arbitrary yield function of stress, homogeneous of degree one,

6f(x, 1) elastic stress tensor for given time-variable load,

0:i(X) residual stress resulting from plastic strain tensor.

It was Hill [1], who introduced a similar concept of extremal field, applicable in the limit
analysis. Next Zwolinski and Bielawski [10] used this kind of formulation in a numerical
procedure in order to obtain shakedown multiplier.

The objective of this paper is to provide a theoretical background of such an approach for
both continuous media and structural theory described in terms of generalized variables.
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2 Basic relations

Let the material be elastic-plastic and the total strain tensor g; be additively decomposed within
small strain theory into elastic &f; and plastic &f; parts

& = & + &l (2)

The elastic strain tensor is related to the stress tensor by Hooke’s law via a positive definite
elasticity tensor E;;;, with its usual symmetry properties

Oij = Eijklglfb 3

The stress tensor is bounded in the stress space by a convex yield function homogeneous of
degree one in stress

fltoyy) = 1| f(—0y), and  floy) = f(—03), 4

whereas the plastic strain rate tensor is given by the associated flow rule. Active and passive
plastic loading processes are defined by

by=hs— flo)sk, Lz0, ilfey)—K=0, if=0. 5)

The total stress tensor consists of elastic and residual portions
0%, 1) = ofi(x, 1) + 0i(X, 1) (6)

where the elastic stress tensor is obtained for purely elastic response of the structure subjected to
external loads: body forces f; and surface tractions ¢;

ofi+fi=0 inV, (7.1)
agnj =1 on Sy, (7.2)
ur =0 on Sy. (1.3)

The residual stress tensor is in equilibrium with vanishing load

Qij,j = 0 in V,
®)
Qijnj = O on ST:
and results directly from the plastic strain tensor &
0ij = Eijulen — eb),
¥ 1 ¥ r
G =5 (ui; + uj)s )

Mirzo on SU-

Practical engineering problems usually involve loads depending on more than one parameter.
Such aload may vary arbitrarily within some prescribed limits, which can be described by means
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Fig. 1. Ranges of possible variation of loads f;, t; and f*, t# for p = 1.5

of a finite number of time-dependent load multipliers f

¥

f= TR0, 1= 380 10w,

(10)
a? < pO<HY, I=1,..,r,
where a¥, 5% are the specified lower and upper limits, r is the number of independent load
systems.
The range of possible admissible variation of load multipliers is defined as a domain Q in the
r-dimensional space of parameters . We can also consider the load, which is proportionally less
or greater than the given one, Eq. (10)

fiu = .uf;v tiu = pit;, (11)
and for which the load multipliers are contained within load domain Q, (Fig. 1). For this load the
following static and kinematic shakedown theorems read:

Theorem 1: Melan’s shakedown theorem
If for an elastic-plastic structure subjected to external agencies uf;, and pt; there exists a statically
admissible time-independent residual stress field ¢;{x) satisfying Eq. (8) such that for all possible
load variations within prescribed limits, Eq. (10), the following condition holds:

Sluofix, 1) + ;%) £ k(x), (12)

then the structure will shake down in any load program contained within these limits.
If we are interested in the maximal multiplier y for which shakedown occurs it is necessary to
solve the following optimization problem of mathematical programming:

Hsn = MaX 1,
Fuof(x, 1) + 0y(x)) = k(x),

Qij,j = 0 in V,

(13)

gin; =0 onSry.
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Depending on the form of the yield function, the problem can be regarded as a linear or
nonlinear one.

Theorem 2: Koiter’s shakedown theorem
The structure will shake down to the load uf;, ut,, if for all load paths B\(t) and for all kinematically
admissible strain rate fields &F; (i.e. which result in compatible strain increments)
t2 1

A&(X) = [ 8B(x, 0) dt = 5 (#x) + #@4x)) inV, @& =0 onSy, (14)
t1

the following inequality holds:

[ | uof(x, 1) &rdvde < | | D(EF) dvat. (15)

1 vV t1 V

Kinematical formulation of shakedown problems (Theorem 2) allows us to distinguish the
following main phenomena of collapse:

(i) incremental collapse
(i) alternating plasticity
(i) mixed mode with both incremental and alternating plastic strain components.
Definition 1: Incremental collapse occurs if the plastic strain increment components in
each load cycle are of the same sign, and, after sufficient number of cycles, the total

strains become so large that the structure departs markedly from its original form and
becomes unserviceable.

Definition 2: Alternating plasticity occurs if the plastic strain increments change sign during
each cycle, so that the total plastic increments after each cycle become equal to zero at every point in
the structure.

3 Alternative shakedown theorem

Let us assume a slightly different problem than the classical one, Eq. (13). Instead of
enlarging the initial load domain, Eq. (10) proportionally to the multiplier u, we keep it all
time constant

p=1 (16)

and consider only the initial load domain described by f;, t; We introduce an alternative
multiplier A which will be connected with changes in magnitude of the yield stresses. Considering
this multiplier it will be possible to answer whether the shakedown takes place.

Definition 3: For a given statically admissible time-independent residual stress field ¢4x), the
maximal multiplier A obtained from the equality

fofi(x, 1) + 0i(x)) = 2k(x), (17)
valid at every point X'V, is defined as the statical alternative multiplier 1%

2% = max Ax, t, ¢;;) = max f(of(x, 1) + 0:(x))/k(x). (18)
x,t x,t
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Theorem 3: Alternative static shakedown theorem
If from all statically admissible time-independent residual stress fields 9;1(x), we can find that one,
which minimizes the alternative multiplier A%

Ag = min lgt(Qij(X)): (19)

i j{x)

then the load obtained by multiplication of the initial load f;, t; by the inverse of alternative

shakedown multiplier (22)™! is the shakedown load

. t;
wo S (20)

a i
j'sh sh

fi

Proof: Let shakedown alternative multiplier A3, correspond to the time-independent residual
stress field g;4(x). According to Definition 3 the inequality

Sofi(x, 0 + (%) < Ak (x), (21)

holds at any point x of the structure and any time ¢.
Let us define a shakedown multiplier yg,

Usi = 1/Ag. (22)

Multiplying inequality (21) by ug, in view of homogeneity of degree one of the yield function, we
arrive at the following relation:

S (#sho'i?(xz H+ .ushéij(x)) = k(x). (23)

Because the inequality is valid for the time-independent residual stress field p4,0;(x) at any time ¢
and at any point x €V, then, according to the Melan’s shakedown theorem, the structure will
shake down, for a load being in equilibrium with elastic stresses

f;=/,l ﬁa .us GiE,'(X) +ﬁ=09
sh. hUij, j (24)
= Mnt, ﬂshUij(X)E n; = t;.

Similarly to the previous considerations, let us consider any other time-independent residual
stress field ¢;;(x) and corresponding alternative static multiplier A%. According to Eq. (19)

A = At 25
Denoting by g = 1/2:, we arrive at the inequality
Slsof(%, 1) + fi0i(%)) < k(x), (26)

which is valid for any time ¢t > 0. In this case shakedown takes place for loads [ f;, fiut:
In view of Egs. (25) and (22) the inequality

(A5t = (o)™ 27

is satisfied, so that the loads (1%)7f, (A%)~'t; are the maximal loads for which shakedown
occurs.
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Remark. The residual stress field, which ensures the limit shakedown load (A2,) 7' f;, (A%) " ¢;
is equal to

0:5(x)
I

0j(X) = (28)
Let us note that the relation (19) can be formulated in a more convenient form for numerical
application:
A% = min max f’ (aif-(x, )+ Qij(X))/ k(x). (29)
Qi x,t
A similar formulation (without any derivation) was used in [10] to derive a powerful
numerical procedure allowing to solve shakedown problems with nonlinear yield condition.

4 Formulation in terms of generalized variables

4.1 Description

Let us introduce at the level of cross-section & generalized stresses Q,,r = 1, ..., n and generalized
strains g, [7], [9] in such a way that the virtual work principle employed for these generalized
quantities is the same as in the case of continuous media

0.8 q,(8) = j 0:;(x) &:1(x) dx. (30)

¢
In order to pass from continuum to the structural theory described at the level of
cross-section, it is usually assumed that the strain distribution within the given cross-section & is
determined by means of a kinematic hypothesis

&;j(x) = Dij(X’ qr(f)) = Di(x) ¢,(). (3D
In the classical shell and plate theory operator Dj; is usually linear according to the last equality
in Eq. (31).

Taking into account Eqs. (31) and (30), we arrive at the definition of generalized stress

Q&) = | 01i(x) Dijx) dx = ¢,(a3), (32)

<
where ¢, is also linear.
In the case of validity of Hooke’s law, Eq. (3), the respective relation between the generalized
stress and strain holds

Q" = KYQOa (33)

where

Ko = f Dii(x) E;juDii(x) dx )
4

is a symmetric positive definite stiffness matrix of the cross-section &.
From Hooke’s law (3) and kinematic hypothesis (31) we obtain linear dependence between
elastic stress o5 and generalized stress Q,* defined at the level of cross-section &

o} (x) = hix) Q,%(%), (35)
where

hirj = Eijlel?ll(X) K;;rl(f) (36)
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In general, for elastic-plastic material there is no one-to-one relationship between field o;; and
vector Q, [9]. There exists some non-vanishing stress field .S;(x) called pseudoresidual (Fig. 2b)
resulting in zero generalized stresses

0, = $,(S;x) = 0. (37

In this way the total residual stress field in the structure can be divided into

0i(X) = 0if*(x) + Sy(x), (38)
where

P2 = 0,/ * 0, (39)
${Si) = 0. (40)
Then the total stress field in the body can be expressed as follows (Fig. 2b):

a(x) = aff + 0y = hij(x) Q&) + Si(x), 0, =0, + 0., (41)

where Q," is the elastic generalized stress vector, Q," denotes the difference between the total
actual vector Q, and the elastic vector Q,%, S;; is the pseudoresidual stress field resulting in
vanishing generalized stress vector, cf. Egs. (39), (40). Let us introduce at the level of cross-section
the limit locus in terms of the non-dimensional generalized stress (Fig. 2a)

F- (Z &) 0. (42)
Let us note that F* needs not to be a homogeneous function of Q,/Q,, but follows from
homogeneous yield function of stress of degree one. The equality sign in Eq. (42) corresponds to
fully plastic state of the cross-section, and at every point x € ¢ the stress tensor is on the yield
surface

a3(x) _
f(k(x)>——1—0, xel. (43)

Similarly to the definition of the limit locus an elastic or initial locus is introduced in the space of

0./Q.r (Fig. 2a)

FE <z 9L> <0 (44)

r or

which ensures purely elastic response of the virgin structure.
The equilibrium equations for a structural theory in generalized variables assume the form

L@ 0]+ P&, ) =0, k=1,2, ... ' 45)

where L, denote linear differential operators, P, are the external load integrals over the
cross-section £, which vary in time according to Eq. (10),

P& D) = Y. Bo) PLOE). (46)

The shakedown analysis consists in determination of two load multipliers. One of them
preserves the structure against alternating plasticity, and the other one against incremental



212 S. Pycko and Z. Mroz

(o]
) A Rectangular
Alternating cross—section
plasticity 1 g

domain

Shakedown
domain

-1.0 Elastic

Ratchetting
domain

-1.0 F-Flastic locus
FR-Ratchetting locus
Fl-Limit locus a
e Limit state
M/M,=0.96 M=M®+M " M(S)=0
N/Ny=0.2 N=N°®+NT*® N(S)=0

N
o 4-—-f — _ ; _____ — -

= o(MN) o (MN) S(x)

» Ratchetting states

M/M,=0.96 M/M,=0.4
N/N,=0.17 N/N,=0.7
~ rY
L 1 \\ N
—= — = )M —i— — )M
1 'L
o (M,N) o (M,N) b

Fig. 2. a Limit, ratchetting and elastic loci for rectangular cross-section for plane beam b Distributions of
statically admissible stress within cross-section for limit and ratchetting loci

collapse (ratchetting). The latter requires the ratchetting locus to be determined. First let us
define a non-ratchetting domain @¥® in terms of generalized stresses. Namely

0, QR (47

= a() flh® Q, +S;x) <k, xeV,. (48)

xeé 0,eP"R Si(x
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In Eq. (48) we assume existence of an elastic fiber in the cross-section. In fact the ratchetting effect
will not occur if there is an elastic domain ¥,, no matter how small within the cross-sectional
domain, for all stress states associated with the specified loading program. Thus a non-
ratchetting domain corresponds to the elastic response for xeV,, whereas the remaining
cross-sectional portion undergoes plastic strains.

On the other hand the ratchetting locus (Fig. 2) is defined as

FR = gg™R (49)

The specification of a ratchetting domain for a beam of rectangular cross-section subjected to
cyclic bending moment and fixed axial force was discussed in [5], [8] for static and kinematic
approach, respectively. However, it turns out that the ratchetting locus is very close to the limit
locus. In the case of sandwich cross-section these loci coincide:

FR = FL. (50)

For such a description in terms of generalized variables the separate safety criteria against
inadaptation (nonshakedown) were derived:

Theorem 4:
A given structure subjected to variable loads pP,(&,t) is safe with respect to incremental collapse
(Definition 1) if there exists a time-independent residual generalized stress vector Q,"*%() such that
for any instant t the following condition holds:

F (Z RO (& t()2 + Qf“(f)) <0. (1)

If:

() F=F® and FR % F*, the maximal multiplier u satisfying Eq. (51) is a lower bound
multiplier,

(i) F = FLand FR & F*(the case considered in[9]), the maximal multiplier  is an upper bound
multiplier,

(iii) FR = FL (i.e. the case of sandwich cross-section) p is an actual shakedown multiplier
against incremental collapse (ratchetting).

A similar theorem can be stated with respect to elastic shakedown or alternating plasticity [9].

Theorem 5:
A given structure subjected to variable loads uP,(Et) is safe with respect to the alternating plasticity
(Definition 2) if, for every &, there exists such a pseudoresidual stress field S;{x) for which the
following is fulfilled:

Auhix) Q5 6 + Si(x) < k(x) (52)

for any time t > 0.

4.2 On accuracy of the generalized variables approach

Obviously, the generalized stress and strain formulation involves some approximations, namely

(i) imposing kinematical constraints (Eq. (31)), the pseudoresidual stress S;;(x) does not enter
the equilibrium condition and constitutes an internal variable (similar to the back stress in the
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kinematic hardening rule). In the case when F = F*, some forms of incremental collapse may be
ruled out with respect to a continuum formulation [8].

In the case when F = F® the pseudoresidual stress S;;(x) has been taken into consideration at
the level of cross-section. Let us recall that F® was obtained for arbitrary variation Q, € ™%, But
in the real structure a domain of variation of Q,(,¢)e 2."* depends on load variation and
location of the cross-section £ in the structure and may be much smaller than the considered one.
Thus the ratchetting locus F/X may be greater than F*. For this reason the shakedown multiplier
determined for F = F® may be a lower bound multiplier.

(ii) the static variables Q,%, Q,° satisfy the equilibrium equations in the integral form (45).
Hence the continuum equations (7.1), (7.2) and (8) are satisfied in an approximate manner.

Theorem 5 is fully derived from kinematical formulation for continuous media and directly
transformed to the case of generalized variables. From this reason only the second error
mentioned above may be meaningful.

4.3 Incremental collapse mode

Let us consider an alternative approach (Sect. 3) for the load multiplier x = 1 and external forces
Py (generalized variable formulation). It is assumed that the function F is expressed in terms of
generalized variables, Eq. (51).

Definition 4: For a given statically admissible time-independent generalized residual stress
vector Q,%(&), the maximal multiplier v obtained from the equality

0560 +0/()
F =0 53
(Eese ) o 3

is defined as the alternative multiplier n*

nQ,") = maxn(&, 1, 0. (54

Usually it is possible to solve Eq. (53) with respect to #

resy 7 (v @6 D)+ 0.()
’1(6: t: Qr ) - F (; Qor((:) >7 (55)
and relation (54) can be rewritten as follows:
a resy __. nl QYE(é’ t) + eres(é)
@) = mx <Z 0.0 ) (0

For such a description it is possible to find the alternative shakedown multiplier ™ with respect
to the incremental collapse.

Theorem 6:
If from all statically admissible time-independent residual stress vectors Q,"*(E) we can find that one
which minimizes the alternative multiplier n°

Q.5 D)+ 0,749
S

7" = min #*%Q,”*) = min max F ( (57)
ore ore

&t
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then the load obtained by multiplication of the initial load P, by the inverse of the alternative
shakedown multiplier (n™™)™* is the shakedown load with respect to the incremental collapse.
Py

—. 58
nmc ( )

Pkinc —

Proof: Let the multiplier 7™ correspond to the time independent generalized residual stress
vector 0,"%(¢). According to Definition 4 there is

7 = 70, Z n(¢, 1, 0", (59)
and

%<1_ (60)
n "

It follows from Eq. (53) that for specified §7*(¢) the inequality

1@%@+@%§
F — < 61
(w 0.0 =0, 1)

is satisfied for any ¢ and ¢ > 0.
According to Theorem 4, the structure shakes down with respect to the incremental collapse
to the load

. 1
,u’"“Pk = % Pk- (62)

Assume another arbitrary residual vector 0,7(¢) and the corresponding alternative multiplier

70,7

Similarly to the previous considerations, the structure shakes down to the load
. 1
,uP k= ﬁ—‘; P k- (63)

In view of Eq. (57) there is

ne =i < 5%, (64)
and
A" Py 2 fiPy, (65)

so the theorem is proved.
Let us notice that the proof of this theorem does not require any assumption concerning the
homogeneity of the yield function F.

4.4 Alternating plasticity mode

Let us turn back to the continuum formulation and decompose the load multiplier (¢) into the
time independent and time dependent parts according to the relations (10):

ag + by
2 b

ag — by

Bolt) = By + B0, By = IBro] = 2020, (66)

Now the following theorem can be proved:
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Theorem 7:
The constant load described by Bl cannot affect the alternating plasticity condition, which is
dependent only on the symmetrically varying loads specified by B (¢).

Proof: In fact, since for the alternating plasticity state, the total plastic strain increment over
a cycle is equal to zero

AER(x) = [ 8%, ) dt =0, xeV, (67)

for the constant multiplier §§; the following integral vanishes:

iz

i z B § a0 80 de aV = S B (a0 { #(s,0) de v 0. (65)

=1 ty

Thus, Koiter’s inequality (15) is reduced to the form

(7
j‘ Z ﬁ(l) j‘o_E(l)(x 81] X, t) dvde
t 1=

ta r
=3 B j ofO(x) eb(x, t) dVdt < j" | D(Er(x, 1)) dVdt (69)
1y I=1 Vv
according to the partition, Eq. (66), so the theorem is proved.
An alternative proof can be obtained from the partial shakedown theorem stated by Mroz{5].
It is assumed that the alternating plasticity response is associated with the plastic zones V, and
the remaining elastic portion V,. If the static load is applied to the structure, so that the statically
admissible stress state equilibrating this load superposed with the previous elastic one does not
violate the yield condition beyond V, and does not change the stress distribution within V,, it can
be deduced that the constant load does not affect the plastic behaviour due to the alternating
plasticity.
Let us return to the generalized variable approach and consider only the symmetric loads
specified by the symmetrically varying multipliers §(¢) (the constant load specified by g, does
not affect the alternating plasticity condition)

uPSE ) =p Y, Bie) PP(9). ) (70)
=1

For this load there exist such instants of time £, £, for which at every point £ the stress tensors are

located on the opposite sides of the symmetric yield function

f(:uhierrES(fz fl)) :f( _.uh{jQrEs(fz fZ))? QrEs(ia fl) = _QrES(£7 fz) (71)

where 0,5 defines generalized stress obtained for a purely elastic structure subjected to
symmetrical loads P,®. Let us notice that for this case the pseudoresidual stress field S;;(x) which
ensures the highest multiplier y, ¢f. Eq. (52), is equal to zero and Theorem 5 is reduced to the
following one:

Theorem 8:

The shakedown multiplier u°
Sfollowing optimization problem:

" with respect to the alternating plasticity is obtained from the

‘ualt = max (i,
Xt

F(uhi(x)" 0,52, 1) < k. (72)
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Let us notice that the problem (52) using the pseudoresidual stress field S;;(x) has been
completely reduced to the pure elastic problem (72). Theorem 8§ states that the load domain
multiplier g, for which first yielding occurs at any point x in the structure, is also the shakedown
multiplier with respect to the alternating plasticity. For typical shell and plate structures and
linear kinematical hypothesis (31) it is sufficient to check the external fibers of the cross-section
£ instead of each point x € £. In this way the problem is reduced to the elastic problem considered
only at the external fibers of the cross-sections.

Introducing #¥ into elastic locus (44) similarly as in the case of limit locus

Q E Es
FE(Y 22 ) -0, pP=FF(y = 73
<Z nEQm> o (Z 0., ) 73

the optimization problem (72) is equivalent to the following one:

l/ualt — ”all — méax FE <Z Qr};(é; t)) (74)

4.5 Shakedown multiplier

To determine the shakedown multiplier within generalized variable approach it is necessary:

(i) to find the shakedown alternative multiplier #™™ with respect to the incremental collapse
(elasto-plastic analysis, Eq. (57))

. _ rE L0+ rres
171nc — min na(eres) — min max F (z Q (é ) Q (6)
Qe Q= & r Q or

(ii) to determine the alternative shakedown multiplier " with respect to the alternating
plasticity (elastic analysis, Eq. (74))

>, 'uinc — (’1 inc) -1 (75)

_ R ()
”alt _ mﬁx FE <Z 0 Q(C ))7 R (nalt)—l (76)

(iii) to find the maximal alternative multiplier which will be responsible for the collapse of the
structure

n™ = max (3™, n*") (77)
and to determine the shakedown loads as
P = p™P, = Py fy™,  pt =1/ (78)

Possible inaccuracies are associated with the generalized stress formulation (cf. Sect. 4.2).

5 Examples

Example 1. Determination of alternative multiplier # with respect to incremental collapse for
rectangular cross-section

Let us consider the cross-section of a plane rectangular beam with bending moment
M and axial force N as the generalized stress variable, and yield function FT written
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in the form

N M NY
Fil——) = (=] +
NOMG Nﬂ

where N,, M, define yielding axial force and yielding bending moment, respectively. Let
us remember (Theorem 4) that for F = F© we may obtain an upper bound of shakedown
load.

Using the definition of the alternative multiplier # with respect to the incremental
collapse

N \? N M
1N, nM,
and solving this equation with respect to # we obtain

1 /| M M\? NY
1 = 5<‘MO + \/<Mo> + 4 (E)) for 7]>0 (81)

Then in the case of a plane frame with rectangular cross-section of the beam element, the
min-max problem (57) can be formulated as

M
—1=0 (79)
M,

—1=0 (80)

inc __ min max l ME(éﬁ t) + Mres(é’ 9)
= 6 & 2 M,
M, 1) + M, 0 N¥(&, 1) + N, 0)\?
+/< M, > +4< N )) (52)
where

ME, M™ NE, N"* elastic and residual bending moments and axial forces, respectively,

4 specified cross-section,
0 free parameters (ie. plastic rotation and elongation in nodes of beam
elements).

Example 2. Plane frame under two cyclic loads
Let us consider a plane frame with a rectangular cross-section (Fig. 3a), subjected to two
cyclically varying loads P; and P, according to the program given in Table 1.

Let us first determine the shakedown alternative multiplier #™ with respect to incremental
collapse. Our aim is to solve the min-max problem formulated in Example 1, Eq. (82).

Table 1. Loading program

Loading Loading
program
P, P,
| P 0
I P P
I 0 P
v 0 0
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F, l 1/2 1/2
T3 + A
res
Program Pl P2 g X
B
D —— I P 0 11
I P P N
1 0 P >
v 0 0
A ..
a
M/M, M/M,
1.0 1.0
1,0\ L0 N/N_ N/N,
~1.0 -1.0
b ¢
T
1 n(IL2) H/1=0.2
0.6 1
1 n (L1) = 7 (4,11
0.4 i n(LIN) = 7n (4.1
] 3,1) = n (2,1II)
0z | n(4.1) = 7 (1,11)
0.0 LA B I S SR A S S B B B B B L S | d

-0.6 -0.4 -0.2 00 02 04 06 X
Fig. 3. a Plane frame under cyclic loading b Yield locus for rectangular cross-section ¢ Yield locus for

sandwich cross-section d Relation of alternative multiplier against incremental collapse n and residual force
Xres

To this end, let us analyze the behaviour of # specified by the formula

ME(E, 1) + M7, X7
M,

MA@y 1) + M7(E X\ NEE, 1) + N™(&, X))
+/( M, > +4< N, )) (83)

. 1
nmc(éia t}) Xi‘es) = E <
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Table 2. Elastic and residual bending moments and axial forces

Loading ME/PI at node NE/P at node
program
1 2,3 4 1,2 3,4
I 13/64 _3/32 —3/64 —3/32 —19/32
I 10/64 —6/32 10/64 232 —22/32
11 —3/64 —3/32 13/64 ~19/32 ~3/32
MV!ZS NVeS
O‘SX"ZSZ Xresl O‘SXreSl Xres Xres

with respect to the vertical redundant force X" (Fig. 3d). Each curve 5 is determined for one set
(¢i,t), where &; denotes the nodal points in the structure &; = 1,2,3,4 and t; denotes the time
instant corresponding to one of the vertices I, II, III, IV of load polyhedron. According to the
theorem stated in [6] for shakedown analysis it is sufficient to consider only the vertices of load
polyhedron I, I1, I1I, IV instead of any load variation in the interior of this polyhedron.

The respective elastic generalized forces for any load vertex different from origin and residual
states are listed in Table 2.

A solution of the min-max problem is illustrated by a point A in Fig. 3d and is obtained as an
intersection of curves (2, I, X"y and y(1, I, X"*) = n(4, I11, X"*) plotted in the n — X" plane.

Taking into account the yield moduli for rectangular cross-section

Mo:60H2/4= N,=0,H, Mo/Na:H/4 (84)

we arrive for the ratio H/l = 0.2 at the following results:

. . P
X' = —0.006487, #™ =0.200007Pl/M,, u™P = —— =49998M,/I. (85)
n
For comparison, for the sandwich cross-section and the yield locus independent of axial forces
(Fig. 3¢) (case equivalent to H/I = 0) we obtain
. . P
X = —0.010417, 5™ =0.197917Pl/M,, p"™P = —— =50526M /L. (86)
1
It is seen that the difference between Egs. (85) and (86) is very small.
To obtain the maximal multiplier with respect to alternating plasticity it is necessary to take
into account the symmetric load, Eq. (70), and consider the optimization problem (76). The
equivalent symmetric load, Eq. (70), and resulting elastic states are listed in Tables 3 and 4.

Let us consider an elastic locus for rectangular cross-section (Fig. 2a) and the multiplier #% in
the following form (cf. Eq. (73)):

M, P

Fre |2
N, M,

N
2

NE 3|M
T2, 87
il+2.Pl> ®7)

Noting that the optimal solution of problem (76) exists for the following sets of load vertices and
nodes

t1n, @u0n, n, @HHn
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Table 3. Loading program
for symmetric loads

Load Loading
program
P, P,
I P2 —P2
11 P2 P2
H —P/2 P/2
v —P/2 —-P2

we arrive for H/l = 0.2 at the value of the alternative multiplier #°%, with respect to alternating
plasticity

Pi
alt _ " "
= o

According to Eq. (77), the shakedown multiplier for the plane structure with rectangular
cross-section is determined for the alternating plasticity mode of collapse and is equal to

rta

NH 3 |M
P Pl

Pl
> = 02375 —. (88)
E—Ly=1) M

o

uP = % =4.21052M,/1. (89)

Let us compare this result with the respective one obtained for sandwich cross-section and
yield locus independent of axial force (Fig. 3¢). The shakedown multiplier is determined for
incremental collapse mode and is equal to p™P = 5.0526M,/l. It is seen that in the case of
rectangular cross-section the shakedown multiplier (Eq. (89)) results from a quite different mode
of collapse (alternating plasticity) and is about 16% smaller than that for sandwich cross-section.

Table 4. Elastic bending moments and axial forces

Load M¥/Pl at node NE/P at node
program
1 2,3 4 1,2 3,4
I 8/64 0 —8/64 8/32 —8/32
I 5/64 —3/32 5/64 —11/32 ~11/32
I —8/64 0 8/64 —8/32 8/32
v —5/64 3/32 —5/64 11/32 11/32

6 Concluding remarks

The present paper provides an alternative approach to shakedown analysis by formulating it as
the min-max problem. Such an approach may constitute a foundation for efficient numerical
algorithms for an arbitrary nonlinear yield function, which otherwise would require a nonlinear
programming approach with constraints. The first numerical solutions within this formulation
indicate good efficiency of such procedures (cf. [10], [16]).

The generalized variable approach was considered by accounting for two mechanisms,
namely incremental collapse (ratchetting) and alternating plasticity. The second case was
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reduced to a certain elastic optimization problem for a structure under symmetric portion of
external loading with respect to the mean load value. In this way, the alternating plasticity mode
is only a part of a more general solution with respect to the incremental collapse. This
formulation, therefore, provides a uniform treatment of beam and surface structures with
arbitrary cross-sectional properties.
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